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Predicting neutrino/HDM signatures on 
non-linear scales through gravitational 

clustering

Neutrinos have large thermal velocities 
which makes their modelling difficult 
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Neutrinos have large thermal velocities 
which makes their modelling difficult 



Outline

Easily include the effects of neutrinos in N-body simulations: SuperEasy  

Extension to any hot dark matter (HDM): Generalised SuperEasy  

Part I: methods   

Part II: applications  

Other methods: multi-fluid theory and particle simulations

Mixed hot dark matter models: SM neutrinos and axions

Can we distinguish effects of BSM relics from neutrinos on nonlinear scales?



Part I: methods   
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Vlasov-Poisson system

Relic neutrinos as a nonrelativistic gas of collisionless particles  
in an expanding background

Linear response for HDM
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Vlasov-Poisson system

Relic neutrinos as a nonrelativistic gas of collisionless particles  
in an expanding background

Neutrino phase space  
density f(~x, ~p, s)
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Gravitational potential 
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Linear response for HDM
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Vlasov-Poisson system

Linear response for HDM
Relic neutrinos as a nonrelativistic gas of collisionless particles  
in an expanding background

Neutrino phase space  
density f(~x, ~p, s)
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• Linearisation
• External potential 

• Solving for  �f = f � f̄
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Inhomogeneous part 
neutrino response to the external potential 

Homegeneous part  
Free-streaming of initial conditions 



HDM: neutrinos 

�⌫ ' k2
Z s

si

ds0a2�(s� s0)F


T⌫,0k(s� s0)

m⌫

�

<latexit sha1_base64="IUNqYLCwARQ66OV33UjJX5m0Acw="></latexit>

F (q) =
m⌫

⇢̄⌫(s)

Z
d3pf̄(p)e�i~q·~p/T⌫,0

<latexit sha1_base64="9pQVXvBGqXmpMCfG5zH7IjT5w7E="></latexit>

Integrate over momentum: Integral linear response
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Integrate over momentum: Integral linear response

SuperEasy linear response: find analytical solutions in large and small    limits  k
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Ringwald & Wong, 2004
Chen, Upadhye & Wong, 2020

�⌫(~k, s) '
k2FS
k2

�m(~k, s)
<latexit sha1_base64="DfoxdYr53pqX6E0rJxC5WszL2zU="></latexit>

�⌫(~k, s) ' �cb(~k, s) ' �m(~k, s)
<latexit sha1_base64="B1pUPirMiSnW7V/rN6fpB1+wWXA=">AAACQXichVDLSgMxFM34rPVVdekmWIQKUmaqoMuiG5cV7AM6pWTS2zY0yYxJplCG/pob/8CdezcuFHHrxvSB1FbwwIXDOeeS3BNEnGnjus/O0vLK6tp6aiO9ubW9s5vZ26/oMFYUyjTkoaoFRANnEsqGGQ61SAERAYdq0Lse+dU+KM1CeWcGETQE6UjWZpQYKzUzNb8F3JBm4st4mPP7QJPe8FSf+JoJuMc/rhKYBv8ExKzfzGTdvDsGXiTelGTRFKVm5slvhTQWIA3lROu650amkRBlGOUwTPuxhojQHulA3VJJBOhGMm5giI+t0sLtUNmRBo/V2Y2ECK0HIrBJQUxXz3sj8S+vHpv2ZSNhMooNSDp5qB1zbEI8qhO3mAJq+MASQhWzf8W0SxShxpaetiV48ycvkkoh753lC7fn2eLVtI4UOkRHKIc8dIGK6AaVUBlR9IBe0Bt6dx6dV+fD+ZxEl5zpzgH6BefrG6gxsXo=</latexit>

Free-streaming limit k � kFS
<latexit sha1_base64="lxG1P1dZKBKVk3s8T+l4oSCzUHE=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwVZIq6LIoiMuK9gFNCJPpJB0yMwkzE6GGfokbF4q49VPc+TdO2yy09cCFwzn3cu89Ycao0o7zba2srq1vbFa2qts7u3s1e/+gq9JcYtLBKUtlP0SKMCpIR1PNSD+TBPGQkV6YXE/93iORiqbiQY8z4nMUCxpRjLSRAruWeHEMk6DwJIc395PArjsNZwa4TNyS1EGJdmB/ecMU55wIjRlSauA6mfYLJDXFjEyqXq5IhnCCYjIwVCBOlF/MDp/AE6MMYZRKU0LDmfp7okBcqTEPTSdHeqQWvan4nzfIdXTpF1RkuSYCzxdFOYM6hdMU4JBKgjUbG4KwpOZWiEdIIqxNVlUTgrv48jLpNhvuWaN5d15vXZVxVMAROAanwAUXoAVuQRt0AAY5eAav4M16sl6sd+tj3rpilTOH4A+szx8Lz5Kw</latexit>

Clustering limit k ⌧ kFS
<latexit sha1_base64="WRcXhhN6Pb/Dxm4Ozyx+lPUJq10=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0mqoMeiIB4r2g9oQthsN+3SzSbsboQa+ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8MOVMacf5tlZW19Y3Nktb5e2d3b2KvX/QVkkmCW2RhCeyG2JFORO0pZnmtJtKiuOQ0044up76nUcqFUvEgx6n1I/xQLCIEayNFNiVkcc5GgW5J2N0cz8J7KpTc2ZAy8QtSBUKNAP7y+snJIup0IRjpXquk2o/x1Izwumk7GWKppiM8ID2DBU4psrPZ4dP0IlR+ihKpCmh0Uz9PZHjWKlxHJrOGOuhWvSm4n9eL9PRpZ8zkWaaCjJfFGUc6QRNU0B9JinRfGwIJpKZWxEZYomJNlmVTQju4svLpF2vuWe1+t15tXFVxFGCIziGU3DhAhpwC01oAYEMnuEV3qwn68V6tz7mrStWMXMIf2B9/gAbapK6</latexit>

