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2. Geometry of EFTs

3. Algebraic Renormalization Group Equations formulae — for renormalizable models

4. RGE from geometry — for EFTs
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The pivotal role of (SM)EFT
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The EFT approach: achieved developments

E What is known: SMEFT withd_ .. =6

® Tree-level matching to the SMEFT

Luv for generic NP mediators
de Blas, Criado, Pérez-Victoria, Santiago, 1711.10391]

MatchingTools

[Criado, 1710.06445]

AUV e Matchlng .................... | ) —
¢ One-loop RGE in the SMEFT
Jenkins, Manohar, Trott, 1308.2627]
= LsmEFT DsixTools
' ’ ' [Cellis et al., 1704.04504]
: : [Fuentes-Martin et al., 2010.16341]
: RGE ® One-loop matching of SMEFT to LEFT
[Jenkins, Manohar, Stoffer, 1709.04486]
- [Dekens, Stoffer, 1908.05295] wilson
VH E ......... Matchlng .................... [AebiSCher/ Kumar, Stran/ 180405033]
® One-loop RGE in the LEFT
[Jenkins, Manohar, Stoffer, 1711.05270] -

T -
m, 'I' : RGE
'y

Observables and likelihood generat

Many fitting tools: HEPfit, SMEFiT, EOS, Fitmaker, SFitter...

OI'S: . [Aebischer et. al., \HIQAPT
G smelli ;o

™=

[Allwicher et. al.,
2207.10756]
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The EFT approach: ongoing progress

E What is being developed:
e ® One-loop matching to the SMEFT from any UV theory G 7-ENWN
|OAY% [Fuentes-Martin, Konig, JP,
Thomsen, Wilsch, 2211.09144]
AUV ......... MatChmg .................... ® -TWO—lOOp RGE - — from amplitudes? [Bern, Parra-Martinez, Sawyer, 2005.12917]
— from field—space geometry? Jenkins, Manohar, Naterop, JP,
g 2308.06315 + 2310.19883]
SMEFT — from functional methods? [Born, Fuentes-Martin, Kvedaraite,
Thomsen, 2410.07320]
 RGE
® Two-loop matching [Fuentes-Martin, Palavrié, Thomsen, 2311.13630]
\ 4 .
VH ..... ......... Matchlng ....................
v e Higher-dimension operators| This talk
1 : ‘
- I : ZLEFT > matching
b " RGE » RGE — from field-space geometry? | [Helset, Jenkins, Manohar, 2212.03253;
. v Assi, Helset, Manohar, JP, Shen, 2307.03187]

Observables
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Geometry of EFTs



Field redefinition invariance

Which basis for the EFT? Physics is invariant under field redefinitions.
S-matrix elements are invariant (from LSZ formula) but correlation functions are not.

There is an ambiguity in our EFT Lagrangian description which obscure this invariance in intermediate steps
= different operator basis give the same observables but not always easy to see.

The goal of (constant) field-space geometry is to write the Lagrangian in such a way that physical quantities such
as scattering amplitudes are manifestly invariant under field redefinition.

Example:

<> @yTw)(DF, )" — gy T )y, Ty)

with A} — A% — gy, Ty

X

\DQJJQ
w&w@
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Geometric interpretation

A scalar field theory can be written as: [Alonso, Jenkins, Manohar, 1605.03602]

Lrpr = % 21/ (@) (aﬂgb)l(d”qﬁ)J — V(@) + higher-derivative terms

where
e field values = coordinates on a Riemannian manifold
* 81(¢) = inner-product on the tangent space

of the field manifold: metric

ds® = g/ (¢) dp' dop’

e potential V(¢) function on the field manifold

e field redefinitions coordinate transformations

(without derivatives)

¢ — @' (P) SM scalar manifold is flat
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Scalar geometry

