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Introduction

Entanglement

”characteristic trait of quantum
mechanics”

Symmetry

fundamental in QFT
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Baryon-baryon scattering

spin-12 baryon octet
Flavor symmetry SU(3) (mu = md = ms)

B =

 1√
2
Σ0+ 1√

6
Λ Σ+ p

Σ− − 1√
2
Σ0+ 1√

6
Λ n

Ξ− Ξ0 −
√

2
3
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Simple EFT at very low energies.

Only contact interactions below pion threshold.

Accidental symmetries:

SU(4) Wigner symmetry
SU(2Nf ) spin-flavor symmetry
Schrödinger symmetry

Emergent, not symmetries in QCD
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First clue: nucleon-nucleon scattering

Lnf=2
LO = −1

2
CS (N †N)2 − 1

2
CT (N †σN) · (N †σN)

Beane, Kaplan, Klco and Savage [1812.03138]
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First clue: nucleon-nucleon scattering

Lnf=2
LO = −1

2
CS (N †N)2 − 1

2
CT (N †σN) · (N †σN)

SU(4) Wigner symmetry

N =
(
p↑, p↓, n↑, n↓

)T
N → UN , U ∈ SU(4)

Schrödinger (conformal)
symmetry

Beane, Kaplan, Klco and Savage [1812.03138]
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Quantifying Entanglement

Entanglement is defined on states

|↑↓⟩ = |↑⟩ ⊗ |↓⟩ : E = 0

(|↑↓⟩+ |↓↑⟩)/
√
2 : E ̸= 0

E(|ψA⟩ ⊗ |ψB⟩) = 0

Entanglement of operators?
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Quantifying Entanglement

Entanglement is defined on states

|↑↓⟩ = |↑⟩ ⊗ |↓⟩ : E = 0

(|↑↓⟩+ |↓↑⟩)/
√
2 : E ̸= 0

E(|ψA⟩ ⊗ |ψB⟩) = 0

Entanglement of operators

E(U) = E(U |ψ1⟩ ⊗ |ψ2⟩)
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Minimally Entangling Operators
Minimally entangling operators:
E(U) = 0

product state
U−→ product state.

In a two qubit (spin-12) system, only two such operators, unique up to
local unitaries (in the basis of {|↑↑⟩ , |↑↓⟩ , |↓↑⟩ , |↓↓⟩}),

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 = 1,


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 = SWAP.

Low and Mehen [2104.10835]
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S matrix of baryon-baryon scattering

SU(3) flavor symmetry =⇒ only 6 independent phase shifts

Charge and strangeness conservation =⇒ block-diagonal

8⊗ 8 = 27⊕ 10⊕ 10⊕ 8S ⊕ 8A ⊕ 1

S =
1− σ · σ

4
⊗
(
P27 e

2iδ27 + P8S
e2iδ8S + P1 e

2iδ1
)

+
3 + σ · σ

4
⊗

(
P10 e

2iδ10 + P10 e
2iδ10 + P8A

e2iδ8A

)
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Constraints on phase shifts
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From S matrix to Lagrangian

Lnf=3
LO =− c1⟨B†

iBiB
†
jBj⟩ − c2⟨B†

iBjB
†
jBi⟩ − c3⟨B†

iB
†
jBiBj⟩

− c4⟨B†
iB

†
jBjBi⟩ − c5⟨B†

iBi⟩⟨B†
jBj⟩ − c6⟨B†

iBj⟩⟨B†
jBi⟩ .

+

−C0 C2
0
M (µ+ip)

4π
−C3

0

(
M (µ+ip)

4π

)2

+A−1 =

A0 = +

−C2 p
2 C2 p

2 C0M(µ+ip)
4π

−C2 p
2

(
C0M(µ+ip)

4π

)2

+

+ · · ·

+ · · ·
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Constraints on Wilson coefficients
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Symmetries of Lagrangian: minimum in 1-d sector

np,Σ−Ξ−,Σ+Ξ0

S ∝ 1 ⇐= spin-flavor SU(6)

nΣ−, pΣ+,Ξ−Ξ0

S ∝ 1 ⇐= spin-flavor SU(6)

Spin-flavor symmetry at quark level

SU(6) :
(
u↑, u↓, d↑, d↓, s↑, s↓

)T
small octet-decuplet mass
difference

magnetic moment of baryons

Large-Nc expansion.
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Symmetries of Lagrangian: minimum in 3-d sector

S ∝ 1 =⇒ L = −(c1 + c5) ⟨B†
iBi⟩⟨B†

jBj⟩+ c1⟨B†
iB

†
j ⟩⟨BiBj⟩

Symmetries manifest when B is written in SU(3) generator
components.

Ba ≡Tr(BT a) , a = 1, · · · , 8 ,

B⃗ =(B1, · · · , B8)

=
1

2

(
Σ+ +Σ−, iΣ+ − iΣ−, p+ Ξ−, ip− iΞ−, n+ Ξ0, in− iΞ0,

√
2Σ0,

√
2Λ

)
.