Free-streaming scale is 
‘integrated’ over Fermi-Dirac 

only depends on mass and 
time 



HDM: neutrinos 

�⌫ ' k2
Z s

si

ds0a2�(s� s0)F


T⌫,0k(s� s0)

m⌫

�

<latexit sha1_base64="IUNqYLCwARQ66OV33UjJX5m0Acw="></latexit>

F (q) =
m⌫

⇢̄⌫(s)

Z
d3pf̄(p)e�i~q·~p/T⌫,0

<latexit sha1_base64="9pQVXvBGqXmpMCfG5zH7IjT5w7E="></latexit>

Integrate over momentum: Integral linear response

SuperEasy linear response: find analytical solutions in large and small    limits  k
<latexit sha1_base64="S3l8nnBLDerjgmOsR9KRP3N3+lk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f09OM8w==</latexit>

Ringwald & Wong, 2004
Chen, Upadhye & Wong, 2020

�⌫(~k, s) '
k2FS
k2

�m(~k, s)
<latexit sha1_base64="DfoxdYr53pqX6E0rJxC5WszL2zU="></latexit>

�⌫(~k, s) ' �cb(~k, s) ' �m(~k, s)
<latexit sha1_base64="B1pUPirMiSnW7V/rN6fpB1+wWXA=">AAACQXichVDLSgMxFM34rPVVdekmWIQKUmaqoMuiG5cV7AM6pWTS2zY0yYxJplCG/pob/8CdezcuFHHrxvSB1FbwwIXDOeeS3BNEnGnjus/O0vLK6tp6aiO9ubW9s5vZ26/oMFYUyjTkoaoFRANnEsqGGQ61SAERAYdq0Lse+dU+KM1CeWcGETQE6UjWZpQYKzUzNb8F3JBm4st4mPP7QJPe8FSf+JoJuMc/rhKYBv8ExKzfzGTdvDsGXiTelGTRFKVm5slvhTQWIA3lROu650amkRBlGOUwTPuxhojQHulA3VJJBOhGMm5giI+t0sLtUNmRBo/V2Y2ECK0HIrBJQUxXz3sj8S+vHpv2ZSNhMooNSDp5qB1zbEI8qhO3mAJq+MASQhWzf8W0SxShxpaetiV48ycvkkoh753lC7fn2eLVtI4UOkRHKIc8dIGK6AaVUBlR9IBe0Bt6dx6dV+fD+ZxEl5zpzgH6BefrG6gxsXo=</latexit>

Free-streaming limit k � kFS
<latexit sha1_base64="lxG1P1dZKBKVk3s8T+l4oSCzUHE=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwVZIq6LIoiMuK9gFNCJPpJB0yMwkzE6GGfokbF4q49VPc+TdO2yy09cCFwzn3cu89Ycao0o7zba2srq1vbFa2qts7u3s1e/+gq9JcYtLBKUtlP0SKMCpIR1PNSD+TBPGQkV6YXE/93iORiqbiQY8z4nMUCxpRjLSRAruWeHEMk6DwJIc395PArjsNZwa4TNyS1EGJdmB/ecMU55wIjRlSauA6mfYLJDXFjEyqXq5IhnCCYjIwVCBOlF/MDp/AE6MMYZRKU0LDmfp7okBcqTEPTSdHeqQWvan4nzfIdXTpF1RkuSYCzxdFOYM6hdMU4JBKgjUbG4KwpOZWiEdIIqxNVlUTgrv48jLpNhvuWaN5d15vXZVxVMAROAanwAUXoAVuQRt0AAY5eAav4M16sl6sd+tj3rpilTOH4A+szx8Lz5Kw</latexit>

Clustering limit k ⌧ kFS
<latexit sha1_base64="WRcXhhN6Pb/Dxm4Ozyx+lPUJq10=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0mqoMeiIB4r2g9oQthsN+3SzSbsboQa+ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8MOVMacf5tlZW19Y3Nktb5e2d3b2KvX/QVkkmCW2RhCeyG2JFORO0pZnmtJtKiuOQ0044up76nUcqFUvEgx6n1I/xQLCIEayNFNiVkcc5GgW5J2N0cz8J7KpTc2ZAy8QtSBUKNAP7y+snJIup0IRjpXquk2o/x1Izwumk7GWKppiM8ID2DBU4psrPZ4dP0IlR+ihKpCmh0Uz9PZHjWKlxHJrOGOuhWvSm4n9eL9PRpZ8zkWaaCjJfFGUc6QRNU0B9JinRfGwIJpKZWxEZYomJNlmVTQju4svLpF2vuWe1+t15tXFVxFGCIziGU3DhAhpwC01oAYEMnuEV3qwn68V6tz7mrStWMXMIf2B9/gAbapK6</latexit>

�⌫(~k, s) =
k2FS

[k + kFS(s)]2
�m(~k, s)

<latexit sha1_base64="8o7BEBN79mI15vwOkFd+NlUnl9k="></latexit>

Free-streaming scale is 
‘integrated’ over Fermi-Dirac 

only depends on mass and 
time 

Interpolation 

Note: momentum integration  
comes before interpolation!  



