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Introduction
From Wigner distributions to GPDs and PDFs
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Introduction
DIS and collinear factorisation

Deep Inelastic Scattering DIS: inclusive process

⇒ 1-dimensional structure

⇒ Collinear factorisation at the
cross section level

Coefficient Function ⊗ Parton Distribution Function
(hard) (soft)
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Introduction
GPDs: Deeply virtual Compton Scattering (DVCS)

DVCS: exclusive process (non forward amplitude)

Fourier transf.: t ↔ impact parameter

⇒ 3-dimensional structure

Collinear factorisation implies

Coefficient Function ⊗ Generalized Parton Distribution
(hard) (soft)

[X. Ji: hep-ph/9609381]

[A. Radyushkin: hep-ph/9604317, hep-ph/9704207]

[J. Collins, A. Freund: hep-ph/9801262]

[D. Müller, D. Robaschik, B. Geyer, F.-M. Dittes, J. Horejsi: hep-ph/9812448]
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Introduction
GPDs: Deeply Virtual Meson Production (DVMP)

DVMP: γ replaced by ρ, π, · · ·

GPD ⊗ CF ⊗ Distribution Amplitude
(soft) (hard) (soft)

[J. Collins, L. Frankfurt, M. Strikman: hep-ph/9611433]

[A. Radyushkin: hep-ph/9704207]

proofs valid only for some restricted cases

Complete 1-loop study of exclusive J/ψ photoproduction at small x 5/31
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Introduction
GPDs: Exclusive Heavy quarkonium photoproduction

GPD

CF

Mγ

N N ′

For Q2 ≫ M2, proof of factorisation same as before.

In photoproduction, situation not clear: [J. Qiu, Z. Yu:

2210.07995]

But fixed order NLO result indicates that it works [D. Ivanov,

A. Schafer, L. Szymanowski, G. Krasnikov: hep-ph/0401131]

Complete 1-loop study of exclusive J/ψ photoproduction at small x 6/31



Introduction
GPDs: Exclusive Heavy quarkonium photoproduction

GPD

CF

Mγ

N N ′

For Q2 ≫ M2, proof of factorisation same as before.

In photoproduction, situation not clear: [J. Qiu, Z. Yu:

2210.07995]

But fixed order NLO result indicates that it works [D. Ivanov,

A. Schafer, L. Szymanowski, G. Krasnikov: hep-ph/0401131]

Complete 1-loop study of exclusive J/ψ photoproduction at small x 6/31



Introduction
GPDs: Exclusive Heavy quarkonium photoproduction

GPD

CF

Mγ

N N ′

For Q2 ≫ M2, proof of factorisation same as before.

In photoproduction, situation not clear: [J. Qiu, Z. Yu:

2210.07995]

But fixed order NLO result indicates that it works [D. Ivanov,

A. Schafer, L. Szymanowski, G. Krasnikov: hep-ph/0401131]

Complete 1-loop study of exclusive J/ψ photoproduction at small x 6/31



Definitions
Quark GPDs: twist 2 Chiral-even

Quark GPDs at twist 2 [M. Diehl: hep-ph/0307382]

without helicity flip (chiral-even Γ matrices): 4 chiral-even GPDs:
(Note: ∆ = p′ − p)

F q =
1

2

∫
dz−

2π
e ixP

+z−⟨p′| q̄(− 1
2z) γ

+q( 12z) |p⟩
∣∣∣
z+=0, z⊥=0

=
1

2P+

[
Hq(x , ξ, t) ū(p′)γ+u(p) + E q(x , ξ, t) ū(p′)

i σ+α∆α

2m
u(p)

]
,

F̃ q =
1

2

∫
dz−

2π
e ixP

+z−⟨p′| q̄(− 1
2z) γ

+γ5 q(
1
2z) |p⟩

∣∣∣
z+=0, z⊥=0

=
1

2P+

[
H̃q(x , ξ, t) ū(p′)γ+γ5u(p) + Ẽ q(x , ξ, t) ū(p′)

γ5 ∆
+

2m
u(p)

]
.

Hq ξ=0,t=0−−−−−→ PDF q H̃q ξ=0,t=0−−−−−→ polarised PDF ∆q

Complete 1-loop study of exclusive J/ψ photoproduction at small x 7/31
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i σ+α∆α

2m
u(p)

]
,

F̃ q =
1

2

∫
dz−

2π
e ixP

+z−⟨p′| q̄(− 1
2z) γ

+γ5 q(
1
2z) |p⟩

∣∣∣
z+=0, z⊥=0

=
1

2P+

[
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Definitions
Gluon GPDs: twist 2

Gluon GPDs at twist 2 [M. Diehl: hep-ph/0307382]