Under a coordinate transformation, From the metric we can define,
' = @' (@) |
e Christoffel symbols
L 1
e the derivative of the scalar transforms as a vector I =—g" (g x+ &k — &xr)
o' . L.
d ! — 7 0 ¢’ e (Covariant derivatives
H a¢] H T
T, =V,T, =——TKT
® the metric transforms as a tensor i Pt VR
dpX o™ ® Riemann curvature tensor
_) — —
o o’ dp’ oKL Rjgp = 0kl + Ty — (K < L)
} , R and V will appear in scattering amplitudes
L= — K (S | ' : .
S0 ZLin ) 81/(¢) (au¢) (0"¢)" is invariant. making them covariant. .
= field redefinition in-/covariance = coordinate in-/covariance
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Algebraic RGE formulae

for renormalizable models



RGE from background field method

In MS schemes, renormalization group equations are given by the counterterms required to remove the
divergences in loop graphs.

Compute the divergences with the background field method:

. A
Split the field into background configuration ¢ and quantum fluctuation # where 7] =0
and expand the Lagrangian in 7 (loops contain only quantum fields). o b=
To which order in 5 for one-/two- loop graphs? — topological identity
# vertices— ¢ # loops # external fields~, /_\
for connected graphs V—-I+L=1 and F = Z F,—2I
# internal lines” \Euler character ¢ fields at each vertex

.
= (F—2)+2L = Z(F,.—z)
i=1
No external quantum field: F = 0. — ——

For L=1: only quadratic vertices — @(7’]2),

For | =2: 2 cubic vertices or 1 quartic vertex + any number of quadratic vertices — O(1").
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One-loop RGE — scalar

Scalar theory at O(n?), ¢ — b+ 1

1 1
6°L = (9, (0m) + O,m Ny + S X

where N is antisymmetric without loss of generality and X is symmetric.

With the covariant derivative D n = d,n + N,n and redefining X we have

5°F = l(D m' (D*n) + lnTXn
2 H 2

Using naive dimensional analysis, the 't Hooft formula for one-loop counterterms is 't Hooft, Nucl.Phys.B 62 (1973),

Mass dimension: | 1 1, 1, with¥ , =[D,,D,]
[ X] =2 E:t) — 9 Tr[——X Y,m/

1674€ . 24
¥, ] =2
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Two-loop RGE — scalar

For two-loop:

On): 5L = Ay n'n® +AL (Dm0 +AL (DM (Dn)ne
O(n*): 5*L =Byt nn® + B!, D nnn®+Bl, (D Dm0

where A and B are symmetric and the completely symmetric parts of A# and B* vanish.

The graphs to compute to derive the two-loop algebraic formula are

Mass dimension: with 0, T or 2 insertions of X/ Y,
Al =1 |B] =0

A1 =0 |B¥] = —1
A =—-1 [B¥]=-2

with 2 or 3 insertionsof X /'Y,
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Structures from NDA and symmetries

A-type counterterms Mass dimension:
[A] =1 B] =0
AA |D* X, Y AM1 =0 [B*]=-—1
A¥A |D2, XD, YD AM] = — 1 iB,MI/] __9

AFA* DY, XD2, YD?, X2 XY, V2
A" A |D* XD2 YD2? X2 XY, Y2
AW AR (D5 XD3, YD3, X2D, XYD, Y2D
AW AR DS XDA YDA, X2D?, XYD? Y2D?, X3, X%, XY2, Y3

B-type counterterms

B |bt, XD2 ¥D2 X2 XY K ¥2
B* |D5>, XD3 ¥D3 X2D, XYD, ¥2D
B*|DS  X2D2 XYD? Y2D?, X3, X2Y, XY?2, Y3

Some graph vanish by symmetry (Lorentz, flavor).

