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Feynman Integrals

* Momentum space representation:

L APk, [ 1 T T 5
7= = Do — 2¢
/EMD/Q/O };IE(—QZ+m2—ie)”€’

* Master integrals and canonical differential equations:

Integration-by-parts (IBP) relations
df = dM(e)f, > d§ = edMg, > g=> ¥
k=0

o / M 5D
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Feynman Integrals

* Momentum space representation:

L APk, [ 1 T T 5
7= = Do — 2¢
/EMD/Q/O };IE(—QEer?—iG)”E’

* Master integrals and canonical differential equations:

Integration-by-parts (IBP) relations
df = dM(e)f, > dg = e dMg, > g= Z ek gk)
k=0
* Letters and alphabet:

M = Z a; log W, Goal: Find alphabet from

integral representation instead
of differential equations

(

12.12.2023 Christoph Dlapa
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Alphabet and Bootstrap

* Symbol bootstrap

MI Zaﬂb lOgWZ‘,
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Alphabet and Bootstrap

* Symbol bootstrap

M = Zdi log W,

1

* Numerical IBP for differential equations:  [Abrew It i P
schernow, Zeng,
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Alphabet and Bootstrap

* Symbol bootstrap

M = Zdi log W,

1

* Numerical IBP for differential equations:  [Abrew It i P
schernow, Zeng,

Integration-by-parts (IBP) relations

d§ = ¢ dM3, > g=Y g® > g = / M 5D
k=0

» Canonical basis e.g. from integrand analysis
» Used to derive DEs up to ten external legs at one loop

12.12.2023 Christoph Dlapa 3 /22



Lee-Pomeransky Representation

* Feynman representation:

r=re [T () Ve (e ie)w - @S LDp

ecE ec b

* Lee-Pomeransky:

=~ ron-a ), 1) o I

ecl
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Lee-Pomeransky Representation

* Feynman representation:

r=re [T () Ve (e ie)w - @S LDp

ecE ec b

1= ["6(t— H(x))dt
Lo — LT,

=~ ron-a ), 1) o I

ecl

* Lee-Pomeransky: T
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Lee-Pomeransky Representation

* Feynman representation:

T = T(w) /OOO 11 (;f;?f;) 5(11;512(%)) (]—"/Z/{l— i€>w7 w=Y v, LD/?

ecE ec b

 Lee-Pomeransky: T L=y 00— Hlw)ds

Lo — LT,
I'(D/2) > x¥edx, 1
= . =U+F
T=ronw ), LGres) oo 9
* Landau equations: [Klausen, ‘21]
9
gh:UZEQ+.F:0, and aih:() or :U,L:O \VI/L:O ..... |E|

homogenized LP-polynomial

12.12.2023 Christoph Dlapa 4 /22



Generic one-loop integrals

* Landau equations:

On =Uxo+ F =0,

12.12.2023

and

OGh
&m

n =
=0 or ;=0 Vi=0,.

Christoph Dlapa

.
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n

P1 Dn
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P2 —»——

X3
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Generic one-loop integrals

* Landau equations:

90, AN

Gn=Uxog+F =0, and

- leading Landau singularities (full graph): z. #0,

* type-I singularity
* type-II singularity

12.12.2023

n = |FE|

ami:() or ;=0 Vi=0,...,

330:0 _— > ghleZO:F

ro0#0 ———>  Gplyy=1=6

Christoph Dlapa
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1

T2

Generic one-loop integrals \\—/

* Landau equations: ":|\El : |
Gn =Uxg+F =0, and agh:() or ;=0 Vi=0,...,n S ——

8xi

T4

- leading Landau singularities (full graph): z.#0, VeeE = ~>w
* type-I singularity To=0 —>  Gplog=o =F P4
e type-II singularity %070 —>  Gilz=1=0

» sub-graph singularities: 2, =0, ecE
* type-I singularity To=0 —>  Gyleg=o=F

T.=0

* type-1I singularity z7#0 —— G G
130:1

Te=0

z.=0

LTe=

12.12.2023 Christoph Dlapa 5/22



The Landau singular locus at one loop

* Leading type-1I singularity: z:#0 vi=0,...,n
oG _ 99n _

“Jh .= ZF0 —> =0
63}0 8£Cn 0 gh
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The Landau singular locus at one loop

