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Abstract

We follow our recent review to be published in Physics Reports
arXiv:2212.07793 [16], on tetraquarks and pentaquarks, on the different
direct and indirect approaches that lattice QCD has been employing. We
now focus in the tetraquarks with heavy quarks, and in particular in the Tj..



Introduction: many exotics with some heavy quarks
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Figure: New hadrons discovered at the LHC only, most of them at LHCb, including baryons,
tetraquarks and pentaquarks, plotted as mass versus preprint submission date [56, 75].

» Using the bag model, Jaffe proposed tetraquarks in 1977 [69, 70].
> Richard and colleagues proposed heavy-light tetraquarks in 1981 [3, 12, 116, 57].
> Since 2008, forty different experiments observed multiquarks.



state qnumber smass width decay mode  significance experiment/ lattice

Toc(3874) udeE ? —360+44KeV 48+ 16KeV virtual D°D"* 1554650 experimental LHCb [1, 2]
udes 1+ —23+ 11 MeV 0 - - dynamical lattice QCD [71]
VBS ~ 9 MeV 0 - - scattering lattice QGD [95]
Tees usce 1t | -8+8MeV 0 - - dynamical lattice QCD [71]
Xo. Xi. Tes udcs1*,0° | ~0 - - - heavy quark lattice QCD [63]
Tbs udbs17,0° | ~0 - - - heavy quark lattice QCD [63]
Tbe udbt 1%, 0 ~0 - - - heavy quark lattice QCD [71]
38 + 23MeV 0 - - heavy quark lattice QCD [55]
~0 - - - heavy quark lattice QCD [63]
~ ~40 £ 50 MeV/ 0 - - heavy quark lattice QCD [111, 98, 87]
Tbes usht 17,0 ~0 - - - heavy quark lattice QCD [63]
Thb udbb 1+ 90 + 43 MeV 0 - static lattice QCD [26, 22, 23, 18, 24]
59 + 38 MeV 0 - 2 x 2 static lattice QCD [25]
~189 + 13 MeV/ 4 - heavy quark lattice QCD [54]
~ ~113 MeV. 4 - heavy quark lattice QCD [55, 63]
~143+34 MeV 4 - heavy quark lattice QCD [71]
—128+ 34 MeV/ 4 - heavy quark lattice QCD [79]
~ ~120 MeV/ 4 - heavy quark lattice QCD [46]
—112.0 + 13.2 MeV 0 - heavy quark lattice QCD [65, 64]
—154.8 +37.2 MeV 0 - scattering lattice QCD [7]
~83.0+30.2 MeV 0 - scattering lattice QCD [7]
~103+ 8 MeV 0 - scattering lattice QCD [114, 98]
udbb 0* ~50.0 4+ 5.1 MeV 0 - static lattice QCD [33]
~54 18 MeV 0 - heavy quark lattice QCD [71]
Thbs usbb,dsbb 17 | ~98+ 10 MeV 4 - heavy quark lattice QCD [54]
~ ~36 MeV 4 - heavy quark lattice QCD [55, 63]
87 + 32 MeV 4 - heavy quark lattice QCD [71]
~ ~80 MeV 4 - heavy quark lattice QCD [99]
—46.4 + 12.3 MeV 4 - heavy quark lattice QCD [65, 64]
86 + 32 MeV 0 - scattering lattice QCD [111, 98, 87]
Thbbe uchb 1% 6+ 11 MeV 0 - heavy quark lattice QCD [71]
~0 - - - heavy quark lattice QCD [63]
Thbes schb 1 ~8+3MeV 0 - - heavy quark lattice QCD [71]
~0 - - - heavy quark lattice QCD [63]
Tbbbb = X bbbb 7 | ~0 - - - heavy quark lattice QCD [66]

Table: The tetraquark boundstates, or very narrow resonances [16], showing the experimental
observations (only the T¢;) and the lattice QCD predictions as well and the heavy quark approach.
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Figure: Three mechanisms for tetraquarks resonances to exist-1 : molecular systems, nucleon-like

» The molecular tetraquarks, with an interaction similar to the nuclear physics N-N
potentials are expected to be close to a threshold. They may be exotic.



Figure: Three mechanisms for tetraquarks resonances to exist-11: s-pole, sigma meson-like.

» The non-perturbative sigma-like Mandelstam s pole tetraquarks, occur as
non-perturbative scattering poles of the s-matrix, similar to the o meson.



Figure: Three mechanisms for tetraquarks resonances to exist-lll : new diquark-antidiquark
systems.

» The diquark tetraquarks may form exotic multiplets, they are not linked to
thresholds, this is a novel mechanism never found previously in hadrons.



Lattice QCD is a discretization of QCD,
requiring,

» ensembles of many
configurations,

> alarge volume V,
> a small lattice spacing a

> and a physical pion mass m;.

It uses the Euclidean time evolution of
correlations to compute the energies of
observables.

.
gluon quark

For instance, denoting |O;(t)) the physical quantum state corresponding to the
operator Oy at time (t), it can be decomposed in eigenvectors |v;) of the hamiltonian,
and the matrix element between two operators at different times is

(O2(1)]01(0 202, o e wil (1)

clearly for a time long enough the groundstate dominates this matrix element.



