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Proton Spin Sum Rule (vaffe, Manohar) 10.1016/0550
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https://www.sciencedirect.com/science/article/pii/0550321390905069?via%3Dihub#:~:text=https%3A//doi.org/10.1016/0550%2D3213(90)90506%2D9

Motivation

1 1
S,(Q%) = %/d:UAE(:E,Qz) Sq(Q?) = /d:EAG(:I:,QZ)
0 0
S,(Q% = 10 GeV?) ~ 0.15 + 0.20 Sc(Q? =10GeV?) ~ 0.13 + 0.26
for « € [0.001,0.7] for z € [0.05,0.7]

(see e.g. 1212.1701v3)

1
Sq -4 Lq + Sq + Lg = 5 But current measured values still short of 72

How much spin at small-x?
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Building blocks of helicity evolution

Dipole picture
of DIS

— Target proton

In the unpolarized case, we work with
Wilson lines

Valz ),z | = Pexp

Uplz;,2; ] = Pexp

s

ig/d:c‘ AT (07,27, z)

Light-cone coordinates: g =L (mo + a:3)

V2

But Wilson lines do not couple to the target proton’s helicity
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Building blocks of helicity evolution

We need ‘Polarized Wilson Lines’

P Ptk P2 P2tk
o o’ . — 0 p
k k]
+ = =
/ / / H \ Ty 5
/
Regular soft gluon o ' .
exchanges Energy suppressed, polarization-dependent interaction

These are Wilson lines with one extra polarization-dependent, sub-eikonal
interaction inserted

(sub-eikonal = 1 extra power of energy suppression)
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Building blocks of helicity evolution

Polarized T - . pj .
Wilson line: me 2gp1 /dm_Vx [oo,cc_}Fm(a:_,g)Vm [a:_,—oo} C % % % k§ % %
z 5 z z
tr { (polarized Wilson line) X (regular Wilson line)T] — polarized dipole amplitude
— target
1 0 proton
G1o(zs) = N, Re <<T tr {VOV [1]1‘} + T tr [VlamVOq >>(zs) D) s ad shockwave

. : : . e Prot
Polarized dipole amplitude: Depends on transverse positions xw( mor;%r?&m
Z,, Z, and COM energy for next step of evolution zs j_
T : \ +
z = longitudinal momentum fraction | \ A Py
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Building blocks of helicity evolution

Multiple types of polarized Wilson lines =) Multiple types of polarized dipole amplitudes

At large- N, we have

Glo(zs) =

2]1\/, Re (T tr [VoV ™| + Tt [ V]| ) ) (2)

i Integrating over

1 triG[2] G2\ 1
10(28) = 2N, <<tr [VO A (Vl ) " (ZS)/ impact parameter
/d2 (ZUO + 1 >G10(23) = G(w%o, ZS) /

2

o+ x : i % '
/d2 ( 0 2 1) 10(28) = (z10)", G1(a3y, 25) + €7 (w10)", G2 (T, 29)
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Building blocks of helicity evolution

- N, s 2
Gluon helicity TMD g% (g, k2) = —¢ - [ dzigeE20 |1+ 23 G (m%o,zs _ 9o
o 2T G T
1
: . 8iN.N d oz, k
Flavor Singlet quark helicity TMD ¢, (z, k2) = — £ /—z/dleoe“—@w 2 =[Gz}, 25) + 2Ga(x3), 25)]
(2m) s o Ty k
.. 2N, 0 2
Gluon helicity PDF AG(z,Q%) = - [(1 + x2 — )G2 (xlo,zs _Q )]
wan Oy R PERYE
N N 1 IIllIl{ Q2 AZ} d
Flavor Singlet quark helicity PDF  AS(z, Q?) = - —1 dz / xl“ [G(23), 28) + 2G2 (22, 25)]
273 z z?
AYs b 10
. NCZJ% " mln{ Q2 AZ} dw?o
g, structure function g1(z,Q%) = - = — / m—Z[G(x%O,zs) + 2G> (3, 25)]
f A b 10
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Cougoulic, Kovchegoyv, Tarasov, - :l:" S homoseneons ( 2 )
Tawabutr 2204.11898v3 Small-x + ce = feem G le’ <8

