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A time-dependent problem

I. Gamow shell model with resonance and continuum
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𝜓(𝒓, 𝑡)=𝑒−𝑖𝐸𝑡/ℏ𝜑𝐸 𝒓 (Stationary)

[−
ℏ2

2𝑚
𝛻2 +V(r)]𝜑𝐸 𝒓 =E𝜑𝐸 𝒓

But E can be complex, and

the inner product: ׬𝜑𝐸 𝒓 𝜑𝐸 𝒓 =1 (not the complex conjugate)

For a bound state, E is a negative real number

For continuum state, E is a positive real number

For a resonant state: 𝐸 =
ℏ2𝑘2

2𝑚
=𝐸𝑅 − 𝑖

𝛤
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𝜓(𝒓, 𝑡)=𝑒−𝑖𝐸𝑡/ℏ𝜑𝐸 𝒓 =𝑒−𝑖𝐸𝑛𝑡/ℏ𝜑𝐸 𝒓 𝑒−𝛤ℏ𝑡/2

One-body Berggren (Gamow) basis: T. Berggren, Nucl. Phys. A109 (1968) 265
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A time-independent  approach to the time-dependent problem  

The Berggren ensemble provides a good basis for many-body calculations of nuclei as OQS’s



Single-particle basis in the complex-k plane: bound, resonance and scattering on equal footing

The radial wave function 

Orthogonality and Completeness

Discretized

Outgoing solution at large distance

The Berggren basis

Asymptotically
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Complex-momentum space:  bound, resonance and continuum
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In 1971, complex scaling:

，

J. Aguilar and J. M. Combes, Comm. Math. Phys. 22, 269 (1971)；

E. Balslev and J. M. Combes, Comm. Math. Phys. 22, 280 (1971)

In1968, Berggren used Zel’Dovich



Many-body problem: GSM within Berggren basis
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With realistic nuclear forces using the MBPT

1.  G. Hagen, M. Hjorth-Jensen, N. Michel, PRC 73, 064307 (2006)

2.  K. Tsukiyama, M. Hjorth-Jensen, G. Hagen, PRC 80, 051301(R) (2009) 

3. G. Papadimitriou, J. Rotureau, N. Michel, M. Płoszajczak, B.R. Barrett, PRC 88, 044318    

(2013): no-core Gamow shell model (very for light nuclei)

4.  Z.H.Sun, Q.Wu, Z.H.Zhao, B.S.Hu, S.J.Dai, FRX, PLB 769, 227 (2017)

Full Q-box folded diagrams

Two valence-particle systems, with phenomenological interactions:

1. R. Id Betan, R.J. Liotta, N. Sandulescu, T. Vertse, PRL 89, 042501 (2002) .

2. N. Michel, W. Nazarewicz, M. Płoszajczak, K. Bennaceur, PRL 89, 042502 (2002).

The Gamow Shell Model
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Q-box

2nd order perturbation 3rd order perturbation

Q-box folded diagrams

Q-box derivatives

Iteration to include infinite-

order folded diagrams 

Complex valence-space 

effective Hamiltonian
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Valence-space effective Hamiltonian
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S-, Q-box folded diagrams 

in complex-k Berggren basis
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0+

6He halo

density 6He correlated density distribution

6He halo
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The continuum coupling is important in descriptions of  carbon spectra, giving correct orders of levels
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Calculations without 

the continuum effect 

cannot give the 

correct g.s. and level 

order.

Y. F. Geng, J. G. Li, Y. Z. Ma, B. S. Hu, Q. Wu, Z. H. Sun, S. Zhang, and FRX, PRC 106, 024304 (2022)
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GSM with 16O core: N3LO(NN) + N2LO(NNN)

N3LO(NN): Entem and Machleidt, PRC 66, 014002 (2002)

N2LO(NNN): cD=-1, cE=-0.34, P. Navrátil et al., PRL 99, 042501 (2007)

Y.Z. Ma, FRX et al., PLB 802, 135257 (2020)

[3] Otsuka, Suzuki, Holt, Schwenk, Akaishi, PRL 105 (2010) 032501

[31] Hagen, Hjorth-Jensen, Jansen, Machleidt, Papenbrock, PRL108 

(2012) 242501
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Gamow Hartree-Fock → complex S-box, Q-box → GSM with 16O core 

N3LO(NN) : D.R. Entem and R. Machleidt, Phys. Rev. C 66, 014002(2002)

NNLO(NNN):  cD=-1, cE=-0.34, Navrátil et al., PRL 99, 042501 (2007)

AME2020: Wang et al., Chin. Phys. 

C 45 (3) (2021) 030003. 

hω = 14 MeV 

e = 2n +l ≤ emax = 12

λSRG = 2.3 fm−1

For 3NF, e3max = 6

27, 28O

S. Zhang, Y.Z. Ma, J.G. Li, B.S. Hu, Q. Yuan, 

Z.H. Cheng, FRX, PLB 827, 136958 (2022)

sdpf + {d3/2 p3/2}continua
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S. Zhang, Y.Z. Ma, J.G. Li, B.S. Hu, Q. Yuan, Z.H. Cheng, FRX, PLB 827, 136958 (2022)

Relative to 24O

Y. Kondo et al., Nature 620, 965 (2023)
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Y. Kondo et al., Nature 620, 965 (2023)

S. Zhang, Y.Z. Ma, J.G. Li, B.S. Hu, Q. Yuan, Z.H. Cheng, FRX, PLB 827, 136958 (2022)

J.G. Li, N. Michel, W. Zuo, FRX, PRC 103, 034305 (2021)



Thomas-Ehrman shift

CSB: charge symmetry breaking, a violation of rotation invariance by 180° (only for pp and nn)

CIB: charge independence breaking, a violation of rotation invariance in isospin space. 

T=1 channel of the interaction: Tz=+1 (pp), 0 (np) and -1 (nn)

The main reasons: mp≠mn,  π0, π± mass splitting

CIB is more significant than CSB
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S. Zhang, Y.Z. Ma, J.G. Li, B.S. Hu, Q. Yuan, Z.H. Cheng, FRX, PLB 827, 136958 (2022)



J. G. Li, N. Michel, B. S. Hu, W. Zuo, F. R. Xu, PRC 100, 054313 (2019)
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M. Duer et al., 

Nature 606, 678 (2022)

Tetraneutron (4n) and Trineutron (3n)

NCGSM, N3LO (Vlow-k Λ=2.1 fm-1), Nmax=2n+l=20, natural orbitals (n.o.) 

An auxiliary potential



GT transitions at driplines
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GT β-decay calculation

GSM with 3NF included, using MBPT (S-box, Q-box, Θ-box)

Free-space bare transition operator of GT:

Θ-box perturbation (up to the third order) to obtain valence-space effective GT matrix 

elements 

Quenching factor by two-body currents

Z.C. Xu et al., PRC 108, L031301 (2023)
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GT transition matrix elements |MGT|

Z.C. Xu, S. Zhang, J.G. Li, S.L.Jin, Q. Yuan, Z.H. Cheng, N. Michel, and FRX, PRC 108, L031301 (2023)

[54] J. Lee et al., PRL 

125, 192503 (2020)



III. Summary

Berggren complex space 

Ab initio nuclear structure calculations with resonance and continuum

1. Complex-space 2NF + 3NF 

2. Gamow shell model

Complex-space: S-box, Q-box, Θ-box folded diagrams

3. Both continuum coupling and 3NF are important for nuclei around driplines

21

In progress, computing the radii of nuclei: need “better” EFT forces?
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