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The flavor puzzle
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>  Why are there three families?



The flavor puzzle

> Why are there three families?

> Why do fermions have so different masses?

x [ ]
aE.
®

Mass (eV)

d s b 1 2 3

U (>
Vexm ~ Upnns ~ s
¢ T




Matter Generation

The flavor puzzle
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Why are there three families?
Why do fermions have so different masses?

Why is quark mixing so small while lepton

mixing is large?



New Physics Flavor puzzle
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Darker colors: midterm prospects

Hatched bars: MFV
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Quark flavor symmetry (Georgis Chivukua]
=> Classical global symmetry of the d=4 Lagrangian for Yu,d — 0

Gr=U(3)g, X UB)u, x U(3)4,

QL — Ug,Qr; dr — Uqrdr; up — UypUr.



Quark flavor symmetry (Georgis Chivukua]
=> Classical global symmetry of the d=4 Lagrangian for Yu,d — 0

Gr=U(3)g, X UB)up X U(3)a,

QL — Ug,Qr; dr — Uqrdr; up — UypUr.

-> Broken by Yukawas:
Lykawa = —QrYuPur — QYyPdr + h.c.




[Georgi+ S. Chivukula]
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M | N | Ma l I: lavo I V| O lat| on [D’AmbrosiotIsidori+Giudice+ Strumia]

[Cirigliano+ Grinstein+Wise]

-> SM Yukawas are the only source of flavor violation both in SM and BSM
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[Georgi+ S. Chivukula]
[Hall, Randall]

M | N | ' a l I: l_aVO I V| O lat| O N [D’Ambrosio+Isidori+Giudice+ Strumia]

[Cirigliano+ Grinstein+Wise]

-> SM Yukawas are the only source of flavor violation both in SM and BSM

=> SM Yukawas are promoted to spurions
Yo — Ug, YuUl,  Yi— Ug, YU}

Y, ~ (3,31 Yi~ (31,3

MEV symmetry principle: All higher dimensional
operators built from SM fields and the Yukawa
spurions are formally invariant under the flavor group
(and CP).




Minimal Flavor Violation
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spurions are formally invariant under the flavor group
(and CP).
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Minimal Flavor Violation
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spurions are formally invariant under the flavor group

MEV symmetry principle: All higher dimensional
operators built from SM fields and the Yukawa

(and CP).
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Minimal Flavor Violation: issues

-> Example: C,, = ~
Ap2 (HTZ D MH) (qLD’VMQT) '

C = col + crhy + cohg + csh? + cshyhg + cahghy + csh? + ... (YY)



Minimal Flavor Violation: issues

-=> Example: =
Usually Y, are treated
as order parameters
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C = col +Hcrhy|+ c2hg + cghy + Cal—erhghe— s hie T ... (YuY))'?




Minimal Flavor Violation: issues

-=> Example: =
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Minimal Flavor Violation: issues

-=> Example: =
Usually Y, are treated
as order parameters
C ~ 8¢ P ha = Yo
C = col +Hcrhy|+ c2hg + cghy + Cal i —erhghe—rs e T ... (YuY))'?

1

— (arYVaur)’
ATr [YJ Yu}

e Why Co~ Cl ™~ e Ci? Counterexample:
- Top Yukawa ¥t ~ 1

> In2HDMYY  can also be large




Pure Minimal Flavor Violation
=> Let’s take MFV seriously
=> Only symmetry principle, no extra assumptions

C = col 4 c1hy + co2hg + c3h? + cshyhg + cahghy + csha + . ..



Pure Minimal Flavor Violation
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Let’s take MFV seriously

Only symmetry principle, no extra assumptions

C = col + c1hy + cohg + c3h® + c3hyhg + cahghy + csh3 + . ..

Are there really infinite textures? (v, Y;)"?
If not, how many?
Are there assumption independent correlations among

flavor observables?
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Let’s take MFV seriously

Only symmetry principle, no extra assumptions

C = col + c1hy + cohg + c3h® + c3hyhg + cahghy + csh3 + . ..

Are there really infinite textures? (v, Y;)"?
If not, how many?
Are there assumption independent correlations among

flavor observables?