Static potentials and colour field densities

Figure: The tetraquark (4Q) Wilson loop for the
calculation of the 4Q potential Viq [91].

Figure: Lagrangian density 3D plot for a
tetraquark [39], showing a diquark-antidiquark
flux tube.

» The first lattice QCD computations for tetraquarks used static quarks [5, 92, 91].
> The potential V4 is fitted by a Coulomb plus a four-body double-Y potentials,
Vig = —auo{(-= + -) 4 2=+ =+ = 4 L)} 4 ougluin + Cag (2)
g I3 2'n3 N4 3 I

» The colour Lagrangian square field densities [39, 40] show two Steiner junctions.

1.57e-03
1.41e-03



String flip-flop potentials with static quarks

. 1 P> We can have three different, non-orthogonal,
groundstate colour singlets
> two different 11 and one 33,

> the orthogonal colour singlet to 33 is 66
> the orthogonal colour singletto 1 1 is 88.

> The string flip-flop was observed in the

. R N ) tetraquark potentials [91] and in the colour
Flgure. Triple string flip-flop potential field densities [37, 15]
[14]. v el

Lforr,=8andr,=10

Lforr,=8andr,=8 Lforr,=8andr,=12 Lforr,=8andr,=14

Figure: Flip-flop of the flux tube in the colour field densities for the QQQQ system [37].
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» However, the spin-dependence of the flip-flop potential remains to be computed.



Potentials with static heavy quarks for the Tgq family
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Figure: The lattice QCD potentials fitted in Ref. [112, 113, 26], left scalar-isoscalar and right
vector-isovector.

» The family of T, tetraquarks has two light quarks and two heavy antiquarks.

> Lattice QCD used static heavy quarks and dynamical light quarks, quenched
[89, 88, 51, 50] or fully dynamical [112, 113, 9, 33, 26].

» The operators create two static-light mesons [25]
(eMas (Qc(r)wl (1) (Qo(r)ed (12), @)

used the chiral limit [26, 22, 23, 25, 18, 24] and light quarks v, d, s and ¢ [22].



L Our best ansatz for a fit is,

0-en (1))

¥ ’ A (4)
’ We expect:
Figure: The picture of perturbative one-gluon exchange at » at short distances a
short distances and of meson wavefunction screening at large Coulomb potential
distances, shown in Ref. [26]. between the two

heavy antiquarks in
a triplet colour state
3, s-wave, spin 1;

channel a d/a p X2 /dof
scalarisosinglet ~ 0.293(33)  4.51(54)  2.74(1.20) 0.35
vector isotriplet 0.201 (77) 2.48(69) 2.0 (fixed) 0.06

> at large distances

we expect a

screening typical of
Table: x® minimizing fit of the ansatz (4) to the lattice static the static-light
antiquark-antiquark potential; lattice spacing a ~ 0.079 fm wavefunction

» We provide dynamics (kinetic energy) to the heavy quarks in the Schrodinger
equation with the Born-Oppenheimer approximation [29].

» A boundstate with £, = —90 + 43 MeV (—60 + 45 including heavy spins) , and a
resonance are predicted . The quantum numbers for the Ty are I(J*) = 0(11).

» Other tetraquarks such as Isbb, Icbb, scbb, lich, lIct are not predicted to bind.



Diquark-antidiquark and meson-meson in a bounstate
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Figure: The squared overlap o for for several Figure: Comparing the real tetraquark Dd
fixed r distances as a function of ¢ for ensemble versus the molecular BB in Ref. [24]. Fitted
B40.24 of Ref. [24]. The normalized trial states normalized absolute squares of the coefficients
are j = BB, (1 + v0)vs, k = Dd, (1 + ~v0)~s. wpg and wpy as functions of the distance r.

> Ref. [24] used two b quarks frozen distance r for the Ty, a tetraquark bbud,
» and compared two frequently discussed competing structures

> the real tetraquark Dd,

> versus the molecular BB.

» Solving a generalized eigenvalue problem (GEVP) [27], they estimated the
meson to diquark-antidiquark ratio of this tetraquark is around 60% to 40%.



String breaking potentials for quarkonium, crypto-exotics
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Figure: String breaking
with the potential
eigenvalues [11].
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Figure: The matrix Figure: The composition
elements of the QQ and of the bottomonium

Mm potential [17, 21]. state T(10753) [21].

» String breaking needs both two quark operators and four quark operators.

> The coupling potentials, Figs. 13, 15, between two static quark-antiquark and two
static-light mesons have been computed with light u, d [11] or u, d, s [34] quarks.

o Va (f) Vmix(r)
Volr) = < V:i(f) Vi, (1) ) ©

» The poles of the bottomonium resonances [17, 21, 20] are found with a
Born-Oppenheimer approach and scattering theory [38], see Fig. 14.

» Two non-perturbative dynamical extra states are found, in the s-wave and d-wave
spectra [20, 19], both compatible with the recent T(10753) observed at BELLE.



Potentials with static heavy quarks QQ for Z, family
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Figure: Eigen-energies of bbdu system, computed in Ref. [102], for various static quarks b and b
separations. The eigenstate dominated by BB* (red circles) has energy well below mg + mpgs«.

> With the Z, flavour udbb, we have two meson-meson channels, ub = B+*) and
ab = B9 or ud and bb, say =+ and a quarkonium meson such as an T.