Compute all the remaining graphs + subtract one-loop subdivergences
Full computation steps in [Jenkins, Manohar, Naterop, JP, 2308.06315]
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@ A-type counterterms

(42) - __1
E (1671’2)2 afl,le,AabcD,uAabc + a2,1Aachchabd
" 7 7 pv T v
+a31DuA ) AabdXed + 0324, DyAabiXea + as1 Dy Ay AabaYeq + a4,2Aa|bcDuAadec’§ ars = -2, az1 = 2 — L,
) € ’ € €
2 AM 2 AM
+a1DA D“A”. +a DDA D,D, A"
0 albe albe T 0,2 albe albc a31 = 57 — L 432 = 57 — 1o a4 = —55 + %, a42 = —57 — 2
+ a DA“A“X aDA“A“X aDA“DA“X aDA“DA“X
6,1 albc” "albd cd T 6,2 clab®"d|ab cd T 6,3 albe a|bd cd T 6,44« clab d|ab a5’1:i, a5’2:_4L867
v v _ 25 __ 13 107 _ _ 2 2
+ a6,5 D Aa|bcD A |bdX0d + ag,6 Ac|abD Ay |achd + ag,7Dy A, albe D Aa,|bchd a6,1 = g5z + r6e 46,2 = 722 T 432¢? 6,3 = 3622 T 216er | #64 = 32 ~ 27e
_ 1 5 _ 5 65 _ 1 5 _ 13 11
+ Gg, gD, A" cla bD A |a,chd + G, oD, D A* alb Aa|bchd + Qg, 10D, D A c|ab d|achd 6,5 = 362 ~ 216¢’ (6,6 = —73e2 T 432¢0 | 36,7 = 362 T 216¢’ 46,8 = 722 ~ 432¢’
v _ 1 5 _ 1 59
_I_ CL7 ]_.D A | D Aa|ded _I_ CL7 2.D A | bD Ad|abY;l(; _I_ CL7 3.D Aa|bcD Aa|dechi 016’9 T _9? + E’ a'6,10 ~ 36¢2 o 216¢?
a _ 1 __ 13 _ 1 1 _ 1 41
+ ar4D AclabD AdlabY +ar5D AalbcD Aalde +a76D AclabD Ad|abYM a7,1 = T4ge a7,2 = ~96e’ a73 = 12 T Bze’ 74 = T722 T B6de?
_ _ 5 191 _ 1 13 _ 13 61
+ar7D, Aa|bcD Aa|decd +argD, Ac|abD Ad|abch + ay 9Aa|bc‘D D Aa|de 75 = —352 + s | 0716 = 757 — 8ok a7,7 = 362 — 432¢ a7,8 = 72e2 ~ 86de’
o _ 1 a7 _ 5 149 _ 1 19 __ 13 139
-+ ay 10Ac|abD D Ad|abch -+ CL7 ]_]_D D Aa|bCAU|de;d -+ CL7 ]_2D D A?ﬁlabAdlabYc/:l arg = 36¢2 432¢” ar 10 = 7262 R64¢’ ari1 = 3662 432¢ ari12 = 7262 R64¢’
_ _ 1 11 _ 1
+ ag, lA Al XceXed + as, 2A A* XceXed + as, 3A AF XaeXed + as, 4A A* XbdXce a8,1 = — 16 T 96 48,2 = g2 ~ 48e> a83 = —zz T e ag,4 = 262 + 8e’
clab” “d|ab a|bc” “a|bd albc” “e|bd albc” “alde
v _ 13 11 _ 1 5 _ 11 17
+ a9,1Aﬁf| bAdlab(XceYelfl + Ycﬁéyxed) + GQ,QAZ“,C Z|bd(XceYZCLlV T YC’éVXed) 49,1 = 722 T 432¢ 49,2 = 362 ~ 216¢ 49,3 = 3662 T 2165’ 49,4 = 36 T 216
_ 11 145
* a9 3Aa|b AelbdX%ch T a9 4Aa|bcAa|deXC€YE>d + ag 5Aa|b AglbchdY’w 49,5 = 362 — 216’
_ 35 5 _ 1 25 251 1
T a0 1Ac|abAd|abYce Yed + a1 2Aa|bcAa|dece Yed + a1 3A“| AdlabY“a 0101 = Tiss — 9o | 0102 = 3z — 5r6er | 0103 = s t 173 | 0104 = T T g6ae
_ 13 217 _ 1 25 _ 1 67 _ 1 25
+ a10,4A" alb Aa|de”aY + a10,5Ac|ab d|abYVO‘Y“ + a106A" alb Aalde”aY“a Q105 = Ta4e2 — 1728¢> | 9106 = 732 ~ Bode» | 10,7 = 732 T Beder | 4108 = 362 T T728¢’
29 19 1
af W of3 Qo Vo Ho 10,9 = — {44¢> 10,10 = 3gge > 10,11 = — 3¢
+ ajo 7Aa|bcAe|de Yd + aio 8Aa|bcAa|deYE)d che + aqo, gA alb Ae|bd(Y Y + Ya,e Y;d ) ¢ y ‘
vo vay o 17" vo
—I—alo,loA b Aa|de(Y Y —|—Yb Y )—|—a10 11A alb Ab|ed(Y Y Y ) 50 h
grap S
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(X) B-type counterterms