* Leading type-1I singularity: :#0 vi=0,..., n
oG, B oG, _ — degree two

0 — On =

9ro  Omy
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The Landau singular locus at one loop

* Leading type-1I singularity: z:#0 vi=0,...,n
oG, B oG, — degree two

— =...=—=0 —> Gn =10
8:1:0 8£Un ) )
depends only on kinematics

oGn
8&20 :EO
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The Landau singular locus at one loop

* Leading type-II singularity: z:#0 Vi=0,...,n
oG, B oG, — degree two

— =...=—=0 —> Gn =10
8:1:0 axn . .
depends only on kinematics

oGn
8:120 370
- (;):/é)(;)m

: , oG OGn\ " oGn _— _,0Gn _
- Solution space: V (8—1;0%) = {:13 c C"\ {0} o o O}
- Space of kinematic variables for which there is a solution:

fogomt v (G280 20 b o (Laa(r@) =0 ]
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The modified Cayley matrix

- For the LP-polynomial of generic one-loop integrals:

F(Gn) =Y Y., = Qm?, Yi; = mf + m? — Sij—1
O 1 1 o 1Ne—m N/
1 Yll le e Yln Caylgy Sij—l = (pz 4+ ... —|—pj_1)2
y _ 1 Y12 Y22 L Y2n matrix
. . . . <« Te
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The modified Cayley matrix

- For the LP-polynomial of generic one-loop integrals:

F(Gn) =Y Y., = 2m?, Yi; = mf + m? — Sij—1
(O 1 1 - 1 \ <« Xo \ / \
1 Y1 Yo -+ Yi, Cayléy Sij—1 = (pi + ... ‘|‘pj—1)2
y _ 1 Y12 Y22 ) Y2n matrix
. . . . <« Tp
« Relation to Gram determinants G(k1,... km) = C}%ﬁ(ki - k) oo
* type-1I singularity: 2o #0 —> det(Y) = -2""'G(p1,...,pn) determinant
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The modified Cayley matrix

- For the LP-polynomial of generic one-loop integrals:

F(Gn) =Y Y., = 2m?, Yi; = mf + m? — Sij—1
(O 1 1 - 1 \(— Zo / \
1 Y11 Yio Y1, Cayléy Sij—1 = (pi + ... ‘|‘pj—1)2
y— 1 Y12 Y22 o Y2n matrix
. . . . <« T¢
- Relation to Gram determinants Gk, .o km) = (}E}t(ki k) Eramn
* type-1I singularity: zo #0 —> det(¥) = —2""'G(p1, ..., pn) determinant
: : n Cayl

* type-I singularity: o =0 —> det(Y)=(-2)"Glq1,---, Qn)|q§=m§ detejr};lienyant

12.12.2023 Christoph Dlapa 7 /22



The principal A-determinant at one loop

- Subgraphs correspond to diagonal minors: (0 1 1 o 1\ <—m
: L determinant with 1 Y Yo Yin
k] e e yo|l Yo Ve o v
1 J2 0 Jk w : . «— T,
\1 Yln Y2n Ynn)
8 /22
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The principal A-determinant at one loop

- Subgraphs correspond to diagonal minors: (0 1 1 o 1\ <—m
A . , , 1 Y11 Yoo Yin
11 1l o 1k determinant with 1 Yo Yoo -+ Yo
i1 Ja e gk rows/columns removed Y= - . "
, , Bl S : S I
* type-I singularity: y 1] = det(Y) \1 Y, Yan - Y
* type-1II singularity: y ] = det())
. . 1 1
 type-I sub-singularity: Y 1 Eiilgl = det(Y|g\ fe+1})
. . 1
* type-II sub-singularity: Y 521131 = det(Vr\{e+1})
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The principal A-determinant at one loop

