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Introduction

Transfer reactions

Transfer reactions (d, p), (p, d), (t, p) . . .
used to study nuclear structure far from stability
e.g. halo nuclei, shell inversion. . .

Recent review : [Wimmer JPG 45, 033002 (2018)]

The ISS @ ISOLDE is the ideal setup
to measure these reactions on exotic nuclei
in inverse kinematics

Warning : What is the reaction probing?
Spectroscopic factors or Asymptotic normalisation?
What are the uncertainties in reaction model?
Should we develop new, more accurate models of transfer?
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Few-Body Model of Transfer Reactions
Transfer reactions are usually described with DWBA or ADWA

[Johnson & Tandy NPA 235, 56 (1974), review : Johnson JPG 41, 094005 (2014)]

Few-body model for A(d, p)B, where B ≡ A + n

H3b = TR + Tr + UAn + UAp + Vpn

T3b = 〈φB χ
(−)
Bp |Vpn|φd χ

(+)
Ad〉,

where

χ(+)
Ad is incoming A-d distorted wave

@ ADWA generated by UAd =
〈φd |Vnp(UAp+UAn)|φd〉

〈φd |Vpn |φd〉

φd is the deuteron bound state generated by Vpn

χ(−)
Bp is B-p outgoing distorted wave
φB is the final single-particle bound state of B by VAn
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Single-particle approximation

A-n overlap wave function of the bound state of B
is approximated by a single-particle wave function φnl jm

[Tr + VAn(r)] φnl jm(r) = Enl φnl jm(r)

with ‖φnl jm‖ = 1

In reality, there is admixture of configurations :

ΨB(Jπ) = ΦA(JπA) ⊗ ψl jm(r) + . . .

where ψl jm is the overlap wave function
Spectroscopic Factor : Sl j = ‖ψl jm‖

2

Single-particle approximation ≡ ψl jm =
√
Sl j φnl jm

⇒usual idea : Sl j = σ
exp
bu /σ

th
bu
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Example on 11Be
10Be(d, p)11Be in inverse kinematics @ Oak Ridge

Schmidt et al. PRL 108, 192701 (2012)]
18MeV), with approximately 5� 106 particles per second.
The 10Be ions were accelerated from a cesium sputter ion
source using the 25MV tandem accelerator. Contamination
from 10Bewas reduced to less than 1%by fully stripping the
beam ions and tuning the energy-analyzing magnet for Z ¼
4. Deuterated polyethylene targets with areal densities of
94, 162, and 185 �g=cm2 were used.

The angles and energies of light-ion ejectiles were
measured using the Silicon Detector Array (SIDAR [26])
(covering 138� < �lab < 165�), and the first full implemen-
tation of the Oak Ridge Rutgers University Barrel Array
(ORRUBA [27]) (45� < �lab < 135�). The ORRUBA
position-sensitive silicon strip detectors (1000 �m thick)
were mounted at a radius of 76 mm at laboratory angles
forward of 95� and at a radius of 87 mm at more backward
angles.

Light ions emitted at forward laboratory angles were
identified on the basis of their differential stopping power.
An angular resolution of better than 2� in polar angle was
achieved. For the purpose of normalization, the product of
target areal density and integrated beam exposure was
determined for the transfer data using the elastically scat-
tered deuterons measured in the forward-angle ORRUBA
detectors, with reference to a low-intensity run where the
beam particles were counted directly. Protons from the
(d;p) reaction were detected in the SIDAR array with an
energy resolution of � 70 keV at all beam energies. The
energies of protons emitted from the (d;p) reaction at the
lowest three beam energies were too small to be measured
in ORRUBA. However, proton angular distributions for
both bound states were measured in ORRUBA at Ed ¼
21:4 MeV with an energy resolution of � 200 keV. In the
first run, beam particles were counted using the new Dual
Micro-Channel Plate detector for heavy recoil detection. A
new fast ionization chamber, similar to that described in
Ref. [28], was used in the later runs for beam particle
counting and identification.

Ground-state angular distributions of protons emitted
from the 10Beðd;pÞ11Be reaction are compared to
ADWA-FR predictions normalized to the data in Fig. 2.
Optical potentials from Varner et al. (CH89) [29] and
Koning and Delaroche (K-D) [30] were used for both the
entrance and exit channels. No significant differences are
found in the shapes of the calculated angular distributions.
Good agreement with experimental data is seen for both of
the bound states, for all four energies. Additionally, the
data were compared with DWBA calculations (not shown
here), which described the shape of the angular distribu-
tions well. All transfer calculations in this work were
performed with FRESCO [31], and adiabatic potentials
were obtained with a modified version of TWOFNR [32].
A fixed standard radius and diffuseness r ¼ 1:25 fm and
a ¼ 0:65 fm were used for the bound state. The Reid
interaction [33] was used to obtain the deuteron wave
function and in the transfer operator.