» A boundstate is suggested in the B+ _ g channel
[96, 97, 103, 102, 106, 4].

» A difficulty resides in identifying these non-orthogonal, open coupled channels.



HAL QCD non-static potentials
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Figure: HAL QCD Coupled channel potentials [6] using
dynamical light quarks and non-relativistic heavy quarks.

The HAL QCD method
computes potentials with
dynamical quarks [67, 8, 68],
extracting them from the
Schrédinger wavefunction or
the Nambu-Bethe-Salpeter
amplitude,

vir = Lo

= 2me(n)

E. ()

using operators of two
hadrons, composed of quarks.

> Ref. [6] studied the Ty, ,see Fig. 17, with a 2 x 2 time dependent coupled channel
of a BB* pair and a B*B* pair .

> There is evidence for OGEP attraction in the BB*, as with static quarks [25].
»> Moreover, the HAL QCD shows a new evidence for OPEP attraction in the B* B*.



Search for tetraquark resonances high in the spectrum
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» Z; was the first exotic tetraquark discovered, confirmed in several experiments.

» The first lattice QCD calculations [105, 104, 59, 44] used the technique of
comparing the spectrum just with several meson-meson operators,

07O = 2y,¢(0) dsu(0) )
and the spectrum after adding diquark-antidiquark operators.
019 o eapoeapr o' (EpC58c CprviClgr — CpCribe Cpyy5Clr) -

» This technique succeeded in identifying the X(3872) state in the spectrum [94],
but no evidence for the Z; was found in the spectrum, see for.instance Fig. 18.



Boundstate search with non-relativistic bottom quarks
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Figure: Results of Ref. [71] for the T, and Tees, udct and usct doubly charm tetraquark states.
Left panel: chiral extrapolation for several pion masses at a = 0.1207 fm for each of the states.
Right panel: Continuum extrapolation at the chiral extrapolation to the physical pion mass.

» The Ty, fully exotic tetraquark has been studied [55, 79, 71], using the NRQCD
lattice action [109, 78, 86, 10, 32, 47, 80, 81] for the bottom quark propagators.

> All the lattice QCD computations agree on bound T, and Tpps tetraquarks.

> There is still some tension in Tee, Tees and Tppe ONly seen by Ref. [71], see Fig.
19 where Ref. [71] checks the physical m, and the small a limit.

» There is a null evidence for a full bottom bbbb tetraquark boundstate in Ref. [66].



Scattering study with the Lischer method for phase shifts
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>

(cyan line) versus p?. The intersection
shows a virtual bound state [95].

The Lischer technique extracts phase shifts from the momenta and energy of
open channels [84, 85, 84, 83, 82, 31, 93].
In a single channel with two particles, the effective range approximation [45, 90],
—1
K2H1 cot 8 (k) = —- + 1 k2 4 o(k*) (8)
a, 2
with scattering length a; and effective range r;, a pole implies cot §;, + i = 0.
The T, boundstate was obtained [6, 111] in the scattering of B - B* mesons.

The T¢c was studied in the channel DD* [95]. However only a virtual boundstate
pole was found, with Im(k) < 0, for a boundstate we should have Im(k) > 0.



Tyhe case study with potentials

>

In our most detailed potential study arXiv:1505.00613 [22] we only studied
systems with two equal heavy quarks. Now we are staring to study other possible
flavours such as Tpe, Tpps and the T observed in LHCb.

The potentials from lattice QCD can be fitted with 2 parameters, Coulomb
potential strength « and screening length d. u is the reduced mass.
Approximately,

binding if : pad > 0.6 9)
With Tpp, considering mb ~ 5 GeV we get uppad ~ 1.9 and binding: the binding
energy is dmass = —90 + 43 MeV.

In the quark model, we have m¢ ~ myp, /3. This implies
Lbe ~ tpp/2 ~ 0.95: Ty should be bound,
fee ~ ppp/3 ~ 0.95: 0.63, may be bound and actually experimentally is.

The non-relativistic approximation can be controlled by the binding energy and
we get approximately < p?/u? >~ dmass * /2 ~ 0,036, which is fine! This is
OK as well for the Ty, and Tcif the binding energy is smaller
The spin is also a next to leading term in a non-relativistic expansion. We can
include the spin splittings with the technique of arXiv:1612.02758 [25].
Notice the two quarks bb in the groundstate s-wave and colour triplet 3 must have
spin 1, thus Tpphas JP = 17, it couples to BB* and B* B* Channels. But the two
quarks bc may have either spin 0 or spin 1.

_ 1 p* 1 * 1 % ¢
Tpel™ = 5B*D— 38D +WB x D
TpeO = 1BD + ¥2B* . D
thus Tpc0" should have a smaller mass, but the BD threshould should even be
lower. We will know which binds more when we compute it.



Conclusion and outlook for tetraquarks with lattice QCD
Lattice best predictions are the boundstates of the T family, such as Tpp and Tpps. Tpp
is a benchmark for the different lattice QCD studies and challenges future experiments.

6mch: Re(Ecm) —Mpo—Mpx+ [MeV]

DD* &

| 2

30 5 o 5 gﬁﬂ
lat N

; LHCb -

m, =~ 280 MeV ~0.03 %

=

Figure: The pole in the scattering amplitude related to T, in the complex energy plane: the lattice
result [95] (magenta) and the LHCb result (orange).

