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Pheno’s put aside in this talk

• Gaussian QM: Neutrino decoherence 
• With Haruhi Mitani (TWCU) [PLB, 2023] 

• Gaussian QFT: Isospin anomalies (at up to 9.5σ!) in vector meson decay 

• Explained in region where time-boundary effect (discussed below) 
dominates 

• With Ishikawa, Jinnouchi, Nishiwaki [EPJC, 2023]

https://inspirehep.net/literature/2679807
https://inspirehep.net/literature/2689810
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Gaussian wave packet

• So what? 

• We’ve all learnt it in QM kindergarten
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Three theoretical applications



Plan

1. Joint measurement of position and momentum (quantum information) 

2. Time-Boundary Effect proven! (QFT) 

3. Lorentz-invariant/covariant complete basis for scalar/spinor (QFT)
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Lee-Tsutsui formalism
• Pro: Claimed to include all preceding uncertainty relations: 

• Kennard-Robertson and Schroedinger (in any QM textbook) 

• Arthus-Kelly-Goodman (errors and cost of measurement) 

• Ozawa (errors and disturbances) 

• Yuen-Lux and Watanabe-Sagawa-Ueda (estimation theory) 

• Con: Too abstract, lacks concrete implementation 

• Only simplest two-level system so far (before ours)

[Lee, Tsutsui, 2020; Lee, 2022]



Errors and uncertainty relation (just to show how it looks)
• Lee-Tsutsui error and uncertainty: 
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Â2⇢̂in

i
�
Z

⌦
d!

⇣
M⇢in?Â(!)
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Again the imaginary and real parts represent quantum and semi-classical contributions, re-
spectively.

2.6 Joint measurement and classical projection of marginalization

Following Lee’s construction [15], we consider a joint measurement J : Z(H )→ W (Ω), whose
sample space (also called the outcome space) is separated into Ω = Ω1 × Ω2 so that the
outcome PDF is a function of ωi ∈ Ωi (i = 1, 2), namely, p ∈ W (Ω) is written as p(ω1,ω2).

4When the inverse cannot be defined, a partial inverse is involved in Ref. [15]. For our purpose, this is an
unnecessary detour, and we will neglect it, though can be important for other purposes.

7

• Lee error and uncertainty: 
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⇢in Â(!)
⌘2

pin(!)� Tr
h
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Â, B̂

]

2i

〉

ρ̂

−

〈
[

̂M⋆M⋆Â, B̂
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Â, ̂M⋆M⋆B̂

]

2i

〉

ρ̂

, (20)

Rρ̂
[
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Set of Gaussian packets
• Non-orthogonal: 

 

• Over-completeness in free one-particle subspace: For any fixed σ, 

 

• Naturally leads to positive-operator-valued measure (POVM): 
[KO, Ogawa, 2024] 
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POVM measurement [KO, Ogawa, 2024]
• We propose POVM measurement 

 
with  

 
from any quantum state (density operator) ρ to classical state (PDF) p 
in phase space 

• Resultant function p properly satisfies condition as PDF: 
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Position and momentum operators in phase space

• We obtain natural expressions analogous to those in plane-wave basis: 
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[KO, Ogawa, 2024]



How about some  
concrete initial state?



Setup
• Initial state: Gaussian pure state 
 

 

• Measurement by POVM: 
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Basic parameters: spatial width-squared
• Input: 

• σin for initial state uncertainty 

• σ for detector resolution 

• Output: 

• Summed σsum for postion errors  

• Reduced σred for momentum errors
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Intermediate steps (just to show how it looks)

Given an initial state |Xin, Pin;σin⟩, or more precisely the initial pure state (44), we recover
the PDF (80):

[Mphρ̂in](X,P ) = |⟨X,P ;σ |Xin, Pin;σin⟩|2 . (87)

For some reader’s ease, we list some results of the integrals:
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where X (X,P ) := X and P (X,P ) := P as well as X (X,P ) := X and P (X,P ) := P , with
X and P being given in Eq. (85), respectively.

Now we consider the marginalization (27). We define the classical projection (marginal-
ization) processes πpos and πmom by, ∀p ∈ W

(
R2
)
,
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∫
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with their trivial LT adjoints (30): ∀f ∈ R(R),

[
π⋆posf

]
(X,P ) = f(X) , [π⋆momf ](X,P ) = f(P ) . (90)

More concretely,
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For the Gaussian pure state (44), the joint PDF (87) has become separable:

[Mphρ̂in](X,P ) = 2π [πposMphρ̂in](X) [πmomMphρ̂in](P ). (93)

We see that the Gaussian measurement smoothly interpolates the two limiting measure-
ments in the momentum space and in the position space:

• In the limit of detector spatial resolution finer than the original wave-packet size, σ ≪
σin, we obtain σsum → σin and σred → σ, and hence

[πposMphρ̂in](X)→
1

√
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2
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)
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We have recovered the original PDF in the position space: |⟨X |Xin, Pin;σin⟩|2 (see
Eq. (45)), whereas the information of the original wave-packet size is lost in the mo-
mentum space. Further limit of spatially coarse detector σ →∞ (while keeping σ ≪ σin)
gives [πmomMphρ̂in](P )→ δ(P − Pin), whereas in the opposite (physically more reason-
able) limit of spatially fine detector σ → 0 makes the momentum dispersion infinitely
large, leading to the loss of information of Pin.

• In the limit of detector spatial resolution coarser than the original wave-packet size,
σ ≫ σin, we obtain σsum → σ and σred → σin, and hence

[πposMphρ̂in](X)→
1√
πσ

exp

(
−
1

σ
(X −Xin)

2
)
, (96)

[πmomMphρ̂in](P )→
√
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(
−σin (P − Pin)

2
)
= [Mmomρ̂in](P ). (97)

We have recovered the original PDF in the momentum space |⟨P |Xin, Pin;σin⟩|2 (see
Eq. (46)), whereas the information of the original wave-packet size is lost in the position
space. Further limit of spatially fine detector σ → 0 (while keeping σ ≫ σin) gives
[πposMphρ̂in](X) → δ(X −Xin), whereas in the opposite (physically more reasonable)
limit of spatially coarse detector σ →∞ makes the position dispersion infinitely large,
leading to the loss of information of Xin.