{Kovchegov, Pitonyak, Sievert} evolution of

1511.06737v3, 1808.09010v1,

161006197v1, 17060423603 POlarized dipole — D 5 , S
amplitudes o o g B e Sl

1
1
0
_|_2 N a b .
111 . eikonal
Double-logar|thm|c = _|_2’ ky P + other eikonal diagrams + c.c.
resumming powers of : & 1 :
2 :!:o
a ln 1 m _ inhomogeneous 2
$ ( / ) _'_ ¢ = " te%‘m Gz (xlo, ZS)
I\ ) v/ ) Vv 5w ] A% )
Full evolution equations (beyond large-N,) +m +"m +* g% R s = <o S
don’t close, like Balitsky hierarchy W o = s o = = ol 4

See Ballitsky 9509348v1, 9812311v1 Elkenal
—|— other eikonal diagrams —'— c.c.
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Cougoulic, Kovchegoy,
Tarasov, Tawabutr
2204.11898v3

asN

dz’ dz?
G(x%m zs) = el (wIOazs / / 21 mlO’mglv 2's) + 3G(z3,,7's) + 2Ga(z5, 2's) + 2P2(m10,m§1,z 3)]

1/sz?, 1/2's
. min{:v%o,m%%} d?
N, d x
D(z2,, 22, 7's) = GO(z2), 2's) + a;rc / ° / 232 [P(m%o, 3y, 2"3) + 3G(x3y, 2"s) + 2Ga(x3y, 2"s) + 2T'a(xy, 23, Z's)]
x

S 2
1/sz, 1/2"s

min{a:"l’oﬁ,ﬁ}

a,N, dz da?
Go(z3y, 28) = Ggo) (230, 28) + - /7 / — 21 [G(x3,2's) + 2G3(25, 2's)]
21

A2%/s ma.x{a:%o,ﬁ}

/ ’”%1 o
222, min{z3, % 2 Az }

I' and I', are auxiliary
sN d "
Ty (z3y, 31, 2's) = G( )(wlo,z s) + - © /

functions (‘neighbor
dipole amplitudes’)

[G(wgz, 2"s) + 2G5 (z2,, z"s)]

A?/s maX{m%o,z,—lls}



https://arxiv.org/abs/2204.11898v3

Analytic solution of large- N .equations

Write both polarized dipole amplitudes as double-inverse-Laplace transforms

dw d wln(zsz?,)+ ln(L)
Gg(QZ%O,ZS) _ /_ _’Y’e (ZS 1()) 2 x%OAz G2w7

271 271

d d wln zsm% In 21 5
G(x%o’zs) — /_w _’7‘6 ( O)'I"Y (:z:loA )G

c w
271 271 Y

Neighbor dipole amplitudes
I'(z%,, 23, 7's) and Ty(z3,, z5,,2's)
depend on an additional transverse separation - complicates things, but still
solvable
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Analytic solution of large- N .equations

"y wln(zsz3,)+v ln( 21A2 > Borden, Kovchegov 2304.06161
(2 105 28) 2102 ) G gy
2me 27rz

1
Gl = / /dv () [

211 s

(sz O

2wy

) — ZGQWI _ agN,

GQW’Y = G2w)'y (

w 4o ;W 16a 4a,
== - = —|1+4/1- 1-
1E4/1-— ] Yo =3 [ \/ o7 w2 ‘

(v=65) (612 +265) ) —2 (vt —65) (632 +26%. ) +86., (65, - G5 )

2wy,

\Q
~Q
E
\2
Q
E
I—l

Note G\ Gﬁ?@ are the double-Laplace images of the initial conditions Ggo)(fcfo, zs), GO (z?,, zs)

2wy ?