The Tee, Tpe and are excellent case studies for future lattice QCD efforts.

» The extension of the Liischer technique to several channels and to three particle
resonances is under development, [60, 61, 62], this improves the study of the Tec.

» The Master field approach, uses a very large lattice is used. The One Pion
Exchange Potential should increase, and this is important for deuteron-like
molecules. T is expected to have both a Dd-like attraction and a 7 exchange.

However, for the Z,, Z; ... family, high in the spectrum, with many coupled decay
channels, new technical advances are still necessary to study them with lattice QCD.

We expect Tetraquarks, Pentaquarks and Hexaquarks will become a priority for the
lattice QCD community, with increased precision, new techniques, and computations to
directly address theoretical questions on the properties of tetraquarks, as-in Fig= 23.



1 HH}H“‘U”“‘—‘— i

»‘ :’Hm’ —

lr“lH““M e SR =i ———
S [ —

Figure: Very preliminary results for B-B potentials by PB (U. Lisboa), L Mdiller and M. Wagner (U.
Frankfurt) and M Marinkovic (ETH Zirich) obtained with the open source package for lattice QCD
open Q*D developed by Prof. Marina Krstic Marinkovic (ETH Zirich) et al [36].

CERN

Merci beaucoup pour l'invitation de % @ > m



[1] Roel Aaij et al. Observation of an exotic narrow doubly charmed tetraquark. 9
2021.

[2] Roel Aaij et al. Study of the doubly charmed tetraquark T;;. 9 2021.

[3] J. P. Ader, J. M. Richard, and P. Taxil. DO NARROW HEAVY MULTI - QUARK
STATES EXIST? Phys. Rev., D25:2370, 1982.

[4] Maurizio Alberti, Gunnar S. Bali, Sara Collins, Francesco Knechtli, Graham Moir,
and Wolfgang Séldner. Hadroquarkonium from lattice QCD. Phys. Rev. D,
95(7):074501, 2017.

[5] C. Alexandrou and G. Koutsou. The Static tetraquark and pentaquark potentials.
Phys.Rev., D71:014504, 2005.

[6] S. Aokiand T. Aoki. Lattice study on a tetra-quark state Tbb in the HALQCD
method. PoS, LATTICE2022, 2023.

[7] Sinya Aoki and Takafumi Aoki. Lattice study on a tetraquark state Ty, in the HAL

QCD method. PoS, LATTICE2022:049, 2023.

Sinya Aoki, Noriyoshi Ishii, Takumi Doi, Tetsuo Hatsuda, Yoichi Ikeda, Takashi

Inoue, Keiko Murano, Hidekatsu Nemura, and Kenji Sasaki. Extraction of Hadron

Interactions above Inelastic Threshold in Lattice QCD. Proc. Japan Acad. B,

87:509-517, 2011.

Gunnar Bali and Martin Hetzenegger. Static-light meson-meson potentials. PoS,

LATTICE2010:142, 2010.

[10] Gunnar S. Bali. QCD forces and heavy quark bound states. Phys. Rept.,

343:1-136, 2001.
[11] Gunnar S. Bali, Hartmut Neff, Thomas Duessel, Thomas Lippert, and Klaus
Schilling. Observation of string breaking in QCD. Phys. Rev., D71:114513, 2005.
[12] J. . Ballot and J. M. Richard. FOUR QUARK STATES IN ADDITIVE
POTENTIALS. Phys. Lett., B123:449-451, 1983.

8

—

[9

—



[13] Claude W. Bernard, Thomas A. DeGrand, Carleton E. Detar, Pierre Lacock,
Steven A. Gottlieb, Urs M. Heller, James Hetrick, Kostas Orginos, Doug
Toussaint, and Robert L. Sugar. Zero temperature string breaking in lattice
quantum chromodynamics. Phys. Rev. D, 64:074509, 2001.

[14] P. Bicudo and M. Cardoso. Tetraquark bound states and resonances in the
unitary and microscopic triple string flip-flop quark model, the

light-light-antiheavy-antiheavy gqqQQ case study. Phys. Rev. D, 94(9):094032,

2016.

[15] P. Bicudo, M. Cardoso, O. Oliveira, and P. J. Silva. Lattice QCD static potentials
of the meson-meson and tetraquark systems computed with both quenched and

full QCD. Phys. Rev. D, 96(7):074508, 2017.

[16] Pedro Bicudo. Tetraquarks and pentaquarks in lattice QCD with light and heavy

quarks. 12 2022.

[17] Pedro Bicudo, Marco Cardoso, Nuno Cardoso, and Marc Wagner. Bottomonium
resonances with / = 0 from lattice QCD correlation functions with static and light

quarks. Phys. Rev. D, 101(3):034503, 2020.

[18] Pedro Bicudo, Marco Cardoso, Antje Peters, Martin Pflaumer, and Marc Wagner.

udbb tetraquark resonances with lattice QCD potentials and the
Born-Oppenheimer approximation. Phys. Rev. D, 96(5):054510, 2017.

[19] Pedro Bicudo, Nuno Cardoso, Lasse Mueller, and Marc Wagner. Study of / = 0

bottomonium bound states and resonances based on lattice QCD static
potentials. In 39th International Symposium on Lattice Field Theory, 10 2022.

