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No-core shell model

Solve many-body Schrodinger equation
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Harmonic oscillator basis

– Basis states are configurations, i.e., distributions of
particles over harmonic oscillator shells (nlj substates)

– States are organized by total number of oscillator quanta
above the lowest Pauli allowed number Nex

– States with higher Nex contribute
less to the wavefunction

– Basis must be truncated:
Restrict Nex ≤ Nmax
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N = 2n+ l

Want results that are approximately
independent of Nmax
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Beryllium isotopes

– Beryllium isotopes have well known 2α cluster structure
See Dean Lee’s talk

– Appearance of halo nuclei: 11Be, 14Be, others?

– Highly deformed states

nents. The K!!02
" band is approximately described by 0"#

configurations, while the K!!01
" , 03

" , 21
" bands are domi-

nated by 2"# configurations with two neutrons in sd-like
orbits. On the other hand, the main components of the K!

!11
# band are 1"# configurations.
The idea of molecular orbits surrounding a 2$ core is

helpful to understand the roles of the valence neutrons in
neutron-rich Be isotopes. The molecular orbits in Be isotopes
were suggested in a study of 9Be with a 2$"n cluster model
%24&. They assumed ' orbits and ! orbits which are made
from linear combinations of the p orbits around the $ cores
(see Fig. 5). This idea was applied to neutron-rich Be iso-
topes by Seya et al. a long time ago %1&. In the 1990s Oertzen
et al. %3,32& revived this kind of research to understand the
rotational bands of neutron-rich Be isotopes, and Itagaki
et al. %8,9& described the structures of the low-lying states of
10Be and 12Be by assuming 2$ core and valence neutrons in
the molecular orbits. The formation of the 2$ and valence
neutron structures in neutron-rich Be isotopes was first guar-
anteed theoretically by the AMD calculation %2,5–7,11&,
where the existence of any clusters or molecular orbits was
not assumed. In these AMD studies, the viewpoint of the
molecular orbit was found to be useful to understand the
cluster development in 10Be and 11Be. Therefore, it is an
interesting problem whether the states of 12Be can be de-
scribed by the molecular orbits.
In the present results for 12Be, we find a new kind of

molecular orbit besides the suggested ! orbit and ' orbit. In
the positive-parity orbits of the valence neutrons in 12Be,
two kinds of molecular orbits appear, both of which are as-
sociated with sd orbits. The first one is the ' orbit %Fig.
5(a)&, while the second one is quite a new molecular orbit,
shown in Fig. 5(c). This orbit is the other positive-parity
orbit made from a linear combination of the p orbits around
the $ cores. As shown in Fig. 5(c), the combined p orbits in
this orbit are perpendicular to those in the ' orbit. We call
this new positive-parity orbit a *! orbit in the present paper,
although it has (+,)!(01) symmetry in the SU3 limit,
which is perpendicular to the so-called *-orbit in the field of
the molecular physics. In the case of 12Be, the negative-
parity orbit of the neutron surrounding 2$ does not neces-
sarily correspond to the pure molecular ! orbit, because the
p3/2-shell closure cannot be described by simple ! orbits.
Therefore, in the following discussions, we concentrate on

the positive-parity orbits of the valence neutrons associated
with the molecular ' orbits and *! orbits.
Figure 6 shows the density distributions of the single-

particle wave functions of the first and second highest neu-
tron orbits. In the low-spin cluster states, the positive-parity
orbits of the valence neutrons can be well associated with the
two types of the molecular orbits ' and *!. In the 01

" state,
two valence neutrons with up and down spins occupy the
'-like orbits, which have two nodes along the longitudinal
axis. In the 03

" state, which is dominated by the other 2"#
configurations, the two neutrons occupy *!-like orbits. It is
very surprising that the developed 6He"6He cluster struc-
ture in the 03

" state is understood by the new molecular *!
orbits. It occurs when two deformed 6He clusters are at-
tached in parallel. In the 02

" state, all of the four valence
neutrons are in the negative-parity orbits. Comparing the en-
ergies of the 03

" state with those of the 01
" and 02

" states, the
*! orbit is the highest among the molecular orbits ' , ! , and
*!.
The molecular ' orbit is one of the reasons for the de-

formed ground state of 12Be with the 2"# configurations,
which is lower than the closed neutron-shell state. Since Be
nuclei prefer prolate deformations because of the 2$-cluster
core, the ' orbit gains kinetic energy in the developed cluster
system. In pioneering studies %9,11&, the importance of the '
orbit in the ground states of 11Be and 12Be were discussed in
relation to a vanishing of the magic number. Thus, the neu-
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FIG. 5. Sketches for the molecular orbits, (a) ' orbits, (b) !
orbits, and (c) *! orbits surrounding 2$ core. These molecular or-
bits are explained by linear combinations of the p-shell orbits
around the $ cores.
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FIG. 6. Density distributions of the single-particle wave func-
tions of the valence neutrons in the intrinsic wave functions of the
01
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densities regarding the positive-parity components of the first (sec-
ond) highest neutron orbits. The value P" in each orbit indicates
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molecular orbit was found to be useful to understand the
cluster development in 10Be and 11Be. Therefore, it is an
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FIG. 5. Sketches for the molecular orbits, (a) ' orbits, (b) !
orbits, and (c) *! orbits surrounding 2$ core. These molecular or-
bits are explained by linear combinations of the p-shell orbits
around the $ cores.
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Figure: Y. Kanada-En’yo and H. Horiuchi. Phys.
Rev. C 68 (2003) 014319.
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Beryllium isotopes