T
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Analytic solution of large- N .equations

Resummed Anomalous Dimension

Fix some simple initial conditions: Ggo)(aﬁo, zs) =1 G(O)(w%O, z8) =0

2N, dw In(Lt -1 Q_2 1
Gluon helicity PDF becomes: AG(z, Q%) = 62 _e” n(z)+ n( A2 ) —
o T 271 w

Pure-glue polarized anomalous dimension

L w 16a, 4a, da, 8a’ 56a° 4960,
AWGG(@Z%Z; 1—\/1— 1- = + + + +0(a®

w2 w? w w3 w? w?

Agrees with finite-order calculations up to © (Oéf) Altarelli, Parisi 10.1016/0550-3213(77)90384-4

Mertig & van Neerven 9506451v3
Moch, Vermaseren, & Vogt 1409.5131v1
Blimlein, Marquard, Schneider, & Schénwald 2111.12401v2

T
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Analytic solution of large- N .equations

Small-x Asymptotics
1\
Asymptotics governed by the intercept @r, wmmmp  AX(z, Q%) ~ AG(z,Q?) ~ g1(z, Q?) ~ <—)

L

ey e [ 0 / dw ‘ corresponds to the rightmost singularity in the w-plane

wt
Laplace - parallel to %e fo
imaginary axis, right

of all singularities M A M
028 X

.Y
O/

® ® ® N

Leading contribution

v\ >
<

@
v
@

at small x
QCD Masterclass . . : “A-I- June 2024
Saint-Jacut-de-la-Mer, France The Ohio State University ﬂH@TE 14




Analytic solution of large- N .equations
Rightmost singularity comes from the polarized anomalous dimension: Avygg(w) =7,

w 160 4o
Y1 q/1- 1—
To =g \/ w? w?

Branch point from the large square root

l

4 1/31 | agN, [ o N,
— . . 11) S C ~ . 4 S C
Qajp, —31/3 Re [( 9+4+11v1 ] o 3.6607 o
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Large-N . comparison to BER

Bartels, Ermolaev, and Ryskin (BER) IR evolution equations  (Bartels, Ermolaev, Ryskin 9603204v1)

Polarized GG anomalous dimension

Avoet(w) = — = + + + + O(a?)

w 160, 1-2 da, 8a> 56a  504a;
1—4/1— E
2 w w3 wd w’

w? 1-3%

Compare to us

L w 16 da da, 8a’> 56a°  496a;
Avee(w) =7, = D) 1 - \/1 - wzs 1- wzs - ws + P + w53 T e + O(af)
QCD Masterclass : : : N
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http://arxiv.org/abs/hep-ph/9603204v1

Large-N . comparison to BER

Bartels, Ermolaev, and Ryskin (BER) IR evolution equations  (Bartels, Ermolaev, Ryskin 9603204v1)

Small-x (pure-glue) intercept

o BER _ 174+ v97 | ag,N, ~ 366304 a,N,
h 2 V "or V "or
Compare to us
4 1/3 ch SNC
ap = ——1[Re (—9 + z'\/lll) \ o & 3.660744) =
31/3 27 e 27

Why the (very small) disagreements with BER? No hard non-ladder gluons in IREE (?)
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1904.02693v2
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At large- N. there is a simple relationship between fundamental and adjoint polarized
dipole amplitudes, so no need for adjoint dipole’s evolution there.
- Does not hold at large- N.&N; so we need to construct evolution of adjoint dipole

inhomogeneous

term

Cougoulic,
Kovchegoy,
) j | Tarasov,
-l——z by - .. Tawabutr
2204.11898v3
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z . zio - z
Qa2 28) = QU(h,z8) + B [ & [ iﬁi[ G2, 7s) + 2L(22), 2%, 7's) + Qa3 #'s) - (a:m,.'cn,z’s)+2F2(m10,m21,zs)+2G2(a:21,zs)]+2& [ &

kK 4r
VYsady  1f7s e A3fs 1/2's

min{eh, %, 45}

%él [Q(wgl, 2's) + 2G2(x§1,z's)]

a2
ok 1 2 g )