[20] Pedro Bicudo, Nuno Cardoso, Lasse Mueller, and Marc Wagner. Study of / = 0
bottomonium bound states and resonances in S, P, D and F waves with lattice

QCD static-static-light-light potentials. 5 2022.



[21]

[22]

(23]

[24]

[25]

(26]

(27]

(28]
(29]

(30]

Pedro Bicudo, Nuno Cardoso, Lasse Miller, and Marc Wagner. Computation of
the quarkonium and meson-meson composition of the T(nS) states and of the
new T (10753) Belle resonance from lattice QCD static potentials. Phys. Rev. D,
103(7):074507, 2021.

Pedro Bicudo, Krzysztof Cichy, Antje Peters, Bjérn Wagenbach, and Marc
Wagner. Evidence for the existence of udbb and the non-existence of ssbb and
ccbb tetraquarks from lattice QCD. 2015.

Pedro Bicudo, Krzysztof Cichy, Antje Peters, and Marc Wagner. BB interactions
with static bottom quarks from Lattice QCD. Phys. Rev. D, 93(3):034501, 2016.

Pedro Bicudo, Antje Peters, Sebastian Velten, and Marc Wagner. Importance of
meson-meson and of diquark-antidiquark creation operators for a bbud
tetraquark. Phys. Rev. D, 103(11):114506, 2021.

Pedro Bicudo, Jonas Scheunert, and Marc Wagner. Including heavy spin effects
in the prediction of a bbud tetraquark with lattice QCD potentials. Phys. Rev. D,
95(3):034502, 2017.

Pedro Bicudo and Marc Wagner. Lattice QCD signal for a bottom-bottom
tetraquark. Phys.Rev., D87(11):114511, 2013.

Benoit Blossier, Michele Della Morte, Georg von Hippel, Tereza Mendes, and
Rainer Sommer. On the generalized eigenvalue method for energies and matrix
elements in lattice field theory. JHEP, 04:094, 2009.

Claudio Bonati and Silvia Morlacchi. Flux tubes and string breaking in three
dimensional SU(2) Yang-Mills theory. Phys. Rev. D, 101(9):094506, 2020.

M. Born and R. Oppenheimer. Zur Quantentheorie der Molekeln. Annalen der
Physik, 389:457, 1927.

Nora Brambilla, Simon Eidelman, Christoph Hanhart, Alexey Nefediev,
Cheng-Ping Shen, Christopher E. Thomas, Antonio Vairo, and Chang-Zheng



[31]

(32]

(33]

(34]

(35]

(36]

[37]

(38]

(39]

Yuan. The XYZ states: experimental and theoretical status and perspectives.
Phys. Rept., 873:1-154, 2020.

Raul A. Briceno. Two-particle multichannel systems in a finite volume with
arbitrary spin. Phys. Rev. D, 89(7):074507, 2014.

Zachary S. Brown, William Detmold, Stefan Meinel, and Kostas Orginos.
Charmed bottom baryon spectroscopy from lattice QCD. Phys. Rev. D,
90(9):094507, 2014.

Zachary S. Brown and Kostas Orginos. Tetraquark bound states in the
heavy-light heavy-light system. Phys.Rev., D86:114506, 2012.

John Bulava, Ben Horz, Francesco Knechtli, Vanessa Koch, Graham Moir, Colin
Morningstar, and Mike Peardon. String breaking by light and strange quarks in
QCD. Phys. Lett. B, 793:493-498, 2019.

Boye Buyens, Jutho Haegeman, Henri Verschelde, Frank Verstraete, and Karel
Van Acoleyen. Confinement and string breaking for QED, in the Hamiltonian
picture. Phys. Rev. X, 6(4):041040, 2016.

Isabel Campos, Patrick Fritzsch, Martin Hansen, Marina Krstic Marinkovic,
Agostino Patella, Alberto Ramos, and Nazario Tantalo. openQ*D code: a
versatile tool for QCD+QED simulations. Eur. Phys. J. C, 80(3):195, 2020.

M. Cardoso, N. Cardoso, and P. Bicudo. Variational study of the flux tube
recombination in the two quarks and two quarks system in Lattice QCD.
Phys.Rev., D86:014503, 2012.

Marco Cardoso and Pedro Bicudo. Microscopic calculation of the decay of
Jaffe-Wilczek tetraquarks, and the Z(4433). AIP Conf.Proc., 1030:352, 2008.

N. Cardoso, M. Cardoso, and P. Bicudo. Colour Fields Computed in SU(3)
Lattice QCD for the Static Tetraquark System. Phys.Rev., D84:054508, 2011.



[40]

[41]

[42]

[43]

[44]

(48]

[46]

[47]

(48]

(49]

Nuno Cardoso and Pedro Bicudo. Color fields of the static pentaquark system
computed in SU(3) lattice QCD. Phys. Rev. D, 87(3):034504, 2013.

M. N. Chernodub, Koichi Hashimoto, and Tsuneo Suzuki. Matter degrees of
freedom and string breaking in Abelian projected quenched SU(2) QCD. Phys.
Rev. D, 70:014506, 2004.

M. N. Chernodub, Ernst-Michael ligenfritz, and A. Schiller. String breaking and
monopoles: A Case study in the 3-D Abelian Higgs model. Phys. Lett. B,
547:269-277, 2002.

