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2.2 Parton model and Bjorken scaling 27

In arriving at Eq. (2.17) we have neglected the mass of the electron m,, to write

d*p' = p?dp'dQ ~ E*dE'dQ,
where €2 is the solid scattering angle. We have also used Eq. (2.3) to replace Q2. Equa-
tion (2.17) demonstrates that the structure functions Wy and W, can be measured experi-
mentally by studying the angular dependence of the DIS cross section.

Note that the structure functions W and W> have the dimension of inverse mass.! It is
more convenient to define dimensionless structure functions F; and Fa, by

Fi(xpj, Q%) = mWi(xg;, 0%, (2.18a)

2
Fy(xpj, Q1) = Wha(xpj, 07 =

5 Wa(xgj, 0%). (2.18b)
m:ch-

All the QCD physics in DIS is contained in F; and F,. We will now attempt to calculate
these structure functions.

2.2 Parton model and Bjorken scaling

To find the structure functions F; and F; it is easier to change the frame in which we are
working. Instead of the proton’s rest frame we will now use a frame in which the proton is
ultrarelativistic. Such a frame is usually referred to as the infinite momentum frame (IMF)
or Bjorken frame. The proton is taken to be moving along the z-axis, and its momentum in
this frame is

IE o P*i""‘“,“,(),} 2.19

in the (P9, P!, P2, P3) notation. We assume that the proton’s momentum is much larger
than its mass, P 3> m. The virtual photon in the IMF has ¢* = 0, so that

gki=a". 4", 2°49). (2.20)

The part of the DIS process relevant for the calculation of the structure functions, virtual
photon—proton scattering, is depicted in Fig. 2.3. Note that, unlike Fig. 2.2, we now draw
the proton at the top of the diagram. In fact, in our normal convention a proton at rest (or any
other target) is drawn at the bottom of the diagram, while a proton (or any other projectile)
moving at high energy is shown at the top of the diagram.

2.2.1 Warm-up: DIS on a single free quark

As a warm-up calculation in preparation for the full parton model, let us simply assume that
the proton consists of noninteracting quarks and gluons, which we will refer to as partons.
As we will see below in Sec. 2.3, this is not such a bad approximation as in the IMF the

! Qur single-particle states are normalized such that (p|p’) = 2n)* 2E, 8 (p — p"). which allows one to see that the
dimension of W*" in Eq. (2.14) is that of inverse mass,

20:55
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28 Deep inelastic scattering

Fig. 2.4. Interaction of a virtual photon with one point-like particle (a parton), as the basic
ingredient of the parton model. As usual, the vertical solid line denotes the final-state cut.

typical time scale of the quark and gluon interactions inside the proton is much longer than
the time scale of DIS. Hence for the duration of the virtual photon—proton scattering we
can assume that the quarks and gluons do not interact with each other. Thus the photon
simply interacts with a quark in the proton. To better understand photon—quark scattering
let us assume that we simply have one free quark instead of the proton. The diagram giving
the cross section of the DIS process is shown in Fig. 2.4.

The hadronic tensor Wy, Tor the interaction of the virtual photon with the point-like
particle (a single quark) has a structure similar to L,, in Eq. (2.11), namely

VA L1
Wit ==L 30 D ) v ) [a®) o w0 ] 5 82 = m})

r=%1r=%1 20g !
Z} / 1 2 2
= 5 Tr[(K +mg)vi(k +ma)n] 5— (k™ —my), (2.21)

q

where k' = k + ¢ while r and r’ are the quark helicities (see Fig. 2.4) and m,, is the quark
mass. Equation (2.21) can be obtained from Eq. (2.13) by replacing X in it by a single

20:55
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2.2 Parton model and Bjorken scaling 29

particle (a quark), so that

a’r’
Z [2](’0 (2:,()3 Z

X=ane particle r'==+1

along with py — k" and P — k. It is then easy to show that

1 &K 1
2m)* 8° —k)=— F m? 220
dm, f 2 any T Skt g k) =m0 (&+af=my), @2

justifying the delta function factor in Eq. (2.21).
We can rewrite §((k + g)* — mg) as follows:

1 Q?
S(k+q?-m2)=68(k-q—0Q%) = s(1- 2.2
(C+qr —mg) =8(2k-q - Q= 77— ) A
where we have used the fact that the incoming quark is on mass shell,
Calculating the trace in Eq. (2.21), comparing the result with Eq. (2.16), and using
Egs. (2.18a) and (2.18b) with P replaced by k we obtain for DIS on a point-like particle

(a quark)
22
quuark (xgj, Q2) = m, Wiquﬂrk (xBj. QZ) = Tf S (] — xBj) (224)
quark 2 Q2 quark 7.5 2
FM™ (xpj, 0%) = —— W™ (x5;, Q%) = Z3 8 (1 —x5;). (2.25)

zquBj

We have used the fact that, for DIS on a single quark, xg; = Q%/(2k - g). We see that for
DIS on a point-like particle the structure functions F) and F, turn out to depend only on
one variable, xg;. This behavior is known as Bjorken scaling (Bjorken 1969).

2.2.2 Full calculation: DIS on a proton

The idea that the actual interaction in DIS occurs with the point-like constituents of a
hadron (the partons) can be illustrated by studying the full DIS process. Let us consider
DIS on the whole proton, as shown in Fig. 2.3. We want to calculate the diagram in Fig. 2.3
using the rules of light cone perturbation theory (LCPT) outlined in Sec. 1.3 (see also
Sec. 1.4). We first rewrite all four-momenta in the light cone (4, —, L) notation. In the
IMF/Bjorken frame the proton has a very large momentum. The proton’s momentum in
Eq. (2.19) becomes, in light cone notation,

Pt == (PT,0,01) (2.26)

with very large P+ =~ 2 P. Quarks and gluons in such an ultrarelativistic proton also have
very large light cone plus momenta. The quark in Fig. 2.3 has four-momentum k# =
(k*’,(;‘_gﬁ_ +mé)/k+,I: 1); we assume that it has a large k* component. We define the
Feynman-x variable as the fraction of the light cone momentum of the proton carried by
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30 Deep inelastic scattering

kiL, x

kuw,r f

Fig. 2.5. Light cone wave function of the proton.
this quark®

X = —, (2.27)

writing k* = (x P+, (k3 +m2)/(x P*), kL.

In LCPT every particle is on mass shell. However, we want to calculate the virtual
photon—proton scattering cross section for the process shown in Fig. 2.3. By the definition
of the problem the incoming photon is virtual, g*> = — Q2. Hence in LCPT we can treat
this virtual photon as having an imaginary mass i Q. The virtual photon momentum (2.20)
becomes, in light cone notation,

22 2
g" = (q+, ‘ﬂq—+Q,§l) (2.28)

with (g*)? = §? — 0? in the IMF.

In the calculations below we will assume that Q7 is very large. First, for QCD per-
turbation theory to be applicable Q2 has to be much larger than the confinement scale
Agcp: Q> AZQCD. Second, for the parton model (which we are about to present) to
be valid, Q has to be much larger than the transverse momentum of any other particle in
the problem. This applies to the quark line carrying momentum k in Fig. 2.3, for which we
have 0% > féi, mg. If, for a particular wave function configuration the upper boxed part
of Fig. 2.3 contains n partons with transverse momenta E,- L fori=1,...,n,then we will
assume that Q? 3> k2, for any i. Note that G2 = Q2 + (¢%)? > Q2 is also very large.

Now let us assume that these r partons carry light cone momentum components k;" or,
equivalently, have Feynman-x values given by x; fori =1, ..., n. We can then define the
light cone wave function of the (n + 1)-parton Fock state of the proton and denote it by
lIJ,{ ({xi, ki L): x, kp3r). The proton has n “spectator” partons (both quarks and gluons) and
one quark carrying momentum k& in Fig. 2.3 that interacts with the photon. This quark has
helicity r and flavor f. The light cone wave function ‘Il,{ ({xi, ki1 );x, k13 r) is illustrated
in Fig. 2.5. In our discussion and notation we will suppress the polarization indices of the

2 The Feynman-x variable was originally defined as x = 2k*/./5 in the center-of-mass frame with k* the momentum
of the produced outgoing particle (Feynman 1969). Our definition here is different, but is also widely used in the
community: it maps back onto the original definition at large x.