B 1 3 1
[’( 2) 3Babchachd Ba|bcd(DaX)achd Ba|bcd(DuYya)achd

 (1672)2¢2
1 1., 1., )
+ 19 ab|cd(D2X)abXCd + 12ng|cd({DN’ D} X)ap Xcq + 1ngb|cd(D2Yu )abXcd
1 1 o
— ZBab|ch06X€bX cd T 4B bled (XaeYe% + Ygfé Xeb)Xcd
]‘ v ]' 1% o ]' v v
~ 75 BabjcaYae Yoy Xea+ 7 Bgpjca¥ae Yoo Xed — o7 BapjeaYae Yop Xed
1 1 1 '
+ 5 Blbjea(DuX)ac(DuX)ba + 15 Bl oq(DaY )ac(DgYP")pa + Bl (DX )ac(DgY P )oq
15 graphs
. . 1 .
Notice: there is not — B-type counterterm — factorizable topology
€

Julie Pages — UCSD — Renormalization of scalar EFTs from Geometry 16/32



Factorizable topology

In MS schemes:

divergence\
]tt: [Iloo 'Ilf] [IZOO 'sz] N Iloo 'Ilf][ 1200 [ Iloo] [IZOO Ilzf]
0 ! ! |
€ € € €
I finite part
— > Iy

Generalizable to higher-loop graphs, lowest pole = where n_; is the number of non-factorizable parts.

€ Myt

= Only fully non-factorizable graphs contribute to the RGE.*

* There is a subtlety with evanescent operators. Still true, but requires additional finite subtraction beyond MS.
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RGE from Geometry
for EFTs



RGE from Geometry

What do we have?

® Geometric Lagrangians for scalar EFTs with non-trivial metric on field space.

e Algebraic RGE formulae for renormalizable theories < flat field space.

Next steps:

(1) Expand geometric Lagrangians to desired order in quantum fluctuation — use geodesic coordinates.

(2) Generalize our flat field space formulae to curved field space — use local orthonormal frame.

(3) Identify our covariant building blocks in the geometric Lagrangian expansions (match).
a) at one loop: Y, , X + b) at two loop: A, A¥, A*¥, B, B¥, B**

Uyr <

(4) Apply the generalized formulae to obtain covariant RGE results in terms of geometric objects.
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Geodesic coordinates

(1) Expand geometric Lagrangians to desired order in quantum fluctuation — use geodesic coordinates.
Using cartesian coordinates, we find that Lagrangian expansions are not covariant. dgp (0gbli)
> — | v/

< Reason: ¢ is a coordinate ¢' — ¢ and not a tensor... but tangent vectors are: 5’ = Y o0

Solution: use Riemann normal / geodesic coordinates (local coordinates obtained by applying the exponential map
to the tangent space at &) for the quantum fluctuation.