SuperEasy for neutrinos 
SuperEasy 

Neutrino density contrast responding to 
CDM density 

�⌫(~k, s) =
k2FS(s)(1� f⌫)

[k + kFS(s)]2 � k2FS(s)f⌫
�cb(~k, s)

<latexit sha1_base64="KFe21YXpqKLOneKjMjio5+ECXJ4="></latexit>
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SuperEasy for neutrinos 
SuperEasy 
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�⌫(~k, s) =
k2FS(s)(1� f⌫)

[k + kFS(s)]2 � k2FS(s)f⌫
�cb(~k, s)

<latexit sha1_base64="KFe21YXpqKLOneKjMjio5+ECXJ4="></latexit>

�m(~k, s) =
[k + kFS(s)]2(1� f⌫)

[k + kFS(s)]2 � k2FS(s)f⌫
�cb(~k, s)

<latexit sha1_base64="/WAqO8jUoXQfexducehSl7Id+lM="></latexit>

Total matter density including contributions 
from neutrinos

Neutrino density contrast responding to 
CDM density 



SuperEasy in N-body simulations

One-line modification to the gravitational potential, 
only requires CDM density as a real-time input 

perfect for PM solvers of an N-body simulation



SuperEasy in N-body simulations

k2�(~k, s) = �(3/2)H2(s)⌦cb(s)g̃(k, s)�cb(~k, s)
<latexit sha1_base64="CjJvzvU524082dEA6nbGVxJDS88="></latexit>

src/pm/pm_periodic.cc 

https://github.com/cppccosmo/gadget-4-cppc

g̃(k, s) =
[k + kFS(s)]

2

[k + kFS(s)]
2 � k2FS(s)f⌫

<latexit sha1_base64="ZwdchZu3Eh1syXGwTK2hFlyVLkc="></latexit>

modification factor 
due to neutrinos

Chen, Upadhye & Wong, 2020
One-line modification to the gravitational potential, 

only requires CDM density as a real-time input 

perfect for PM solvers of an N-body simulation

calculated from 
cold particles 

No additional memory or runtime  
compared to CDM only

http://pm_periodic.cc


SuperEasy for any HDM

�f(~k, ~p, s) ' im~k ·r~p f̄

Z s

si

ds0 a2 � e�
i~k·~p
m (s�s0)

<latexit sha1_base64="waKHMudzZkhZtCy0YqM+Ml0UylQ="></latexit>

Generalised SuperEasy: Interpolation at the momentum level,  
before the integration/sum over the momenta  



SuperEasy for any HDM

�f(~k, ~p, s) ' im~k ·r~p f̄

Z s

si

ds0 a2 � e�
i~k·~p
m (s�s0)

<latexit sha1_base64="waKHMudzZkhZtCy0YqM+Ml0UylQ="></latexit>

µ ⌘ k̂ · p̂
<latexit sha1_base64="F7bHMN7i76Ln9tW+/nzsgtCKBPA=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiuCpJFXRZdOOygr1AE8pkMmmHTi7OnBRK6MqNr+LGhSJufQZ3vo3TNAtt/WHg4z/ncOb8XiK4Asv6Nkorq2vrG+XNytb2zu6euX/QVnEqKWvRWMSy6xHFBI9YCzgI1k0kI6EnWMcb3czqnTGTisfRPUwS5oZkEPGAUwLa6pvHTpg67CHlY+wMCWSjqUP9GHJOpn2zatWsXHgZ7AKqqFCzb345fkzTkEVABVGqZ1sJuBmRwKlg04qTKpYQOiID1tMYkZApN8vPmOJT7fg4iKV+EeDc/T2RkVCpSejpzpDAUC3WZuZ/tV4KwZWb8ShJgUV0vihIBYYYzzLBPpeMgphoIFRy/VdMh0QSCjq5ig7BXjx5Gdr1mn1eq99dVBvXRRxldIRO0Bmy0SVqoFvURC1E0SN6Rq/ozXgyXox342PeWjKKmUP0R8bnD2Vnmbg=</latexit>

h�fiµ (~k, p, s)
<latexit sha1_base64="c5simpFZF0Teb7hSXrZxEhY8aG8=">AAACE3icbVDLSgNBEJz1bXytevQyGAQVCbtR0INI0IvHCMYEskuYnfQmQ2YfzPQKYck/ePFXvHhQxKsXb/6Nk7gHXwUNRVU33V1BKoVGx/mwpqZnZufmFxZLS8srq2v2+saNTjLFocETmahWwDRIEUMDBUpopQpYFEhoBoOLsd+8BaVFEl/jMAU/Yr1YhIIzNFLH3vckhHhKvS5IZDSknhK9Pp51vCiju94t8HwwOqDpgd7r2GWn4kxA/xK3IGVSoN6x371uwrMIYuSSad12nRT9nCkUXMKo5GUaUsYHrAdtQ2MWgfbzyU8jumOULg0TZSpGOlG/T+Qs0noYBaYzYtjXv72x+J/XzjA88XMRpxlCzL8WhZmkmNBxQLQrFHCUQ0MYV8LcSnmfKcbRxFgyIbi/X/5LbqoV97BSvToq186LOBbIFtkmu8Qlx6RGLkmdNAgnd+SBPJFn6956tF6s16/WKauY2SQ/YL19AtvvnOA=</latexit>

angle average 

�hdm(~k, s) =
1

C

Z 1

0
dp p2f̄(p)G(k, p, s)

�
�m(~k, s)

<latexit sha1_base64="j5cWG0jWC0ppNR6Ez3uQRd8bkp4="></latexit>

Generalised SuperEasy: Interpolation at the momentum level,  
before the integration/sum over the momenta  



G(k/kFS,p ! 0) ! 1, G(k/kFS,p ! 1) !
k2FS,p
k2

<latexit sha1_base64="So05F3r9LQXuAWzFZk1rFgIT8bk="></latexit>

G(k, p, s) =
k2FS,p

k2 + �kkFS,p + k2FS,p
<latexit sha1_base64="r5tSJEJzDSKCVoeZ3tN4diuebfw="></latexit>

SuperEasy for any HDM

�f(~k, ~p, s) ' im~k ·r~p f̄

Z s

si

ds0 a2 � e�
i~k·~p
m (s�s0)