HILBERT SERIES




Hilbert series (for invariants)

- Consider a symmetry group G = U(1)
and a single complex scalar field {¢1, ¢7} charged (+1,—1)
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Hilbert series (for invariants)

- Consider a symmetry group G = U(1)
and a single complex scalar field {¢1, ¢7} charged (+1,—1)
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The set of G-invariant polynomials =1 @I PP ® .- = {Ik} :



Hilbert series (for invariants)

= Consider a symmetry group G = U(1)

and a single complex scalar field {¢1, ¢7} charged (+1,—1)

] — gblng
The set of G-invariant polynomials =1 @I PP ® .- = {Ik} :
o
=> Hilbert series: n
H(q) S: Mny (1)) ».| Number of invariant
n=0
operators at order n




Hilbert series (for invariants)

= Consider a symmetry group G = U(1)

and a single complex scalar field {¢1, ¢7} charged (+1,—1)

] p— €b1€b>{
The set of G-invariant polynomials =1 @I PP ® .- = {Ik} .
=> Hilbert series: N n
H(q) S: Mny ()4 Number of invariant

HU(l),(-i-l,—l)(q) _ 1+q2+q4+q6_|_ —

Inv

—>

operators at order n

1
1—¢q?’

gl <1




Hilbert series Il (for invariants)

> G= U(l) ¢ = {lea Qﬁ; ¢27 ¢;} Q — {+]—7 _]-7 +17 _1}
-=> 4 Basic invariants:

Il = ¢1¢>1k ) I2 = ¢2¢;7 I3 = ¢1¢;7 I4 = ¢2¢T .



Hilbert series Il (for invariants)

> G=U(1) ® = {¢1, ¢}, 2, P35} Q={+1,-1,+1,-1}
-> 4 Basic invariants:

L=¢ig7, DL=¢epy, L=¢igy, 1= a9y
=> Naively:

lehelle - YleLhele - Y(lekheleo - )(1oLelled- ) = Huyl = T=gn

naive



Hilbert series Il (for invariants)

> G=U(1) ® = {¢1, 7, 2, 5} Q={+1,-1,+1,-1}
-=> 4 Basic invariants:

Il = ¢1¢>1k ) 12 = ¢2¢§7 I3 = ¢1¢;7 I4 = ¢2¢>{ .

=> Naively:
1
lehelle - )leLole - Y(lekhelle - )(leLolle--) = Hlnv\naive:m
4
> Redundancy (syzygy): Iilo = 141205 = I3y — -1

-y



Hilbert series Il (for invariants)

> G=U(1) ® = {¢1, 7, 2, 5} Q={+1,-1,+1,-1}
-=> 4 Basic invariants:
Il = ¢1¢>1k7 12 = ¢2¢§7 I3 = ¢1¢;7 I4 = ¢2¢>{ .

=> Naively:
1
lehelie - )(lehehe )(lehele )(1oLOL e ) = Hu| O

naive

4

- Redundancy (syzygy): LI = ¢p1¢5¢a0s = I3l — —(1_qq2)4
=> True HS:




Hilbert series: primary and sec. invariants

> G=U(1) O = {1, ¢}, ¢2, 5} Q={+1,-1,+1,-1}
S  1+¢* 2, 4, 6 3 2
Hiny = ==14+¢+¢"+¢" +) (1+¢°)
(1—q?)




Hilbert series: primary and sec. invariants

> G= U(l) ¢ = {gbla QbT, ¢27 Qb;} Q — {—|_]-7 —1,+1, _1}

1 2
> Hpy = — 4 = (1+P+¢" ++) 1+
(1—-4¢?)
B iaye{rietes),
3 Primary invariants 1 Secondary invariant

Pl =¢101, Po= 205, P3=0¢105+ @207, S =105 — p207,



Hilbert series: primary and sec. invariants

> G= U(l) ¢ = {gbla ¢>|1<7 ¢27 ¢;} Q — {—|_]-7 —1,+1, _1}

1 2
> Hpy = — 4 = (1+P+¢" ++) 1+
(1—-4¢?)
{Pfl} ® {Pf?} ® {P;?B} ®(1®9),
3 Primary invariants 1 Secondary invariant

Pl =¢101, Po= 205, P3=0¢105+ @207, S =105 — p207,

=> Secondary only arises linearly since:

LI, =31y = S°=P; 4P\ P,




Hilbert series: primary and sec. invariants

> G= U(l) ¢ = {gbla QbT, ¢27 Qb;} Q — {—|_]-7 —1,+1, _1}

1 2
> Hpy = — 4 = (1+P+¢" ++) 1+

(1—¢q?)

Hironaka decomposition:

ant

P Any Inv. polynomial = p(Pl, Ps, Pg) + ps (Pl, Ps, P3) S,
1

=> Secondary only arises linearly since:

LI, =31y = S°=P; 4P\ P,
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How to compute Hilbert series? H(6) = 3w 0) "
q):{¢17¢27"'7¢m}, chz@Rw

Rer = sym(ﬁq) QR @ ® ch) = Ny (k) Inv @ other irreps
k




How to compute Hilbert series?  #o=Xm.

n=0

@={b1, 62, 0u}, Ru=@P R

Rer = sym(ﬁq) QR @ ® qu) = Ny (k) Inv @ other irreps

k
—=>» Character:

Xrs (9(2)) = tr (gg, (x)) .