F g =
1

P+

∫
dz−

2π
e ixP

+z−⟨p′|G+µ(−z

2
)G+

µ (
z

2
)|p⟩

∣∣∣
z+=0,z⊥=0

=
1

2P+

[
Hg (x , ξ, t)ū(p′)γ+u(p) + E g (x , ξ, t)ū(p′)

iσ+α∆α

2m
u(p)

]

F̃ g = − i

P+

∫
dz−

2π
e ixP

+z−⟨p′|G+µ(−z

2
)G̃+

µ (
z

2
)|p⟩

∣∣∣
z+=0,z⊥=0

=
1

2P+

[
H̃g (x , ξ, t)ū(p′)γ+γ5u(p) + Ẽ g (x , ξ, t)ū(p′)

γ5∆
+

2m
u(p)

]

Hg ξ=0,t=0−−−−−→ PDF xg(x)

H̃g ξ=0,t=0−−−−−→ polarised PDF x∆g(x)
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Exclusive J/ψ photoproduction

A =

∫ 1

−1
dx

∫ 1

0
dz H(x)ϕ(z)T (x , z)

▶ Factorise further using NRQCD factorisation:
=⇒ ϕ(z) ∼ δ(z − 1/2).

▶ Amplitude calculated up to NLO: D. Ivanov, A. Schafer,

L. Szymanowski, G. Krasnikov [hep-ph/0401131]

=⇒ Collinear factorisation works

▶ Also extended to electroproduction by C. Flett, J. Gracey, S. Jones,

T. Teubner [2105.07657]

Complete 1-loop study of exclusive J/ψ photoproduction at small x 9/31
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Leading order amplitude

Due to the heavy quark in the coefficient function, the LO
amplitude is sensitive to gluon GPDs only:

T µν
LO = −gµν⊥

1∫
−1

dx

x

[
CLO
g

(
ξ

x

)
Fg (x , ξ, µF )

x

]

CLO
g

(
ξ

x

)
=

4παseeq[
1 + ξ

x − iδ sgn(x)
] [

1− ξ
x + iδ sgn(x)

] 2TF

Nc


〈
O
[
3S

[1]
1

]〉
3m3

c


1
2

Complete 1-loop study of exclusive J/ψ photoproduction at small x 10/31



DGLAP and ERBL regions in LO amplitude

DGLAP1 ERBL DGLAP2

For LO amplitude:

▶ Picks up imaginary part at x = ±ξ.

CLO
g

(
ξ

x

)
= FLO

−iπ

2

[
δ

(
ξ

x
− 1

)
+ δ

(
ξ

x
+ 1

)]
T µν
LO = −iπ

gµν⊥ FLO

ξ
Fg (ξ, ξ)

▶ Otherwise, amplitude fully real (PV contribution).

▶ Can fold on 0 by symmetry of the amplitude (at any order).

Complete 1-loop study of exclusive J/ψ photoproduction at small x 11/31
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NLO calculation in collinear factorisation

NLO amplitude has contributions from both quark and gluon
GPDs:

Imaginary part comes fully from the DGLAP region (ξ ≤ x ≤ 1)

NOTE: ξ is fully specified by the external kinematics:

ξ =
M2

2S −M2
∼ M2

2S

Large S (small xB in inclusive physics) ↔ small ξ

Complete 1-loop study of exclusive J/ψ photoproduction at small x 12/31
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High-energy limit of NLO calculation

At high energies, it is possible to relate the real part of the amplitude to
the imaginary part through the high-energy Regge dispersion
relation:

ReA

ImA
=
π

2

(
∂ ln ImA

∂ ln(1/ξ)

)
Note: A = εµενT µν .

Used in C. Flett, S. Jones, A. Martin, M. Ryskin, T. Teubner [1908.08398] and
C. Flett, A. Martin, M. Ryskin, T. Teubner [2006.13857] to determine gluon
PDFs at low x using exclusive J/ψ photoproduction.

To test the validity of the above, we calculate the cross-section in two
ways:

1. using the above.

2. computing the real part directly.

Complete 1-loop study of exclusive J/ψ photoproduction at small x 13/31
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High-energy limit of NLO calculation: Checks

20 40 60 80 100 120 140
W0.6

0.8

1.0

1.2

1.4

1.6

Re_disp

Re_exact

LO, MJPSI=3.1, Hg G-K model, W2=1.03*W1

muF=MJPSI

muF=2*MJPSI

muF=MJPSI/2

Comparison of Re disp/Re exact for scales µF = 0.5, 1, 2.0 MJ/ψ using
Hg G-K model at LO.

Approaches differ noticeably only in first few bins.