– Beryllium isotopes have well known 2α cluster structure
See Dean Lee’s talk

– Appearance of halo nuclei: 11Be, 14Be, others?

– Highly deformed states

– Exhibit rotational dynamics

nents. The K!!02
" band is approximately described by 0"#

configurations, while the K!!01
" , 03

" , 21
" bands are domi-

nated by 2"# configurations with two neutrons in sd-like
orbits. On the other hand, the main components of the K!

!11
# band are 1"# configurations.
The idea of molecular orbits surrounding a 2$ core is

helpful to understand the roles of the valence neutrons in
neutron-rich Be isotopes. The molecular orbits in Be isotopes
were suggested in a study of 9Be with a 2$"n cluster model
%24&. They assumed ' orbits and ! orbits which are made
from linear combinations of the p orbits around the $ cores
(see Fig. 5). This idea was applied to neutron-rich Be iso-
topes by Seya et al. a long time ago %1&. In the 1990s Oertzen
et al. %3,32& revived this kind of research to understand the
rotational bands of neutron-rich Be isotopes, and Itagaki
et al. %8,9& described the structures of the low-lying states of
10Be and 12Be by assuming 2$ core and valence neutrons in
the molecular orbits. The formation of the 2$ and valence
neutron structures in neutron-rich Be isotopes was first guar-
anteed theoretically by the AMD calculation %2,5–7,11&,
where the existence of any clusters or molecular orbits was
not assumed. In these AMD studies, the viewpoint of the
molecular orbit was found to be useful to understand the
cluster development in 10Be and 11Be. Therefore, it is an
interesting problem whether the states of 12Be can be de-
scribed by the molecular orbits.
In the present results for 12Be, we find a new kind of

molecular orbit besides the suggested ! orbit and ' orbit. In
the positive-parity orbits of the valence neutrons in 12Be,
two kinds of molecular orbits appear, both of which are as-
sociated with sd orbits. The first one is the ' orbit %Fig.
5(a)&, while the second one is quite a new molecular orbit,
shown in Fig. 5(c). This orbit is the other positive-parity
orbit made from a linear combination of the p orbits around
the $ cores. As shown in Fig. 5(c), the combined p orbits in
this orbit are perpendicular to those in the ' orbit. We call
this new positive-parity orbit a *! orbit in the present paper,
although it has (+,)!(01) symmetry in the SU3 limit,
which is perpendicular to the so-called *-orbit in the field of
the molecular physics. In the case of 12Be, the negative-
parity orbit of the neutron surrounding 2$ does not neces-
sarily correspond to the pure molecular ! orbit, because the
p3/2-shell closure cannot be described by simple ! orbits.
Therefore, in the following discussions, we concentrate on

the positive-parity orbits of the valence neutrons associated
with the molecular ' orbits and *! orbits.
Figure 6 shows the density distributions of the single-

particle wave functions of the first and second highest neu-
tron orbits. In the low-spin cluster states, the positive-parity
orbits of the valence neutrons can be well associated with the
two types of the molecular orbits ' and *!. In the 01

" state,
two valence neutrons with up and down spins occupy the
'-like orbits, which have two nodes along the longitudinal
axis. In the 03

" state, which is dominated by the other 2"#
configurations, the two neutrons occupy *!-like orbits. It is
very surprising that the developed 6He"6He cluster struc-
ture in the 03

" state is understood by the new molecular *!
orbits. It occurs when two deformed 6He clusters are at-
tached in parallel. In the 02

" state, all of the four valence
neutrons are in the negative-parity orbits. Comparing the en-
ergies of the 03

" state with those of the 01
" and 02

" states, the
*! orbit is the highest among the molecular orbits ' , ! , and
*!.
The molecular ' orbit is one of the reasons for the de-

formed ground state of 12Be with the 2"# configurations,
which is lower than the closed neutron-shell state. Since Be
nuclei prefer prolate deformations because of the 2$-cluster
core, the ' orbit gains kinetic energy in the developed cluster
system. In pioneering studies %9,11&, the importance of the '
orbit in the ground states of 11Be and 12Be were discussed in
relation to a vanishing of the magic number. Thus, the neu-
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FIG. 5. Sketches for the molecular orbits, (a) ' orbits, (b) !
orbits, and (c) *! orbits surrounding 2$ core. These molecular or-
bits are explained by linear combinations of the p-shell orbits
around the $ cores.
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Figure: Y. Kanada-En’yo and H. Horiuchi. Phys.
Rev. C 68 (2003) 014319.