<latexit sha1_base64="waKHMudzZkhZtCy0YqM+Ml0UylQ="></latexit>

µ ⌘ k̂ · p̂
<latexit sha1_base64="F7bHMN7i76Ln9tW+/nzsgtCKBPA=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiuCpJFXRZdOOygr1AE8pkMmmHTi7OnBRK6MqNr+LGhSJufQZ3vo3TNAtt/WHg4z/ncOb8XiK4Asv6Nkorq2vrG+XNytb2zu6euX/QVnEqKWvRWMSy6xHFBI9YCzgI1k0kI6EnWMcb3czqnTGTisfRPUwS5oZkEPGAUwLa6pvHTpg67CHlY+wMCWSjqUP9GHJOpn2zatWsXHgZ7AKqqFCzb345fkzTkEVABVGqZ1sJuBmRwKlg04qTKpYQOiID1tMYkZApN8vPmOJT7fg4iKV+EeDc/T2RkVCpSejpzpDAUC3WZuZ/tV4KwZWb8ShJgUV0vihIBYYYzzLBPpeMgphoIFRy/VdMh0QSCjq5ig7BXjx5Gdr1mn1eq99dVBvXRRxldIRO0Bmy0SVqoFvURC1E0SN6Rq/ozXgyXox342PeWjKKmUP0R8bnD2Vnmbg=</latexit>

h�fiµ (~k, p, s)
<latexit sha1_base64="c5simpFZF0Teb7hSXrZxEhY8aG8=">AAACE3icbVDLSgNBEJz1bXytevQyGAQVCbtR0INI0IvHCMYEskuYnfQmQ2YfzPQKYck/ePFXvHhQxKsXb/6Nk7gHXwUNRVU33V1BKoVGx/mwpqZnZufmFxZLS8srq2v2+saNTjLFocETmahWwDRIEUMDBUpopQpYFEhoBoOLsd+8BaVFEl/jMAU/Yr1YhIIzNFLH3vckhHhKvS5IZDSknhK9Pp51vCiju94t8HwwOqDpgd7r2GWn4kxA/xK3IGVSoN6x371uwrMIYuSSad12nRT9nCkUXMKo5GUaUsYHrAdtQ2MWgfbzyU8jumOULg0TZSpGOlG/T+Qs0noYBaYzYtjXv72x+J/XzjA88XMRpxlCzL8WhZmkmNBxQLQrFHCUQ0MYV8LcSnmfKcbRxFgyIbi/X/5LbqoV97BSvToq186LOBbIFtkmu8Qlx6RGLkmdNAgnd+SBPJFn6956tF6s16/WKauY2SQ/YL19AtvvnOA=</latexit>

Generalised SuperEasy: Interpolation at the momentum level,  
before the integration/sum over the momenta  

angle average 

kFS,p(s) ⌘

r
3

2

ma(s)

p
H(s)⌦1/2

m (s)
<latexit sha1_base64="laugAGOM6MKkqrFypSqidYuCEts="></latexit>

G(k/kFS,p ! 0) ! 1, G(k/kFS,p ! 1) !
k2FS,p
k2

<latexit sha1_base64="So05F3r9LQXuAWzFZk1rFgIT8bk="></latexit>

Momentum dependent 
 free-streaming scale 

�hdm(~k, s) =
1

C

Z 1

0
dp p2f̄(p)G(k, p, s)

�
�m(~k, s)

<latexit sha1_base64="j5cWG0jWC0ppNR6Ez3uQRd8bkp4="></latexit>

Clustering limit

Interpolation function

Free-streaming limit



SuperEasy for any HDM

Z 1

0
dp p2f̄(p)G(k, p, s) !

NX

i=1

Z 1

0
dp p2f̄(p)!i(p)

�
Gi(k, s)

<latexit sha1_base64="VGmJtjpKMhBgpGgfH9KVUG0Jxyg="></latexit>

N different types of HDM, each with a 
free-streaming scale and a density 

contrast �hdmi
<latexit sha1_base64="/7jbV/eif4SK0pYdsTNo9u+TDTE=">AAAB/nicbVBNS8NAEN34WetXVDx5WSyCp5JUQY9FLx4r2A9oQthsNu3S3STsToQSCv4VLx4U8erv8Oa/cdvmoK0PBh7vzTAzL8wE1+A439bK6tr6xmZlq7q9s7u3bx8cdnSaK8raNBWp6oVEM8ET1gYOgvUyxYgMBeuGo9up331kSvM0eYBxxnxJBgmPOSVgpMA+xl7EBJCgKDwl8TCSk4BPArvm1J0Z8DJxS1JDJVqB/eVFKc0lS4AKonXfdTLwC6KAU8EmVS/XLCN0RAasb2hCJNN+MTt/gs+MEuE4VaYSwDP190RBpNZjGZpOSWCoF72p+J/XzyG+9gueZDmwhM4XxbnAkOJpFjjiilEQY0MIVdzciumQKELBJFY1IbiLLy+TTqPuXtQb95e15k0ZRwWdoFN0jlx0hZroDrVQG1FUoGf0it6sJ+vFerc+5q0rVjlzhP7A+vwBRvmVsg==</latexit>

N
<latexit sha1_base64="FUcBaOutMug4qVqfNLwic8W1axE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL54kAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpexflSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6ffjNY=</latexit>

�m(k, s) '

 
1 +

NX

i=1

fhi

⇥
Gi(k, s)� 1

⇤
+O(f2

hi
)

!
�cb(~k, s)

<latexit sha1_base64="ex2VM1hQDyq16xHNPwrbT+zi8jw="></latexit>

Generalised SuperEasy 
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z = 9.0 Gauss-Laguerre binning  

N = 15
<latexit sha1_base64="Wooa07L6DagskEt1ZwF6uaTJvbI=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mtil6EohdPUsF+QLuUbJptQ5PskmSFsvQvePGgiFf/kDf/jdl2D9r6YODx3gwz84KYM21c99sprKyurW8UN0tb2zu7e+X9g5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfg289tPVGkWyUcziakv8FCykBFsMun+2rvolytu1Z0BLRMvJxXI0eiXv3qDiCSCSkM41rrrubHxU6wMI5xOS71E0xiTMR7SrqUSC6r9dHbrFJ1YZYDCSNmSBs3U3xMpFlpPRGA7BTYjvehl4n9eNzHhlZ8yGSeGSjJfFCYcmQhlj6MBU5QYPrEEE8XsrYiMsMLE2HhKNgRv8eVl0qpVvbNq7eG8Ur/J4yjCERzDKXhwCXW4gwY0gcAInuEV3hzhvDjvzse8teDkM4fwB87nDw9QjZc=</latexit>