The Lagrangian becomes

L = −2(c1 + c5)
(
B⃗†

i · B⃗i

)(
B⃗†

j · B⃗j

)
+ 2c1

(
B⃗†

i · B⃗
†
j

)(
B⃗i · B⃗j

)
,

SO(8) symmetry
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Symmetries of Lagrangian: minimum in 6-d sector

S ∝ 1 ⇐⇒ only c5 nonzero.

B = (n↑, n↓, p↑, p↓, . . . )
T

L = −c5(B†B)2 ⇐⇒ SU(16) symmetry B → UB , U ∈ SU(16)

[generalization of Wigner SU(4)]

S ∝ SWAP:

L = −c5 ⟨B†
iBi⟩⟨B†

jBj⟩ − c6 ⟨B†
iBj⟩⟨B†

iBj⟩

= −2c5

(
B⃗†

i · B⃗i

)(
B⃗†

j · B⃗j

)
− 2c6

(
B⃗†

i · B⃗j

)(
B⃗†

i · B⃗j

)
.

SU(8) symmetry
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Schrödinger Symmetry

The SWAP gate in each sector is achieved when δ = 0 (free theory) in
some channels and δ = π/2 (unitary limit) in other channels.

The theory flows to a UV fixed point d
dµµCR,R′ = 0 in the unitary

limit, and scattering length goes to infinity.

=⇒ Schrödinger symmetry in these channels
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Lattice Data

NPLQCD [1706.06550, 2009.12357]

mπ = 806 MeV

mπ = 450 MeV

Table shows that SU(6) symmetry (C27 = C10) holds up well in both
simulations.
SU(16) is present in unnatural case.

None of the symmetries is completely ruled out. Better simulation
results need!
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Conclusion and Outlook

We probe entanglement of the S-matrix in baryon-baryon scattering
mediated by pionless EFT.

Identity and SWAP gates are realized by phase relations δR = δR′ and
δR = 0, δR′ = π/2 or δR = π/2, δR′ = 0.

We find emergent symmetries of SU(6), SO(8), SU(8) and SU(16)
when entanglement is minimized in different (Q,S) sectors.

Entanglement principles can be used to predict symmetries. We hope
the framework can be used to study entanglement in other theories.
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Thanks!
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Backup slides
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Minimally entangling operators in two qubit system
Any tensor product operator U = UA ⊗UB does not entangle the spins.

The unitary operators of a two-spin system form SU(4). For any
U ∈ SU(4), it has Cartan decomposition

U = (UA ⊗ UB)Ud(VA ⊗ VB), Ud = exp(
∑
i

iβi σi ⊗ σi),

What are the entanglement properties of Ud? The entanglement power
of

Ud = exp(
∑
i

iβi σi ⊗ σi)

vanishes when βi = 0 or π/4 for all i. 1 Given the π/2 periocity of βi,
these two solutions are all independent solutions of minimal
entanglement.

Minimally entangling operators with regard to βi = 0 or π/4: 1 and
ei

π
4 SWAP. They are unique up to local unitaries.
1Ian and Mehen, 2021. arxiv: 2104.10835
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Power Counting in pionless EFT
One complexity of this theory comes from unnatural size of scattering
length. It disturbs usual power counting.

Scale of pionless EFT: Λ ∼ mπ ≃ 140 MeV

+

+

=

A −C0

−C2p2

i C2
0
M p
4π

C3
0

(
M p
4π

)2

+ + . . .

p p

−p −p

Natural scaling of Wilson coefficient with 2n derivatives:
C2n ∼ O

(
1

MΛ2n+1

)
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Unnaturalness of pionless EFT

Effective Range Expansion:

p cot δ = − 1
a + 1

2 r0 p
2 + · · · = − 1

a + 1
2Λ

2
∑∞

n=0 rn

(
p2

Λ2

)n
.

Interaction is encoded in a, ri which are measured in experiment.

A = 4π
M

1
p cot δ−ip = 4π

M

[
− 1

a − ip+ 1
2r0p

2 + · · ·
]−1

.

Matching expansion from EFT and ERE shows C0 = 4πa/M .

Unnaturally large scattering length due to shallow bound state.

a≫ 1/Λ =⇒ expansion breaks down when 1/apΛ

4 / 11



A fix to the problem

+

−C0 C2
0
M (µ+ip)

4π −C3
0

(
M (µ+ip)

4π

)2

+A−1 =

A0 = +

−C2 p2 C2 p2
C0M(µ+ip)

4π −C2 p2
(
C0M(µ+ip)

4π

)2

+

+ · · ·

+ · · ·

KSW-vK scheme subtracts extra poles and allows for a new expansion.

The leading order amplitude now consists of C0 insertions to all orders.