5.2 Pullback and pushforward for joint measurement

One might find the LT adjoint M⋆
ph slightly less trivial because of the non-orthogonality of

the basis (43); see also footnote 10. However, we find that the result is diagonal too: For a
given function f ∈ R

(
R2
)
, its LT adjoint is

M̂⋆
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dX dP

2π
f (X,P ) |X,P ;σ⟩ ⟨X,P ;σ| , (98)

which can be verified by inserting the expansion (56) into the defining relation ⟨M̂⋆
phf ⟩ρ̂ =

⟨f⟩Mphρ̂
. This shows that the LT adjoint maintains its diagonal nature even in the context of

the POVM measurement (86).
The position and momentum operators have the following decomposition in the Gaussian

phase space:
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X |X,P ;σ⟩ ⟨X,P ;σ| , p̂ =

∫
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P |X,P ;σ⟩ ⟨X,P ;σ| , (99)

which can be verified by sandwiching with ⟨x| and |x′⟩ for x̂, and with ⟨p| and |p′⟩ for p̂. We
can also confirm this by sandwiching with ⟨X ′, P ′;σ| and |X ′′, P ′′;σ⟩, and then using Eq. (43),
(83), and (84). Comparing with Eq. (98) for the general LT adjoint/pullback, we obtain its
inverse:

[
M⋆−1

ph x̂
]
(X,P ) = X,

[
M⋆−1

ph p̂
]
(X,P ) = P. (100)

From Eq. (88), we obtain their classical semi-norms,
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2
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and their classical semi-inner product,
〈
M⋆−1

ph x̂, M⋆−1
ph p̂

〉

Mphρ̂in
= XinPin. (102)

Similarly, we obtain the pushforward of x̂ and p̂ (over ρ̂):

[Mph⋆x̂](X,P ) = X, [Mph⋆p̂](X,P ) = P , (103)

where X and P are given in Eq. (85). From Eq. (88), we obtain

∥Mph⋆x̂∥2Mphρ̂in
= X2

in +
σ2in

2σsum
, ∥Mph⋆p̂∥2Mphρ̂in

= P 2
in +

σ

2σinσsum
, (104)

and

⟨Mph⋆x̂, Mph⋆p̂⟩Mphρ̂in
= XinPin. (105)

Accordingly, the pullback of pushforward is

̂M⋆
phMph⋆x̂ =

∫

R2

dX dP

2π
X |X,P ;σ⟩ ⟨X,P ;σ| , (106)

̂M⋆
phMph⋆p̂ =

∫

R2

dX dP

2π
P |X,P ;σ⟩ ⟨X,P ;σ| . (107)

5.3 LT error for joint measurement

Subtracting the classical semi-norm squared of pushforward (104) from the quantum one of
the original operator (48), we obtain the resultant LT errors (14) for x̂ and p̂:

ε2ρ̂in
[x̂;Mph] =

σred
2

, ε2ρ̂in
[p̂;Mph] =

1

2σsum
. (108)

We see that the left-hand side of the LT inequality (19) becomes

ερ̂in [x̂;Mph] ερ̂in [p̂;Mph] =
1

2

√
σred
σsum

. (109)

In the limits of spatially fine and coarse detectors σ → 0 and ∞, respectively, we obtain

ε2ρ̂in
[x̂;Mph]→

{
0 (σ → 0),
σin
2 (σ →∞),

ε2ρ̂in
[p̂;Mph]→

{
1

2σin
(σ → 0),

0 (σ →∞).
(110)
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and their classical semi-inner product,
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ph p̂
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Mphρ̂in
= XinPin. (102)
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= P 2
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σ

2σinσsum
, (104)

and

⟨Mph⋆x̂, Mph⋆p̂⟩Mphρ̂in
= XinPin. (105)

Accordingly, the pullback of pushforward is

̂M⋆
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R2

dX dP

2π
X |X,P ;σ⟩ ⟨X,P ;σ| , (106)

̂M⋆
phMph⋆p̂ =

∫

R2

dX dP

2π
P |X,P ;σ⟩ ⟨X,P ;σ| . (107)
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5.4 LT inequality for joint measurement

Using Eqs. (106) and (107), and then Eqs. (83) and (84), we obtain

〈[ ̂M⋆
phMph⋆x̂, p̂

]

2i

〉

ρ̂in

= ℑ
〈
X

(
P + i

X −Xin

σsum

)〉

Mphρ̂in

=
σin

2σsum
, (111)

〈[
x̂, ̂M⋆

phMph⋆p̂
]

2i

〉

ρ̂in

= ℑ
〈(

X − iσred (P − Pin)
)∗

P
〉

Mphρ̂in
=

σ

2σsum
, (112)

where ℑ denotes the imaginary part and we used Eq. (88) in the last step of each. Subtracting
the above two from the measurement-independent part in the former of Eq. (51), we see that
the quantum contribution to the LT lower bound (20) vanishes:

Iρ̂in[x̂, p̂;Mph] = 0. (113)

For the semi-classical contribution to the LT lower bound (21), we subtract the measurement-
dependent part (102) from the independent part in the latter of Eq. (51). As a result, we find
it to vanish:

Rρ̂in [x̂, p̂;Mph] = 0. (114)

It is important that the LT inequality gives no lower bound for the joint measurement of
position and momentum. The LT inequality (19) now becomes

1

2

√
σred
σsum

≥ 0, (115)

which is saturated in the limits σ → 0 and ∞. The left-hand side takes the maximum value
1/4 at σ = σin.

5.5 Lee error for joint measurement

Subtracting the quantum semi-norm (48) from the classical (101), we obtain the Lee er-
rors (22) for x̂ and p̂:

ε̃2ρ̂in
[x̂;Mph] =

σ

2
, ε̃2ρ̂in

[p̂;Mph] =
1

2σ
. (116)

It is remarkable that, unlike the LT error, the Lee error is solely determined from the detector
resolution, independent of the width of the measured state.

Their product gives the left-hand side of the Lee inequality:

ε̃ρ̂in [x̂;Mph] ε̃ρ̂in [p̂;Mph] =
1

2
. (117)
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LT errors:

[LT lower bound] = 0

Lee errors:
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[Lee lower bound] = 1/2

Trivial? Recovers Heisenberg’s!

Errors, in opposite way, 
can be made infinitely small

Errors governed by detector resolution

Errors:

Uncertainty:



Summary of this part

• Gaussian POVM as joint measurement in phase space 

• First realization of Lee-Tsutsui formalism in infinite-dimensional space 

• Lee errors and inequality seem more plausible than LT ones.