Complete 1-loop study of exclusive J/ψ photoproduction at small x 14/31



High-energy limit of NLO calculation: Pheno

Plot from K. Eskola, C. Flett, V. Guzey, T. Loytainen, H. Paukkunen

[2203.11613]

Complete 1-loop study of exclusive J/ψ photoproduction at small x 15/31



Origin of problem for NLO calculation

T µν
NLO ⊃ −iπ

gµν⊥ FLO

ξ

α̂s ln

(
M2

4µ2
F

) 1∫
ξ

dx

x
Fg (x , ξ)

+α̂s
CF

CA
ln

(
M2

4µ2
F

) 1∫
ξ

dx (Fq(x , ξ)− Fq(−x , ξ))


α̂s = αs(µR)CA/π.

Fg (x , ξ) ∼ const, as x → ξ
=⇒ appearance of ln ξ (high-energy logs).

Same thing happens in the quark case, since F
(+)
q (x , ξ) ∼ 1

x as
x , ξ → 0

Large ln ξ contributions are purely imaginary and come from the DGLAP
region

Complete 1-loop study of exclusive J/ψ photoproduction at small x 16/31
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Why large scale uncertainties present?

In the DGLAP evolution of low ξ GPDs, the probability of emitting
a new gluon is strongly enhanced by the large value of ln ξ

In contrast, the NLO coefficient function allows for the emission of
only one gluon.

=⇒ we cannot expect compensation between the contributions
coming from the GPD and the coefficient function as we vary the
scale µF .

=⇒ Hints towards a solution through resummation of these
logarithms...

Complete 1-loop study of exclusive J/ψ photoproduction at small x 17/31
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Scale fixing?

T µν
NLO ⊃ −iπ

gµν⊥ FLO

ξ

α̂s ln

(
M2

4µ2
F

) 1∫
ξ

dx

x
Fg (x , ξ)

+α̂s
CF

CA
ln

(
M2

4µ2
F

) 1∫
ξ

dx (Fq(x , ξ)− Fq(−x , ξ))


Choose µF = mc . =⇒ Large ln ξ terms cancel [S. Jones, A. Martin,

M. Ryskin, T. Teubner: 1507.06942].

However, impossible to move all enhanced by powers of lnξ contributions
from the coefficient function into the GPD (through µF evolution)

Big part of NLO correction from the hard coefficient eliminated, but not
from higher order contributions.

Complete 1-loop study of exclusive J/ψ photoproduction at small x 18/31
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However, impossible to move all enhanced by powers of lnξ contributions
from the coefficient function into the GPD (through µF evolution)

Big part of NLO correction from the hard coefficient eliminated, but not
from higher order contributions.
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Result after scale-fixing procedure

Plot from S. Jones, A. Martin, M. Ryskin, T. Teubner [1610.02272]
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Q0 subtraction procedure

S. Jones, A. Martin, M. Ryskin, T. Teubner [1610.02272]

To avoid double counting, exclude the |l2| < Q2
0 domain whose

contribution is already included in the LO term using the input
gluon GPD.

=⇒ Subtract the NLO DGLAP contribution |l2| < Q2
0 from the

NLO MSbar CF to avoid double counting with input GPD at scale
Q0

Typically power suppressed, but sizeable here: O(
Q2

0
M2 )
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Result after Q0 subtraction

Left: Scale-fixing procedure only

Right: Scale-fixing and Q0 subtraction

Process-dependent procedure!!
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How to stabilise NLO result?
Our approach: High-energy resummation

Our appproach is to implement a resummation of these BFKL-type
logs, compatible with the fixed order computation at NLO, which
avoids double subtraction.

=⇒ Doubly-logarithmic approximation (DLA)

Used in J-P. Lansberg, M. Nefedov, M. Ozcelik [2112.06789, 2306.02425] to cure
instabilities in the total-inclusive-photoproduction cross sections of
pseudoscalar quarkonia and vector S-wave quarkonia.
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Implementation of high-energy resummation

HEF resummation of LLA contributions ∼ αn
s ln

n−1(1/x) at
integrand level to the imaginary part of the Cg (x):

CHEF
g (x) =

−iπ

2

FLO
x

∞∫
0

dq2T Cgi (x ,q2T , µF , µR)h(q2T ),

h(q2T ) =
M2

M2 + 4q2T
.

Complete 1-loop study of exclusive J/ψ photoproduction at small x 23/31



Implementation of high-energy resummation

Resummation factor, Cgi (x ,q2T , µF , µR) in the Doubly-Logarithmic
Approximation (DLA) (in order to be consistent with fixed-order
evolution of GPD) is given by the Blümlein-Collins-Ellis formula
[hep-ph/9506403]

C(DL)
gg (x ,q2T , µ

2
F , µ

2
R) =

α̂s

q2T


J0

(
2

√
α̂s ln

(
1
x

)
ln
(
µ2
F

q2T

))
if q2T < µ2F ,

I0

(
2

√
α̂s ln

(
1
x

)
ln
(
q2T
µ2
F

))
if q2T > µ2F .

