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QED 5-loop

The two groups have independently calculated the 5-
loop coefficient of lepton g-2.

electron g-2: agreed!

a.(theory : a(Rb)) = 1159 652 182.037 (720)(11)(12) x 10712,
a,(theory : a(Cs)) = 1159 652 181.606 (229)(11)(12) x 1012,

a.(expt.) = 1159 652 180.73 (28) x 10 '2. [Harvard '08]
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Wonderful achievement of theorists!!

A little bit of discrepancy?

[ Al = 6.737 (159) } ( A" [Volkov] = 5.891(61) ]

[Aoyama, Hayakawa, Kinoshita, Nio '19] [Volkov '24]

——>» seems to be resolved recently. [Muon g-2 Theory Initiative @KEK]



http://muon-gm2-theory.illinois.edu/

| tried to develop a numerical method to
evaluate the perturbative coefficients In
QED on the lattice.



- throw dice many times and take
Path integral W dics many time

For example, two point functions of electrons:

Lattice people do this everyday.
No Feynman diagram needed.

Simple!



Even simpler

The most difficult and the most important part of the
contributions are from diagrams with no lepton loops.

That’s actually the easiest part for lattice.

(¥ (2)1(0)) = / [dA]det DD} e S

Ignore lepton loops

In QED, this part is free theory!

throwing the dice part is trivially done!
(Gaussian noise)



Perturbative calculations on the lattice

[Di Renzo, Scorzato ’00]

generated gauge field configurations

: A A 't
only one diagram
to calculate:
statistic average
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diagonal in the position space.

/

o) 271 Gy, e v o e dedle o n(0)

T— m

diagonal in the momentum space

Sequence of multiplying diagonal matrices and FFT.
Very effectively done on computers.

We simply store the values at each order in the perturbation.
Averaging process adds up all the diagrams at each order automatically.



Renormalization?

This is the three-point function | can calculate perturbatively. This is a divergent quantity.

Gu(t) — < Z D_l(tsinka t; P, p’)’YuD_l(ta tsrc; p, + ka p + k)>
pl

But anyway, by separating tsink, 1, tsrc, this quantity is dominated by the contributions from
on-shell fermion states.

Electric and Magnetic projections:

144
2

Gp(t) =tr [ G4(t)] . Gu(t)=1i) eptr ll * 74’75%'Gj(t)] kg,

~ 2
t,7,k

Repeat the same calculations for

G:ll,orm(t) — z <D_1(tsinka t; p) p,)>'7”<D_1(t, tsrc; p, + k, p + k)>

pl
and normalize Q
E(t) Gum(t)
FE(t) - Gnorm(t)’ FA’I(t) — (norm (t) !
E M
now external legs are taken away. We get form factors.
Finally, we get the g-factor 9(t) — Fu(t) perturbatively.

2 Fg(t)’

All the divergence is gone, because this is a physical quantity!



Done!

Of course, the life is not so easy.



Limit, limit, limit... é(k,t)

We need to take the limits of (k/2,tsrc) (—k/2, tsink)

IR cutoff M~ — 0

continuum limit 170 — 0 while keeping

(fermion mass parameter) 1 /L << m << m,
infinite volume [, — 00O !

(in the lattice unit, a=1)

The strategy is to keep myL > 1,
and take the double limit, my/m—0 and m—0.

We need a large volume!!

For example, if we want myL ~ 4, my/m ~ 0.1, and m2 ~ 0.1, we need L ~ 100!

We need a supercomputer.



Supercomputer and code:
We had a good one in the next building. (-2024) ~ FUGAKU is also open for researchers.
|’ | |

Matsufuru-san in the next building has been developing a user friendly open lattice codes:

0 8 (Thanks, Matsufuru san!)

lefiiee QED G B R 1. e .
T W Y It is a good summer homework!