Plan

1. Joint measurement of position and momentum (quantum information) 

2. Time-Boundary Effect proven! (QFT) 

3. Lorentz-invariant/covariant complete basis for scalar/spinor (QFT)



Gaussian basis applicable to QFT
• Gaussian basis can expand any quantum field by 

 
with commutator 

 
such that 

 
and similarly for complex scalar, spinor and vector fields.
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bA†(X,P ;�) |0i = |X,P ;�i
<latexit sha1_base64="e/aIMT35YIwRrAdO3MpUX06BGJw="></latexit>h
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h
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Backup
• Expansion coefficient is known function: 

The state |',�;⇧i is time independent and hence can be regarded as either a Heisenberg
state or a Schrödinger basis. We also define the interaction basis at time X0:

|',�; ⇧i := eiĤfreeX
0
|',�;⇧i , (13)

where ⇧ := (X, P ) =
�
X0, X, P

�
=

�
X0,⇧

�
. As we will see later, we will treat |',�; ⇧i as

a time-independent Heisenberg state (or equivalently a time-independent Schrödinger basis).
We define a creation operator of the Gaussian basis by

Â†
',�(⇧) |0i := |',�; ⇧i , (14)

which results in Â',�(⇧) |0i = 0 and

h
Â',�(⇧) , Â†

'0,�0
�
⇧0�

i
=

⌦
',�, ⇧

��'0,�0; ⇧0↵ , others = 0. (15)

We may also expand '̂ by the creation and annihilation operators of the free Gaussian wave
packets:

'̂(x) =

Z
d3X d3P

(2⇡)3

h
f',�;X,P (x) Â',�(X, P ) + h.c.

i
, (16)

where X =
�
X0, X

�
is the center of the wave packet; P is the central momentum of the wave

packet; � and X0 are fixed (and can di↵er) for each field participating in the scattering; and
the coe�cient function becomes

f',�;X,P (x) :=

Z
d3pp
2E'(p)

h'; x |'; pi h'; p |',�; ⇧i

=
⇣�
⇡

⌘
3/4

Z
d3p

p
2p0 (2⇡)3/2

eip·(x�X)��

2 (p�P )
2

�����
p0=E'(p)

. (17)

We also write

d6⇧ :=
d3X d3P

(2⇡)3
(18)

so that

'̂(x) =

Z
d6⇧

h
f',�;⇧(x) Â',�(⇧) + h.c.

i
. (19)

By e.g. sandwiching between hp| and |p0
i, we can show the completeness of the Gaussian basis

in the one-particle subspace:
Z

d6⇧ |',�; ⇧i h',�; ⇧| = 1̂. (20)

Namely, the Gaussian basis can expand any one-particle wave function  (x) = hx | i as

hx | i =

Z
d6⇧ hx |⇧i h⇧ | i , (21)

5
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Setup
• Tree-level two-to-two scattering: φφ→Φ→φφ 

• External states φφ are treated by Gaussian wave packets 

• See if initial time-boundary effect for Φ→φφ decay emerges 

• In some configurations in final-state integral
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Figure 1: Schematic figure in the position space z =
�
z0, z

�
for the intersection times Tin-int,

Tout-int and for the center of wave packet ⌅a (a = 1, . . . , 4) at the arbitrarily chosen reference
time t = 0. The solid and dashed lines denote the trajectories of the wave packets of �. The
intermediate state of � is a plane wave that spreads infinitely. The integral over the in- and
out-interaction points x =

�
x0, x

�
and y =

�
y0, y

�
have largest support around the black dots

at z0 = Tin-int and Tout-int, respectively.

where the parameters for each wave packet a (with a = 1, 2 for incoming and 3, 4 for outgoing)
are its width-squared �a, spacetime position of its center Xa =

�
X0

a , Xa
�
, and its central

momentum Pa = (Ea, P a), where Ea := (m2 + P 2
a)

1/2. We may trade P a for V a := P a/Ea

as independent parameters.
The tree-level s-channel S-matrix for the Gaussian wave packets (2) with the interac-

tion (1) becomes [21]

S = (�i)2
Z

d4p

(2⇡)4
�i

p2 + M2 � i✏

⇥

Z
d4x f�1;X1,P 1(x) f�2;X2,P 2(x) e�ip·x

Z
d4y f⇤

�3;X3,P 3
(y) f⇤

�4;X4,P 4
(y) eip·y. (3)

Here, the exponential factors originate from the plane-wave expansion of �; the spacetime
position of “in-interaction” x and that of “out-interaction” y are integrated over the whole
spacetime.2

The amplitude (3) specifies the location of the wave packets X1, . . . , X4 in addition to
their momenta P 1, . . . , P 4. One can integrate out X1, . . . , X4 if one wants to compare it
with the corresponding plane-wave result. The amplitude (3) contains more information than
the plane-wave S-matrix which only contains information of P 1, . . . , P 4.

We may rewrite the plane-wave propagator of � with the o↵-shell momentum p =
�
p0, p

�

as

�i

p2 + M2 � i✏
=

�i

� (p0)2 + p2 + M2 � i✏
=

�i

� (p0)2 + E2
p � i✏

=
�i

� (p0)2 + E2
p

, (4)

2
The result of the integral would not di↵er if we expanded � by the Gaussian waves instead of the plane

waves [21].
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V ⌧

p
�t

Figure 2: Schematic figures for two limiting cases |T � Tin| � p
�t (left) and

p
�t � ��1

V

(right). The case �! � ��1/2
t is hard to draw in the position space and is not shown here.

The overlap region is determined by both the initial and final states as in Fig. 1.

• �! � ��1/2
t when the deviation from the conservation of the shifted-energy, �!, is

much larger than the inverse of the temporal width of the overlap 1/
p

�t, namely the
“violation of shifted-energy” case.

This assumption (27) is made for simplicity, and there is no obstacle to using the full form (23)
in the numerical computation in principle, but the result would remain the same approxi-
mately because this is anyway satisfied in the ordinary bulk-like case as well as when anything
interesting happens around the (in-)time-boundary.

Under the assumption (27), the following asymptotic form is obtained [11]:

G(T) ' W (T) � 1

2
e
�

✓
T�Tin��V �t

2

◆2

2�t
+

�t
2 (�!)2�i�!