P, 4

T~ geodesic starting at &,

with tangent vector n(4)
ending at & in unit time

geodesic equation:
d2¢1 . F] (¢) d¢‘] d¢K 0
diz T da da

1
glf(gjO) — 51] FﬁK(g’o) =0 gIJ(¢) — 5]] o ERIKJL(@O)¢K¢L + @(¢3)

= expand Lagrangian in

| |
o = b+ 1__F§K;71}7K 3'F§KL},]I}7J;7K

1
Lokt 0 ™+ OGr)
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Geodesic coordinates

(1) Expand geometric Lagrangians to desired order in quantum fluctuation — use geodesic coordinates.
The second variation of the scalar geometric Lagrangian

1
L =2 () 0, (@) ~ V()

> With the shift ¢! — ¢! + n’

Ly |
6°FL == |8u( @) (D) = Rygr (D, ) D) n'n™ = B n® =V, V, V'’
| \ |

non-covariant

with equation of motion 0 = — (gy(gﬂ(l)”@)l T VJV>’7]

_—

E;

I
. With the shift ¢! — ¢! + ! — 5F§ann’< + O(n°)

1 _ -
6°F = 5 gD (D, — Ryg, (D) D, n'n* =V, V,Vy'n’
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| ocal orthonormal frame

(2) Generalize our flat field space formulae to curved field space — use local orthonormal frame.

Algebraic counterterm formulae were derived for renormalizable theories < for a flat field-space manifold.
hey do not directly apply on the curved field-space manifold.

Solution: go to local orthonormal frames using vielbeins and apply formulae there.

g1/(@) = e“i(P)e b](¢)5ab (& ,/7)1 — ela(D,/])a Ry = ealebfe CKedLRabcd

= Since every indices are contracted, formulae are unchanged apart from uppercase < lowercase indices.
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| ocal orthonormal frame

(2) Generalize our flat field space formulae to curved field space — use local orthonormal frame.

For renormalizable theory, indices raised with 5%

2 1 T 1 T
0° L = E(D”") (DFn) + —n" Xn

2
P = [ 1XbX“b IY””Y“”] withY, =[D, D,
et 1612 | 4@ Ny ab Y v it
For the geometric Lagrangian, indices raised with g%/
(1) 1 1 1] 1 vl g";iejaefbéaba
Z. = o2 [ 4XHX 24YI{’,YW] (2,m) —ea(f,ﬂ)

. a c .d
Rk = e“je”je" ke R .4
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One-loop building blocks

(3) Identify our covariant building blocks in the geometric Lagrangian expansions (match).

a) atone loop: ¥, X

Linear expansion:
§*F = l(D ' (D) + lnTXn
2 * 2
Geodesic expansion:

1 — _
6°L = 5 gD (D) — Ry (D, d) (D, d)" n'n* =V, V,Vy'n’

Match to obtain

Xy = — RIKJL(Dﬂ¢)K(Dﬂ¢)L - V,;V,V

VY = [D*, D" = Ry (DFp) (DY) + FI¥V 1
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Two-loop building blocks

(3) Identify our covariant building blocks in the geometric Lagrangian expansions (match).
b) at two loop: A, A#, A**, B, B¥, BH*

A

1 1
e ==V VoV == (VaRiee + ViRetao + V Ron ) D Y (D'

3 1
o) Aglbc — E(Rabcd + Ryepa)(D M¢)d
Agljlc =0

1 1 |
Bupea = =57 VaVpVeVaV =57 Va V iRy (D, ) (D Y + gReabeecdg(D,u¢)f (DF¢)>  sym(bcd)

1
On* B* =—(V,R, )D"¢)¥ sym(bcd)

albcd 4
BY = — PRyt Rop)
ablcd — 12 dl acbd adbc

(4) Apply the generalized formulae to obtain covariant RGE results in terms of geometric objects.
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Application