Spectroscopic factors were extracted for each state at
each beam energy using both the DWBA and ADWA-FR
formalisms. The results are shown in Fig. 3. Panel
(a) shows the sensitivity to the deuteron optical potential
[Satchler (Sa) [34] versus Perey and Perey (P-P) [35],
keeping the proton potential fixed (K-D) [30]]. Panel
(b) shows the sensitivity to the proton potential in the
exit channel (CH89 [29] versus K-D with the deuteron
potential P-P). Spectroscopic factors for the ground
(excited) state are shown on the left (right).
The DWBA analysis is sensitive to the choice of optical

potential, and there is variation in the value of S extracted
at each of the four energies using the same optical poten-
tial. This is most apparent at the highest beam energy for
the first excited state. These problems indicate shortcom-
ings in the DWBA prescription (as discussed below). In the
case of the ADWA-FR analysis, only nucleon potentials are
necessary; panel (c) of Fig. 3 shows the results obtained
with CH89 versus K-D. In this case, the sensitivity to the
chosen optical potential is reduced, and the S extracted for
the first excited state at the highest beam energy is brought
into agreement with the results at lower energies. The
average S extracted from our data are 0.71(5) for the
ground state and 0.62(4) for the first excited state.
The inconsistencies arising in the DWBA analysis come

in part from the deuteron optical potentials, as seen from
elastic scattering. Figure 4 shows the current elastic-
scattering data compared to those from Auton [8]. It should
be noted that Auton normalized the data to optical model
calculations of the deuteron elastic scattering using the Sa
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FIG. 2 (color online). Differential cross sections for transfer to
the ground state of 11Be for equivalent deuteron energies of
12.0 (a), 15.0 (b), 18.0 (c), and 21.4 (d) MeV. Cross sections were
calculated using the ADWA-FR of Johnson and Tandy [20,24],
using the CH89 [29] and K-D [30] optical potentials. Calculated
cross sections are scaled using the indicated spectroscopic
factors.

PRL 108, 192701 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending
11 MAY 2012

192701-3

Ed = (a) 12 MeV (b) 15 MeV (c) 18 MeV (d) 21.4 MeV

SF varies with beam energy and optical potential
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ANC vs SF

Is Sl j = σ
exp
bu /σ

th
bu ?

Are transfer reactions really sensitive to SF?
i.e. do we probe the whole overlap wave function?

Isn’t transfer rather peripheral ?
i.e. sensitive only to asymptotics?

ψl j(r)−→
r→∞
Cl j e−κr

Asymptotic Normalisation Coefficient : Cl j

Study this on 14C(d, p)15C
forming the one-neutron halo nucleus 15C (see Maria Borge’s talk)

[Yang, PhD ; Moschini,Yang, PC PRC 100, 044615 (2019)]



Which part of the wave function is probed in transfer?

Test on 14C(d, p)15C
Consider many V14Cn to describe one-neutron halo nucleus 15C
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⇒different φ14Cn (Ss1/2 = 1)
⇒different dσ(d,p)/dΩ

Difference due to the tail of φ14Cn
⇒ can infer the ANC from data
by selecting forward angles
and low energy
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Which part of the wave function is probed in transfer?

Re-analysis of 14C(d, p)15C @ Ed = 17 MeV
Scaling theory to experiment,
we infer C2

1/2+ = 1.59 ± 0.06 fm−1 Moschini,Yang, PC PRC 100, 044615 (2019)

agrees with ab initio C2
1/2+ = 1.644 fm−1 Navrátil et al. (2019)
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Ex : Mukhamedzhanov et al. PRC 84, 024616 (11)
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Larger angles sensitive to short-range physics
Good agreement also with previous data @ Ed = 14 MeV



Which part of the wave function is probed in transfer?

And with other experiments on 15C
15C + Pb→ 14C + n + Pb @ 605AMeV
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Theoretical uncertainties in (d, p)

Quantification of parametric uncertainties in reactions

Bayesian approaches are very useful
to quantify theoretical uncertainties

[Furnstahl et al. JPG 42, 034028 (2015) & PRC 92, 024005 (2015)]

Used often with EFT to quantify uncertainty in
NN χEFT interactions
EoS

Thanks to ADWA low computational cost, extended to study
propagation of optical model uncertainties to (d, p)

[Lowell, Nunes PRC 97, 064612 (2018)]

More recently to KO [Hebborn et al. PRC 108, 014601 (2023)]

and breakup reactions [Sürer et al. PRC 106, 024607 (2023)]