⇣
T�Tin�

�V �t
2

⌘r
2�t

⇡

1

T � Tin � �V �t
2

+ i�t�!

+
1

2
e
�

✓
T��V �t

2 �Tout

◆2

2�t
+

�t
2 (�!)2�i�!

⇣
T��V �t

2 �Tout

⌘r
2�t

⇡

1

T � Tout � �V �t
2

+ i�t�!
, (28)

where we have defined the “bulk window function”

W (T) :=
1

2

"
sgn

 
T � Tin � �V �t

2
+ i�t�!p

2�t

!
� sgn

 
T � Tout � �V �t

2
+ i�t�!p

2�t

!#
, (29)

in which the sign function for a complex variable is

sgn(z) :=

8
><

>:

+1 for <z > 0 or (<z = 0 and =z > 0),

�1 for <z < 0 or (<z = 0 and =z < 0),

0 for z = 0.

(30)

Here and hereafter, < and = denote the real and imaginary parts, respectively. Equation (29)
describes the ordinary “bulk contribution” for the quantum transition from the in to out states
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Figure 1: Schematic figure for the finite wave-packet process (left) and the infinite plane-wave
process (right), without taking into account the decay width �V . In the left, we have shown the
time of intersection T; the spatial and temporal sizes of the overlap

p
�s and

p
�t, respectively;

the center of wave packets ⌅A (A = 0, 1, 2); and the initial and final times of the scattering
Tin and Tout, respectively. Also, the bulk Tin ⌧ t ⌧ Tout, in-time-boundary (|t � Tin| .

p
�t),

and out-time-boundary (|Tout � t| . p
�t) regions are shown. (This panel corresponds to the

bulk-like case |T � Tin| � p
�t; see Fig. 2.) In the right, the spatial overlap of the plane

waves never decreases in time, and hence the interaction would be never switched o↵, and

the scattering would be never completed; therefore the extra damping factor e⌥✏t
R
d
3x bH(I)

int(t,x)

with an infinitesimal ✏ > 0 is conventionally put by hand for the future and past infinite
times t ! ±1, which is depicted by the damping of the opacity of the orange region. This
factor eventually results in the propagator /

�
p2 + m2 � i✏

��1
in the conventional Feynman

diagram calculation.

NV in Eq. (11) is introduced. Fourth, we have included a phenomenological form factor eF
due to the composite nature of V :

eF
�
|V1 � V2|

�
:=

1

1 +
⇣
R0mP |V1�V2|

2

⌘2
, (15)

where R0 describes a typical length scale of the compositeness of V ; see Appendix A. The
normalization is such that eF becomes unity for V1 = V2.

Now we provide a brief introduction to other variables in the first two lines of (14) (see
Section 3.1 of [11] for more details):

• p
�s is a typical spacial size of the region of interaction:

��1

s :=
2X

A=0

1

�A
. (16)

final result only on the di↵erence Tin � T0. Furthermore, this dependence on Tin � T0 cancels out between the
numerator and denominator of the final ratio of the decay probabilities, as we will see. (Physically, we would
expect Tin ' T0.)
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[Ishikawa, Jinnouchi, Nishiwaki, KO, 2023]



Results for overlap regions in position space
• Momenta on resonance: 

 

• Momenta off resonance: 

Figure 2: Di↵erential probability |S|
2 / 4

64⇡M6
�1
�2
3

from Eq. (46) as a function of the final wave-

packet positions x3 := |X3| and x4 := |X4| at time X0
3 = X0

4 =: T (= 100 in units M = 1).
The upper and lower panels are for momenta on and o↵ the resonance, respectively. The
left panels show the bulk contribution only, whereas the right ones show the sum of all the
bulk and boundary ones. The di↵erence between the right and left panels is the boundary
contribution. This figure verifies our theoretical prediction that the boundary e↵ect is sizable
both on and o↵ the resonance.
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Bulk only

Bulk only

Bulk + Boundary

Bulk + Boundary

[Ishikawa, Jinnouchi, Nishiwaki, KO, 2023]

• On resonance, bulk 
contribution dominates 

• Boundary contribution 
smoothes out time 
boundary 

• Off resonance, boundary 
contribution dominates 
over bulk contribution 

• Though overall size is 
smaller than on resonance



Summary of this part

• Existence of time-boundary effect proven!



Plan

1. Joint measurement of position and momentum (quantum information) 

2. Time-Boundary Effect proven! (QFT) 

3. Lorentz-invariant/covariant complete basis for scalar/spinor (QFT)



Lorentz-invariant generalization
• Lorentz invariant wave packet [Kaiser, 1977, 1978; Naumov, Naumov, 2010] 

 
 
where 

 

• This reduces to Gaussian basis in non-relativistic limit.
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hhp |⇧ii / e�ip·(X+i�P )

where ⇧ denotes the phase space3

⇧ := (X, P ) , (11)

and the normalization factor

N� :=

�
�

⇡

� d�1
4

q
K d�1

2
(2�m2)

(12)

provides hh⇧ |⇧ii = 1, in which Kn(z) is the modified Bessel function of the second kind. Here
and hereafter, we fix � unless otherwise stated.

The wave function and the inner product are obtained as [31, 24]

hhx |⇧ii = N�

m
d�1

p
2⇡

K d�1
2

(k⇠k)

k⇠k
d�1
2

, (13)

⌦⌦
⇧
��⇧0↵↵ = N

2
�

�
2⇡m

2
� d�1

2
K d�1

2
(k⌅k)

k⌅k
d�1
2

, (14)

where for any complex vector V
µ, we write kV k :=

p
�V 2, namely,

k⇠k = m

q
�2m2 + (x � X)2 � 2i�P · (x � X), (15)

k⌅k = m

q�
(X � X 0) � i� (P + P 0)

�2
, (16)

with ⇠
µ := m [�P

µ + i (x � X)µ] and ⌅µ := m [�(Pµ + P
0µ) + i (X � X

0)µ].4 We note that
there is no branch-cut ambiguity for the square root as long as m > 0 [24].