Nuclear rotations

Characterized by rotation of intrinsic state |ϕK⟩ by Euler angles ϑ (J = K,K +1, . . .)
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Beryllium isotopes

– Beryllium isotopes have well known 2α cluster structure
See Dean Lee’s talk

– Appearance of halo nuclei: 11Be, 14Be, others?

– Highly deformed states

– Exhibit rotational dynamics

– Intruder states and and island of inversion around N = 8

nents. The K!!02
" band is approximately described by 0"#

configurations, while the K!!01
" , 03

" , 21
" bands are domi-

nated by 2"# configurations with two neutrons in sd-like
orbits. On the other hand, the main components of the K!

!11
# band are 1"# configurations.
The idea of molecular orbits surrounding a 2$ core is

helpful to understand the roles of the valence neutrons in
neutron-rich Be isotopes. The molecular orbits in Be isotopes
were suggested in a study of 9Be with a 2$"n cluster model
%24&. They assumed ' orbits and ! orbits which are made
from linear combinations of the p orbits around the $ cores
(see Fig. 5). This idea was applied to neutron-rich Be iso-
topes by Seya et al. a long time ago %1&. In the 1990s Oertzen
et al. %3,32& revived this kind of research to understand the
rotational bands of neutron-rich Be isotopes, and Itagaki
et al. %8,9& described the structures of the low-lying states of
10Be and 12Be by assuming 2$ core and valence neutrons in
the molecular orbits. The formation of the 2$ and valence
neutron structures in neutron-rich Be isotopes was first guar-
anteed theoretically by the AMD calculation %2,5–7,11&,
where the existence of any clusters or molecular orbits was
not assumed. In these AMD studies, the viewpoint of the
molecular orbit was found to be useful to understand the
cluster development in 10Be and 11Be. Therefore, it is an
interesting problem whether the states of 12Be can be de-
scribed by the molecular orbits.
In the present results for 12Be, we find a new kind of

molecular orbit besides the suggested ! orbit and ' orbit. In
the positive-parity orbits of the valence neutrons in 12Be,
two kinds of molecular orbits appear, both of which are as-
sociated with sd orbits. The first one is the ' orbit %Fig.
5(a)&, while the second one is quite a new molecular orbit,
shown in Fig. 5(c). This orbit is the other positive-parity
orbit made from a linear combination of the p orbits around
the $ cores. As shown in Fig. 5(c), the combined p orbits in
this orbit are perpendicular to those in the ' orbit. We call
this new positive-parity orbit a *! orbit in the present paper,
although it has (+,)!(01) symmetry in the SU3 limit,
which is perpendicular to the so-called *-orbit in the field of
the molecular physics. In the case of 12Be, the negative-
parity orbit of the neutron surrounding 2$ does not neces-
sarily correspond to the pure molecular ! orbit, because the
p3/2-shell closure cannot be described by simple ! orbits.
Therefore, in the following discussions, we concentrate on

the positive-parity orbits of the valence neutrons associated
with the molecular ' orbits and *! orbits.
Figure 6 shows the density distributions of the single-

particle wave functions of the first and second highest neu-
tron orbits. In the low-spin cluster states, the positive-parity
orbits of the valence neutrons can be well associated with the
two types of the molecular orbits ' and *!. In the 01

" state,
two valence neutrons with up and down spins occupy the
'-like orbits, which have two nodes along the longitudinal
axis. In the 03

" state, which is dominated by the other 2"#
configurations, the two neutrons occupy *!-like orbits. It is
very surprising that the developed 6He"6He cluster struc-
ture in the 03

" state is understood by the new molecular *!
orbits. It occurs when two deformed 6He clusters are at-
tached in parallel. In the 02

" state, all of the four valence
neutrons are in the negative-parity orbits. Comparing the en-
ergies of the 03

" state with those of the 01
" and 02

" states, the
*! orbit is the highest among the molecular orbits ' , ! , and
*!.
The molecular ' orbit is one of the reasons for the de-

formed ground state of 12Be with the 2"# configurations,
which is lower than the closed neutron-shell state. Since Be
nuclei prefer prolate deformations because of the 2$-cluster
core, the ' orbit gains kinetic energy in the developed cluster
system. In pioneering studies %9,11&, the importance of the '
orbit in the ground states of 11Be and 12Be were discussed in
relation to a vanishing of the magic number. Thus, the neu-
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nents. The K!!02
" band is approximately described by 0"#

configurations, while the K!!01
" , 03

" , 21
" bands are domi-

nated by 2"# configurations with two neutrons in sd-like
orbits. On the other hand, the main components of the K!

