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Quasi-Normal Modes

at Linear Order
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Black Hole Perturbation Theory

Metric Ansatz and Einstein Equations
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h®) Finstein Equations in vacuum
In Regge-Wheeler gauge G [ch®] =0
hey =hs=hy=h_=0 G [2h@] = —G2) [eh® ¢ h®)] = €25, [A1), hD)]

Can take eigenstates of angular momentum, frequency, and parity.
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for Quadratic Order Modes

Before doing any computation, let’s exploit symmetry.

Couple two linear modes of given

frequencies wy», angular momenta (¢12,m1 ), parity P1o =0,1
> coswite Mlcoswyte "2 oc (cos(wy 4 wa )t + cos(wy — wop)t)e~ ()t
> (= |lp —lo|,....00+0; Mmi+my=m
b (—1)atPr(—1)e+Pe = (~1)¢+P

But what are the amplitudes of the quadratic modes?
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Master Scalars, Linear Order

The two physical d.o.f. of the graviton are captured by master scalars

o = Zr[ 2R, +—<f2h,, rf(r2h, )>]

A2 /\( )
~ ~ 2 ~
P = ? Oorht— + Zf( )(ht_ ) — Oth,— — th_
which obey the Regge-Wheeler and Zerilli equations
(Zfzi 2P = Va(r)pe =0, ro=r+In(1—2M/r)

These equations are solved numerically with QNM b.c. ¢ ~ Ae+wr-
Knowing 1+, we can reconstruct the metric  h,, «— ¥4
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Master Scalars, Quadratic Order

Putting together the master scalars wf) using h,(fy), they now obey

2
dy)
dr?
[Huiet AL.’22; Spiers,Pound,Wardell 23]
But wf) diverge at large r as Q/)f) ~ r2 elr sofor them

+W2¢(i2) - Vi(f)iﬂ(iz) = S[w(il),w(il)] + Source term

» ONM b.c. cannot be imposed
» Cannot extract a finite amplitude A

We expect these divergences to be due to a poor choice of master scalars.
[Ioka, Nakano’'07; Brizuela et Al.’09]
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The Good Master Scalars

We perform a master scalar redefinition where A(r) is a function to be determined
V=@ 4 Ay @D, A(r) = car® + car
The RWZ equation for W gets a modified source &

Vs Vel = & = DD+ (5 42 - Ve (A0Du0)

dr?
and we design A(r) so that Wy ~ APelr at large r.

Now we can impose QNM b.c. and extract A(?) by numerically integrating.
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Physical Waveform

We can now reconstruct the metric h,(fy)

Here is one component when Even x Odd — Odd

. (1)
@ rage (10 40 0@ gor, g A (DD(O0D(0)
hy* ( > rMA e 4 irw 2f(r) +

_Sr_
1

To extract the physical waveform, we go to asymptotically flat gauge.
For the +, x polarizations

h(2) h 2) ZRK N_e—twm/(r*—t) zyﬁm(e, d))
and Rymy is computed.
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Conclusions

Quadratic Frequencies
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Conclusions

Quadratic Amplitudes
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» We confirmed R of2,2x2,2—4,4and 2,2 x 3,3 — 5,5 against existing
NR simulations

» Trusting GR, we offer a more detailed model of ringdown for the same number
of free parameters (the linear amplitudes)

» Detection prospects of Quadratic QNMs (see 2403.09767): ground detectors
should see O(10)/y, LISA O(10?)/y
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