Generalised SuperEasy in N-body simulations

k2�(~k, s) = �(3/2)H2(s)⌦cb(s)g̃(k, s)�cb(~k, s)
<latexit sha1_base64="CjJvzvU524082dEA6nbGVxJDS88="></latexit>

src/pm/pm_periodic.cc 

https://github.com/cppccosmo/gadget-4-cppc

No additional memory or runtime  
compared to CDM only

g̃(k, s) =

 
1 +

NiX

i=1

fhi [Gi(k, s)� 1]

!
f�1
cb

<latexit sha1_base64="5FsQ/qgeGt/jzrKwJI8XQh8MK/4="></latexit>

Only inputs: HDM mass, temperature and any 
momentum distribution

http://pm_periodic.cc


Multifluid method 

Multi-fluid linear response: based on perturbation theory of Dupuy & Bernardeau (2014)

Partition a single HDM fluid into      different flows, each  
with momenta, densities and Legendre multiple moments  

N
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Multifluid method 

Multi-fluid linear response: based on perturbation theory of Dupuy & Bernardeau (2014)

Partition a single HDM fluid into      different flows, each  
with momenta, densities and Legendre multiple moments  
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Density, velocity perturbations  
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Multifluid+hybrid 

Multi-fluid linear response: based on perturbation theory of Dupuy & Bernardeau (2014)

Chen, Mosbech, Upadhye & Wong, 2022

Hybrid method: convert perturbations of 
slowest flows into new set of particles 
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Multi-fluid linear response: based on perturbation theory of Dupuy & Bernardeau (2014)

Hybrid method: convert perturbations of 
slowest flows into new set of particles 

Chen, Mosbech, Upadhye & Wong, 2022

Hybrid criterion: only convert flows with v . 600 km/s
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Part II: applications   



Mixed HDM

Free-streaming is a kinematic effect  
 Lagrangian velocity

f (p)
↵ (~x, ~p, s) ! f (v)

↵ (~x,~v, s)
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Consider a collection of fluids, each with mass, temperature and internal dofs

q ⌘ (mhdm/Thdm,0) v = (m↵/T↵,0)
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Mixed HDM

⇢hdm(~x, s) =
mhdmT 3

hdm,0
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d3q F (q)(~x, ~q, s).
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Single fluid defined by 

{mhdm, Thdm,0, F (q)(~x, ~q, s)}
<latexit sha1_base64="VyUdzcJHGnl3RMfWmrBv7U2bdjI="></latexit>

Input for N-body simulations  



Mixed HDM models

ma = 0.23 eV
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Mixed HDM models

ma = 0.23 eV
<latexit sha1_base64="kADmKqx0COVBFXwvWvyHXo6OMgI=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4Ckkr6EYounFZwT6gDWEynbRDZ5IwM1FKrH/ixoUibv0Sd/6N08dCWw9cOJxzL/feE6acKe2639bK6tr6xmZhq7i9s7u3b5cOmirJJKENkvBEtkOsKGcxbWimOW2nkmIRctoKh9cTv3VPpWJJfKdHKfUF7scsYgRrIwV2SQT40nUq1ae8KwWizXFgl13HnQItE29OyjBHPbC/ur2EZILGmnCsVMdzU+3nWGpGOB0Xu5miKSZD3KcdQ2MsqPLz6eljdGKUHooSaSrWaKr+nsixUGokQtMpsB6oRW8i/ud1Mh1d+DmL00zTmMwWRRlHOkGTHFCPSUo0HxmCiWTmVkQGWGKiTVpFE4K3+PIyaVYcr+pUbs/Ktat5HAU4gmM4BQ/OoQY3UIcGEHiAZ3iFN+vRerHerY9Z64o1nzmEP7A+fwDRd5MS</latexit>

m3,2,1 = 50, 9, 0 meV
<latexit sha1_base64="88WwRS84MDlVTQmmEuz0i2ErmGw=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4CCVpFXUhFN24rGAf0IYwmU7aoTNJmJkIJcSFG3/FjQtF3PoP7vwbp20W2nrgwuGce7n3Hj9mVCrb/jYWFpeWV1YLa8X1jc2tbXNntymjRGDSwBGLRNtHkjAakoaiipF2LAjiPiMtf3g99lv3REgahXdqFBOXo35IA4qR0pJnHnAvrVoVy8kuT20LXljQfki7gkNOmplnluyyPQGcJ05OSiBH3TO/ur0IJ5yECjMkZcexY+WmSCiKGcmK3USSGOEh6pOOpiHiRLrp5IsMHmmlB4NI6AoVnKi/J1LEpRxxX3dypAZy1huL/3mdRAXnbkrDOFEkxNNFQcKgiuA4EtijgmDFRpogLKi+FeIBEggrHVxRh+DMvjxPmpWyUy1Xbk9Ktas8jgLYB4fgGDjgDNTADaiDBsDgETyDV/BmPBkvxrvxMW1dMPKZPfAHxucPka2WFQ==</latexit>

E2: Normally-ordered SM neutrinos with 
masses such that the linear total matter power 
spectrum on small scales matches that of E1 
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E1: Normally-ordered SM neutrinos at minimum 
allowed masses 