=> Character orthogonality:

/ dpc(z) Xr, (@)X R, (T) = 0R, R,




How to compute Hilbert series?  #o=Xm.

n=0

@={b1, 62, 0u}, Ru=@P R

Rer = sym(ﬁq) QR @ ® qu) = Ny (k) Inv @ other irreps

k
—=>» Character:

XRs (9(37)) = tr (QRq)(x)) .

=> Character orthogonality:

/ dpc(r) X, ()XR, () = OR, R,
i R; =Inv and Ry = R

e ) = [ () X () X, (0




oo

How to compute Hilbert series? H(6) = 3w 0) "
®:{¢17¢27”'7¢m}, chz@Rqﬁi.

Molien formula to compute HS

1
1 — qgR, ()]

Hff;vR‘I’(q) = ];)/d,u(;(x) XR, (2) q" = /d’uG(m)det[

/ dpc(x) Xz, ()XR, (T) = OR, R,
i Ry =Inv and Ry = Rgx

e 6) = [ () () i, (0

35




Applications of Hilbert Series

[Benvenuti et al, 07]
[Feng et al, 07]
[Gray et al, 08]

Primary observables at colliders [Chang, et al, 22]

[JenkinstManohar, 09]
[Hanany et al, 10]

=> Supersymmetric gauge theories , general supersymmetric EFTs [Delgado et al, 23]
[Lehman et al, 15]
[Henning, et al, 15]
-> SMEFT, SMEFT with gravity [Lehman et al, 16]
[Henning, et al, 17]
[Marinissen et al, 20]
. . . [Kondo, et al, 23] [Graf et al, 21]
- QCD Chiral Lagrangian, Higgs EFT, NRQED and NRQCD  [rondorier eial 18] lorat ot ot 22
[Sun, et al, 22]
[Kobach, et al, 17]
-> EFTs for axion-like partiC|eS [Grojean et al, 23] [Kobach, et al, 18]
-
-

Flavor invariants

36



[Jenkins+tManohar, 09]

Hilbert Series for flavor invariants — fmmzeo

Loaiawa = —Q . Yu®up — Q, Y, ddp + h.c. he =Y,V ha=YaY]
= Group: Gr=U@B)g, X UB)ur X U(3)ay
=> Building blocks: Y.~ (3,3,1) Y;~(3,1,3)
- Hilb Hinv(q) Lta”
ilbert series: Inv =
(1-¢2)°(1—¢")’1—¢5" (1 - ¢



[Jenkins+tManohar, 09]

Hilbert Series for flavor invariants — fmmzeo

Loviama = —0Q; Yodup — Q, Yy®dg + h.c. he = Y,Y] ha=YaY]
= Group: Gr=U@B)g, X UB)ur X U(3)ay
- - — R
=>» Building blocks: Y, ~ (3,3,1) Ya~(3,1,3)
Hinn ) Lo
=> Hilbert series: Inv\q) = D) 3 7] LY E
1-¢?1-qV’ (- (- e
= Properties 10 Primary invariants 1 Secondary invariant
€ 10 prim. inv. =10 phys. param. Py =Trlh, Py = Tr[hy],
€ Polynomial invariants form a ring Pio=Tr [h2], Pys=Tr[h2)], S = Im Tr [h,hgh’h]]
€ Positive coefs. in numerator Pyo = Tr[huhd], _ 1 et [YuyT’YdYCﬂ
: Palindromic numerator PGO =Tr [hﬂ PO,G =Tr [hﬂ ) = Jarlskog determinant
Hironaka decomposition _ 2
P Pap =Tt [huhal Pra =T [huha] o _ poly(Py, ..., Pi)
P44 =Tr [hih :|



Extension: Hilbert series for covariants

=>» Hilbert Series can also count rep-R covariants

Rgr = np(k) R & other irreps.

e 0) = [ (&) i &) i, 2)

39



Extension: Hilbert series for covariants

=>» Hilbert Series can also count rep-R covariants

Rgr = np(k) R & other irreps.

e 0) = [ (&) i &) i, 2)

v Xiw@) =1 — xi)

na(®) = [ dna(o) i) i, (0)-

Hy (@) =) nalk)d" = / due(®) Xr(®) = i _;QR @l




Hilbert series for covariants: example

> Group: G=U(1)
= Building blocks: P = {¢1> P71, 02, Cb;} Q={+1,-1,+1,-1}
=> Goal representation: Q = 42
1+q?
. . HInv — 3
> Hilbert series: (1—¢2)
UL),2x(+1,-1); y _ dz 1 _, 1
Pz (9) = j{ﬂ:l iz (1 —q2)%2(1 —gz71)2
B [ d 1 ] 3¢ —q¢*
= | = 5.
dz 2(1 — q2)? — (1—¢2)




Hilbert series for covariants: Properties

, . . . G,R 1+ ¢?
= Rep-R covariants form a module over the ring of invariants Mz Hine = 1 ‘2)3
—q
i € Nhav; Ui € Mg’ Ra — Z T V; € Mg’R@ s 3¢ — ¢4
i Hi2(q) = 7 -
(1—¢?)