- Subgraphs correspond to diagonal minors: (0 1 1 o 1\ <—m
. . , , I Y Y2 - n
[Zl 19 - Zk] determinant with yo |1l Yz Yoo - Yo
1 G2 o gk rows/columns {“emoved - L : : .
* type-I singularity: y ﬂ = det(Y) \1 Y, Yy - Y. )
* type-1II singularity: y ] = det())
. . 1 1
* type-I sub-singularity: Y 1 Eiilgl = det(Y|p\{et1})
: : (e +1
* type-II sub-singularity: Y 521131 = det(Vr\{e+1})
. (reduced) principal A-determinant:
n+1 n+1 ] product of Gram and
EA(Gr) ” Y ] Y [ -1 ] Vs Cayley determinant of the
4(6n) H g 1>H>7;1:1 ln—1 H graph and all subgraphs

12.12.2023 Christoph Dlapa 8 /22



Example: Bubble

EA<gh> — m%m%)‘(p27 m%v m%)p27 )\(]?2, m%? m%) — p4 + m% + m% o 2]9277’2,% o 2p2m§ o Qm%mg

* The factors of the principal A-determinant give all
symbol letters!
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Example: Bubble

EA<gh> — m%m%)\(p2, m%a m%)p27 )‘(p27 m%? m%) — p4 + mil + mé o 2]9277?,% o 2p2m§ o 2m%m§

* The factors of the principal A-determinant give all
symbol letters!

. square-root letters? —m? + m2 + p? + /A®?, m2, m2)
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Example: Bubble
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* The factors of the principal A-determinant give all
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Example: Bubble

EA<gh> — m%m%)\(p2, m%a m%)p27 )‘(p27 m%? m%) — p4 + mil + m% o 2]9277?,% o 2p2m§ o 2m%m§

* The factors of the principal A-determinant give all
symbol letters!

—m? +m3 + p? — V/A(p2, m2, m2) c (W)
(2
. square-root letters? “m2 - m2 + p? + /AR, mZ, md)
»need to re-factorize products: [Heller, Manteuffel, Schabinger, 20]

Amap® = (—m% +m3 +p° — \/A(pQ,m%, m%)) (—mf +m3 +p° + \/)\(pQ, m2, m§)>
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Example: Bubble

EA<gh> — m%m%)\(p2, m%a m%)p27 )‘(p27 m%? m%) — p4 + mil + m% o 2]?277?,% o 2p2m§ o 2m%m%

* The factors of the principal A-determinant give all
symbol letters!

 square-root letters? “m2 - m2 + p? + /AR, mZ, md)

»need to re-factorize products: [Heller, Manteuffel, Schabinger, 20]

4map® = (—m? +m3 +p’ - \/A(pQ,m%,m%)> (—mf +m3 +p? + \/A(pQ,m%,mg)>
. come from Jacobi identities:
2
—yHyE ;]:y[ﬂ —y[ﬂym 2= g=(f = VoS +v5)

12.12.2023 Christoph Dlapa 9/22



Jacobi identities

* For odd n
: 1 2 7 1 1
y -‘- y -1 /l:_ — y _/[:- y _1 _ y _1] Y
: U I ) 9 7 .
y _.- y _Z' j_ - y _Z'- y _j_ T y _J] 9 [/ Z 2

e F'or even n
SAEI A EI R
[t ]=s[ e s

12.12.2023 Christoph Dlapa

10 /22



Jacobi identities

e For odd n
o s
Yy Yy 10 =
L[ g
R 8% i

e For even n

Y

12.12.2023

y[

1
1

|

1
1

-]

I
Ly
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case of Gram and
Cayley exchanged
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Jacobi identities

 For odd n+Dy

v

Y|

Yy

Y

L
_1 /l:_

-
o g

e For even n +Dj

Y

12.12.2023

y[

1
1

|

1
1

-]

I
Ly

Christoph Dlapa

case of Gram and
Cayley exchanged

|
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Symbol letters

* Case of one edge missing: (next-to-maximal cut)

12.12.2023

.....

.....