_ Z a N, d da 2 2 0
T(a}, ady, #s) = QO(al, #s) + % . I & g Lk [20(23,,2/'3) +28(ady, ey, 2's) + Qody, 's)~T(2dy, 2hy, 2'5) + 2Ta(2dy, 2y, 2'5) + 2G2(m§2,z”s)] +5 MJ; 7 1/{, A [Q(%zaz' 8) +2Ga(e3, 2 8)]
8Ty s

S

2 olN; 47 min{win%.xlr} dz
%:' [3G(’:zn 7s) + T(ady, o3y, #5) + 2Ga(e3y, #'s) + ( A )Pz(mma @5, 7'8) = —LI‘(:cm, 3,2 8)] —# f ra f ?: [Q(fc§1= 's)+ 2G2(z§1; 3'3)]
max{ey i)

%5"’.-

Glaly, 28) = GO (a2, 2s) + e f
Vsafy  17s

L R A B

N N T SNy P A g

%’1 |: (zsz,z’ s)+ I‘(zm,msa,z’l 5) + 2G2(9:32,z s) + (2 - Z—N%)Fz(zfo,zgz,z”s) = Wfal‘(mfo’mgz,z"s)] _%L AJ/' % [ 1 %’: [Q(z%z,z”s) + 2G2(9:§2,z”s)]
g max{z}, 75

2 Z
=~ = 7 mm{zfn,zm?}
B(edy oh, 28) = GOl 7s) + 4 [ &

1/s23, 1/2's

—

q z 1
;  minfehZgr)

Ga(ziy, 28) = Gg”(‘”fo’ zs) + g‘n& [ % S E’n [é(mgv Z's) + 2G2(”’§1”°"s)]

T

Mle maxiagn)
z,.-:g, 7 1 .
. N min{z}) 7, 37} . [~ Cougoulic, Kovchegov, Tarasov, Tawabutr
Ty (a2, 3, #'s) = GO (a2, #'s) + 2e & [ — [G(mgz, 2"s) + 2Ga(z,, z”s)] 2204.11898v3
A%/s max{zly, 2o} 2 Adamiak, Kovchegov, Tawabutr

2306.01651
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Helicity evolution at large-N_ & N¢

But the equations on the previous slide are not quite right! How do we know?

Solve the equations iteratively and extract polarized DGLAP splitting functions
=) Disagree with those calculated in MS scheme (and those of BER), with no scheme transformation

between them.

Adamiak, Kovchegov,

MS (small-x, large-N &Ny limit)

Tawabutr 2306.01651 U S
arue= (%) + (%55°)
SN\ 2N asN,
APg(2) = _<4W>NC (47r

asN asN, \°
AP =2 —— 8 ——
6e(2) ( 4 >+ ( 4 ) >

N, N\ 2
APge(z) =8 =22) + (Z22<) (16-0=L
47 47
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— a;N, osN, 271 Ny g 1 .
— - = —_—— ) — *
R < o ) + ( ym ) <2 N ) In s O (a3)

— asN, \ 2Ny asN.\2_ N; .1
AP — (FINVE . g-v¢ K J ]. 2 = 0 3
qG(Z) ( 47 ) N, ( 47 ) 7 N, . z i (as)

— asN.\ [ aN.\*. 51 ]
APGq(z):2< jhr >+O<jl_7r> In ;—F(’)(as)
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Modifying the large-N_ &N evolution

Our evolution contained only contributions where the interaction with the target does
not change particle type, i.e.
4—9,§—q, GG

We must also include the interactions that do change particle type:
q—+G,q—+G,G—q,G—qQ

This is accomplished with a set
of four new transition operators

EEE—

Borden, Kovchegoy, Li
2406.11647

See also: Chirilli
2101.12744
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Starting with
adjoint dipole
(@) here.
Contribution to
fundamental
dipole is

N.- suppressed.

New transition diagrams to include in the evolution
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Modifying the large-N_ &N evolution

New structure emerges at large-IV,.

1 0000000000000

1 — N,
F TR = T
0 .

