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10 Introduction: basics of QCD perturbation theory

1.3.1 QCD LCPT rules

1. Draw all diagrams for a given process at the desired order in the coupling constant,
including all possible orderings of the interaction vertices in the light cone time x*. Assign
a four-momentum &* to each line such that it is on mass shell, so that k> = m? with m
the mass of the particle. Each vertex conserves only the k* and k, components of the
four-momentum. Hence for each line the four-momentum has components as follows:

72 2
k= (k+, ’%,ki). (1.49)

2. With quarks associate on-mass-shell spinors in the Lepage and Brodsky (1980)
convention:

— 1 + 0 0= =+
us(p) = T (pt+my’+y 7L B1) x(0), (1.50)
_ 1 + 04,03 2
v (p) = I (Pt =my®+ %L BL) x(—o), (1.51)
with
i 0
1 |o 1|1
T (DR — 1.52
x+1) 7|1 x(=1) 75| o (1.52)
0 ]

Gluon lines come with a polarization vector e} (k). In the A* = 0 gauge this vector is
given by

2¢t kL
el (k) = (0, —%;i,ei) (1.53)
with transverse polarization vector
- 1 ;
e = === . ), (1.54)

where A = %1, Equation (1.53) follows from requiring that ef’ =0ander(k) -k =0.
3. For each intermediate state there is a factor equal to the light cone energy denominator

1

SkY— Y k+ie

inc interm

(1.55)

where the sums run respectively over all incoming particles present in the initial state in
the diagram (“inc”) and over all the particles in the intermediate state at hand (“interm”).
According to rule 1 above, for each particle we have k= = (Ei +m?)/k*. Since the &k~
momentum component is not conserved at the vertices the intermediate states are not on
the “energy shell” and the light cone denominator in (1.55) is nonzero. Note that the light

17:19
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1.3 Rules of light cone perturbation theory 11
cone energy is conserved for the whole scattering process: ) ;. k™ is equal to >, k™,
where “out” stands for a all outgoing particles.’
4, Include a factor
f(k™)
o (1.56)

for each internal line, where k™ flows in the future light cone time direction.

5. For vertices include factors as follows (we assume that the light cone time flows from
left to right).

Quark—gluon vertex (i and j are quark color indices):

a P p+gqo
j J

= =gy j(p + @) #,(q) (1)) i uai(p)- (1.57)

Three-gluon vertex (all momenta flow into the vertex; asterisks denote complex
conjugation):

—igf*e (k1 — k3) - €, (ko) €, (k1) - €3, (k3)
= + (k2 — k1) - €3, (k3) €3, (k) - €5, (k2) (1.58)
+ (k3 — k2) - €3, (k1) €2, (k3) - €7, (k2)].

2 b
& [FRr " (e, - €y, - €1, — €, - &, €2, - €1)
= + facefbde(eh - 6:2 €as E): — €y GL € 6;2)
. fadefbce(ell * 6:2 €y " 6;4 — € €l e;z ! 5:4)] ‘

(1.59)

In addition to the above vertices, which are (up to some trivial factors due to a different
convention) identical to the same vertices in the Feynman rules, there are inslantaneous
terms in the light cone Hamiltonian giving the four vertices below. Again, light cone time
flows to the right while the momentum flow direction is indicated by arrows. Instanta-
neous quark and gluon lines are denoted by regular quark and gluon lines with a short

3 This light cone energy conservation condition does not apply to light cone wave functions, to be discussed shortly, as
they represent only part of the scattering process,

17:19
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12 Introduction: basics of QCD perturbation theory
line crossing them.

B P2, 02 & 3 yt .
= g% i, j(p2) £, (k1) = 1. (k2)
. a Al + b AQ ! ! Z(PT _k;) :
C OO X (% 17 2 i (Pl
P, 01 ks
m, a P2, O -
> - i ]2 :gzu,,”(pp_)y+ (i ttg :(p1)
|- b _ . 1

k % ! X it 1(pa) ™ (Ve oy k(P3) o =
P3, O3 P4, Ty P )
P, 01 P2y 09
) 7= — & iy j(p2) ¥ (1) ji o i(p1)
a b kl+ +k; . pabc %

X — 2 ey
et e (ki — k3 )? e, e
ki, A ko, Az
k3, Az kg Ay
X g — glfabefcdeerz - €y, GL €y
a b kit + kD ki + &)

200 & — k)2

6. For each independent momentum k* integrate with the measure
j‘ dk* d*ky
2(2m)?

Sum over all internal quark and gluon polarizations and colors.

March 23, 2012

(1.60)

(Lel)

(1.62)

(1.63)

(1.64)

Again, standard parts of the rules, common to both LCPT and Feynman diagram calcu-
lations, such as symmetry factors and a factor —1 for fermion loops and for fermion lines

beginning and ending at the initial state, are assumed implicitly.

The rules of LCPT are supplemented by tables of Dirac matrix elements in appendix

section A.1. These tables are very useful in the evaluation of LCPT vertices.