=> Negative coefficients arise in the numerator => redundancies

=> The denominator corresponds to the primary invariants




Hilbert series for covariants: Properties

: : : : G,R 1+ ¢?
- Rep-R covariants form a module over the ring of invariants Mz Hp = i ‘12>3
—q
i € Nhav; Ui € Mg’ Ra — Z T V; € Mg’R@ s 3¢ — ¢4
i Hi2(q) = 7 -
(1—-¢)

Negative coefficients arise in the numerator => redundancies
The denominator corresponds to the primary invariants
Generating set: Every covariant is a linear combination of them

Linear independence

2 A A 2

Basis is not guaranteed to exist. If it does, the module is free.




Hilbert series for covariants: example

> G=UQ1) ®={¢1, 0}, b2, ¢35} Q={+1,-1,41,-1} Q= +2

2 4 2 B « B .
HS: H—I—Q(Q) = 3q d . %Inv = ! +q2 3 P1 B ¢1¢i, * P2 *— ¢2¢2;
(1—-¢?) P3 = ¢105 + 9207, S = @105 — 207

=> Generating set:

v = P19, Vg = P22, U3 = 0102

- Not linearly independent, there is a redundancy O(g?

P3’I)3:P2U1‘|—P1’02




Hilbert series for covariants: Rank

=> Rank: “Maximal number of linearly independent vectors”

-=> Computation:
rank (nnng’ R‘b) = —m

45



Hilbert series for covariants: Rank

Rank: “Maximal number of linearly independent vectors”

-=> Computation:

G, Re
rank (nnvM% Rq)) = Hg R @)
HIn’v <I>(q) q=1
Bound on the rank: rank (TIHVM%R@) < dim(R).
Rank saturation: rank (am Mfz’Rq)) = dim(R)



Hilbert series for covariants: Rank

Rank: “Maximal number of linearly independent vectors”

-=> Computation:

Hi ™ (q)
rank (U‘InvM% Rq)) = ’HgTq’()
Inv q g=1
Bound on the rank: rank (TIHVM%R@) < dim(R).
One can build the most
Rank saturation: rank ("I“" M%Rq)) = dim(R) —» | general rep-R covariant!

Theorem by [Brion, 93]

rank (rInVM% Rq’) = dim (R")



Hilbert series for covariants: Applications

=> OPE (Operator Product Expansion)
=> Counting form factors

=> Spurion analysis » e.g. Minimal Flavor Violation



Pure Minimal Flavor Violation
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Let’s take MFV seriously

Only symmetry principle, no extra assumptions

C = col + c1hy + cohg + c3h® + c3hyhg + cahghy + csh3 + . ..

Are there really infinite textures? (v, Y;)"?
If not, how many?
Are there assumption independent correlations among

flavor observables?

HILBERT SERIES




5:¢2H3 + h.c. SU(3)qQ.,ur,dr

Qenr | (H'H)(lpe H) (1,1,1)

Qur | (H'H)(gpu,H) (3,3,1)

Qan | (H'H)(Gpd-H) (3,1,3)

6:92XH+h.c. SUB)QyL,un,dn 7:¢%?H?D SUB)a.,ur,drn
Quw | Gorve)yr HW], (1,1,1) ) (H''D W H) Ty ) (1,1,1)
Qs | (Lo"e,)HB,, (1,1,1) o (H1 DL H) @701, (1,1,1)
Que | (o™ TAu,)H G4, (3,3,1) Que (H'D W H) ey er) (1,1,1)
Quw | (@Goru)rTHW], (3,3,1) o HYD ) @te) | 1@©8,1,1)
Qus | (@o"u)H B, (3,3,1) Q) H' DL @' e) | (1©8,1,1)
Que | (Go™TAd,)H G2, (3,1,3) Qe HY D Y @pyuy) | (L,198,1)
Quw | (@o™d)r HWL, | (3,1,3) Qua (YD H)(ddr) | (1,1,108)
Qun (@po™dy)H By (3,1,3) QHua + hec. | (HID,H)(@py*dy) (1,3,3)
8:(LL)(LL) SU3)QL,ur.dr 8: (RR)(RR) SUB)QL,un.dr
Qu (Tpyulr) Ly le) (1,1,1) Qee (Epyuer)(Esyer) (1,1,1)