~

___>___.

large — N,
/e
QCD Masterclass

Saint-Jacut-de-la-Mer, France
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Sum of future- and past-pointing staples

x /d2kLe“—“'£10 gir (z, kZ)

o AX(z, Q%)

quark/antiquark fields
exchanged with target
proton

p— fundamental Wilson line

P\
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Need to evolve our
new structure (only
future-pointing staple
shown here, but
past-pointing
contribution needed
as well)

S (. —+
+¥%//°‘* +<\ﬂ/j+
A - S S | R
+ A, 4

th
.




Modifying the large-N_ &N evolution

/ A 2
Modification to evolution of adjoint dipole ~ §G(xz2,, zs) = — asNy d_z; / da;ﬂ Q(z2,,7's)
(neighbor modified similarly): 4 o T31

Evolution of new _ _ a.N e, dop?
object @ : Q(aty, 28) = Q(wly, 25) — = / S / 5 [Q(31,2's) +2Ga(23, 2's))]
A/ il

Can now solve the modified set of large- N.&N; equations to iteratively
extract the polarized DGLAP splitting functions
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New predictions for large-N .&N; polarized splitting functions

To three loops we predict:

s 24 () (33w (22

asN.\ 2Ny agN, SNy 1
APqG(w):—(éhr)N a 47r> 12 (

a N, a.N.\ 2 5 1 asN,
AP — 2 S (&3 S C 1 = _
Gq(m) ( A ) e ( A ) . T N ( 4 ) (35

a;N, asN, \° Ny 1
AP = — =< ) (162 In® —
o) =5 (%) + (%) (o-23) s+ (5

! 21 4
) 2(1 20 C)ln a:+o(a5)

N Ny
)1 f(35 4N>1n41+0(a‘;)

) ot)
1

3 (56— 11 c) 1n4%+(9(o/§_)

Complete agreement to three loops with predictions of BER (Bartels, Ermolaev, Ryskin 9603204v1)
and with MS after a scheme transformation (Bldmlein, Vogt 9606254
QCD Masterclass . . : “A-I- June 2024
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New predictions for large-N .&N; polarized splitting functions

To four loops:

(Bartels, Ermolaev, Ryskin
9603204v1)
(Blumlein, Vogt 9606254

Us BER
APy(z) = <a4]: )4 7;0 ( N ]]\\;2 > B % AP " (z) = (a;fr\fc ) 4 7;0 (5 o4 x 80 ﬁ) 2 %
APY(z) = - ( ajliv“y 3(150 Zf (1213 _ 224%) In® é APOEER) (5) = _ ( ajl‘:er ) 4 3:50 Zf (1229 2924 ];f> In® %
APY(z) = (O‘j )4%0 (1213 _ 224%) In® % vl ( ) (1299 _ 994 xf> In® %
APgi(z) = (aZch )4 1;0 (1984 549 Z +20 xi ) In’ = APSIEER) () ) i (2016 — 557 Zf +20 zz ) In'

Minor disagreement at four loops, but consistent with disagreement already seen at large- N,
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Summary

Small-x helicity evolution in s-channel/shockwave formalism - novel small-x evolution equations for polarized
dipole amplitudes governing helicity PDFs and helicity TMDs.
Equations solved analytically at large- N,
o Small-x asymptotics very close to predictions of BER, disagreement beginning at the third decimal
place in the intercept.
o Predicted polarized GG anomalous dimension agrees with finite order calculations (to 3 loops) but
disagrees minorly with BER prediction beginning at 4 loops.
Large-N.&N; evolution shown to disagree with finite order calculations, beginning at two loops.
o Corrected by including contributions of shockwave transition operators.
o New evolution eqns solved iteratively. Polarized DGLAP splitting functions extracted to four loops.
m Full agreement to 3 loops with BER, and consistent with MS after a scheme transformation.
m Small disagreement with predictions of BER beginning at four loops, consistent with large- N,
disagreement beginning at that same order.
m Positive outlook for phenomenological applications
New large-N.&N; equations should also be amenable to analytic solution.
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Extra Slides