=⇒ resums terms scaling like
(
αs ln(1/x) ln(µ

2
F/q

2
T )

)n
to all

orders in perturbation theory.

For the quark channel, the resummation factor is given in the DLA
by:

Cgq(x ,q2T , µ2F , µ2R) =
CF

CA

[
Cgg (x ,q2T , µ2F , µ2R)− δ(1− x)δ(q2T )

]
.
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[hep-ph/9506403]

C(DL)
gg (x ,q2T , µ

2
F , µ

2
R) =

α̂s

q2T


J0

(
2

√
α̂s ln

(
1
x

)
ln
(
µ2
F

q2T

))
if q2T < µ2F ,

I0

(
2

√
α̂s ln

(
1
x

)
ln
(
q2T
µ2
F

))
if q2T > µ2F .

=⇒ resums terms scaling like
(
αs ln(1/x) ln(µ

2
F/q

2
T )

)n
to all

orders in perturbation theory.

For the quark channel, the resummation factor is given in the DLA
by:

Cgq(x ,q2T , µ2F , µ2R) =
CF

CA

[
Cgg (x ,q2T , µ2F , µ2R)− δ(1− x)δ(q2T )

]
.

Complete 1-loop study of exclusive J/ψ photoproduction at small x 24/31



Implementation of high-energy resummation

Useful representation in Mellin space:

C(DL)
gg (N,q2T , µ

2
F , µ

2
R) = R(γgg )

γgg
q2T

(
q2T
µ2
F

)γgg
.

γgg is the solution to the equation

α̂s

N
χ(γgg ) = 1, χ(γ) = 2φ(1)− φ(γ)− φ(1− γ), φ(γ) =

d ln Γ(γ)

dγ

γgg =
α̂s

N
+O

(
α̂4
s

N4

)
,

R(γgg ) = 1+O
(
α̂3
s

)

DLA =⇒ Drop terms in red: γgg → γN ≡ α̂s

N .

Mellin transform maps logarithms ln(1/x) to the poles at N = 0:

1

x
lnk−1 1

x
↔ (k − 1)!

Nk
.
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Implementation of high-energy resummation

In Mellin space,

CHEF
g (N) =

−iπ

2
FLO

(
M2

4µ2
F

)γN πγN
sin(πγN)

.

In x-space, it becomes

2CHEF
⊥g (x)

−iπα̂sFLO
=

1

|x |

√
Lµ
Lx

{
I1
(
2
√
LxLµ

)
− 2

∞∑
k=1

Li2k(−1)

(
Lx
Lµ

)k

I2k−1

(
2
√
LxLµ

)}
, (1)

where Lµ = ln[M2/(4µ2
F )] and Lx = α̂s ln 1/|x |.
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Convergence of HEF coefficient function

Solid: µF = M, Dashed: µF = 2M, M
2

Relatively fast convergence of HEF coefficient function

=⇒ Convenient for numerical implementation
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Implementation of high-energy resummation

Expand in αs (ie. in γN), and go back to x-space:

2CHEF
g (x)

−iπFLO
= δ(|x | − 1) +

α̂s

|x | ln
(

M2

4µ2
F

)
+
α̂2
s

|x | ln
1

|x |

[
π2

6
+

1

2
ln2

(
M2

4µ2
F

)]
+ . . .

▶ LO and NLO terms in αs expansion match the fixed-order
computation in the small x limit.

▶ Scale fixing clearly would fail at NNLO

Quark coefficient function:

CHEF
q (x) =

2CF

CA
CHEF
g (x),
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Matching

We use additive matching:

Cmatch.
g ,q (x) = CNLO CF

g ,q (x)− C asy.
g ,q (x) + CHEF

g ,q (x),

C asy.
g (x) =

CA

2CF
C asy.
q (x)

=
−iπFLO

2

CAαs

π|x | ln

(
M2

4µ2F

)
.
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Attempt in Ivanov proceedings [0712.3193]

▶ He uses a very simple GPD model: Hg (x , ξ) ∼ xg(x) ∼ x−0.2

▶ CHEF
g (x) is expanded in αs .

▶ Vary µ2
F between Q2/2 and Q2/4

Q2 = 10GeV2 Q2 = 20GeV2

Red: Born + 1 term in CHEF
g (x) expansion

Blue: Born + 6 terms in CHEF
g (x) expansion
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Conclusion

▶ Exclusive J/ψ photoproduction at small x suffers from large
scale uncertainties.

▶ Scale fixing provides a patch (”partial resummation”) at NLO,
but insufficient.

▶ Also requires Q0 subtraction.

Our target:

▶ Implementation of GPDs into the calculation (rather than
Shuvaev transform): eg. GK model with evolution.

▶ Implementation of high-energy resummation formula.

▶ Perform matching.
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