D | @wa) @ e) | 1080100T06027,1,1)  Quu | (Gyeu)(@y'uw) | (L1G8®100T0®27,1)
QY | @urla) (@ riq) | 1988100108 27,1,1)  Qu (dyypde) (dsydy) (1,1,198®10® 10 ® 27)
QY | Gl @y ar) (1e81,1) Qeu (Epyuer) (@syur) 11@81)

QY | Gvur'l) @ r'ar) (1e8,1,1) Qea | (Epmuer)(dsyidy) (1L1,168)
Q% (@pyuur ) (dsyde) (1,198108)
®) | @y, TAw) (dsy T Ady) (1,198,198)
8: (LL)(RR) SU3)s un.dn 8: (LR)(LR) + h.c. SU(3)as undn
Que U yule) @y ex) 11,1 Qi | @wr)en(@de) (3©6,3,3)
Qiu Tyl (@) (1,198,1) QW . | @T*u)en(@T4dy) | (396,3,3)
Qu Tyl (deydy) (1,1,108) Q. @her)ejn(atur) (3,3,1)
Que (@udr) EsyPer) 1@8,1,1) Q. | Gowenen(@orru) | (3,3,1)
19 (@ ¥uar) (T ) (1©81@8,1)
| @l @A T ) | (198,198,1)
QW | @wedard) | Qes11es 8 ELR(RL) the  SUG)Gundn
QW | (@T e)(dA*TAdy) | (198,1,108) Qe | (Ther)(dsars) (3.1,3) 50




H(l.l.l) =

H(B.l.l) =

H(l.&l) =

H(3.§.1) =

H(I.SB) =

Hizr11) =

Hio11) =

Hi1101) =

Hilbert series for all d=6 MFV covariants

1+q12
-2’1 -*’(1-%'1-¢)
2(q% +2¢* +2¢° + 2¢° + ¢'*)
A-2)*(1-¢*)° (1-¢%)" (1-¢®)
q* (1+2¢° + 3¢* + 4¢° + 4¢° + 2¢'° + ¢'2 — ¢'°)
Q- 1-¢)’ 1 -¢)"'1-¢
q(1+2¢° +4¢" +4¢° + 4¢° + 2¢'" + ¢"?)
Q- (1-¢")’ 1 -¢%*(1—¢
q2(l+2q2+4q4+4(1“+4q8+2qm+q12)
N2 3 a3
A-¢)"(1-¢1)"1-¢%) (1-¢®)

3¢t + 8¢5 + 17¢° + 20¢™ + 19¢'2 + 8¢™ — ¢ — 8¢1® — 7420 — 4422 — ¢**

(1-¢2)(1—g¢"’ (1-¢%" (1—¢¥)
q.j(l + ()'!]2 ot 7(]4 At 8(16 SE 4(]8 s 3(112 o 2(114 o qlﬁ)
Q- 1-g)’ (1-¢%)" (1-¢®)
(2 +3¢% + 6% + Tg® + 648 + 210 — 3q™4 — 2416 _ ¢18)
(1—¢g)?(1—g*)* (1—¢%)" (1 —¢®)

(]6(2+3q2+6q4+7q6+6q8+2q10—3q14—2![16—q18)

Hi1101) = : : — =
1-*Q-¢’1-¢0)*(1-¢?)
57 q*(1+2¢° + 6¢* + 10¢° + 17¢® + 18¢"0 + 16¢'% + 6q** — 2¢'0 — 8¢'® — 7¢*0 — 4¢>% — ¢**)
(1,27,1) = 7 A\
1-¢)’(1-¢)’(1-¢%)'(1-¢¥)
Hiss) = ¢ (1 + 6¢>% + 17¢* + 30¢° + 39¢® + 38¢'0 + 24¢'2 + 6¢** — Tq' — 12¢8 — 9¢%° — 4¢*? — ¢*)
8.1) = 2 3 5 2 ”
Q=@ @) (1~ 0 ~)
.ot = q*(2+ 8¢% + 19¢* + 32¢° + 40¢° + 369" + 21¢'% + 4¢™* — 9¢'° — 12¢'® — 8¢*" — 4¢** — ¢*)
,8.8) — N2 3 513 S
QA=) Q=) (1—1*) (=)
2 _ (1 + 4¢% + 9¢* + 14¢° + 15¢° + 12¢"° + 5¢'2 — 3¢*0 — 2¢'% — ¢*°)
(333) = YY) T3 N
1-¢*)(1-¢")"(1-¢°" (1-¢%
T (1 +4¢% + 12" + 22¢° + 32¢° + 32¢"° + 24¢"% + 8¢"* — 4¢'° — 10¢"® — 8¢*° — 4¢** — ¢**)