, — . [yenl aille2 (.. _ [y60 a2le2 (.
Veyora| = 0doq [V 1 VIS (2~ y) + 8, [V + VRS (2 - )
. + 00
VQG[I] = % /dw‘VQ [oo,:z:—]F12 (:v—,g)V2 [.'z:_, —oo]
000 oo
il 9P [ [y V5 (x5, 2) U [27, 27 7 7°] e (27, 2) 2V, [f
T T T Ty 2y Va [00, 25 |t"Y5 (25, 2)U," [y, 21 ] [y 7]aﬂ¢a("’1aﬂ) : [z, —o0]

. + 00 P )
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(U E,y;)\')\) " = Adyx (UgG Hy Ug[ll) bafsz (E — .y) + Oxn (Uffl + U£[2] & (2 - y))ba

sub-eikonal

!

(0S)" = 292 [ o U, [oo, 7)) (F)" (o) (Us [, o)™

s
q(1] ba - 92p-1{- i — r _ — bb’ 5.a _ aa
(UZ ) = 95 da, dz; (Ug [00,25]) " 9 (23, )t Ve [z, 27|y % "p(‘”l’ z) (U [27,—00])"" + c.c.
S 2.2 , G a'a
(V)" = 2L [ dra2(Us oo, )8 (2~ 92" (+,2) - 2 (=7 9) (Uy [+ —o0] )82 (y — 2)
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Neighbor Dipole Amplitudes (Extra Slides)

One step in evolution

of neighbor dipole — = wes
amplitude W%
(1) DLA lifetime ordering ) x%lzl > w%ZZ”
(2) But also have IR cutoff for dipole 02 =———=) T32 < T20

/

VA : .
When a:z > 332 ) (1) is more constraining than (2)
20 21 T

So for everything to be ordered properly, subsequent evolution in dipole 02 (here evolving to give dipole 32)
‘knows’ about dipole 21
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Full large-N. solution

d 1 +1 ( )
ENCHIED) /27rz/ : “’nz”m) T Gawy

27rz

(Extra Slides)
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Full large-N. solution (Extra Slides)

_ ~(0 O e\ (0 o \ +\ (0 ) — (A0 ~(0)
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Analytic solution of large- N .equations (Extra Slides)

Can use the dipole amplitudes to obtain small-x large-N_ expressions for hTMDs and hPDFs (for arbitrary
initial conditions)

2 ~—~ I functions, not
2N, i/ dw dy wln( T>+71n< )22w oy T(w—7y+1) neighbor dipole

ndl G :
o, k2 271 271 omi T'(y—w) 2“’“Y/' amplitude

2 e
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Disagreement with BER (Extra Slides)

No hard non-ladder gluons in IREE

Ladder with rails k1- k2 & k2,

(uncut) rung p,- k, , and

Two diagrams — bremsstrahlung gluon k,
contained
within our Hard non-ladder gluon k, - k,
evolution accommodated at
: % §o- — 3- and 5-point Green
e functions (BER IREE have
¢ — %ﬁ%@w@ﬁfé only 4-point)
% 666@
gamm
Problem at O(a?) (?)
QCD Masterclass eI : . :
Saint-Jacut-de-la-Mer, France ~ &as The Ohio State University HHII]EIHTE U220



Eigenvalues of anomalous dimension matrix

(Extra Slides)

Can solve large- N & N; equations analytically. The pole structure that emerges is

These functions v, , 7, *

1
(v—vs") (v—va™)

()

are the eigenvalues of the anomalous dimension matrix

Eigenvalue of matrix of _|
anomalous dimensions

( Ayg(w)  Ayge(w) )
Avygy(w) Avge(w)

1 1
%) 2 9N, + /N, (49N, — 16N;) | =
2[9 +\/ (49 6f)]w

1
49N, — 16N;) (33N, — 8Ny) + \/Nc (49N, — 16N) (217N, — 80Nf)] —
112

( ) % (49N, —16Nf) {(
+(5)

[Nc (49N, — 16N;)? (225N, — 64Ny)
(49N, — 16Nf 34

Finite order + \/NC (49N, — 16Ny) (76489N — 60712N2 Ny + 15568N.N7 — 1280N7}) ] %
Us A 68412 16896 1024
+0 (as)
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