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Modular flavour symmetry
§ Modular transformation

10D 4D

× × ×
𝑇!

≃ 𝜔"
𝜔!

𝐂

Dixon et al., NPB, 1987 
Hamidi & Vafa, NPB, 1987

𝜔"
𝜔!

= 𝝉, Im	𝝉 > 0Modulus 𝑎, 𝑏, 𝑐, 𝑑 ∈ 𝑍,	
𝑎𝑑 − 𝑏𝑐 = 1

Modular group Finite modular group
Congruence subgroup

Γ ≃ PSL(2, 𝑍)
Γ ≃ SL(2, 𝑍)

Γ(𝑁)/Γ(𝑁)

§ Modular forms Seesaw Scale

Re 𝜏

Im 𝜏

3 𝒎𝝂

3 mixing angles

1 Dirac phase

2 Majorana phases
Lauer, Mas, Nilles, PLB, 1989 

Ferrara et al., PLB, 1989
Feruglio, 2017

Yukawa couplings 
are modular forms!

+ A few coupling 
   coefficients
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Determine the value of τ
§ Fundamental domain

§ Bottom-up or Top-down?
Bottom-up approach
Free parameter obtained by fitting 
the experimental data
Top-down approach
Modulus stabilisation

Gaugino condensation

Flux compactification

Non-perturbative effects

Ishiguro, Kobayashi, Otsuka, JHEP, 2021, Ishiguro, 
Okada, Otsuka, JHEP, 2022, Higaki et al., 2024, …

Kobayashi et al., PRD, 2019, 2020; 
Font et al., PLB, 1990; Gonzalo et al., JHEP, 2018; 
Novichkov, Penedo, Petcov, JHEP, 2022; 
Knapp-Perez, Liu, Nilles, Ramos-Sanchez, Ratz, 2023; 
Leedom, Righi, Westphal, JHEP, 2023, …

Fixed points
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Determine the value of τ
§ Fundamental domain

Feruglio, PRL, 2023

Bottom-up approach
Free parameter obtained by fitting 
the experimental data
Top-down approach
Modulus stabilisation

Flux compactification

Non-perturbative effects

Ishiguro, Kobayashi, Otsuka, JHEP, 2021, Ishiguro, 
Okada, Otsuka, JHEP, 2022, Higaki et al., 2024, …

Kobayashi et al., PRD, 2019, 2020; 
Font et al., PLB, 1990; Gonzalo et al., JHEP, 2018; 
Novichkov, Penedo, Petcov, JHEP, 2022; 
Knapp-Perez, Liu, Nilles, Ramos-Sanchez, Ratz, 2023; 
Leedom, Righi, Westphal, JHEP, 2023, …

§ Bottom-up or Top-down?

Gaugino condensation
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Gaugino condensation
§ Kähler function

§ Superpotential

Kähler moduli 𝜏 + dilaton 𝑆

Modular invariant
§ Kähler potential

Tree level:
Loop levels: Non-perturbative effects

Crucial for stabilising 
the dilaton sector

Modular function of weight −3

Shenker, 1990

A gauge group undergoing gaugino condensation gives 
rise to non-perturbative superpotential

Dedekind η function
Klein j function

Nilles, PLB, 1982 
Dine et al., PLB, 1985  

Ferrara et al., PLB, 1983

Generate non-trivial superpotential via gaugino condensation.

One-loop: Threshold corrections, 
Anomaly cancellation

Shenker effects
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Modulus stabilisation – Single modulus
§ Scalar potential Covariant derivative

Kähler matric

×

Cvetic et al., NPB, 1991, 
Leedom, Righi, Westphal, JHEP, 2023

Condition A:

Novichkov, Penedo, Petcov, JHEP, 2022; Font et al., PLB, 1990; 
Cvetic et al., NPB, 1991; Gonzalo et al., JHEP, 2018;

All AdS vacua!

Leedom, Righi, Westphal, JHEP, 2023

𝑉
𝜔

>
0

𝑉
i
=
0

𝑉 i > 0
𝑉 𝜔 = 0

Condition B:

Cremmer et al., 1983
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Modulus stabilisation – Multiple moduli
Flavour mixing pattern – More than one moduli are required if 𝝉 @ fixed points.

Novichkov, Penedo, Petcov, Titov, JHEP, 2019
Novichkov, Petcov, Tanimoto, PLB, 2019

Varzielas, King, Zhou, PRD, 2020

𝑆!"×𝑆!#×𝑆!$ → 𝑆!% 
by two bi-triplets

King, XW, 2310.10369

Modulus stabilisation 
   in the multiple-modulus framework

Ø Gaugino condensation in heterotic string.
Ø 3 factorised tori: SL 2, Z → SL 2, Z 1	×

SL 2, Z &	×	SL 2, Z '.
Ø Uplift the vacua to dS vacua by considering 

non-trivial dilaton sector.
Ø Focus on minima at fixed points. 
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Modulus stabilisation – Multiple moduli

𝒎𝟏, 𝒏𝟏 = 𝒎𝟐, 𝒏𝟐 ≠ (𝒎𝟑, 𝒏𝟑)

𝜏" = 𝜏!	for the global minimum.

(𝜏", 𝜏() = (𝜔,𝜔) is always the vacuum.