+ 
                    QCD axion         



E1: Normally-ordered SM neutrinos at minimum 
allowed masses 

+ 
                    QCD axion         

Mixed HDM models

ma = 0.23 eV
<latexit sha1_base64="kADmKqx0COVBFXwvWvyHXo6OMgI=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4Ckkr6EYounFZwT6gDWEynbRDZ5IwM1FKrH/ixoUibv0Sd/6N08dCWw9cOJxzL/feE6acKe2639bK6tr6xmZhq7i9s7u3b5cOmirJJKENkvBEtkOsKGcxbWimOW2nkmIRctoKh9cTv3VPpWJJfKdHKfUF7scsYgRrIwV2SQT40nUq1ae8KwWizXFgl13HnQItE29OyjBHPbC/ur2EZILGmnCsVMdzU+3nWGpGOB0Xu5miKSZD3KcdQ2MsqPLz6eljdGKUHooSaSrWaKr+nsixUGokQtMpsB6oRW8i/ud1Mh1d+DmL00zTmMwWRRlHOkGTHFCPSUo0HxmCiWTmVkQGWGKiTVpFE4K3+PIyaVYcr+pUbs/Ktat5HAU4gmM4BQ/OoQY3UIcGEHiAZ3iFN+vRerHerY9Z64o1nzmEP7A+fwDRd5MS</latexit>

m3,2,1 = 50, 9, 0 meV
<latexit sha1_base64="88WwRS84MDlVTQmmEuz0i2ErmGw=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4CCVpFXUhFN24rGAf0IYwmU7aoTNJmJkIJcSFG3/FjQtF3PoP7vwbp20W2nrgwuGce7n3Hj9mVCrb/jYWFpeWV1YLa8X1jc2tbXNntymjRGDSwBGLRNtHkjAakoaiipF2LAjiPiMtf3g99lv3REgahXdqFBOXo35IA4qR0pJnHnAvrVoVy8kuT20LXljQfki7gkNOmplnluyyPQGcJ05OSiBH3TO/ur0IJ5yECjMkZcexY+WmSCiKGcmK3USSGOEh6pOOpiHiRLrp5IsMHmmlB4NI6AoVnKi/J1LEpRxxX3dypAZy1huL/3mdRAXnbkrDOFEkxNNFQcKgiuA4EtijgmDFRpogLKi+FeIBEggrHVxRh+DMvjxPmpWyUy1Xbk9Ktas8jgLYB4fgGDjgDNTADaiDBsDgETyDV/BmPBkvxrvxMW1dMPKZPfAHxucPka2WFQ==</latexit>

E2: Normally-ordered SM neutrinos with 
masses such that the linear total matter power 
spectrum on small scales matches that of E1 

       

E3: Normally-ordered SM neutrinos at minimum 
allowed masses 

+ 
                   boson        ma = 0.23 eV

<latexit sha1_base64="kADmKqx0COVBFXwvWvyHXo6OMgI=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4Ckkr6EYounFZwT6gDWEynbRDZ5IwM1FKrH/ixoUibv0Sd/6N08dCWw9cOJxzL/feE6acKe2639bK6tr6xmZhq7i9s7u3b5cOmirJJKENkvBEtkOsKGcxbWimOW2nkmIRctoKh9cTv3VPpWJJfKdHKfUF7scsYgRrIwV2SQT40nUq1ae8KwWizXFgl13HnQItE29OyjBHPbC/ur2EZILGmnCsVMdzU+3nWGpGOB0Xu5miKSZD3KcdQ2MsqPLz6eljdGKUHooSaSrWaKr+nsixUGokQtMpsB6oRW8i/ud1Mh1d+DmL00zTmMwWRRlHOkGTHFCPSUo0HxmCiWTmVkQGWGKiTVpFE4K3+PIyaVYcr+pUbs/Ktat5HAU4gmM4BQ/OoQY3UIcGEHiAZ3iFN+vRerHerY9Z64o1nzmEP7A+fwDRd5MS</latexit>

m3,2,1 = 50, 9, 0 meV
<latexit sha1_base64="88WwRS84MDlVTQmmEuz0i2ErmGw=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4CCVpFXUhFN24rGAf0IYwmU7aoTNJmJkIJcSFG3/FjQtF3PoP7vwbp20W2nrgwuGce7n3Hj9mVCrb/jYWFpeWV1YLa8X1jc2tbXNntymjRGDSwBGLRNtHkjAakoaiipF2LAjiPiMtf3g99lv3REgahXdqFBOXo35IA4qR0pJnHnAvrVoVy8kuT20LXljQfki7gkNOmplnluyyPQGcJ05OSiBH3TO/ur0IJ5yECjMkZcexY+WmSCiKGcmK3USSGOEh6pOOpiHiRLrp5IsMHmmlB4NI6AoVnKi/J1LEpRxxX3dypAZy1huL/3mdRAXnbkrDOFEkxNNFQcKgiuA4EtijgmDFRpogLKi+FeIBEggrHVxRh+DMvjxPmpWyUy1Xbk9Ktas8jgLYB4fgGDjgDNTADaiDBsDgETyDV/BmPBkvxrvxMW1dMPKZPfAHxucPka2WFQ==</latexit>

E4: Normally-ordered SM neutrinos with 
masses such that the linear total matter power 
spectrum on small scales matches that of E3 
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Mixed HDM models
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E1 - Neutrinos+Axion
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Bose-Einstein