With this state, the momentum expectation value and its (co)variance become [31]

hhp̂µii
�

:=

Z
ddp

2p0
hh⇧ | pii p

µ hhp |⇧ii = M�P
µ
, (17)

hhp̂µp̂
⌫ii

�
=

K d+3
2

�
2�m

2
�

K d�1
2

(2�m2)
P

µ
P

⌫ +
M�

2�
⌘
µ⌫

, (18)

where

M� :=
K d+2

2

�
2�m

2
�

K d�1
2

(2�m2)
. (19)

In general, a matrix element of p̂ becomes

hhp̂µii⇧,⇧0 :=

Z
ddp

2p0
hh⇧ | pii p

µ
⌦⌦

p
��⇧0↵↵ =

�
2⇡m

2
� d�1

2 N
2
�

m⌅µ
K d+1

2
(k⌅k)

k⌅k
d+1
2

. (20)

3Here, ⇧ includes the wave-packet central time X
0. Though P

0 =
p

m2 + P 2 is not an independent
variable, we also include it for the convenience of writing its Lorentz transformation below.

4The abuse of notation is understood such that a vector-squared V
2 := �

�
V

0
�2

+V 2 is distinguished from
the second component of V by the context.
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Manifestly Lorentz-invariant completeness
• We have obtained manifestly Lorentz-invariant completeness relation: 
In free one-particle subspace, 

 
where (whole mess is hidden inside) 

    with  

• Volume element reduces to ordinary Gaussian phase space integral 

 on equal-time hyperplane 

• Can be used to expand scalar fields.

Let us consider a spacelike hyperplane ⌃N,T = { X | N · X + T = 0 } in the space of
central position X; see Appendix A. One can write the completeness relation in the position-
momentum phase space in a manifestly Lorentz-invariant fashion [24] (see also Ref. [31]):

Z
d2d⇧� |⇧ii hh⇧| = 1̂, (21)

where 1̂ denotes the identity operator in the one-particle subspace and the Lorentz-invariant
phase-space volume element is given by

Z
d2d⇧� :=

1

M�

Z
dd⌃µ

X

(2⇡)d
(�2Pµ)

ddP

2P 0
, (22)

in which

dd⌃µ

X
:= dd+1

X �(N · X + T ) N
µ (23)

is the Lorentz-covariant volume element. We stress that � is not summed nor integrated in
the identity (21) and that the identity holds for any fixed �.

Let us consider a “time-slice frame” X̌ of the central-position space in which ⌃̌
Ň,T

becomes

an equal-time hyperplane X̌
0 = T ,

X̌ := L �1(N) X, (24)

where the “standard” Lorentz transformation L (N) is defined by N =: L (N) `, with `

denoting ` := (1,0) in any frame; note that Ň = L �1(N) N = ` by definition; see Appendix A
for details. On the constant-X̌0 hyperplane ⌃̌

Ň,T
=
�

X̌
�� X̌

0 = T
 
, the Lorentz-invariant

phase-space volume element reduces to the familiar form:

Z
d2d⇧̌� =

1

M�

Z

X̌0=T

ddX̌ ddP̌

(2⇡)d
. (25)

Note that M� ! 1 in the non-relativistic limit �m
2 � 1.

2.2.2 Di�culty in spin-diagonal representation

In the literature [26, 27, 28, 29] a so to say spin-diagonal one-particle wave-packet state
|⇧, SiiD with a spin S has been defined as

hhp, s |⇧, SiiD := hhp |⇧ii �sS (26)

where hhp |⇧ii is nothing but the scalar Lorentz-invariant wave packet (10).5 Its normalization
becomes

⌦⌦
⇧, S

��⇧0
, S

0↵↵
D

=
X

s

Z
ddp

2p0
hh⇧, S | p, siiD

⌦⌦
p, s

��⇧0
, S

0↵↵
D

=
X

s

Z
ddp

2p0
hh⇧ | pii

⌦⌦
p
��⇧0↵↵

=
⌦⌦

⇧
��⇧0↵↵

�SS0 , (27)

5In the literature, the normalization and X-dependence [24] have been omitted.

7

Let us consider a spacelike hyperplane ⌃N,T = { X | N · X + T = 0 } in the space of
central position X; see Appendix A. One can write the completeness relation in the position-
momentum phase space in a manifestly Lorentz-invariant fashion [24] (see also Ref. [31]):

Z
d2d⇧� |⇧ii hh⇧| = 1̂, (21)

where 1̂ denotes the identity operator in the one-particle subspace and the Lorentz-invariant
phase-space volume element is given by

Z
d2d⇧� :=

1

M�

Z
dd⌃µ

X

(2⇡)d
(�2Pµ)

ddP

2P 0
, (22)

in which

dd⌃µ

X
:= dd+1

X �(N · X + T ) N
µ (23)

is the Lorentz-covariant volume element. We stress that � is not summed nor integrated in
the identity (21) and that the identity holds for any fixed �.

Let us consider a “time-slice frame” X̌ of the central-position space in which ⌃̌
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denoting ` := (1,0) in any frame; note that Ň = L �1(N) N = ` by definition; see Appendix A
for details. On the constant-X̌0 hyperplane ⌃̌
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ddX ddP

(2⇡)d

[KO, Wada, 2021]

where ⇧ denotes the phase space3

⇧ := (X, P ) , (11)

and the normalization factor

N� :=

�
�

⇡

� d�1
4

q
K d�1

2
(2�m2)

(12)

provides hh⇧ |⇧ii = 1, in which Kn(z) is the modified Bessel function of the second kind. Here
and hereafter, we fix � unless otherwise stated.

The wave function and the inner product are obtained as [31, 24]

hhx |⇧ii = N�

m
d�1

p
2⇡

K d�1
2

(k⇠k)

k⇠k
d�1
2

, (13)

⌦⌦
⇧
��⇧0↵↵ = N

2
�

�
2⇡m

2
� d�1

2
K d�1

2
(k⌅k)

k⌅k
d�1
2

, (14)

where for any complex vector V
µ, we write kV k :=

p
�V 2, namely,

k⇠k = m

q
�2m2 + (x � X)2 � 2i�P · (x � X), (15)

k⌅k = m

q�
(X � X 0) � i� (P + P 0)

�2
, (16)

with ⇠
µ := m [�P

µ + i (x � X)µ] and ⌅µ := m [�(Pµ + P
0µ) + i (X � X

0)µ].4 We note that
there is no branch-cut ambiguity for the square root as long as m > 0 [24].