2

5] d 11
y_l_—\—y ._y_l Z
5] L 14
y_1_+\—y ._y_l Z
y i —\y i y i
y i +\y i y i

Christoph Dlapa

Dy + n odd,

Dy + n even.
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Symbol letters

* Case of two edges missing: (next-to-next-to-maximal cut)

/ _ _ _ -
2 I N V2 B 5 L
] \ AT
- —— Dy + n odd,
1 . 1 7
yI'l+ vy
i\ |7 g
Wi . G=1),...GG=1),..., n_{
1 g 1 |
Y 1 i \ Y 1 Y 1 i
: :: : :, Dy + n even,
1 1 1 g
_|_ _
Y 1 i \ Y 1 Y 1 i
\ L . R L

12.12.2023 Christoph Dlapa 12 /22



Symbol letters

* Case of no leg missing: (maximal cut)
- no Jacobi identities "
- only one letter E4(Gn) =Y ” Hy[ }

12.12.2023 Christoph Dlapa

n—+1

tn—1>...>t1=1

H y[?l“"—

21...'
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Symbol letters

* Case of no leg missing: (maximal cut)
- no Jacobi identities

- only one letter EA(Gr) =Y []ﬁy[ z } nﬁl y[ 2::1 ]n]jly

[ ] =1 in_]_>...>7:]_:]_

* Letters not all independent
- triangle in even dimensions:  log W .k = log W), ;jy.x + 108 Wi (). (k)

a—b—c—\/X_a—b—l—c—\/Xa—l—b—c—\/X
a—b—c+vVN a—-b+c+VAa+b—cH+V\

12.12.2023 Christoph Dlapa 13/22



Differential equations:

e For even n + D
djln = dlogwl n -.71 N

1€ Z (—1 )Z+L7Jd10gW1 (Do IH_ T

1<i<n

1<i<3<n

 For odd n + Dy
djln =€ legW1n jln

......

1<i<n

i+ji+| 2
te Y (-1 P ldlog Wiy ). VA

1<i<j<n

12.12.2023 Christoph Dlapa 14 /22



Canonical master integrals

dimension of the integral

* From literature 5] (k)/ — DRR to Dy
AL for k 4+ Dy even,
Ji1...ip [Abreu, Britto, Duhr, Gardi, 17 /
\711% = ¢ Chen, Ma, Yang, 22]
Thedk for k4 Dy odd,
\ Ji1...ig

12.12.2023 Christoph Dlapa 15722



Canonical master integrals

dimension of the integral

° Fl“OHl literature ’ ngl'(k)/ = DRR to Dy
€ . :
— for k + Dy even,
Ji1...ip [Abreu, Britto, Duhr, Gardi, 17 /
lek = Chen, Ma, Yang, 22]
— % for k+ Dy odd,
N Jiq i
* Leading singularities Cram determinant
r 1+ 1 g+ 1 L1\
9—5+1 (_1)L§Jy Z.l v 2.2 U Zk i : for £+ Dy even,
, 11+1 wuw+1 - 1 +1
Jiy-vig = 1 1 1 . . —1/2
el (O 2 N e R , for k+ Dy odd .
| 1 217+1 994+1 - 0 +1

Cayley determinant
12.12.2023 Christoph Dlapa 15722



Comparison with the literature

* Symbol alphabet
 Differential equations

Caron-Huot, Pokraka, 21

1) Diagrammatic coaction:

[Abreu, Britto, Duhr, Gardi, "17]

2) Baikov representation:
[Chen, Ma, Yang, ‘22] <

[Jiang, Yang, 23] <

12.12.2023 Christoph Dlapa

only next-to-next-to also: |Caron-Huot,
maximal cut needed Pokraka, '21]

explicit match

modified Cayley matrix

16 /22



Limits to non-generic cases

n+1 n+1 n+1

Jih A AR E)

tp—1>...>01=1

EA Gn) =

* Consider limits, e.g. mf, si:— 0

- remove vanishing factors
> leading term in Tailor expansion

12.12.2023 Christoph Dlapa

[Klausen, 21]
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Limits to non-generic cases

n+1 n+1 ¥ n+1
Ea(Gn) = }Hy[ ] 11 y[ 2"1][[347,
tp—1>...>01=1 ="
* COHSlder llmltS C. g m%, S . — O [Klausen, 21]

- remove vanishing factors

> leading term in Tailor expansion
- multivariate limit for individual factors is not unique,
however, limit of principle A-determinant is!
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Limits to non-generic cases

n+1 n+1 ¥ n+1
Ea(Gn) = }Hy[ ] 11 y[ znllﬂyzz
tp—1>...>01=1 ="
* COIlSldel“ llmltS C. g m%, S . — O [Klausen, 21]