Fermi-Dirac

E1: mhdm = 48 meV, Thdm,0 = 1.88 K
<latexit sha1_base64="SHuSkHike3FDir27yEa8UMa3C9U=">AAACH3icbVDLSgMxFM34rPU16tJNsAguSpmpRbspFN0Ibir0Be1QMmnahiYzQ5IRyjD9Ejf+ihsXioi7/o3pdBBtPXDh5Jx7yb3HDRiVyrJmxtr6xubWdmYnu7u3f3BoHh03pR8KTBrYZ75ou0gSRj3SUFQx0g4EQdxlpOWOb+d+65EISX2vriYBcTgaenRAMVJa6plXvBd1BYejPo8rpfI0eXDSjPPTaf3HykMrrtiFcurfxz0zZxWsBHCV2CnJgRS1nvnV7fs45MRTmCEpO7YVKCdCQlHMSJzthpIECI/RkHQ09RAn0omS+2J4rpU+HPhCl6dgov6eiBCXcsJd3cmRGsllby7+53VCNSg7EfWCUBEPLz4ahAwqH87Dgn0qCFZsognCgupdIR4hgbDSkWZ1CPbyyaukWSzYl4XiQylXvUnjyIBTcAYugA2uQRXcgRpoAAyewAt4A+/Gs/FqfBifi9Y1I505AX9gzL4BO9Sh0A==</latexit>

mhdm = 54 meV, Thdm,0 = 1.95 K
<latexit sha1_base64="DXPvndRj/TVgwS0nAdEbgDrwSEs=">AAACH3icbVBdSwJBFJ21L7Mvq8dehiToQZZd0z4eBKmXoBcDNUFlmR1HHZzZXWZmA1nWX9JLf6WXHoqI3vw3jbpEaQcunDnnXube4waMSmVZEyO1srq2vpHezGxt7+zuZfcPGtIPBSZ17DNfNF0kCaMeqSuqGGkGgiDuMvLgDm+m/sMjEZL6Xk2NAtLhqO/RHsVIacnJnnMnagsOB10el0vF8ezBSSPOj8e1HysPrbhsm1eluX8XO9mcZVozwGViJyQHElSd7Fe76+OQE09hhqRs2VagOhESimJG4kw7lCRAeIj6pKWphziRnWh2XwxPtNKFPV/o8hScqb8nIsSlHHFXd3KkBnLRm4r/ea1Q9S47EfWCUBEPzz/qhQwqH07Dgl0qCFZspAnCgupdIR4ggbDSkWZ0CPbiycukUTDtM7NwX8xVrpM40uAIHINTYIMLUAG3oArqAIMn8ALewLvxbLwaH8bnvDVlJDOH4A+MyTczuqHL</latexit>

mhdm = 74 meV, Thdm,0 = 1.88 K
<latexit sha1_base64="2OSqSEm55WQxiQZ+lWTWSJVOw6A=">AAACH3icbVDLSgMxFM3UV62vUZdugkVwUcpMLbabQtGN4KZCX9CWkknTNjSZGZKMUIbpl7jxV9y4UETc9W9Mp4No64ELJ+fcS+49js+oVJY1N1Ibm1vbO+ndzN7+weGReXzSlF4gMGlgj3mi7SBJGHVJQ1HFSNsXBHGHkZYzuV34rUciJPXcupr6pMfRyKVDipHSUt+85v2wKzgcD3hUKRVn8YOTZpSbzeo/Vg5aUcXOl8tL/z7qm1krb8WA68ROSBYkqPXNr+7AwwEnrsIMSdmxLV/1QiQUxYxEmW4giY/wBI1IR1MXcSJ7YXxfBC+0MoBDT+hyFYzV3xMh4lJOuaM7OVJjueotxP+8TqCG5V5IXT9QxMXLj4YBg8qDi7DggAqCFZtqgrCgeleIx0ggrHSkGR2CvXryOmkW8vZVvvBQzFZvkjjS4Aycg0tggxKogjtQAw2AwRN4AW/g3Xg2Xo0P43PZmjKSmVPwB8b8Gzoroc8=</latexit>

mhdm = 105 meV, Thdm,0 = 1.95 K
<latexit sha1_base64="AXbv+Hqtri9vHwbPgRix7KFfbik=">AAACIHicbZDLSgMxFIYz9VbrbdSlm2ARXJQyU5XqQii6EdxU6A3aUjKZTBuazAxJRijD9E3c+CpuXCiiO30a03YQbT0Q+PN/55Cc3wkZlcqyPo3M0vLK6lp2PbexubW9Y+7uNWQQCUzqOGCBaDlIEkZ9UldUMdIKBUHcYaTpDK8nvHlPhKSBX1OjkHQ56vvUoxgpbfXMMu/FHcHhwOXJpW2djac3ThpJYTyu/bACtDQuXqT8NumZeatoTQsuCjsVeZBWtWd+dNwAR5z4CjMkZdu2QtWNkVAUM5LkOpEkIcJD1CdtLX3EiezG0wUTeKQdF3qB0MdXcOr+nogRl3LEHd3JkRrIeTYx/2PtSHnn3Zj6YaSIj2cPeRGDKoCTtKBLBcGKjbRAWFD9V4gHSCCsdKY5HYI9v/KiaJSK9kmxdHear1ylcWTBATgEx8AGZVABN6AK6gCDB/AEXsCr8Wg8G2/G+6w1Y6Qz++BPGV/fqVWiAg==</latexit>

E2: 

E3: 

E4: 



Mixed HDM models
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E1: mhdm = 48 meV, Thdm,0 = 1.88 K
<latexit sha1_base64="SHuSkHike3FDir27yEa8UMa3C9U=">AAACH3icbVDLSgMxFM34rPU16tJNsAguSpmpRbspFN0Ibir0Be1QMmnahiYzQ5IRyjD9Ejf+ihsXioi7/o3pdBBtPXDh5Jx7yb3HDRiVyrJmxtr6xubWdmYnu7u3f3BoHh03pR8KTBrYZ75ou0gSRj3SUFQx0g4EQdxlpOWOb+d+65EISX2vriYBcTgaenRAMVJa6plXvBd1BYejPo8rpfI0eXDSjPPTaf3HykMrrtiFcurfxz0zZxWsBHCV2CnJgRS1nvnV7fs45MRTmCEpO7YVKCdCQlHMSJzthpIECI/RkHQ09RAn0omS+2J4rpU+HPhCl6dgov6eiBCXcsJd3cmRGsllby7+53VCNSg7EfWCUBEPLz4ahAwqH87Dgn0qCFZsognCgupdIR4hgbDSkWZ1CPbyyaukWSzYl4XiQylXvUnjyIBTcAYugA2uQRXcgRpoAAyewAt4A+/Gs/FqfBifi9Y1I505AX9gzL4BO9Sh0A==</latexit>