The original study of Lowell and Nunes on (d, p) expanded to
single-particle structure model [Catacora-Rios et al. PRC 108, 024601 (2023)]



Theoretical uncertainties in (d, p)

Complete study including A-n and optical potentials
[Catacora-Rios, Lowell, Nunes PRC 108, 024601 (2023)]

14C(d, p)15C @ Ed = 17 MeV
COMPLETE QUANTIFICATION OF PARAMETRIC … PHYSICAL REVIEW C 108, 024601 (2023)

FIG. 4. A comparison of results using different combinations of ANC (C2) and elastic (el) constrains, 10% error on both the ANC and
the elastic data in blue, 10% error on the ANC and 100% error on the elastic in red, 10% error on the elastic and 100% error on the ANC in
green, and unconstrained ANC and elastic data (100% error on both) in gray. (a) and (b) 14C(d,p) at 17-MeV 68% confidence intervals and
percentage uncertainty plot. (c) and (d) 16O(d,p) at 15-MeV 68% confidence intervals and percentage uncertainty plot. (e) and (f) 48Ca(d,p)
at 24 MeV 68% confidence intervals and percentage uncertainty plot.

V. CONCLUSIONS

In this study we present the first complete quantification
of parametric uncertainties in (d,p) transfer cross sections.
We extend previous work focused on the quantification of
uncertainties from the optical potentials to include the uncer-
tainties associated with the final bound state. While the optical
potential parameters are constrained through elastic-scattering
mock data, the bound state is constrained with the asymptotic
normalization coefficient extracted from an independent mea-
surement. This choice is based on previous work that indicated
the usefulness of the ANC in reducing the ambiguity of the
bound-state overlap function.

As in previous studies, we use a Bayesian MCMC frame-
work to determine parameter posterior distributions, and
we propagate these to the transfer cross sections, generat-
ing the 68% and 95% confidence intervals for the angular
distributions. We consider three reactions: 14C(d,p)15C(g.s.)

at Ed = 17 MeV; 16O(d,p)17O(g.s.) at Ed = 15 MeV; and
48Ca(d,p)49Ca(g.s.) at Ed = 24 MeV. These reactions include
a wide range of separation energies and angular momentum
of the final state. Of the three, the reaction on 14C is unique
because it populates an s-wave halo state that is loosely bound.

We compare results using a standard 10% error on the
data (an error achievable for many current experiments)
versus a 100% error on the data, the latter representing
minimal information from experiment. Our results demon-
strate conclusively that introducing the additional constraint
on the bound-state parameters through the ANC, on top of
the constraints on the optical potential parameters through the
elastic-scattering data, reduces the uncertainty on the transfer
cross section. This reduction is more noticeable for the re-
actions more sensitive to the interior, because it is for those
reactions that the ambiguities associated with the bound-state
mean field are the largest.

024601-9

16O(d, p)17O @ Ed = 15 MeV

COMPLETE QUANTIFICATION OF PARAMETRIC … PHYSICAL REVIEW C 108, 024601 (2023)

FIG. 4. A comparison of results using different combinations of ANC (C2) and elastic (el) constrains, 10% error on both the ANC and
the elastic data in blue, 10% error on the ANC and 100% error on the elastic in red, 10% error on the elastic and 100% error on the ANC in
green, and unconstrained ANC and elastic data (100% error on both) in gray. (a) and (b) 14C(d,p) at 17-MeV 68% confidence intervals and
percentage uncertainty plot. (c) and (d) 16O(d,p) at 15-MeV 68% confidence intervals and percentage uncertainty plot. (e) and (f) 48Ca(d,p)
at 24 MeV 68% confidence intervals and percentage uncertainty plot.

V. CONCLUSIONS

In this study we present the first complete quantification
of parametric uncertainties in (d,p) transfer cross sections.
We extend previous work focused on the quantification of
uncertainties from the optical potentials to include the uncer-
tainties associated with the final bound state. While the optical
potential parameters are constrained through elastic-scattering
mock data, the bound state is constrained with the asymptotic
normalization coefficient extracted from an independent mea-
surement. This choice is based on previous work that indicated
the usefulness of the ANC in reducing the ambiguity of the
bound-state overlap function.

As in previous studies, we use a Bayesian MCMC frame-
work to determine parameter posterior distributions, and
we propagate these to the transfer cross sections, generat-
ing the 68% and 95% confidence intervals for the angular
distributions. We consider three reactions: 14C(d,p)15C(g.s.)

at Ed = 17 MeV; 16O(d,p)17O(g.s.) at Ed = 15 MeV; and
48Ca(d,p)49Ca(g.s.) at Ed = 24 MeV. These reactions include
a wide range of separation energies and angular momentum
of the final state. Of the three, the reaction on 14C is unique
because it populates an s-wave halo state that is loosely bound.