!11
# band are 1"# configurations.
The idea of molecular orbits surrounding a 2$ core is

helpful to understand the roles of the valence neutrons in
neutron-rich Be isotopes. The molecular orbits in Be isotopes
were suggested in a study of 9Be with a 2$"n cluster model
%24&. They assumed ' orbits and ! orbits which are made
from linear combinations of the p orbits around the $ cores
(see Fig. 5). This idea was applied to neutron-rich Be iso-
topes by Seya et al. a long time ago %1&. In the 1990s Oertzen
et al. %3,32& revived this kind of research to understand the
rotational bands of neutron-rich Be isotopes, and Itagaki
et al. %8,9& described the structures of the low-lying states of
10Be and 12Be by assuming 2$ core and valence neutrons in
the molecular orbits. The formation of the 2$ and valence
neutron structures in neutron-rich Be isotopes was first guar-
anteed theoretically by the AMD calculation %2,5–7,11&,
where the existence of any clusters or molecular orbits was
not assumed. In these AMD studies, the viewpoint of the
molecular orbit was found to be useful to understand the
cluster development in 10Be and 11Be. Therefore, it is an
interesting problem whether the states of 12Be can be de-
scribed by the molecular orbits.
In the present results for 12Be, we find a new kind of

molecular orbit besides the suggested ! orbit and ' orbit. In
the positive-parity orbits of the valence neutrons in 12Be,
two kinds of molecular orbits appear, both of which are as-
sociated with sd orbits. The first one is the ' orbit %Fig.
5(a)&, while the second one is quite a new molecular orbit,
shown in Fig. 5(c). This orbit is the other positive-parity
orbit made from a linear combination of the p orbits around
the $ cores. As shown in Fig. 5(c), the combined p orbits in
this orbit are perpendicular to those in the ' orbit. We call
this new positive-parity orbit a *! orbit in the present paper,
although it has (+,)!(01) symmetry in the SU3 limit,
which is perpendicular to the so-called *-orbit in the field of
the molecular physics. In the case of 12Be, the negative-
parity orbit of the neutron surrounding 2$ does not neces-
sarily correspond to the pure molecular ! orbit, because the
p3/2-shell closure cannot be described by simple ! orbits.
Therefore, in the following discussions, we concentrate on

the positive-parity orbits of the valence neutrons associated
with the molecular ' orbits and *! orbits.
Figure 6 shows the density distributions of the single-

particle wave functions of the first and second highest neu-
tron orbits. In the low-spin cluster states, the positive-parity
orbits of the valence neutrons can be well associated with the
two types of the molecular orbits ' and *!. In the 01

" state,
two valence neutrons with up and down spins occupy the
'-like orbits, which have two nodes along the longitudinal
axis. In the 03

" state, which is dominated by the other 2"#
configurations, the two neutrons occupy *!-like orbits. It is
very surprising that the developed 6He"6He cluster struc-
ture in the 03

" state is understood by the new molecular *!
orbits. It occurs when two deformed 6He clusters are at-
tached in parallel. In the 02

" state, all of the four valence
neutrons are in the negative-parity orbits. Comparing the en-
ergies of the 03

" state with those of the 01
" and 02

" states, the
*! orbit is the highest among the molecular orbits ' , ! , and
*!.
The molecular ' orbit is one of the reasons for the de-

formed ground state of 12Be with the 2"# configurations,
which is lower than the closed neutron-shell state. Since Be
nuclei prefer prolate deformations because of the 2$-cluster
core, the ' orbit gains kinetic energy in the developed cluster
system. In pioneering studies %9,11&, the importance of the '
orbit in the ground states of 11Be and 12Be were discussed in
relation to a vanishing of the magic number. Thus, the neu-
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bits are explained by linear combinations of the p-shell orbits
around the $ cores.
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Beryllium isotopes

– Beryllium isotopes have well known 2α cluster structure
See Dean Lee’s talk

– Appearance of halo nuclei: 11Be, 14Be, others?

– Highly deformed states

– Exhibit rotational dynamics

– Intruder states and and island of inversion around N = 8

– Shape coexistence
Bands with very different moments of inertia
Different deformation

nents. The K!!02
" band is approximately described by 0"#

configurations, while the K!!01
" , 03

" , 21
" bands are domi-

nated by 2"# configurations with two neutrons in sd-like
orbits. On the other hand, the main components of the K!