With this state, the momentum expectation value and its (co)variance become [31]

hhp̂µii
�

:=

Z
ddp

2p0
hh⇧ | pii p

µ hhp |⇧ii = M�P
µ
, (17)

hhp̂µp̂
⌫ii

�
=

K d+3
2

�
2�m

2
�

K d�1
2

(2�m2)
P

µ
P

⌫ +
M�

2�
⌘
µ⌫

, (18)

where

M� :=
K d+2

2

�
2�m

2
�

K d�1
2

(2�m2)
. (19)

In general, a matrix element of p̂ becomes

hhp̂µii⇧,⇧0 :=

Z
ddp

2p0
hh⇧ | pii p

µ
⌦⌦

p
��⇧0↵↵ =

�
2⇡m

2
� d�1

2 N
2
�

m⌅µ
K d+1

2
(k⌅k)

k⌅k
d+1
2

. (20)

3Here, ⇧ includes the wave-packet central time X
0. Though P

0 =
p

m2 + P 2 is not an independent
variable, we also include it for the convenience of writing its Lorentz transformation below.

4The abuse of notation is understood such that a vector-squared V
2 := �

�
V

0
�2

+V 2 is distinguished from
the second component of V by the context.
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Don’t worry about details
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(x̌0 = ⌧)

Figure 1: ⌃n,⌧ in x frame (left) and ⌃̌ň,⌧ (= ⌃n,⌧ ) in x̌ frame (right)

where the “standard vector” ` is defined to be

(`µ)
µ=0,...,d = (1,0) (82)

in any frame9 and L (n) is the “standard boost to the foliation.” Concretely, for the vector
with n

0 =
p

1 + n2,

L (n) =


n
0 nt

n I +
�
n
0 � 1

�
nnt

n2

�
, (83)

where t denotes a transpose, I is the identity matrix in d dimensions, n is given in the n ⇥ 1
matrix representation, and L (n) =

⇥
L µ

⌫(n)
⇤
µ,⌫=0,...,d

. Note that L �1(n) = L (�n). Now

an equal-time hyperplane x
0 = ⌧ in the arbitrary reference frame is written as ⌃`,⌧ because

` · x + ⌧ = �x
0 + ⌧ = 0 on it.

For any given foliation Fn, we may Lorentz-transform from the reference frame x to the
“time-slice” frame x̌ that gives ň

µ = `
µ:

x
µ ! x̌

µ = L⌫
µ(n) x

⌫
, (84)

n
µ ! ň

µ = L⌫
µ(n) n

⌫ (= `
µ), (85)

where we used
�
L �1

�
µ
⌫ = L⌫

µ as usual. In the time-slice coordinate system x̌, the same
plane is written as

⌃̌ň,⌧ :=
n

x̌ = L �1(n) x, x 2 R1,d
��� ň · x̌ + ⌧ = 0

o
(= ⌃n,⌧ ). (86)

As said above, since ň · x̌ + ⌧ = �x̌
0 + ⌧ = 0 on ⌃̌ň,⌧ , they are equal-time hyperplanes

parametrized by ⌧ 2 R in the x̌ coordinate system. A schematic figure is given in the right
panel in Fig. 1.

9In the language of di↵erential geometry, the basis-independent vector is written as ň := ň
µ
@µ with @µ = @

@xµ

being the basis vectors in the reference coordinates. Under the change of basis @µ ! @
0
µ = ⇤µ

⌫
@⌫ , where

@
0
µ := @

@x0µ , ň should remain the same ň ! ň
0µ
@
0
µ = ň

0µ⇤µ
⌫
@⌫

!
= ň

⌫
@⌫ , that is, ň

0µ = ⇤µ
⌫ ň

⌫ .
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Manifestly Lorentz-covariant packet
• Spin-diagonal representation in literature [Naumov, Naumov, 2010; Ishikawa, KO, 2018] 

 

• Difficulty: Its Lorentz transformation mixes wave-packet states with 
different positions and momenta 

• We propose phase-space-diagonal representation: 
 

 
 
and similarly for anti-particles.

Let us consider a spacelike hyperplane ⌃N,T = { X | N · X + T = 0 } in the space of
central position X; see Appendix A. One can write the completeness relation in the position-
momentum phase space in a manifestly Lorentz-invariant fashion [24] (see also Ref. [31]):

Z
d2d⇧� |⇧ii hh⇧| = 1̂, (21)

where 1̂ denotes the identity operator in the one-particle subspace and the Lorentz-invariant
phase-space volume element is given by

Z
d2d⇧� :=

1

M�

Z
dd⌃µ

X

(2⇡)d
(�2Pµ)

ddP

2P 0
, (22)

in which

dd⌃µ

X
:= dd+1

X �(N · X + T ) N
µ (23)

is the Lorentz-covariant volume element. We stress that � is not summed nor integrated in
the identity (21) and that the identity holds for any fixed �.

Let us consider a “time-slice frame” X̌ of the central-position space in which ⌃̌
Ň,T

becomes

an equal-time hyperplane X̌
0 = T ,

X̌ := L �1(N) X, (24)

where the “standard” Lorentz transformation L (N) is defined by N =: L (N) `, with `

denoting ` := (1,0) in any frame; note that Ň = L �1(N) N = ` by definition; see Appendix A
for details. On the constant-X̌0 hyperplane ⌃̌

Ň,T
=
�

X̌
�� X̌

0 = T
 
, the Lorentz-invariant

phase-space volume element reduces to the familiar form:

Z
d2d⇧̌� =

1

M�

Z

X̌0=T

ddX̌ ddP̌

(2⇡)d
. (25)

Note that M� ! 1 in the non-relativistic limit �m
2 � 1.

2.2.2 Di�culty in spin-diagonal representation

In the literature [26, 27, 28, 29] a so to say spin-diagonal one-particle wave-packet state
|⇧, SiiD with a spin S has been defined as

hhp, s |⇧, SiiD := hhp |⇧ii �sS (26)

where hhp |⇧ii is nothing but the scalar Lorentz-invariant wave packet (10).5 Its normalization
becomes

⌦⌦
⇧, S

��⇧0
, S

0↵↵
D

=
X

s

Z
ddp

2p0
hh⇧, S | p, siiD

⌦⌦
p, s

��⇧0
, S

0↵↵
D

=
X

s

Z
ddp

2p0
hh⇧ | pii

⌦⌦
p
��⇧0↵↵

=
⌦⌦

⇧
��⇧0↵↵

�SS0 , (27)

5In the literature, the normalization and X-dependence [24] have been omitted.
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hhp, s |⇧, Sii / hhp |⇧iiu(p, s)u(P, S)

where ⇧ denotes the phase space3

⇧ := (X, P ) , (11)

and the normalization factor

N� :=

�
�

⇡

� d�1
4

q
K d�1

2
(2�m2)

(12)

provides hh⇧ |⇧ii = 1, in which Kn(z) is the modified Bessel function of the second kind. Here
and hereafter, we fix � unless otherwise stated.