1-¢°1-¢*)*(1-¢5)*'(1-¢)

Haoan) = Haoa) » Mo =Haoa) = Hari) = Haato)
H(I,S,l) = H(1,1,3) and H(1,27.1) = H(1,1,27)
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Hilbert series (8,1,1)

2 (¢ + 2¢* + 2¢° + 2¢® + ¢*°)

Hig1,1) =

o) :
O(q") :

HInv(Q) =

(1-¢2)*(1-

L <,
Avany
VS = hyha,
Vg™ = hiha,
Vi = huhg,
Vo) = Wihg,
VI < i2hah,
Vq(ﬁ’;’l) = hahahuha,

¢’ (1-¢%)" (1 —¢®)

VB = by,
(8,1,1) 2
Vay " =ha,
VIS = hah,

q-,c

Vi = hihs,

81,1
VS = h3huha,

vELL _ 12 hih .

qlo’b

(1-¢2)°(1—g*)’ (1—¢%" (1—¢)

Cpr

e _
A2 (HTZ D H) (7" qr) -

Ex.

=> Reproduced with traditional methods

Cayley-Hamilton Theorem:

A’ = (trA)A” — % ((tr A)* —tr (A?)) A + det(A)I;

[Mercolli+Smith, 09]



Hilbert series (8,1,1)

2 (¢ + 2¢* + 2¢° + 2¢® + ¢*°)

Ex.

Cpr

e _
A2 (HTZ D H) (7" qr) -

=> Reproduced with traditional methods

Cayley-Hamilton Theorem:

A3 = (trA)A?% — % ((tr A)* —tr (A?)) A + det(A)I;

-=> No factor

(1+g'?) in the numerator:

Jhe =) Vi

g0 = hihuhahu. = Generating set is not linearly independent

e = T - (- (1 - )

O : Vq(ff’” ~ h,. %(2%1,1) hy.

O(q") - VLY = p2, VY = h,
Vere ) = huha, Viea ™V = hah

oW): Vg =hiha, Vi) = hih
Voo = huh. Viea V) = hali;

O(¢%) : Vo =hihg, Vi =hind,
VLY = n2hah,, VY = hihuha,

O(¢") : VELD _ R2hghyha, ACSED

Hin (0) L+g”

- (- (-

)" (1 - ¢®)

[Mercolli+Smith, 09]



Hilbert series (1,8,1) Bx. 2 (71D 1) (1,0 ,)

¢* (14 2¢* + 3¢* + 4¢° + 4¢® + 2¢"° + ¢'? — ¢'°)
1-¢®)’(1—g*’(1—¢8)" (1—¢8)

H(l,S,l)(Q) =

=> Can be understood from H(&w(q) and H(m)(q)
Vst ~ Yd Vis1,1) Ya or Vg ~ Yd Vo) Ya.

q2 (1 + 2q2 + 4q4 + 4q6 + 4q8 + 2q10 -+ q12)
1-¢2)?(1—¢%°(1—¢%)*(1—¢®)

Hag1) = g7 [H(S,l,l) + H(l,l,l)} ==

naive



Hilbert series (1,8,1)

¢ (1+2¢* 43¢+ 4¢° + 46° + 2¢"° + ¢2[= ¢'9)
(1= (1-¢)*(1-¢)" 1~-¢ |

H(l,s,l)(Q) =

- Can be understood from H,.(q) and H,.(c)

Vg ~ Y Vig11) Y or Vg ~ Yd Vo) Ya.

q> (1 + 2¢2

4q*

4q6 +4(]8 +2q10 +q12)

Hag1) = g7 [H(s,l,l) + 7'[(1,1,1)} ==

naive

(1= (L —¢")° (1 —¢%)* (1 - ¢¥)




Hilbert series (1,8,1) . S22

H 2 (1+2¢% {3 46° + 4¢° + 200 + 0= ')
(1,8,1)(Q) - (1— q2)2 (1-— q4)3 (1-— q6)4 (1—¢®) |

=> Can be understood from H(SH)(q) and H(m)(q)
Vst ~ Yd Vis1,1) Ya or Vg ~ Yd Vo) Ya.

q> (1 +2¢% H4q* B 465 + 4¢® + 2¢1° + q12)

(1,8,1) e q |: (87131) (1,171)j| (1 o q2)2 (1 o q4)3 (1 _ q6)4 (1 _
=> But there are 2 redundancies:
q6
(’)(qG) - YJhiYu = (YJYU)3 — Cayley-Hamilton — _D(q)
O@¢"®): YJJREY, =J (YJYU)3 — Cayley-Hamilton N q'®
D(q)