!11
# band are 1"# configurations.
The idea of molecular orbits surrounding a 2$ core is

helpful to understand the roles of the valence neutrons in
neutron-rich Be isotopes. The molecular orbits in Be isotopes
were suggested in a study of 9Be with a 2$"n cluster model
%24&. They assumed ' orbits and ! orbits which are made
from linear combinations of the p orbits around the $ cores
(see Fig. 5). This idea was applied to neutron-rich Be iso-
topes by Seya et al. a long time ago %1&. In the 1990s Oertzen
et al. %3,32& revived this kind of research to understand the
rotational bands of neutron-rich Be isotopes, and Itagaki
et al. %8,9& described the structures of the low-lying states of
10Be and 12Be by assuming 2$ core and valence neutrons in
the molecular orbits. The formation of the 2$ and valence
neutron structures in neutron-rich Be isotopes was first guar-
anteed theoretically by the AMD calculation %2,5–7,11&,
where the existence of any clusters or molecular orbits was
not assumed. In these AMD studies, the viewpoint of the
molecular orbit was found to be useful to understand the
cluster development in 10Be and 11Be. Therefore, it is an
interesting problem whether the states of 12Be can be de-
scribed by the molecular orbits.
In the present results for 12Be, we find a new kind of

molecular orbit besides the suggested ! orbit and ' orbit. In
the positive-parity orbits of the valence neutrons in 12Be,
two kinds of molecular orbits appear, both of which are as-
sociated with sd orbits. The first one is the ' orbit %Fig.
5(a)&, while the second one is quite a new molecular orbit,
shown in Fig. 5(c). This orbit is the other positive-parity
orbit made from a linear combination of the p orbits around
the $ cores. As shown in Fig. 5(c), the combined p orbits in
this orbit are perpendicular to those in the ' orbit. We call
this new positive-parity orbit a *! orbit in the present paper,
although it has (+,)!(01) symmetry in the SU3 limit,
which is perpendicular to the so-called *-orbit in the field of
the molecular physics. In the case of 12Be, the negative-
parity orbit of the neutron surrounding 2$ does not neces-
sarily correspond to the pure molecular ! orbit, because the
p3/2-shell closure cannot be described by simple ! orbits.
Therefore, in the following discussions, we concentrate on

the positive-parity orbits of the valence neutrons associated
with the molecular ' orbits and *! orbits.
Figure 6 shows the density distributions of the single-

particle wave functions of the first and second highest neu-
tron orbits. In the low-spin cluster states, the positive-parity
orbits of the valence neutrons can be well associated with the
two types of the molecular orbits ' and *!. In the 01

" state,
two valence neutrons with up and down spins occupy the
'-like orbits, which have two nodes along the longitudinal
axis. In the 03

" state, which is dominated by the other 2"#
configurations, the two neutrons occupy *!-like orbits. It is
very surprising that the developed 6He"6He cluster struc-
ture in the 03

" state is understood by the new molecular *!
orbits. It occurs when two deformed 6He clusters are at-
tached in parallel. In the 02

" state, all of the four valence
neutrons are in the negative-parity orbits. Comparing the en-
ergies of the 03

" state with those of the 01
" and 02

" states, the
*! orbit is the highest among the molecular orbits ' , ! , and
*!.
The molecular ' orbit is one of the reasons for the de-

formed ground state of 12Be with the 2"# configurations,
which is lower than the closed neutron-shell state. Since Be
nuclei prefer prolate deformations because of the 2$-cluster
core, the ' orbit gains kinetic energy in the developed cluster
system. In pioneering studies %9,11&, the importance of the '
orbit in the ground states of 11Be and 12Be were discussed in
relation to a vanishing of the magic number. Thus, the neu-
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FIG. 5. Sketches for the molecular orbits, (a) ' orbits, (b) !
orbits, and (c) *! orbits surrounding 2$ core. These molecular or-
bits are explained by linear combinations of the p-shell orbits
around the $ cores.
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nents. The K!!02
" band is approximately described by 0"#

configurations, while the K!!01
" , 03

" , 21
" bands are domi-

nated by 2"# configurations with two neutrons in sd-like
orbits. On the other hand, the main components of the K!

!11
# band are 1"# configurations.
The idea of molecular orbits surrounding a 2$ core is

helpful to understand the roles of the valence neutrons in
neutron-rich Be isotopes. The molecular orbits in Be isotopes
were suggested in a study of 9Be with a 2$"n cluster model
%24&. They assumed ' orbits and ! orbits which are made
from linear combinations of the p orbits around the $ cores
(see Fig. 5). This idea was applied to neutron-rich Be iso-
topes by Seya et al. a long time ago %1&. In the 1990s Oertzen
et al. %3,32& revived this kind of research to understand the
rotational bands of neutron-rich Be isotopes, and Itagaki
et al. %8,9& described the structures of the low-lying states of
10Be and 12Be by assuming 2$ core and valence neutrons in
the molecular orbits. The formation of the 2$ and valence
neutron structures in neutron-rich Be isotopes was first guar-
anteed theoretically by the AMD calculation %2,5–7,11&,
where the existence of any clusters or molecular orbits was
not assumed. In these AMD studies, the viewpoint of the
molecular orbit was found to be useful to understand the
cluster development in 10Be and 11Be. Therefore, it is an
interesting problem whether the states of 12Be can be de-
scribed by the molecular orbits.
In the present results for 12Be, we find a new kind of