The wave function and the inner product are obtained as [31, 24]

hhx |⇧ii = N�

m
d�1

p
2⇡

K d�1
2

(k⇠k)

k⇠k
d�1
2

, (13)

⌦⌦
⇧
��⇧0↵↵ = N

2
�

�
2⇡m

2
� d�1

2
K d�1

2
(k⌅k)

k⌅k
d�1
2

, (14)

where for any complex vector V
µ, we write kV k :=

p
�V 2, namely,

k⇠k = m

q
�2m2 + (x � X)2 � 2i�P · (x � X), (15)

k⌅k = m

q�
(X � X 0) � i� (P + P 0)

�2
, (16)

with ⇠
µ := m [�P

µ + i (x � X)µ] and ⌅µ := m [�(Pµ + P
0µ) + i (X � X

0)µ].4 We note that
there is no branch-cut ambiguity for the square root as long as m > 0 [24].

With this state, the momentum expectation value and its (co)variance become [31]

hhp̂µii
�

:=

Z
ddp

2p0
hh⇧ | pii p

µ hhp |⇧ii = M�P
µ
, (17)

hhp̂µp̂
⌫ii

�
=

K d+3
2

�
2�m

2
�

K d�1
2

(2�m2)
P

µ
P

⌫ +
M�

2�
⌘
µ⌫

, (18)

where

M� :=
K d+2

2

�
2�m

2
�

K d�1
2

(2�m2)
. (19)

In general, a matrix element of p̂ becomes

hhp̂µii⇧,⇧0 :=

Z
ddp

2p0
hh⇧ | pii p

µ
⌦⌦

p
��⇧0↵↵ =

�
2⇡m

2
� d�1

2 N
2
�

m⌅µ
K d+1

2
(k⌅k)

k⌅k
d+1
2

. (20)

3Here, ⇧ includes the wave-packet central time X
0. Though P

0 =
p

m2 + P 2 is not an independent
variable, we also include it for the convenience of writing its Lorentz transformation below.

4The abuse of notation is understood such that a vector-squared V
2 := �

�
V

0
�2

+V 2 is distinguished from
the second component of V by the context.
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Manifestly Lorentz-covariant completeness

• We now have, in free one-particle subspace, 

 
where (whole mess is hidden inside) 

Hence, using the Dirac equation (2) and then the normalization (4), we get

1

4m2
u(P, S) hhp̂µ(�i/̂p + m)ii

�
u(P, S) =

1

2

 
M� +

M�

2�m2
+

K d+3
2

�
2�m

2
�

K d�1
2

(2�m2)

!
P

µ
. (45)

Therefore, the momentum expectation value is given by

hhp̂µii
 

= M P
µ
, (46)

where

M :=
1

1 + M�

"
K d+3

2

�
2�m

2
�

K d�1
2

(2�m2)
+ M�

✓
1 +

1

2�m2

◆#
. (47)

Note that M ! 1 in the non-relativistic limit �m
2 � 1.

2.4 Completeness

In this subsection, we will prove the following completeness relation for Lorentz-covariant
spinor wave packet,

X

S

Z
d2d⇧ |⇧, Sii hh⇧, S| = 1̂, (48)

where
Z

d2d⇧ :=
1

M 

Z

⌃N,T

dd⌃µ

X

(2⇡)d
(�2Pµ)

ddP

2P 0

=
M�

M 

Z
d2d⇧�, (49)

in which d2d⇧�, M�, and M are given in Eqs. (22), (19), and (47) respectivity.
To prove Eq. (48), we rewrite it as a matrix element for both-hand sides, sandwiched by

the plane-wave bases (6):

N
2
 

M 

Z

⌃N,T

dd+1
X

(2⇡)d
�(N · X + T ) (�2P · N)

ddP

2P 0

hhp |⇧ii hh⇧ | qii
N2
�

⇥ 1

4m2

X

S

u(p, s) u(P, S) u(P, S) u
�
q, s

0�

= 2p
0
�
d(p � q)�ss0 , (50)

where we used Eq. (7) on the right-hand side. On the left-hand side, we integrate X over
⌃N,T by exploiting its Lorentz invariance, choosing a coordinate system where it becomes a
constant-X̌0 hyperplane ⌃̌

Ň,T
with X̌

0 = T . Then left-hand side in Eq. (50) becomes

(l.h.s.) =
N

2
 

M2
 

�
d(p � q)

Z
ddP

2P 0
2P

0 e
2�P ·p

N2
�

u(p, s)
�
�i /P + m

�
u(p, s

0)

4m2

=
N

2
 

M2
 

�
d(p � q)u(p, s)

⌦⌦
2p̂

0(�i/̂p + m)
↵↵
�

N2
�

u
�
q, s

0�

= 2p
0
�
d(p � q), (51)
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Hence, using the Dirac equation (2) and then the normalization (4), we get

1

4m2
u(P, S) hhp̂µ(�i/̂p + m)ii

�
u(P, S) =

1

2

 
M� +

M�

2�m2
+

K d+3
2

�
2�m

2
�

K d�1
2

(2�m2)

!
P

µ
. (45)

Therefore, the momentum expectation value is given by

hhp̂µii
 

= M P
µ
, (46)

where

M :=
1

1 + M�

"
K d+3

2

�
2�m

2
�

K d�1
2

(2�m2)
+ M�

✓
1 +

1

2�m2

◆#
. (47)

Note that M ! 1 in the non-relativistic limit �m
2 � 1.