Example: O(N) EFT

Starting from the O(N) EFT in the basis

] 2 Y]
ZL = 5(0,,,45 - 0" ) n; (P - P) — Z(cb )’ + Ci(p - )’ + Ci(¢p - P)(O,0p - 0")

where C}, Cg ~ 0 (A™?),
identify the geometric objects
gy =85 (1+2Cx(¢ - )
- Fjl:k =20k (5Ii§bj T 5ji€bk — 0 i) and Riju = 4Cg (5il5jk — ik5j1>

and the potential
m

2 A
V=7(¢‘¢) 4(45'45)2— Ci(p - P)°

which define the building blocks Y, X and AL A¥, B, B¥, B**

lowest order: A2 A2 1 A2 1 A A2
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Example: O(N) EFT
To derive the counterterms

1 1
L= 200D~ (042 ) G- B =i T (14 ) 7

+u*Z; (Cy+ Ciop ) (P - ) +u*Z5 (Cp+ Cre ) (@ - §)(0,p - 0/h)

at O(A~?) we simply apply

Loy = {—LT [XZ]}
c.t. — Ae [ 1

3 9 9 ] 315 9 9
+{ 2,4 DAV + ( )Aiij"zAlﬂ + ( ) P Al XA + (2 . )A” X < AY
€

2¢2 Qe 2¢2 4de il jk de | Ciljk
3 ) | ) 1 1 . .
T ij vkl UU 23 \1j vkl Up yi ymjykl | muv ik jl
+ = szle X +_8€ Bljlkl(@ X)X e Bl]lle XX 2€2B1J|kl(9MX) (2, X) }2
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Example: O(N) EFT

The anomalous dimension y; is defined by

Ci=—ell;=2)C;+ 7 number of fields in O,

X -

The counterterm can be organized into
order of the € pole k and power of loops L

= ai(k’L)( { C; 1)

CPrepmd¢ = C; + Z Z ek

k=1 L

30
m* = {2(n + 2)Am* — 8nm4CE}1 + { —10(n + 2)A°m? + ?(n + 2),1m4CE}

Combining the two give the definition

=23 Lot
L

— S

Only 1/€ pole define the RGE.

2

i = {201+ 8)2% = 16(n + 3)im>Cy, — 24(n + H)m’C, }

32
O(N) RGE at two loop: + { —123n + 14)2° + —(22n + 113)A*m*Cy + 480(n + 4)Am*C, }

2

Cp = {4(n+2)ACg} +{=34(n+2)2°C},

. 8
C, = {204°Cg + 6(n + 14)/1C1}1 + { —5(23n + 25N1°Cy — 42(Tn + 54)1°C, }

2
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RGE obtained from geometry

Using this technique, RGE were computed for:

# up to one-loop order

® SMEFT bosonic sector to dim 8 [Helset, Jenkins, Manohar, 2212.03253]
o SM

I
l
]
1

-T bosonic operators from a fermion loop to dim 8 [Assi, Helset, Manohar, JP, Shen, 2307.03187]

— agree with [Chala, Guedes, Ramos, Santiago, 2106.05291]
[Das Bakshi, Chala, Diaz-Carmona, Guedes, 2205.03301]

# up to two-loop order [jenkins, Manohar, Naterop, JP, 2310.19883]

® O(N) scalar EFT to dim 6 —> agree with [Cao, Herzog, Melia, Nepveu, 2105.12742]
o SMEFT scalar sector to dim 6 — new! now crosschecked by [Born, Fuentes-Martin, Kvedaraité, Thomsen, 2410.07320]

® )(PT to @(p6) — agree with [Bijnens, Colangelo, Ecker, hep-ph/9907333]

< directly usable for dim 8
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Conclusion



Conclusion

® EFTs have a pivotal position between New Physics models and data interpretation.
e Field-space geometry offer an alternative, more basis-independent, description of EFTs.

e Algebraic formulae can be used to compute the Renormalization Group Equations.
< done at one loop for any spin, at two loop for scalars.

® RGE calculations with geometry become a pure algebraic exercise.
< applicable to any EFT order
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Thank you for listening!