We compare results using a standard 10% error on the
data (an error achievable for many current experiments)
versus a 100% error on the data, the latter representing
minimal information from experiment. Our results demon-
strate conclusively that introducing the additional constraint
on the bound-state parameters through the ANC, on top of
the constraints on the optical potential parameters through the
elastic-scattering data, reduces the uncertainty on the transfer
cross section. This reduction is more noticeable for the re-
actions more sensitive to the interior, because it is for those
reactions that the ambiguities associated with the bound-state
mean field are the largest.

024601-9

48Ca(d, p)49Ca @ Ed = 24 MeV

COMPLETE QUANTIFICATION OF PARAMETRIC … PHYSICAL REVIEW C 108, 024601 (2023)

FIG. 4. A comparison of results using different combinations of ANC (C2) and elastic (el) constrains, 10% error on both the ANC and
the elastic data in blue, 10% error on the ANC and 100% error on the elastic in red, 10% error on the elastic and 100% error on the ANC in
green, and unconstrained ANC and elastic data (100% error on both) in gray. (a) and (b) 14C(d,p) at 17-MeV 68% confidence intervals and
percentage uncertainty plot. (c) and (d) 16O(d,p) at 15-MeV 68% confidence intervals and percentage uncertainty plot. (e) and (f) 48Ca(d,p)
at 24 MeV 68% confidence intervals and percentage uncertainty plot.

V. CONCLUSIONS

In this study we present the first complete quantification
of parametric uncertainties in (d,p) transfer cross sections.
We extend previous work focused on the quantification of
uncertainties from the optical potentials to include the uncer-
tainties associated with the final bound state. While the optical
potential parameters are constrained through elastic-scattering
mock data, the bound state is constrained with the asymptotic
normalization coefficient extracted from an independent mea-
surement. This choice is based on previous work that indicated
the usefulness of the ANC in reducing the ambiguity of the
bound-state overlap function.

As in previous studies, we use a Bayesian MCMC frame-
work to determine parameter posterior distributions, and
we propagate these to the transfer cross sections, generat-
ing the 68% and 95% confidence intervals for the angular
distributions. We consider three reactions: 14C(d,p)15C(g.s.)

at Ed = 17 MeV; 16O(d,p)17O(g.s.) at Ed = 15 MeV; and
48Ca(d,p)49Ca(g.s.) at Ed = 24 MeV. These reactions include
a wide range of separation energies and angular momentum
of the final state. Of the three, the reaction on 14C is unique
because it populates an s-wave halo state that is loosely bound.

We compare results using a standard 10% error on the
data (an error achievable for many current experiments)
versus a 100% error on the data, the latter representing
minimal information from experiment. Our results demon-
strate conclusively that introducing the additional constraint
on the bound-state parameters through the ANC, on top of
the constraints on the optical potential parameters through the
elastic-scattering data, reduces the uncertainty on the transfer
cross section. This reduction is more noticeable for the re-
actions more sensitive to the interior, because it is for those
reactions that the ambiguities associated with the bound-state
mean field are the largest.

024601-9

Authors vary parameters
of A-n and optical potentials
constrained by ANC and dσel/dΩ

to get posterior distributions
constraining optical potential
is not enough
ANC plays a significant role
should constrain both

Important for nuclear-structure
studies using (d, p)

⇒make sure to know what calculations are sensitive to



Summary

Summary an take-home message
Transfer reaction used to study nuclei far from stability (ISS)
Usually described within DWBA or ADWA
with a single-particle description of nucleus
Spectroscopic factors inferred from data : Sl j = σ

exp
bu /σ

th
bu

In the case of halo nucleus 15C [Moschini et al. PRC 100, 044615 (2019)]
14C(d, p) purely peripheral at low energy and forward angles
⇒ can be used to infer ANC NOT SF ! ! !
⇒agreement with other reactions : breakup, (n, γ), KO. . .
Sensitivity to inputs studied with Bayesian approach

[Catacora-Rios et al. PRC 108, 024601 (2023)]

⇒ANC is important even for deeply-bound nuclei
uncertainty in optical potentials are significant
⇒affects structure information inferred from experiment
Need transfer model that goes beyond single-particle model

[Gomez-Ramos & Moro PRC 95, 044612 (2017) ; Punta et al. PRC 108, 024613 (2023)]

Be sure to know to what the reaction is sensitive. . .



Summary

Thanks to my collaborators

Jiecheng Yang

Laura Moschini

Chloë Hebborn

Hans-Werner Hammer

Daniel Phillips


	Introduction
	Which part of the wave function is probed in transfer?
	Theoretical uncertainties in (d,p)
	Summary