2.4 Completeness

In this subsection, we will prove the following completeness relation for Lorentz-covariant
spinor wave packet,

X

S

Z
d2d⇧ |⇧, Sii hh⇧, S| = 1̂, (48)

where
Z

d2d⇧ :=
1

M 

Z

⌃N,T

dd⌃µ

X

(2⇡)d
(�2Pµ)

ddP

2P 0

=
M�

M 

Z
d2d⇧�, (49)

in which d2d⇧�, M�, and M are given in Eqs. (22), (19), and (47) respectivity.
To prove Eq. (48), we rewrite it as a matrix element for both-hand sides, sandwiched by

the plane-wave bases (6):

N
2
 

M 

Z

⌃N,T

dd+1
X

(2⇡)d
�(N · X + T ) (�2P · N)

ddP

2P 0

hhp |⇧ii hh⇧ | qii
N2
�

⇥ 1

4m2

X

S

u(p, s) u(P, S) u(P, S) u
�
q, s

0�

= 2p
0
�
d(p � q)�ss0 , (50)

where we used Eq. (7) on the right-hand side. On the left-hand side, we integrate X over
⌃N,T by exploiting its Lorentz invariance, choosing a coordinate system where it becomes a
constant-X̌0 hyperplane ⌃̌

Ň,T
with X̌

0 = T . Then left-hand side in Eq. (50) becomes

(l.h.s.) =
N

2
 

M2
 

�
d(p � q)

Z
ddP

2P 0
2P

0 e
2�P ·p

N2
�

u(p, s)
�
�i /P + m

�
u(p, s

0)

4m2

=
N

2
 

M2
 

�
d(p � q)u(p, s)

⌦⌦
2p̂

0(�i/̂p + m)
↵↵
�

N2
�

u
�
q, s

0�

= 2p
0
�
d(p � q), (51)
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Summary of this part

• Found Lorentz-invariant/covariant wave packets  
that can expand scalar/spinor fields



Summary: Gaussian Formalism
1. Furnishes POVM for joint measurement of position and momentum 

• Heisenberg’s uncertainty principle in new perspective 

2. Proves Time-Boundary Effect in QFT 

3. Generalized to Lorentz-invariant/covariant complete basis for scalar/spinor

Future directions
1. Time-energy uncertainty. Bell-CHSH inequality. 

2. Interference with no-scattering?! On-shell t-channel scattering? (Thanks B. Grzadkowski) 
(And of course more concrete phenomenology involving neutrinos etc.) 

3. Massless packets including vector fields



Thank you!



Backup



• Tend to be accepted quicker 

• Even before their theoretical basis 

• E.g. time-boundary effect took 2.5 years to be published 

• Even though being immediately recommended by Referees A & C (B & D 
were nasty)

Phenomenological applications

Better have scientist editor

[Picture from web]



Uncertainty relations for quantum fluctuations
• Kennard-Robertson and Schrödinger inequalities:

<latexit sha1_base64="VMxUcX9l8NguqaLbt5mK6OG9Z+k="></latexit>
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⌘
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Putting

Into ordinary Cauchy-Schwarz inequality

KR (1927, 1929) Schrödinger (1930)

Purely quantum correlation Semi-classical correlation



Uncertainty relations for errors
• Arthurs-Kelly-Goodman (AKG 1965, 1988) takes into account 

measurement errors:  

• Ozawa (2004):                             

 

• Watanabe-Sagawa-Ueda (2011): AGK from quantum estimation theory
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Lee-Tsutsui (or Lee) inequality, 
claimed to include all of them!

E.g. Ozawa inequality [from Lee’s slide 2021]



Observable and state spaces

⊃
⊃

Typically pure state 



Quantum measurement
• Affine map M:  that allows probability mixture: ∀λ∈[0,1],

⊂

⊂

M M★ M★,       M★-1
LT adjoint/pullback Pushforward, Inverse

Density operators Self-adjoint operators

PDFs Real functions



Backup: Measurement in Lee-Tsutsui formalism

• Quantum state = density operator ρ, where Tr[ρ]=1 

• （For pure state, it is just ρ=|ψ><ψ|.） 

• Classical state = PDF p(ω), where ω=(X,P) ∈ [phase space Ω] =  

• Measurement = Affine map M: ρ → p（= M(ρ) =: Mρ） 

• That naturally admits probability mixture: 

• M(λρ1+(1-λ)ρ2) = λMρ1+(1-λ)Mρ2　　　（0≦λ≦1）

<latexit sha1_base64="FZsmnQjdbkdg0t9YfFUf6chhbC8="></latexit>
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Backup: Pullback of classical observable f
• Quantum observable = Self-adjoint operator A（=A†） 

• Classical observable = Real function f(ω), where ω=(X,P) ∈ [phase space Ω] =  

• Pullback of f: For any ρ, 

 

• M*f gives the same quantum expectation value (under ρ) as 
classical expectation value of f (under Mρ)
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LT adjoint/pullback
• Lee-Tsutsui adjoint M★: 

Given measurement M, 
LT adjoint of a real function is 

the operator that gives the same expectation values 
for all quantum states.



Pullback and pushforward
• Pullback is defined for equivalence classes 
(crucial for LT but irrelevant for us) 

• Pushforward M★ is defined by, 



Explicit form of Lee-Tsutsui inequality
• LT error: 

 

• LT inequality:

, 
where



Meaning of LT error

• Choosing test function f to be pushforward M★A gives the optimum.



Explicit form of Lee inequality
• Lee error:

 

• Lee inequality:

, 
where



Our propsal: POVM measurement for Heisenberg’s uncertainty
• We propose (non-projective) POVM: 

 

• POVM measurement:        

 

• Here (for simplicity), we focus on the pure state:

<latexit sha1_base64="9gTKFWVoSWRYPVmZc6969WleEOI="></latexit>
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Measurement result

• Limit of spatially finer detector than original wave-packet size σ≪σin, 

• Spatial part governed by σin 

• Momentum part governed by σ（information of original packet lost） 

• Vice versa



Concrete realization of pullback and pushforward:
• LT adjoint/pullback:

 

• Decomposition of position and momentum operators:

 

• Giving their inverse:  

• Pushforward: 



Our result for LT errors and inequality
• LT errors:                

 

• LT inequality:                                                                                        

 

• No lower bound! 

• Product of errors takes mamixum at σ＝σin. 

• For projective measurement of position σ → 0, (or momentum σ→∞), it becomes 
trivial 0=0!



Our result for Lee errors and inequality
• Lee errors: 

 

• Depends only on detector resolution! 

• Lee inequality:   1/2   ≧   1/2. 

• For initial pure Gaussian state ρin, 

• Lee inequality saturated regardless of detector resolution σ