- remove vanishing factors
> leading term in Tailor expansion
- multivariate limit for individual factors is not unique,
however, limit of principle A-determinant is!
* Limits match direct computation (omit vanishing factors also here)

- expect also to work for symbol alphabet [Abreu, Britto, Duhr, Gardi, '17]
[Chen, Ma, Yang, ‘22]

12.12.2023 Christoph Dlapa 17 /22



Higher loops

* Principal A-determinant:

0 0 —~
{sw, 2|V (:co 8(';;‘ 89}7’) + () } <~ EA(Gr)=0

12.12.2023 Christoph Dlapa 18 /22



Higher loops

* Principal A-determinant:

0 —~
{sw, 2|V (xogiz agh) ) } —  Ea(Gh) =0
- Prime factorization: Grh =) cz'w“f\
Ea(Gh) = Aanr(Grlr), A = Supp(Gn)

FCNewt(gh)/ \ Newt(gh,) = conv (A)

A-discriminants restriction of Qh on [’

faces of Q

12.12.2023 Christoph Dlapa
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Higher loops

* Principal A-determinant:

0 0 ~
{sw, 2|V (.:co aiz 8%) ) } —  Ea(Gh) =0
- Prime factorization: Grh =) ciw“f\
Ea(Gh) = Aanr(Grlr), A = Supp(Gn)

FCNewt(gh)/ \ Newt(gh,) = conv (A)

A-discriminants restriction of Qh on [’

faces of Q
. singularities: type-I type-11 mixed

AAﬁNewt(]—") (F)a AA(Q), AAWF(g|F)7
vertices on both Supp(Y) and Supp(F)

12.12.2023 Christoph Dlapa 18 /22



Slashed box example

* One-mass configuration

pi #0, mi=p;=p;=p; =0

12.12.2023 Christoph Dlapa
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Slashed box example

* One-mass configuration

pi #0, mi=p;=p;=p; =0

Ea(Gn) = (03 — t)(p? — 8)(p% — s — t)(5 + t)stp?

» two-dimensional harmonic polylogarithms:

S t
21 = 5,22 = 5,23 =1—21 — 29
pP1 P1

EA(Gr) oc (1 — 22)(1 — 21)23(1 — 23)21 20

12.12.2023 Christoph Dlapa
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Gravitational potential integrals

* One-loop is trivial

Y= Up - ug,

L==v7y =Dl +vy*-1)

| (7— 72 -1
0g

SERVEEES

12.12.2023

|

Uy ?-uy

S — >
14

-3 >

u2 E”UQ
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Gravitational potential integrals

* One-loop is trivial

Y= Up - ug,

= (e +1/x)

l==v7y =Dl +vy*-1)

X

SN

| (7— 72 -1
0g

SERVEEES

12.12.2023

)210gaz

Uy ?-uy

S — >
14

-3 >

u2 E”UQ

Christoph Dlapa
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Waveform integrals

* Sub-topologies easy " 0w

o w1 — / w% - q%
— 2 —2./—2w
log CI; CIz q; 1 7 / 2
qi — g5 + 2 —qiw1
log gig5 — ¢5 — 23wy — 2giwn /Wi — g3
0193 — a5 — 2q3w3? + 23 w1/ wi — g3

> >
u2 E”UQ

* Top-topology requires turther stud
p p gy q y [Brandhuber, Brown, Chen, De Angelis, Gowdy,

- non-generic mass configuration Travaglini, '23 /
Herderschee, Roiban, Teng, 23 /

- beyond next-to-next-to maXimal cut Georgoudis, Heissenberg, Vazquez-Holm, 23,

12.12.2023 Christoph Dlapa 21 /22



Summary

* Construction of symbol alphabet from the
principal A-determinant

- rational letters
- square-root letters through re-factorization

* One loop
. re-factorization through Jacobi identities
. verification through canonical DEs (up to ten legs)

e Unique limits
* Higher loops
* One-loop gravity

This project has received funding from the European Research Council (ERC) under the European

a2 Union’s Horizon 2020 research and innovation programme (grant No. 817791).
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