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Can we understand it without holography?

YES!



RT from the Gravitational Path Integral

Ryu—Takayanagi was originally proposed to compute holographic entanglement entropy in AdS spacetime, but the present
understanding of the formula is much more general!

Gibbons-Hawking (1977)
Z(B) = Path integral on the Euclidean black hole ~ efclassical

Ah rizon
S =(1-p0p)log Z(B) = %
non-trivial part of variation
nearr =1y

Lewkowycz-Maldacena (2013)

e Path integral prescription for the construction of the state
e Replica trick:

* consider n copies of the system and compute Tr[p"]

e analytically continue in n and compute the entropy as

S = (1 —ndn)log Tr[p"]| _, 1@ ‘

non-trivial part of variation
neary
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Where to start?

General assumptions Ryu.—Takayanagi formula
2 without holography?

A UV-complete theory of quantum gravity should contain a map

¢

.

boundary conditions number
M G(M)

“transition amplitude”

We might call this map a (Euclidean) gravitational path integral
It might look like

(M) = / Dge 5] not a requirement!
be: M

— assumptions for the gravitational path integral
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Axioms

(Euclidean) Gravitational Path Integral

—
M > gur, b ((M) = DgDge 519
bce: M
boundary conditions
“source-manifold”
(Y]
= (Y[¢) =0
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codimension-2 |)

surface



Axioms

1. Finiteness: The path integral gives a well-defined map ¢ from boundary conditions defined by smooth manifolds
to the complex numbers C

2. Reality: C is a real function of (possibly complex) boundary conditions, i.e. [((M)]* = {(M™)
3. Reflection Positivity: { is reflection-positive

4. Continuity: if the boundary manifold contains a cylinder of size ¢,  is continuous under changes of ¢

5. Factorization: { (M7 LI My) = ((M7)((M>)
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Hilbert Space

Bd—Z Bd—Z

/ source-manifolds with boundary B

Define the pre-Hilbert space Hg = {|N): N ¢ Y4 '}
Consider the quotient of Hg by its null space and complete the result: Hilbert space H g

H i is the B-sector of the full quantum gravity Hilbert space:

Hoc = P Hs
B
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Algebra

d—1
~_ I‘

operator | "«,‘ Next: promote Z%ng to an algebra

- — -

state € Hpun



Algebra

* Ontheset Z%,_JIB we define a left product and a right product:

- | b= A
R

L R L

left product: a -1, b=

(1) )

i right product: a-r b =
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Algebra

* Ontheset Z%,_JIB we define a left product and a right product:

left product: a -1, b=

N J (‘r)

 Forconvenience ab:=a-Lb=0b-pa

* Theset Z%TJB equipped with the left (right) product defines a left (right) surface algebra Ap, (AR)

i right product: @ -r b = o




Trace

* The path integral defines a trace operation:

tr

* |t satisfies the cyclic property:

~ w\ l‘

tr:AL/R—>C



Trace

* The trace on A; and Ay corresponds to the inner product on Hp 5

lt) = oxan) =

* It is positive-definite: tr(a*a) = ( (M (a*a)) = {ala) > 0
T

Axiom 3

« We can prove the trace inequality tr(aa*bb*) < tr(a*a)tr(b*b)
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operator aj, € Ay, such that
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Operator algebras

* We define a representation of the left surface algebra on the Hilbert space: given a € Ay, there is an associated
operator aj, € Ay, such that

ar, |b) = la -z b) = |ab)

* These operators are bounded: .
lar|b)|? = (ablab) = tr(a*abb*) < tr(a*a)tr(bb*) = tr(a*a){b|d) |

f >
trace inequality
B
* We can similarly define a representation A of Ay :
< > agrlb)=la-rb)=|b-ra)=|ba)
ar

.: -

~

1B}



Operator algebras

We define a representation of the left surface algebra on the Hilbert space:
operator aj, € Ay, such that

given a € Ay, there is an associated
ar|b) = la - b) = [ab)
 These operators are bounded: ]

jar|b)[* = (ablab) = tr(a*abb*) < tr(a*a)tr(bh*) = tr(a*a)(b|b)

o f
r L

trace inequality

B)
* The operator algebras A7/ get a trace from the trace on AL/R .

tr(a) := tr(a)
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Type | von Neumann algebras