mhdm = 54 meV, Thdm,0 = 1.95 K
<latexit sha1_base64="DXPvndRj/TVgwS0nAdEbgDrwSEs=">AAACH3icbVBdSwJBFJ21L7Mvq8dehiToQZZd0z4eBKmXoBcDNUFlmR1HHZzZXWZmA1nWX9JLf6WXHoqI3vw3jbpEaQcunDnnXube4waMSmVZEyO1srq2vpHezGxt7+zuZfcPGtIPBSZ17DNfNF0kCaMeqSuqGGkGgiDuMvLgDm+m/sMjEZL6Xk2NAtLhqO/RHsVIacnJnnMnagsOB10el0vF8ezBSSPOj8e1HysPrbhsm1eluX8XO9mcZVozwGViJyQHElSd7Fe76+OQE09hhqRs2VagOhESimJG4kw7lCRAeIj6pKWphziRnWh2XwxPtNKFPV/o8hScqb8nIsSlHHFXd3KkBnLRm4r/ea1Q9S47EfWCUBEPzz/qhQwqH07Dgl0qCFZspAnCgupdIR4ggbDSkWZ0CPbiycukUTDtM7NwX8xVrpM40uAIHINTYIMLUAG3oArqAIMn8ALewLvxbLwaH8bnvDVlJDOH4A+MyTczuqHL</latexit>

mhdm = 74 meV, Thdm,0 = 1.88 K
<latexit sha1_base64="2OSqSEm55WQxiQZ+lWTWSJVOw6A=">AAACH3icbVDLSgMxFM3UV62vUZdugkVwUcpMLbabQtGN4KZCX9CWkknTNjSZGZKMUIbpl7jxV9y4UETc9W9Mp4No64ELJ+fcS+49js+oVJY1N1Ibm1vbO+ndzN7+weGReXzSlF4gMGlgj3mi7SBJGHVJQ1HFSNsXBHGHkZYzuV34rUciJPXcupr6pMfRyKVDipHSUt+85v2wKzgcD3hUKRVn8YOTZpSbzeo/Vg5aUcXOl8tL/z7qm1krb8WA68ROSBYkqPXNr+7AwwEnrsIMSdmxLV/1QiQUxYxEmW4giY/wBI1IR1MXcSJ7YXxfBC+0MoBDT+hyFYzV3xMh4lJOuaM7OVJjueotxP+8TqCG5V5IXT9QxMXLj4YBg8qDi7DggAqCFZtqgrCgeleIx0ggrHSkGR2CvXryOmkW8vZVvvBQzFZvkjjS4Aycg0tggxKogjtQAw2AwRN4AW/g3Xg2Xo0P43PZmjKSmVPwB8b8Gzoroc8=</latexit>

mhdm = 105 meV, Thdm,0 = 1.95 K
<latexit sha1_base64="AXbv+Hqtri9vHwbPgRix7KFfbik=">AAACIHicbZDLSgMxFIYz9VbrbdSlm2ARXJQyU5XqQii6EdxU6A3aUjKZTBuazAxJRijD9E3c+CpuXCiiO30a03YQbT0Q+PN/55Cc3wkZlcqyPo3M0vLK6lp2PbexubW9Y+7uNWQQCUzqOGCBaDlIEkZ9UldUMdIKBUHcYaTpDK8nvHlPhKSBX1OjkHQ56vvUoxgpbfXMMu/FHcHhwOXJpW2djac3ThpJYTyu/bACtDQuXqT8NumZeatoTQsuCjsVeZBWtWd+dNwAR5z4CjMkZdu2QtWNkVAUM5LkOpEkIcJD1CdtLX3EiezG0wUTeKQdF3qB0MdXcOr+nogRl3LEHd3JkRrIeTYx/2PtSHnn3Zj6YaSIj2cPeRGDKoCTtKBLBcGKjbRAWFD9V4gHSCCsdKY5HYI9v/KiaJSK9kmxdHear1ylcWTBATgEx8AGZVABN6AK6gCDB/AEXsCr8Wg8G2/G+6w1Y6Qz++BPGV/fqVWiAg==</latexit>

E2: 

E3: 

E4: 

Z 1

0
dq q2 F̄ (q) '

nX

i=1

Wi q
2
i e

qi F̄ (qi)
<latexit sha1_base64="XuJ0yS9fem3GPgV0vpggrLOQ+u8="></latexit>

15 Gauss-Laguerre bins 

Slowest flows are converted 
into particles  

for hybrid simulations 
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Linear vs nonlinear predictions

Linear prediction

Nonlinear prediction

z = 0
<latexit sha1_base64="XB71XkCsRC9heeHQYgUOF2a0xwQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHiOYByRJmJ51kyOzsMjMrxCWf4MWDIl79Im/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwupn6zUdUmkfywYxj9EM6kLzPGTVWun+6crvFklt2ZyDLxMtICTLUusWvTi9iSYjSMEG1bntubPyUKsOZwEmhk2iMKRvRAbYtlTRE7aezUyfkxCo90o+ULWnITP09kdJQ63EY2M6QmqFe9Kbif147Mf1LP+UyTgxKNl/UTwQxEZn+TXpcITNibAllittbCRtSRZmx6RRsCN7iy8ukUSl7Z+XK3Xmpep3FkYcjOIZT8OACqnALNagDgwE8wyu8OcJ5cd6dj3lrzslmDuEPnM8f2s2Ngw==</latexit>
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Summary 

An updated version of a SuperEasy method to include  
HDM in non-linear modelling  

For small, unconstrained HDM masses it works reliably 

Potential to discern between neutrinos and  
BSM non-cold dark matter 

https://github.com/cppccosmo/gadget-4-cppc

Public code
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Equal density, 6 converted flows (2022)

Hybrid enhancement