1
Thy =) cVi




Hilbert series for (3,3,1),(3,1,3) and (1,3,3)

Viszy ~ Ve + Vi) Yu Visiz ~ Vg1 + Vi) Ya
Viis3z) ~ Y (Vigan) + Viean) Ya

q (1+2¢% +4q* + 445 + 4¢° + 2¢'° + ¢1?)
(1-¢2)’(1-¢"° (1-¢%)"' (1 - ¢¥)
: 2 4 6 8 10 , 12
Q(1+2q + 4q¢* + 4¢° + 4¢° + 2¢"° + ¢ ) :
(s q2)2 (1- q‘l)3 (1- q6)4 (1-¢®) —~ 4 [H(S,l,l) i H(1,1,1)] (3.24)

Hizz1) = Hiz13) =g [H(S,l,l) + %(1,1,1)]

H(1,3,§) —
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Hilbert series for all d=6 MFV covariants

u 1+ q12
(1,11)'= 7 3 E
(1-¢*)"(1-¢)" (1-¢%"(1-¢%
- — 2(¢? +2q* +2¢° + 2¢° + ¢'7)
T A=A 1= 1 -¢®)
3 q* (1+2¢° + 3¢* + 4¢° + 4¢° + 2¢'° + ¢'2 — ¢'°)
(1.81) = 3 3 54
(1= (1—¢")(1-¢%" (1-¢%
Bl (1+2¢% +4¢" +4¢° +4¢° + 2¢'° + ¢'*)
(331) — N2 3 5
1-2* Q- (1-¢%)"(1-¢%
H ¢ (1+2¢% + 4¢" + 4¢° + 4¢° +2¢'0 + qu)
(1,33) = IV 3 o d
1-¢)"(1-¢")" (1-¢%" (1—¢"
” B 3¢t + 8¢° + 17¢° + 20¢™0 + 19¢'2 + 8¢™ — ¢10 — 8¢1® — 7420 — 4422 — ¢**
(27,1,1) — NG 3 - r
(1-¢2)* (1 —q")’(1—g¢%*(1—¢®)
_ (146 + T¢* + 8¢° + 4¢° — 3¢*2 — 2¢** — ¢*%)
Hi101.1) = 2 3 YV P
(1-¢2)"(1—¢*)"(1-¢%" (1 -¢%)
» - (2 + 3¢ + 6q* + 7¢° + 6¢° + 2¢'° — 3¢™ — 2¢'6 — ¢'®)
(1.101) =

(1—¢g)?(1—g*)* (1—¢%)" (1 —¢®)

(]6(2+3(12+6q4+7q6+6q8+2q10—3q14—2![16—q18)

H1101) =

1-¢2)*1-¢4)*1

— %) (1 —¢¥)

q*(1+2¢° + 6g* + 10¢° + 17¢% + 18¢"0 + 16¢'% + 6¢** — 2¢'6 — 8¢ — 7¢0 — 4422 — ¢?4)

Ha271) =

¢ (1 +6¢> + 17¢* + 30¢° + 39¢® + 38¢'° + 24¢*% + 6¢** — Tq'6 —

(1-¢)°(1-¢)’(1-¢%"'(1-¢%

12,118 _ 9(120 : 4q22 " (]24)

Hss1) =

Q-2 (1-¢*)’(1-¢%)" (1-¢8)

H1s8) =

q*(2+ 8¢% + 19¢* + 32¢° + 40¢° + 369" + 21¢'% + 4¢™* — 9¢'° — 12¢'® — 8¢*" — 4¢** — ¢*)

Q-2 -’ 1-&'1-¢)

(1 + 4¢% + 9¢* + 14¢° + 15¢° + 12¢"° + 5¢'2 — 3¢*0 — 2¢'% — ¢*°)

H(E‘E.E) =

¢*(1+4¢° + 12¢" + 22¢° + 32¢° + 32¢'% + 24¢"% + 8¢'* — 4¢'° —

A-@) ' 1-¢)’0-¢®"1-¢)

1()(]18 _ 8(12() - 4q22 _ q2~'1)

H(G.B'E) =

1-¢°1-¢*)*(1-¢5)*'(1-¢)
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Haia) =

H(B.l.l) =

H(l.s.l) =

H(a.ﬁ;.l) =

H(1.3.§) =

Hiaraa) =

H[l().l.l) =

H(1,101) =

Hilbert series for all d=6 MFV covariants

1-&-1112
- 0-¢"V(1-¢)"(1-¢)
2(q® +2¢* +2¢° 4+ 2¢° + ¢'9)
1-¢*(1-¢")’ 10— (1—¢%

flz(1+2(12+3(I4+4(16+4(18+2(1m+(112*(11“)
Q- (1-¢")*A-¢%)"(1-¢)