”fine tuning” in nuclear physics
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Nucleon-nucleon interactions
How does SU(4) manifest in nucleon-nucleon interactions?

Nucleon-nucleon interactions of very low energy (below the threshold of
pion mass) is described by an effective field theory with only nucleon
field N (pionless EFT).

Non-relativistic QFT:

Leff = ψ†
(
i∂t +

∇2

2M

)
ψ + C0(ψ

†ψ)2

+
C2

8

[
(ψψ)†(ψ

↔
∇2ψ) + h.c.

]
+ · · ·

In NN scattering, two independent LO operators:

Lnf=2
LO = −1

2
CS (N †N)2 − 1

2
CT (N †σN) · (N †σN) .

N = (p↑, p↓, n↑, n↓)
T σ = (σ1, σ2, σ3)T
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SU(4) in nucleon-nucleon interactions

Lnf=2
LO = −1

2
CS (N †N)2 − 1

2
CT (N †σN) · (N †σN) .

CS is SU(4) invariant. CT explicitly breaks SU(4) Wigner symmetry.

Nucleon-nucleon scattering has two spin channels: S = 0 and S = 1.

1−σ·σ
4 and 3+σ·σ

4 are projectors into S = 0 and S = 1 channels.

C̄0 = CS − 3CT C̄1 = CS + CT

SU(4) implies C̄0 = C̄1.

In real life,

CS = −1.2× 10−4MeV−2, CT = −9.6× 10−6MeV−2

CT ≪ CS , C̄0 ≃ C̄1
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SU(16) in baryon octet?
Can we generalize Wigner symmetry to three-flavor?
Eight particles =⇒ SU(16).

B = (n↑, n↓, p↑, p↓, . . . )

Six LO operators of baryon-baryon interactions2

Lnf=3
LO =− c1⟨B†

iBiB
†
jBj⟩ − c2⟨B†

iBjB
†
jBi⟩ − c3⟨B†

iB
†
jBiBj⟩

− c4⟨B†
iB

†
jBjBi⟩ − c5⟨B†

iBi⟩⟨B†
jBj⟩ − c6⟨B†

iBj⟩⟨B†
jBi⟩ .

SU(16) prediction: only c5 nonzero.

Lattice data3 seems to agree, but
may not be the real case
(unrealistic mπ)

i, j are spin indices

2Savage and Wise, Phys.Rev.D 53 (1996), 349-354
3NPLQCD, Phys. Rev. D 96, 114510 (2017) 8 / 11



Implications of spin-flavor symmetry

At leading order, the Lagrangian has only two terms of dimension 6,

L = −a
(
Ψ†

µνρΨ
µνρ

)2
− bΨ†

µνσΨ
µντΨ†

ρδτΨ
ρδσ.

When only spin-1/2 baryon octet is considered, the Lagrangian can be
matched to the baryon interactions by writing indices in terms of the
spin index and the flavor index, (µ, ν, ρ) = (αi, βj, γk),

Ψ(αi)(βj)(γk) = ∆ijk
αβγ+

1√
18

(
Bi

m,αϵ
mjkϵβγ +Bj

m,βϵ
mkiϵγα +Bk

m,γϵ
mijϵαβ

)
.

.

Kaplan and Savage, Phys.Lett.B365:244-251,1996
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Implications of spin-flavor symmetry

LSU(6)
LO =− a

(
Ψ†

µνρΨ
µνρ

)2
− bΨ†

µνσΨ
µντΨ†

ρδτΨ
ρδσ

Lnf=3
LO =− c1⟨B†

iBiB
†
jBj⟩ − c2⟨B†

iBjB
†
jBi⟩ − c3⟨B†

iB
†
jBiBj⟩

− c4⟨B†
iB

†
jBjBi⟩ − c5⟨B†

iBi⟩⟨B†
jBj⟩ − c6⟨B†

iBj⟩⟨B†
jBi⟩ .

Projecting Ψ into B fields allows matching c1-c6 to a and b.

c1 =
7

27
b c2 =

1

9
b c3 =

10

81
b c4 = −14

81
b c5 = a+

2

9
b c6 = −1

9
b.

For nf = 2 nucleon field, SU(4) spin-flavor gives the same prediction as
SU(4) Wigner symmetry.

CT = 0

10 / 11



Schrödinger Symmetry

Schrödinger symmetry is the conformal symmetry of non-relativistic
QFT.

[Ja, Jb] = iϵabcJc , [Ja, Pb] = iϵabcPc , [Ja,Kb] = iϵabcKc

[Pa, Pb] = 0 , [Ka,Kb] = 0 , [Ka, Pb] = iMδab
[H,Ja] = 0 , [H,Pa] = 0 , [H,Ka] = iPa

Schrödinger symmetry is present when the scattering length is infinite.

This is the case in NN scattering.

a0 = −24fm, a−1
0 = −8.2MeV a1 = 5.4fm, a−1

1 = 36MeV
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