/bridge.kek.jp/Lattice-code/ B v .‘_l’, i

<« C O B = https://bitbucket.org/ryuichiro_kitano/paed/src/master/src/fopr_Naive_pQED.cpp bk 9 x N ©® 9 & =
Bridge++ is a code set for numerical simulations of lattice gauge theories including QCD (Quantum
Chromodynamics). i WBitbucket #ABLOHEE TLUSTAN URYKY TOYrsk  People More [a e @0 Q@
m Here's where you'll find this repository's source files. To give your users an idea of what they'll find here, add a description to your repository. “
©
Source v 15 master v ¢ 11bfe02 v Full commit (@)
\J
I What's new
o V-2 ) )
D pged / src |/ fopr_Naive_pQED.cpp Ir:l Edit
Bridge++ version 2.0.2 was released on 10 February 2024. [ = EN 431}
432
b IS5vF 433 void pQED::Fopr_Naive_pQED::Dinv_momspace(pQED: :Field_F_pQED& fieldl) {
H 434 /] EI—EDITS,
I IntrOdUCtlon T'l ZILY I TR 435 PQED: : Fopr_Naive_pQED: :Dinv_@_momspace(fieldl);
436 if (m_Nperturbation == 1) return;
. . . . . . .. . (:) LTSy 437
Bridge++ is a code set for numerical simulations of lattice gauge theories including QCD 438 for (int ex = 0; ex < field1(0].nex(); ++ex) {
(Quantum Chromodynamics). According to the object-oriented design, the code is &  Deployments 439 for (int i_pert = 1; i_pert < m_Nperturbation; ++i_pert) {
o . . 440 #pragma omp parallel
described in C++ programming language. & Jiraissues a1
442 m_work_for_Dinv.set(0.0);
The development of Bridge++ started on 15 October 2009, and the its first public DO t*avsrs 443 #pragma omp barrier
o . . . . . . 444 m_work_for_Dinv[i_pert - 1].setpart_ex(®, fieldl[i_pert - 1], ex);
version 1.0 was released on 24 July 2012. The project is actively continuing for exteding B #ovo—k 445 N . Vi P * -r *
functions and improving implementation. 446
£X Repository settings 447 PQED: : Fopr_Naive_pQED: : D_momspace(m_work_for_Dinv);
448 pQED: : Fopr_Naive_pQED: :Dinv_0_momspace(m_work_for_Dinv);
- 449
I Materlal 450  #pragma omp parallel
451 {
. 452 for (int ii_ext = i_pert; ii_ext < m_Nperturbation; ++ii_ext) {
Downloading code 453 axpy(field1lii_ext], ex, -1.0, m_work_for_Dinv[ii_ext], 0);
454 }
. . . . 455 }
The latest version of Bridge++ code can be downloaded in the following page. 456 )
457 }

Doxygen document is also available here.

« Source code

Manuals



643)(1 28 Iattlce reSUItS 0O(200,000) configurations.
(One |Oop Order example) This is a result of FUGAKU 3days.
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location of vertex

I’m actually using a trick to make T-direction larger by averaging
periodic and anti-periodic boundary conditions. No worry about
backward propagation.



643)(1 28 Iatt|Ce reSUItS 0O(200,000) configurations.

This is a result of FUGAKU 3days.

zoe %o ma=0.255, mya = 0.125

T a T T ™ T
fit fit

04 | .; 061 But the photon mass is still big.
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Limits: fitting with quadratic functions.

continuum limit

(m—0)
......... AN as SRS AAAASASS AASEASS S X—  24°x48, m=0.417
This is th 0.6 El-contintum-limit---e e e : 28%56, m=0.386 NEC SX-Aurora
Is Is the answer. | (m—0) é é é 32°x64, m=0.361 TSUBASA at KEK.

96°x192, m=0.209

0.5 i 48%x96, m(=0.295
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continuum extrapolation
0 .zero photon

mass
< f . . ‘
-0.1 B M S R e IR divergence is severe.
0O 02 04 06 038 1 The zero photon mass
m, / mg limit is a bit far..

Looks like we could reproduce a/tt.

systematic error (including fitting, finite volume etc.) is a percent level. (hopefully)



higher |OOpS: fitting with quadratic functions.

0.1 _ ______________________ ________________________ ________________________ _________________________ ______________________ E

(g/ 2) I2-Ioop
(9/2)13.100p

nnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnn

Looks like I’'m doing all right.




5-loop results:

fitting with quadratic functions.

......... R e AARASARanat L
¢ <« Aoyama, Hayakawa, Kinoshita, Nio '
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This is 963x192 |attice trial.
Maybe we can improve this. mY
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| guess | could give an
iIndependent confirmation.



-------------------------------------------------

. AHKN (numerica 1)
Volkov (num )
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A(lO)(no lepton loop) = 7.0 £ 0.9

7.608 = 0.159 (AHKN)
6.828 £+ 0.060 (Volkov)

to be compared with

I’m friendly with anybody.



Summary

| tried.

| couldn’t quite reach the precision of the Feynman diagram method,
but at least this gives a totally independent calculation/confirmation.