1.3.2 Light cone wave function

An important quantity in LCPT, which is hard to construct in the standard Feynman diagram
language, is the light cone wave function. Its definition is similar to that of the wave function

17:19
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1.3 Rules of light cone perturbation theory 13

in quantum mechanics. In our presentation of the light cone wave function we will follow
Brodsky, Pauli, and Pinsky (1998). Imagine that we have a hadron state |\¥). In general this
is a superposition of different Fock states

Ins,nq) = |nG; {k?', kiL, di, ai}ing, [P}h ﬁji; Tj, 0, fj})o (1.65)
where a particular Fock state has ng gluons and n, quarks (and antiquarks). The gluon
momenta are labeled k,+, ki1, with polarizations A; and gluon color indices a; where
i=1,...,n5. (As usual in LCPT k; = k /k , as all particles are on mass shell.) The
quark momenta are labeled pj , Dj L, with helicities o}, colors o, and flavors fj where

j=1....n,
The Fock states form a complete basis such that

B fdsz,,ﬁ,,q Ing, ng)(ng, ngl = 1, (1.66)

ng.n,

where the phase-space integral is defined by

ng

2Pt (21r)3 afk.+ d’ki 1 a’ apid'pjL
dS2 iy = —
f ot f 2%F 2n)? [ E 2p 20T 2n)

i=1 Aj.a; j=loja;,f;

er(P*ik Zpb) 9% (Pi— kalj__ Z pth.)

51=1 lr=1 my=1 my=1

(1.67)

with symmetry factor S, = ng! ng! ng!. Here ng and ngp are respectively the numbers
of quarks and antiquarks in the wave-function, so that n, = ng + ng. The delta functions
in Eq. (1.67) represent the conservation of the “plus™ and transverse components of the
momenta, according to rule 1 of LCPT. The incoming hadron has longitudinal momentum
P* and transverse momentum P 1. We assume that each Fock state is normalized to 1, so
that {ng, nylng, ny) = 1.

Using Eq. (1.66) we can write

L=Sw f BTo T I | (1.68)
RG.Hg
The quantity
Y(ng, ng) = (ng, ng|¥) (1.69)

is called the light cone wave function. It is a multi-particle wave function, describing a Fock
state in the hadron with n¢g gluons and n, quarks.

Note that requiring that the state |¥) is normalized to unity, (¥|¥) = 1, and using
Eq. (1.68) we can write

1= (v|w)= 3" fdsz,m,,,,q [W(ng, ng)|*. (1.70)

ng iy
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Reference formulas

Table A.1. Dirac matrix elements constructed from u-spinors only. Reprinted
table with permission from Lepage and Brodsky (1980). Copyright 1980 by the

American Physical Society

Matrix element

Value

=1

cr’(p’) + ud(p)

4
o= e

iz (p') _uqs(p)

fig(p") g (p)
P+ pt
ﬁu”(P’)yf +. —ta(p)
VAN
o' (") _ + i Ua(p)
P Yot

2854
2 Sy . = = 2
5:75'W(PL “pL —iopyL X py +m”)

2m . ;
ﬂga.—ﬂ’m [(Pl1 +iop®) — (p' + ’Upz)]

pi{ — iore”p:‘_" pi + icre"fpi
‘sas’ +
pt pt

pt=p?

—sa,wam( o )(a“+ims"2)

Soo’m

p++p!+ pll+l0,p-’2 p1+io.p2
i
4aa’(p!) _uu(p)

y
N

1 :ije i

—ietlo
500,4&_?&
p

i T
+ 85—t 0= (8" +i0d")
) p+

Pj_‘f‘lléfjdpi

oo 4 2

.. - 54—”’(5“ +iod?)
P+

8,0 2(84 +ioel)

where A is the IR cutoff on the integration. Taking the transverse gradient of Eq. (A.9) yields

Here is a variation of Eq. (A.9), for a massive Green function:

fdquei‘}*'f*% = 2miss. (A.10)
q1 X1
d? g
W J3% = 25 Ky(mxy). (A.11)

qi+m?
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A.2 Some useful integrals 309

Table A.2. Dirac matrix elements constructed from u- and v- spinors. Reprinted table
with permission from Lepage and Brodsky (1980). Copyright 1980 by the American

Physical Society

Matrix element Value

Uo(P) s (p) Y.
a,—a’

+
p* ’ vrt

2
IS - .- =)
U (P) -t (p) oot S PL - PLSIGRER P — M)

i+ + 2m
Vet Jp ~Saro T [0 +iop®) + (0 +iop?)]
s, ., (PLoioepl  pl+ioelp)
ﬁg,(p’)y.- U (p) ‘ P '
T il
NV i AR P '
~trom (L) @ 05

Uo(P") s (p)
N
Ea’(P’) S 5 _MU(P) 4ﬂa'(P’)V_Ra(P)

y vty
vV vt Jrg, Vr+
0-1

TP _ o Us(p) i

p'j_—ie"fapj_ dm o . on

e A Rk et
+ - ta(p) s Pitiedop]
—_— g A=

Pr-{- s pz+ pfl +i0‘p'2 pl +io 2
60,—0m—— = 50,:,!0' ( - 4

phpih Pt pr

B, o 4

f’a'(p,)yf vty

1 a,

VP Vot p*
f_fa'(Pr) P+ juo(p)

m}’ly yJ.\/p—+

am .
Byt (81 i)
pt

8o.—or 287 + iceldy

Equations (A.10) and (A.9) can be used to show that

I ]
fdzyiw e g i, (A.12)
Yi(L+ X2 x1 A

Several angular integrals are useful too:
n

d 2,
ot (A13)
(o —10%* 1 —qil

0