{](l+2q2+4q4+4q6+4(15+2q10+q12)
1-¢2)*1-¢"1-¢ (1-¢%

q* (1 +2¢° + 4" + 4¢° + 4¢° +2¢'° + ¢'2)
oIV < %!
- 1-g") 1-¢" (1-¢%

3¢ + 8¢° + 17¢% + 204" + 19¢'? + 8¢ — ¢'6 — 8¢'® — 7¢*0 — 44?2 — ¢**

1-¢2)1-¢"(1-¢)" (1-¢%
¢ (1 4+ 6¢% + T¢* + 8¢° + 4¢® — 3¢*% — 2¢** — ¢*)
(1-2)’(1—-g)’ (1-¢5)' (1-¢)
q“(?-#—liqz +()'q“' i 7(11‘, +6q8 o 2(110 _ 3(114 - 2q1(i _ qm)
A-2)?(1—g*’ 1 —¢)* (1-¢®)

Finitely generated (as for any reductive G)
. . [Hochster+Roberts, 741
Denominator = primary invariants
Numerator with negative coef. » not free module
€9 Positive terms = generating set
€ Negative terms » redundancies (no basis)

€ No common factor (1+g'?)

Rank saturates for all MFV representations

rank (nnv ./\/lgF’Y“’Yd) = dim(R)




Rank saturation for MFV

=>  Rank saturates for all MFV representations
rank (mnv MgF’Yu’Yd) = dim(R)
=> OutofY and Y We can build as many rep-R covariants as dimension of the

representation



Rank saturation for MFV

=>  Rank saturates for all MFV representations
rank (mnv MgF’Y“’Yd) = dim(R)
=> OutofY and Y We can build as many rep-R covariants as dimension of the

representation

> Ex. (27,1,1) covariants Cpgrs (ij')’uqfr) (qs7"q:)

rank (Tlnv M?z??i?) =27 = 4 {1/2-(27’1’1)}321 independent covariants

27
27,1,1
Any Cpgrs ~ Z aiVi( )

1=1




Rank saturation for MFV

=>  Rank saturates for all MFV representations

The MFV symmetry principle does not restrict the EFT

MFV SMEFT = SMEFT.

Zt)

Note: It is hot obvious. This does not hold for smaller number of building blocks .
(e.g.onlyY). ariants




Quo vadis MFV?

-  Stillis a good guiding principle organizing different contributions

=>  “Physics lies in the extra assumptions”

€ Y _,asorder parameters

@ Only Y. as order parameter Expanding a order k, the Hilbert series
d

tells you how many structures there are.
€ OnlyY  as order parameter



Quo vadis MFV?

-  Stillis a good guiding principle organizing different contributions

=>  “Physics lies in the extra assumptions”

¢

* ¢ o0

Y . as order parameters
u,d

Expanding a order k, the Hilbert series

Only Y d t
Nty Y4 as order parameter tells you how many structures there are.

Only Y as order parameter
One operator at a time: ratios of different observables 01/02 may be able to

distinguish among the covariants of the generating set. Currently exploring the

pheno.



Quo vadis MFV?

-  Stillis a good guiding principle organizing different contributions

=>  “Physics lies in the extra assumptions”

¢

* ¢ o0

Y . as order parameters
u,d

Expanding a order k, the Hilbert series

Only Y d t
Nty Y4 as order parameter tells you how many structures there are.

Only Y as order parameter
One operator at a time: ratios of different observables 01/02 may be able to

distinguish among the covariants of the generating set. Currently exploring the

pheno.

= No assumption. In terms of finding an origin of flavor it may be useful to use these

generating sets as a parametrization of any flavor operator.



Conclusions

- Hilbert series are really useful tools to count not only invariants but also covariants.
The set of rep-R covariants form a module over the ring of invariants (finitely generated..)
Rank saturation

- Application to MFV: we computed all HS for d=6 MFV SMEFT

The rank of all of the reps saturates - | MFV SMEFT = SMEFT.

Physics lies on the extra assumptions (not the MFV symmetry principle).

- Outlook: alternative MFV EFTs, other spurion analysis, OPEs, form factors, amplitudes..



Thank you
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Back up slides
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SMEFT

—=> field content + symmetries = Lagrangian

LsmerT = LsMm + Z c; O;

[Buchmuller+Wyler, 86]
. . Grzadk ki 1,10
- At dimension d=6 e

Forn, =1, 4 59 ops — Forn,=3, 3 2499 ops

Simplifying flavor
assumption?
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