M. N. Chernodub, Ernst-Michael ligenfritz, and A. Schiller. More on string
breaking in the 3-D Abelian Higgs model: The Photon propagator. Phys. Lett. B,
555:206—214, 2003.

Gavin K. C. Cheung, Christopher E. Thomas, Jozef J. Dudek, and Robert G.
Edwards. Tetraquark operators in lattice QCD and exotic flavour states in the
charm sector. JHEP, 11:033, 2017.

G. F. Chew and F. E. Low. Effective range approach to the low-energy p wave
pion - nucleon interaction. Phys. Rev., 101:1570-1579, 1956.

Brian Colquhoun, Anthony Francis, Renwick J. Hudspith, Randy Lewis, and Kim
Maltman. Investigating exotic heavy-light tetraquarks with 2+1 flavour lattice
QCD. PoS, LATTICE2021:144, 2022.

C. T. H. Davies, K. Hornbostel, A. Langnau, G. P. Lepage, A. Lidsey,

J. Shigemitsu, and J. H. Sloan. Precision Upsilon spectroscopy from
nonrelativistic lattice QCD. Phys. Rev. D, 50:6963-6977, 1994.

Philippe de Forcrand and Owe Philipsen. Adjoint string breaking in 4-D SU(2)
Yang-Mills theory. Phys. Lett. B, 475:280-288, 2000.

Carleton E. Detar, Olaf Kaczmarek, Frithjof Karsch, and Edwin Laermann. String
breaking in lattice quantum chromodynamics. Phys. Rev. D, 59:031501, 1999.



[50] William Detmold, Kostas Orginos, and Martin J. Savage. BB Potentials in
Quenched Lattice QCD. Phys. Rev. D, 76:114503, 2007.

[51] Takumi Doi, Toru T. Takahashi, and Hideo Suganuma. Meson-meson and
meson-baryon interactions in lattice QCD. AIP Conf. Proc., 842(1):246—-248,
2006.

[52] I. T. Drummond. Mixing scenarios for lattice string breaking. Phys. Lett. B,
442:279-290, 1998.

[63] A. Duncan, E. Eichten, and H. Thacker. String breaking in four-dimensional
lattice QCD. Phys. Rev. D, 63:111501, 2001.

[54] Anthony Francis, Renwick J. Hudspith, Randy Lewis, and Kim Maltman. Lattice
Prediction for Deeply Bound Doubly Heavy Tetraquarks. Phys. Rev. Lett.,
118(14):142001, 2017.

[65] Anthony Francis, Renwick J. Hudspith, Randy Lewis, and Kim Maltman.
Evidence for charm-bottom tetraquarks and the mass dependence of heavy-light
tetraquark states from lattice QCD. Phys. Rev. D, 99(5):054505, 2019.

[56] Tim Gershon. Exotic hadron naming convention. 6 2022.

[57] C. Gignoux, B. Silvestre-Brac, and J. M. Richard. Possibility of Stable Multi -
Quark Baryons. Phys. Lett. B, 193:323, 1987.

[58] F. Gliozzi and P. Provero. The Confining string and its breaking in QCD. Nucl.
Phys. B, 556:76-88, 1999.

[59] Andrea L. Guerrieri, Mauro Papinutto, Alessandro Pilloni, Antonio D. Polosa, and
Nazario Tantalo. Flavored tetraquark spectroscopy. PoS, LATTICE2014:106,
2015.

[60] Maxwell T. Hansen and Stephen R. Sharpe. Multiple-channel generalization of
Lellouch-Luscher formula. Phys. Rev. D, 86:016007, 2012.



[61] Maxwell T. Hansen and Stephen R. Sharpe. Relativistic, model-independent,
three-particle quantization condition. Phys. Rev. D, 90(11):116003, 2014.

[62] Maxwell T. Hansen and Stephen R. Sharpe. Expressing the three-particle
finite-volume spectrum in terms of the three-to-three scattering amplitude. Phys.
Rev. D, 92(11):114509, 2015.

[63] R. J. Hudspith, B. Colquhoun, A. Francis, R. Lewis, and K. Maltman. A lattice
investigation of exotic tetraquark channels. Phys. Rev. D, 102:114506, 2020.

[64] R.J. Hudspith and D. Mohler. Exotic Tetraquark states with two b-quarks and
JP = 0" and 1+ B states in a nonperturbatively-tuned Lattice NRQCD setup. 3
2023.

[65] Renwick J. Hudspith and Daniel Mohler. Non-perturbative heavy quark action
tuning using machine learning. PoS, LATTICE2022:061, 2023.

[66] Ciaran Hughes, Estia Eichten, and Christine T. H. Davies. Searching for
beauty-fully bound tetraquarks using lattice nonrelativistic QCD. Phys. Rev. D,
97(5):054505, 2018.

[67] N. Ishii, S. Aoki, and T. Hatsuda. The Nuclear Force from Lattice QCD. Phys.
Reuv. Lett., 99:022001, 2007.

[68] Noriyoshi Ishii, Sinya Aoki, Takumi Doi, Tetsuo Hatsuda, Yoichi lkeda, Takashi
Inoue, Keiko Murano, Hidekatsu Nemura, and Kenji Sasaki. Hadron—hadron
interactions from imaginary-time Nambu—Bethe—Salpeter wave function on the
lattice. Phys. Lett. B, 712:437-441, 2012.