molecular orbit besides the suggested ! orbit and ' orbit. In
the positive-parity orbits of the valence neutrons in 12Be,
two kinds of molecular orbits appear, both of which are as-
sociated with sd orbits. The first one is the ' orbit %Fig.
5(a)&, while the second one is quite a new molecular orbit,
shown in Fig. 5(c). This orbit is the other positive-parity
orbit made from a linear combination of the p orbits around
the $ cores. As shown in Fig. 5(c), the combined p orbits in
this orbit are perpendicular to those in the ' orbit. We call
this new positive-parity orbit a *! orbit in the present paper,
although it has (+,)!(01) symmetry in the SU3 limit,
which is perpendicular to the so-called *-orbit in the field of
the molecular physics. In the case of 12Be, the negative-
parity orbit of the neutron surrounding 2$ does not neces-
sarily correspond to the pure molecular ! orbit, because the
p3/2-shell closure cannot be described by simple ! orbits.
Therefore, in the following discussions, we concentrate on

the positive-parity orbits of the valence neutrons associated
with the molecular ' orbits and *! orbits.
Figure 6 shows the density distributions of the single-

particle wave functions of the first and second highest neu-
tron orbits. In the low-spin cluster states, the positive-parity
orbits of the valence neutrons can be well associated with the
two types of the molecular orbits ' and *!. In the 01

" state,
two valence neutrons with up and down spins occupy the
'-like orbits, which have two nodes along the longitudinal
axis. In the 03

" state, which is dominated by the other 2"#
configurations, the two neutrons occupy *!-like orbits. It is
very surprising that the developed 6He"6He cluster struc-
ture in the 03

" state is understood by the new molecular *!
orbits. It occurs when two deformed 6He clusters are at-
tached in parallel. In the 02

" state, all of the four valence
neutrons are in the negative-parity orbits. Comparing the en-
ergies of the 03

" state with those of the 01
" and 02

" states, the
*! orbit is the highest among the molecular orbits ' , ! , and
*!.
The molecular ' orbit is one of the reasons for the de-

formed ground state of 12Be with the 2"# configurations,
which is lower than the closed neutron-shell state. Since Be
nuclei prefer prolate deformations because of the 2$-cluster
core, the ' orbit gains kinetic energy in the developed cluster
system. In pioneering studies %9,11&, the importance of the '
orbit in the ground states of 11Be and 12Be were discussed in
relation to a vanishing of the magic number. Thus, the neu-
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FIG. 5. Sketches for the molecular orbits, (a) ' orbits, (b) !
orbits, and (c) *! orbits surrounding 2$ core. These molecular or-
bits are explained by linear combinations of the p-shell orbits
around the $ cores.
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Beryllium isotopes

– Beryllium isotopes have well known 2α cluster structure
See Dean Lee’s talk

– Appearance of halo nuclei: 11Be, 14Be, others?

– Highly deformed states

– Exhibit rotational dynamics

– Intruder states and and island of inversion around N = 8

– Shape coexistence
Bands with very different moments of inertia
Different deformation

nents. The K!!02
" band is approximately described by 0"#

configurations, while the K!!01
" , 03

" , 21
" bands are domi-

nated by 2"# configurations with two neutrons in sd-like
orbits. On the other hand, the main components of the K!

!11
# band are 1"# configurations.
The idea of molecular orbits surrounding a 2$ core is

helpful to understand the roles of the valence neutrons in
neutron-rich Be isotopes. The molecular orbits in Be isotopes
were suggested in a study of 9Be with a 2$"n cluster model
%24&. They assumed ' orbits and ! orbits which are made
from linear combinations of the p orbits around the $ cores
(see Fig. 5). This idea was applied to neutron-rich Be iso-
topes by Seya et al. a long time ago %1&. In the 1990s Oertzen
et al. %3,32& revived this kind of research to understand the
rotational bands of neutron-rich Be isotopes, and Itagaki
et al. %8,9& described the structures of the low-lying states of
10Be and 12Be by assuming 2$ core and valence neutrons in
the molecular orbits. The formation of the 2$ and valence
neutron structures in neutron-rich Be isotopes was first guar-
anteed theoretically by the AMD calculation %2,5–7,11&,
where the existence of any clusters or molecular orbits was
not assumed. In these AMD studies, the viewpoint of the
molecular orbit was found to be useful to understand the
cluster development in 10Be and 11Be. Therefore, it is an
interesting problem whether the states of 12Be can be de-
scribed by the molecular orbits.
In the present results for 12Be, we find a new kind of