* We constructed AL, flR = commuting algebras of bounded operators on H g5

* We can complete AL, flR to von Neumann algebras A, Ar by taking the closure in the weak (or strong) operator
topology (or taking the double commutant of A, /)

* We show that the trace defined on AL/R can be extended to (all positive elements of) the von Neumann algebra:

—
P

P RN

tr(a) = limg 0 (CslalCp)

* We can study the structure of the von Neumann algebras via properties of the trace!
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Type | von Neumann algebras

We can prove that the trace is

1) Faithfultr(a) =0iff a =0
2) Normal for any bounded increasing sequence a, tr sup a, = sup tr an

3) Semifinite Va € A", 3b < a such that tr(b) < oo
It also satisfies the trace inequality

Applying the trace inequalityto a = b = P € Ay, gives tr(P) > 1

Some known results on von Neumann algebras:

Every von Neumann algebra is a direct sum or integral of factors (algebras with trivial center)
These factors can be type |, Il or Il
There is no faithful, normal and semifinite trace on type Illl = we cannot have type Il

on type I, for any faithful, normal and semifinite trace there are nonzero projections with arbitrarily small trace
= we cannot have type I
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Type | von Neumann algebras

* We can prove that the trace is

1) Faithfultr(a) =0iff a =0
2) Normal for any bounded increasing sequence a, tr sup a, = sup tr an

3) Semifinite Va € A", 3b < a such that tr(b) < oo
* It also satisfies the trace inequality
* Applying the trace inequality to a = b = P € Ay, gives tr(P) > 1
* Therefore, Ar /R is a direct sum/integral of type | factors!

* The spectrum of z € Z; (center of Ap) is discrete

A=A,
v



Type | von Neumann algebras

« A5, AR are each other commutants on H BB, and so they have the same center Z

Av=@A, L A =D 4r,

 H BB can be decomposed into eigenspaces of Z

Hous = D Hous
7

: B gk n
with  Hpp = Hpus, ©® Heus.r
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Trace Normalization

* Faithful, normal, semifinite traces on type | algebras are unique up to an overall normalization constant.
Therefore, on a given p-sector

tr(a) =n,Tr,(a)

|

positive integer!

* We define the extended Hilbert space factors:

H%’uB,L/R = ,H%uB,L/R ® Hn,

!

“hidden sector”
where tr = Tru !

* The full extended Hilbert space:

1/ ._ g 1/ 1
Hpup =D, (HBuB,L ® HBuB,R)

= The hidden sectors allow to interpret the path integral trace as a Hilbert space trace



Entropy

v The trace tr defines an entropy on the left/right B

* Given a state|y)) € Hp_p we can define a reduced density operator py € ArL

* Thevon Neumann entropy is SZ (1) = tr(—py In py)



Entropy “
D LD L

v’ The trace tr defines an entropy on the left/right B | | Son (W) = tr(—py In py)

v Thanks to the relation tr = T~1]u, this entropy has a state-counting interpretation as left entropy on the extended
Hilbert space Hp. 5
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Entropy “
— I

v’ The trace tr defines an entropy on the left/right B | | Son (W) = tr(—py In py)

v Thanks to the relation tr = T~1]u, this entropy has a state-counting interpretation as left entropy on the extended
Hilbert space Hp. 5

v" We can compute this entropy via the replica trick: a

tr(pl) = ¢ (M([v*]")
Shy () = (1 — ndn) log tr(p})|, _,

A(Y)
5 /o

v' If the theory admits a semiclassical limit described by Einstein-Hilbert or JT gravity, we can argue (by following
Lewkowycz-Maldacena) that in such a limit the entropy is given by the Ryu-Takayanagi entropy



Conclusions
s ?

Entropy? HpuB 72 Hp @ Hp

e A gravitational path integral satisfying a simple and familiar set of axioms defines type | von Neumann algebras
of observables associated with codimension-2 boundaries.

 The path integral also defines a trace and entropy on these algebras.

 The Hilbert space on which the algebras act decomposes as

_ 1 I
Hpup = @%BuB,L ® HBuB,R
M

The path integral trace is equivalent to a standard trace on an extended Hilbert space: tr = rfr,u,.

This provides a state-counting interpretation of the entropy, even when the gravitational theory is not known to
have a holographic dual.

In the semiclassical limit, the entropy is given by the Ryu-Takayanagi formula.



Thanks for the attention!
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