[69] Robert L. Jaffe. Multi-Quark Hadrons. 1. The Phenomenology of (2 Quark 2
anti-Quark) Mesons. Phys.Rev., D15:267, 1977.

[70] Robert L. Jaffe. Multi-Quark Hadrons. 2. Methods. Phys. Rev. D, 15:281, 1977.

[71] Parikshit Junnarkar, Nilmani Mathur, and M. Padmanath. Study of doubly heavy
tetraquarks in Lattice QCD. Phys. Rev. D, 99(3):034507, 2019.



[72] Karn Kallio and Howard D. Trottier. Adjoint ‘quarks’ on coarse anisotropic
lattices: Implications for string breaking in full QCD. Phys. Rev. D, 66:034503,
2002.

[73] Francesco Knechtli and Rainer Sommer. String breaking in SU(2) gauge theory
with scalar matter fields. Phys. Lett. B, 440:345-352, 1998. [Erratum:
Phys.Lett.B 454, 399-399 (1999)].

[74] Francesco Knechtli and Rainer Sommer. String breaking as a mixing
phenomenon in the SU(2) Higgs model. Nucl. Phys. B, 590:309-328, 2000.

[75] Patrick Koppenburg. New particles discovered at the |hc.
[76] Slavo Kratochvila and Philippe de Forcrand. Observing string breaking with
Wilson loops. Nucl. Phys. B, 671:103—132, 2003.

[77] Stefan Kihn, J. Ignacio Cirac, and Mari Carmen Bafuls. Non-Abelian string
breaking phenomena with Matrix Product States. JHEP, 07:130, 2015.

[78] G. Peter Lepage, Lorenzo Magnea, Charles Nakhleh, Ulrika Magnea, and Kent
Hornbostel. Improved nonrelativistic QCD for heavy quark physics. Phys. Rev.
D, 46:4052-4067, 1992.

[79] Luka Leskovec, Stefan Meinel, Martin Pflaumer, and Marc Wagner. Lattice QCD
investigation of a doubly-bottom bbud tetraquark with quantum numbers
I(JP) = 0(17). Phys. Rev. D, 100(1):014503, 2019.

[80] Randy Lewis and R. M. Woloshyn. O(1 / M**3) effects for heavy - light mesons in
lattice NRQCD. Phys. Rev. D, 58:074506, 1998.

[81] Randy Lewis and R. M. Woloshyn. Bottom baryons from a dynamical lattice
QCD simulation. Phys. Rev. D, 79:014502, 2009.

[82] Martin Luscher. Two particle states on a torus and their relation to the scattering
matrix. Nucl. Phys. B, 354:531-578, 1991.



(83]

(84]
(85]
(86]

(87]

(88]

(89]

[90]

[01]

[92]

Martin Luscher and Ulli Wolff. How to Calculate the Elastic Scattering Matrix in
Two-dimensional Quantum Field Theories by Numerical Simulation. Nucl. Phys.
B, 339:222-252, 1990.

M. Lischer. Volume Dependence of the Energy Spectrum in Massive Quantum
Field Theories. 1. Stable Particle States. Commun.Math.Phys., 104:177, 1986.

M. Lischer. Volume Dependence of the Energy Spectrum in Massive Quantum
Field Theories. 2. Scattering States. Commun.Math.Phys., 105:153-188, 1986.

Aneesh V. Manohar. The HQET / NRQCD Lagrangian to order alpha / m-3.
Phys. Rev. D, 56:230-237, 1997.

Stefan Meinel, Martin Pflaumer, and Marc Wagner. Search for b~ b~ us and
b~ ¢ ud tetraquark bound states using lattice QCD. Phys. Rev. D,
106(3):034507, 2022.

Christopher Michael and P. Pennanen. Two heavy - light mesons on a lattice.
Phys. Rev. D, 60:054012, 1999.

A. Mihaly, H. R. Fiebig, H. Markum, and K. Rabitsch. Interactions between
heavy - light mesons in lattice QCD. Phys. Rev. D, 55:3077-3081, 1997.

Colin Morningstar, John Bulava, Bijit Singha, Ruairi Brett, Jacob Fallica, Andrew
Hanlon, and Ben Hérz. Estimating the two-particle K-matrix for multiple partial
waves and decay channels from finite-volume energies. Nucl. Phys. B,
924:477-507, 2017.

Fumiko Okiharu, Hideo Suganuma, and Toru T. Takahashi. Detailed analysis of
the tetraquark potential and flip-flop in SU(3) lattice QCD. Phys.Rev.,
D72:014505, 2005.

Fumiko Okiharu, Hideo Suganuma, and Toru T. Takahashi. First study for the
pentaquark potential in SU(3) lattice QCD. Phys. Rev. Lett.; 94:192001, 2005.



(93]

[94]

(95]

[96]

[97]

(98]

[99]

[100]

[101]

M. Padmanath, Sara Collins, Daniel Mohler, Stefano Piemonte, Sasa Prelovsek,
Andreas Schafer, and Simon Weishaeupl. Identifying spin and parity of
charmonia in flight with lattice QCD. Phys. Rev. D, 99(1):014513, 2019.