molecular orbit besides the suggested ! orbit and ' orbit. In
the positive-parity orbits of the valence neutrons in 12Be,
two kinds of molecular orbits appear, both of which are as-
sociated with sd orbits. The first one is the ' orbit %Fig.
5(a)&, while the second one is quite a new molecular orbit,
shown in Fig. 5(c). This orbit is the other positive-parity
orbit made from a linear combination of the p orbits around
the $ cores. As shown in Fig. 5(c), the combined p orbits in
this orbit are perpendicular to those in the ' orbit. We call
this new positive-parity orbit a *! orbit in the present paper,
although it has (+,)!(01) symmetry in the SU3 limit,
which is perpendicular to the so-called *-orbit in the field of
the molecular physics. In the case of 12Be, the negative-
parity orbit of the neutron surrounding 2$ does not neces-
sarily correspond to the pure molecular ! orbit, because the
p3/2-shell closure cannot be described by simple ! orbits.
Therefore, in the following discussions, we concentrate on

the positive-parity orbits of the valence neutrons associated
with the molecular ' orbits and *! orbits.
Figure 6 shows the density distributions of the single-

particle wave functions of the first and second highest neu-
tron orbits. In the low-spin cluster states, the positive-parity
orbits of the valence neutrons can be well associated with the
two types of the molecular orbits ' and *!. In the 01

" state,
two valence neutrons with up and down spins occupy the
'-like orbits, which have two nodes along the longitudinal
axis. In the 03

" state, which is dominated by the other 2"#
configurations, the two neutrons occupy *!-like orbits. It is
very surprising that the developed 6He"6He cluster struc-
ture in the 03

" state is understood by the new molecular *!
orbits. It occurs when two deformed 6He clusters are at-
tached in parallel. In the 02

" state, all of the four valence
neutrons are in the negative-parity orbits. Comparing the en-
ergies of the 03

" state with those of the 01
" and 02

" states, the
*! orbit is the highest among the molecular orbits ' , ! , and
*!.
The molecular ' orbit is one of the reasons for the de-

formed ground state of 12Be with the 2"# configurations,
which is lower than the closed neutron-shell state. Since Be
nuclei prefer prolate deformations because of the 2$-cluster
core, the ' orbit gains kinetic energy in the developed cluster
system. In pioneering studies %9,11&, the importance of the '
orbit in the ground states of 11Be and 12Be were discussed in
relation to a vanishing of the magic number. Thus, the neu-
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bits are explained by linear combinations of the p-shell orbits
around the $ cores.
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nents. The K!!02
" band is approximately described by 0"#

configurations, while the K!!01
" , 03

" , 21
" bands are domi-

nated by 2"# configurations with two neutrons in sd-like
orbits. On the other hand, the main components of the K!

!11
# band are 1"# configurations.
The idea of molecular orbits surrounding a 2$ core is

helpful to understand the roles of the valence neutrons in
neutron-rich Be isotopes. The molecular orbits in Be isotopes
were suggested in a study of 9Be with a 2$"n cluster model
%24&. They assumed ' orbits and ! orbits which are made
from linear combinations of the p orbits around the $ cores
(see Fig. 5). This idea was applied to neutron-rich Be iso-
topes by Seya et al. a long time ago %1&. In the 1990s Oertzen
et al. %3,32& revived this kind of research to understand the
rotational bands of neutron-rich Be isotopes, and Itagaki
et al. %8,9& described the structures of the low-lying states of
10Be and 12Be by assuming 2$ core and valence neutrons in
the molecular orbits. The formation of the 2$ and valence
neutron structures in neutron-rich Be isotopes was first guar-
anteed theoretically by the AMD calculation %2,5–7,11&,
where the existence of any clusters or molecular orbits was
not assumed. In these AMD studies, the viewpoint of the
molecular orbit was found to be useful to understand the
cluster development in 10Be and 11Be. Therefore, it is an
interesting problem whether the states of 12Be can be de-
scribed by the molecular orbits.
In the present results for 12Be, we find a new kind of

molecular orbit besides the suggested ! orbit and ' orbit. In
the positive-parity orbits of the valence neutrons in 12Be,
two kinds of molecular orbits appear, both of which are as-
sociated with sd orbits. The first one is the ' orbit %Fig.
5(a)&, while the second one is quite a new molecular orbit,
shown in Fig. 5(c). This orbit is the other positive-parity
orbit made from a linear combination of the p orbits around
the $ cores. As shown in Fig. 5(c), the combined p orbits in
this orbit are perpendicular to those in the ' orbit. We call
this new positive-parity orbit a *! orbit in the present paper,
although it has (+,)!(01) symmetry in the SU3 limit,
which is perpendicular to the so-called *-orbit in the field of
the molecular physics. In the case of 12Be, the negative-
parity orbit of the neutron surrounding 2$ does not neces-
sarily correspond to the pure molecular ! orbit, because the
p3/2-shell closure cannot be described by simple ! orbits.
Therefore, in the following discussions, we concentrate on

the positive-parity orbits of the valence neutrons associated
with the molecular ' orbits and *! orbits.
Figure 6 shows the density distributions of the single-

particle wave functions of the first and second highest neu-
tron orbits. In the low-spin cluster states, the positive-parity
orbits of the valence neutrons can be well associated with the
two types of the molecular orbits ' and *!. In the 01