𝜏 = i is not always the minimum when 
𝑚 > 1.

At least one 𝑚) , 𝑛) = (0,0), global dS 
vacua; All 𝑚) , 𝑛) ≠ (0,0), Minkowski 
vacua.

CP-violating vacuum near 𝜏 = 𝜔 may 
still exist.

King, XW, 2310.10369
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Modulus stabilisation – Multiple moduli

𝑚", 𝑛" = 0,0 	
𝑚(, 𝑛( = (2,0) TM1 mixing

𝑚", 𝑛" = 2,0 	
𝑚(, 𝑛( = (0,0) Littlest Seesaw

Varzielas, King, Zhou, PRD, 2020,
King, Zhou, PRD, 2020, …

Varzielas, King, Levy, JHEP, 2022,
de Anda, King, JHEP, 2023, …

King, XW, 2310.10369
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Modular inflation

Horizon problem; Flatness problem; Entropy problem; Primordial perturbation 
problems; …

Moduli as natural candidates for inflaton in SUGRA! 
A cosmological probe of modular symmetries

Inflation

Brout, Englert, Gunzig, 1978
Starobinsky, 1980
Kazanas, 1980
Sato, 1981
Guth, 1981
Linde, 1982
Albrecht & Steinhardt, 1982
Linde, 1983

Kobayashi, Nitta, Urakawa, JCAP, 2016; Abe et al., JHEP, 2023; Gunji, Ishiwata, Yoshida, JHEP, 2022 

Several issues in hot big-bang cosmology
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Modular inflation

The dilaton term can uplift the potential.
Transition: 𝜏 = i from local minimum to saddle 
point as 𝒜 increases.

𝑚 = 𝑛 = 0

<latexit sha1_base64="Iild4vgad/+4N2GSlKOuJ9eOOCY="></latexit>
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𝑯 𝝉 = 𝟏

King, XW, 2405.08924 

Hessian = 0

𝝉 = 𝝆𝒆𝐢𝜽

Ding, Jiang, Zhao, 2405.06497, 
different choices of m and n
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Slow-roll behaviour near 𝝉 = 𝐢 King, XW, 2405.08924 

§ Canonical normalisation 

§ Scalar potential: quartic-hilltop approximation 

𝒏𝒔 < 𝟎. 𝟗𝟓𝟔 for 𝑵𝒆 < 𝟔𝟎

𝑛. = 0.9661 ± 0.0040 (68% CL), 𝑟 < 0.036	(95% CL) Planck (2020), BICEP/KECK (2021)

<latexit sha1_base64="7fdwepdNkXbX0yE7nMFpedh6D+I=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KomItVl0Y2rUsE+oAlhMr1th04ezkwKJWTjr7hxoYhbP8Odf+O0zUJbD1w4nHMv997jx5xJZVnfRmFldW19o7hZ2tre2d0z9w9aMkoEhSaNeCQ6PpHAWQhNxRSHTiyABD6Htj+6nfrtMQjJovBBTWJwAzIIWZ9RorTkmUfOkKi0nnmAHXhM2BjXPTivWp5ZtirWDHiZ2DkpoxwNz/xyehFNAggV5UTKrm3Fyk2JUIxyyEpOIiEmdEQG0NU0JAFIN509kOFTrfRwPxK6QoVn6u+JlARSTgJfdwZEDeWiNxX/87qJ6l+7KQvjREFI54v6CccqwtM0cI8JoIpPNCFUMH0rpkMiCFU6s5IOwV58eZm0Lip2tVK9vyzXbvI4iugYnaAzZKMrVEN3qIGaiKIMPaNX9GY8GS/Gu/Exby0Y+cwh+gPj8wdzXpWs</latexit>

N̂e ⌘ Ne/60

Slow-roll parameters

Observables ,
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Slow-roll behaviour near 𝝉 = 𝐢 King, XW, 2405.08924 

§ Modification from non-minimal 𝑯(𝝉)
𝐻 𝜏 = 1 + 𝛼[𝑗 𝜏 /1728 − 1]&

𝜹(𝝉)
Series expansion

with

𝛼 ∼ −10/(, flatter potential

(𝑟 < 10/0 very small)

ln(10"1𝐴.) = 3.040
Best-fit from Planck (2020)

Λ2 ≃ 5.7×10/3𝑀45
Λ6 ≃ 6.9×10/(𝑀45

Nilles, PLB, 19821σ 2σ best-fit
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Summary
• Modulus stabilisation is crucial for determining the 

value of τ.

• Modular invariant inflation may be a possible 
probe of modular symmetries in the early universe.

• Fixed points are special: Special flavour structure; 
Modulus stabilisation; Orbifold compactification; 
Inflationary trajectory, …

Obrigado!



Backup



Hessian matrix

with
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Series expansion of the scalar potential 
Ramanujan identities indicate 
that the derivatives of Eisenstein 
series can be expressed as the 
linear combinations of the first 
few Eisenstein series. 
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Evading the cosmological constant problem 
Large vacuum energy after inflation can be eliminated 
by introducing a “waterfall” field direction.

Toy model

Choosing
;𝜇& = 1.3,
𝜆 = 0.32,
ℎ 𝑥 = 2.4 𝑥& − 0.925 &
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