M. Padmanath, C. B. Lang, and Sasa Prelovsek. X(3872) and Y(4140) using
diquark-antidiquark operators with lattice QCD. Phys. Rev. D, 92(3):034501,
2015.

M. Padmanath and S. Prelovsek. Evidence for a doubly charm tetraquark pole in
DD* scattering on the lattice. 2 2022.

Antje Peters, Pedro Bicudo, Krzysztof Cichy, and Marc Wagner. Investigation of
BB four-quark systems using lattice QCD. J. Phys. Conf. Ser., 742(1):012006,
2016.

Antje Peters, Pedro Bicudo, and Marc Wagner. bbud four-quark systems in the
Born-Oppenheimer approximation: prospects and challenges. EPJ Web Conf.,
175:14018, 2018.

Martin Pflaumer, Constantia Alexandrou, Jacob Finkenrath, Theodoros Leontiou,
Stefan Meinel, and Marc Wagner. Antiheavy-Antiheavy-Light-Light Four-Quark
Bound States. In 39th International Symposium on Lattice Field Theory, 11
2022.

Martin Pflaumer, Luka Leskovec, Stefan Meinel, and Marc Wagner. Existence
and Non-Existence of Doubly Heavy Tetraquark Bound States. In 38th
International Symposium on Lattice Field Theory, 8 2021.

Owe Philipsen and Hartmut Wittig. String breaking in nonAbelian gauge theories
with fundamental matter fields. Phys. Rev. Lett., 81:4056—-4059, 1998. [Erratum:
Phys.Rev.Lett. 83, 2684 (1999)].

Owe Philipsen and Hartmut Wittig. String breaking in SU(2) Yang-Mills theory
with adjoint sources. Phys. Lett. B, 451:146—154, 1999.



[102]
[103]
[104]
[105]
[106]
[107]
[108]
[109]
[110]
[111]
[112]

[113]

S. Prelovsek, H. Bahtiyar, and J. Petkovic. Zb tetraquark channel from lattice
QCD and Born-Oppenheimer approximation. Phys. Lett. B, 805:135467, 2020.

Sasa Prelovsek, Huseyin Bahtiyar, and Jan Petkovic. Z, tetraquark channel and
BB* interaction. PoS, LATTICE2019:012, 2019.

Sasa Prelovsek, C. B. Lang, Luka Leskovec, and Daniel Mohler. Study of the Z
channel using lattice QCD. Phys. Rev. D, 91(1):014504, 2015.

Sasa Prelovsek and Luka Leskovec. Search for Z; (3900) in the 1+~ Channel
on the Lattice. Phys. Lett. B, 727:172—176, 2013.

Mitja Sadl and Sasa Prelovsek. Tetraquark systems bbdu in the static limit and
lattice QCD. Phys. Rev. D, 104(11):114503, 2021.

P. W. Stephenson. Breaking of the adjoint string in (2+1)-dimensions. Nucl.
Phys. B, 550:427—-448, 1999.

Chris Stewart and Roman Koniuk. String breaking in quenched QCD. Phys.
Rev. D, 59:114503, 1999.

B. A. Thacker and G. Peter Lepage. Heavy quark bound states in lattice QCD.
Phys. Rev. D, 43:196—-208, 1991.

Howard D. Trottier. String breaking by dynamical fermions in three-dimensional
lattice QCD. Phys. Rev. D, 60:034506, 1999.

M. Wagner, S. Meinel, and M. Pflauman. Search for bbus and bcud tetraquark
bound states using lattice QCD.

Marc Wagner. Forces between static-light mesons. PoS, LATTICE2010:162,
2010.

Marc Wagner. Static-static-light-light tetraquarks in lattice QCD. Acta Phys.
Polon. Supp., 4:747-752, 2011.



[114]

[115]

[116]

Marc Wagner, Constantia Alexandrou, Jacob Finkenrath, Theodoros Leontiou,
Stefan Meinel, and Martin Pflaumer. Lattice QCD study of
antiheavy-antiheavy-light-light tetraquarks based on correlation functions with
scattering interpolating operators both at the source and at the sink. In 39th
International Symposium on Lattice Field Theory, 10 2022.

Bjorn H. Wellegehausen, Andreas Wipf, and Christian Wozar. Casimir Scaling
and String Breaking in G(2) Gluodynamics. Phys. Rev. D, 83:016001, 2011.
S. Zouzou, B. Silvestre-Brac, C. Gignoux, and J.M. Richard. FOUR QUARK
BOUND STATES. Z.Phys., C30:457, 1986.



	darkblue Introduction: many exotics with some heavy quarks
	bole Static potentials and colour field densities 
	darkblue String flip-flop potentials with static quarks  
	bole Potentials with static heavy quarks for the TQQ family  
	darkblue Diquark-antidiquark and meson-meson in a bounstate  
	violet String breaking potentials for quarkonium and crypto-exotics  
	bole Potentials with static heavy quarks Q  for Zb family  
	darkblue HAL QCD non-static potentials 
	bole Search for tetraquark resonances high in the spectrum 
	darkblue Boundstate search with non-relativistic bottom quarks 
	bole Scattering study with the Lüscher method for phase shifts 
	darkblue Tbc case study with potentials 
	bole Conclusion and outlook for tetraquarks with lattice QCD 
	References