" state,
two valence neutrons with up and down spins occupy the
'-like orbits, which have two nodes along the longitudinal
axis. In the 03

" state, which is dominated by the other 2"#
configurations, the two neutrons occupy *!-like orbits. It is
very surprising that the developed 6He"6He cluster struc-
ture in the 03

" state is understood by the new molecular *!
orbits. It occurs when two deformed 6He clusters are at-
tached in parallel. In the 02

" state, all of the four valence
neutrons are in the negative-parity orbits. Comparing the en-
ergies of the 03

" state with those of the 01
" and 02

" states, the
*! orbit is the highest among the molecular orbits ' , ! , and
*!.
The molecular ' orbit is one of the reasons for the de-

formed ground state of 12Be with the 2"# configurations,
which is lower than the closed neutron-shell state. Since Be
nuclei prefer prolate deformations because of the 2$-cluster
core, the ' orbit gains kinetic energy in the developed cluster
system. In pioneering studies %9,11&, the importance of the '
orbit in the ground states of 11Be and 12Be were discussed in
relation to a vanishing of the magic number. Thus, the neu-
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FIG. 5. Sketches for the molecular orbits, (a) ' orbits, (b) !
orbits, and (c) *! orbits surrounding 2$ core. These molecular or-
bits are explained by linear combinations of the p-shell orbits
around the $ cores.
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FIG. 6. Density distributions of the single-particle wave func-
tions of the valence neutrons in the intrinsic wave functions of the
01

" , 03
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" , and 31
" states. The figures at the left (right) show the

densities regarding the positive-parity components of the first (sec-
ond) highest neutron orbits. The value P" in each orbit indicates
the squared amplitude of the contained positive-parity component.
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Effective single particle picture

– Many different ways to choose single particle basis

– Natural orbitals obtained by diagonalizing the density matrix

ρ̂ =
∑
αβ

|α⟩ ⟨Ψ |a†αaβ|Ψ⟩ ⟨β|

– Maximize occupation number of lowest orbitals
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Natural Orbital Occupations
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Natural Orbital Occupations
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Quadrupole deformation
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Nilsson Model
Wood Saxon potential

VWS =
−V0

1+ e(r−R)/a ,

a = 0.67fm, V0 = 57MeV,

R = 1.27(A = 8)1/3 fm.

Nilsson Hamiltonian

H = VWS+βℏωr2Y20

ℏω = 12.5, β = 1

Wood Saxon parameters: J. Suhonen. From Nucleons to Nucleus:
Concepts of Microscopic Nuclear Theory, Chapter 3. −0.5 0.0 0.5 1.0 1.5 2.0
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Nilsson Model

Occupation

π0s1
2

π0p3
2

π0p1
2

π1s1
2

π0d5
2

π0d3
2

O
rb

it
al

1.88

1.51

0.40

0.01

0.05

0.05 1/2−1

13Be

Occupation

ν0s1
2

ν0p3
2

ν0p1
2

ν1s1
2

ν0d5
2

ν0d3
2

O
rb

it
al

1.94

3.62

1.12

0.99

0.87

0.17 1/2−1

13Be
−0.5 0.0 0.5 1.0 1.5 2.0

β

−25

−20

−15

−10

−5

0

5

E

1/2[000]

1/2[220]

1/2[211]

3/2[211]

1/2[110]

1/2[101]

3/2[101]

2

6

8

s1/2

p3/2

p1/2

s1/2

d5/2



Natural Orbital Occupations
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Natural Orbital Occupations
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Summary

– Calculated energies and proton radii for beryllium isotopes are in reasonable agreement
with experiment.

– Proton deformation is similar across the beryllium isotopic chain. Neutron deformation is
decreasing with increasing N, but is remarkably similar in 10−12Be.
Are similar patterns realized in other isotopic chains?

– We observe rotational dynamics, shape coexistence and an island of inversion.

– Occupations of single particle natural orbitals are qualitatively consistent with naive filling
of Nilsson orbitals.
But we only considered one interaction here. How robust are these occupations?





Nuclear rotations

Characterized by rotation of intrinsic state |ϕK⟩ by Euler angles ϑ (J = K,K +1, . . .)
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Robustness of band properties

10Be (P=+)
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Parity inversion in 11Be
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Parity inversion 13Be?
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Radii
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Intrinsic quadrupole moment
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Natural orbital occupations

Protons
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Natural orbital occupations

Neutrons
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Natural orbital occupations
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Natural orbital occupations
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