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4.3 Mueller’s dipole model 157

of Xy¢: the resulting cross section does not depend on the directions of ¥y either, since
there is no preferred direction left in the transverse space. Defining

2
dd o . -
n(xi0, e, ¥) = [ d%b f Z‘;‘r" (R0, Fro, b, ¥), (4.89)
1]

we see that this new quantity satisfies

2 s N x2
—n(xlﬁv X1y Y) = - F /‘dzxz""'z_j_gi"
ay pre X3X5

X [r(x12, Xy, ¥) 4 0 (xap, xpe, Yy —nx10, 009, Y21 (4.50)
with initial condition (¢f, Eq. (3.25))

dro?C
n{xig, Xy, ¥ =0) = l;%——ﬁxi (ln i—i + 1) , (4.91)

c <
where x..¢.) = max {min)}{{Xal, [¥roi}
The solution of Eq. (4.90) can be found by noticing that in the angular-averaged case
the eigenfunctions of the integral kernel are simple powers of the dipole size,

(x3) /2 (4.92)
with eigenvalues
N,
22X, v), (4.93)
b3
where (cf. Eqgs. (3.81), (3.74))
I . 1
x (0, v)=2g{;{!)—1,b(§ +iv) —y’r(-z——iv). 4.94)
To prove this we need to evaluate the following integral:
x? iy i i
fdzxg %) l;z [(":22)”2+ + (xgu)llz-m = (xi’b)mwu]* (4.95)

20721
This ean be done by noticing that the integral (4.95) is equivalent to that in Eq. (3.64) with
n = 0. Alternatively, one can use the trick presented in appendix section A.3; in order to
make each term in Eq. (4.95) finite we insert a UV regulator p. After that, with the help of
Eqgs. (A.18), (A.21), {A.24), and (A.29) one can rewrite Eq. (4.95) as

I'(3+iv)

2 2[+'.’J'v
ﬁ[ (% ~iv)

o
; 2 . 2
x2, f dick =" (ln P + w(z)) Jolkxio) — x17 5V In %‘E‘l] {4.96)
g

Integrating over k in Eq. (4.96) using Eq. (A.18) yields
2mx (0, v), (4.97)

as desired,

20:23
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158 Dipole approach to high parton density QCD

We see that, as for to the BFKL equation (3.58), the eigenfunctions of Eq. (4.90)
are powers {though of the transverse dipole size instead of the transverse momentum),
with exactly the same eigenvalues, (4.93) as in that case.® We conclude that Eq. (4.90) is
equivalent to the BFKL equation!

In fact, the substitution (Levin and Ryskin 1987)

PR
st 1) = [ @ (1= 50 o o 1) “98)
1

turns Eq. (4.90) into the BFKL equation (3.58) for the function f (Kovchegov and Weigert
2007b). Verification of this statement is left as an exercise for the reader.

Using the eigenfunctions and the eigenvalues of the integral kernel in Eq. (4.9G), we can
write down the solution of Eq. (4.90) as

[» ]
r(x, Xpy, ¥) = / dvCy(xpg)xj H e x O (4.99)

00

where the coefficient C, (xpgy) is fixed by the initial conditions (4.91) as follows:

1607Cr ! 1~2iu
Colxyg) = T Xy 4.100)
The general solution of Eq. (4.90} is then
o0 .
]6&§CF X0 2y eﬁ,x(f)‘B)Y
. ¥) = y — _— 4.101
a(xiw, xro, ¥) N oK f dv o) Oxamye (4.100)
—0

For x1¢ = Xy we can use the diffusion approximation from Sec. 3.3.4: expanding x (0, v)
around v = ( using Eq. (3.84) and integrating over v we obtain

16a%C T
n(xp, X1, ¥) = mA%—Fx.ox,.‘y /W (4.102)
fu 5

132&10/4‘!'0‘)] -

X exp [(Qp - 1}Y — 132 ()5,

Readers whe performed Exercise 3.5 will recognize Eq. (4.102) as the answer for the
onium—onium scattering cross section obtained there using the standard Feynman diagram
approach. Now we see that a calculation based on LCPT wave functions gives the same
result. Note that the single-dipole distribution #; is only one component of the onium wave
function. This wave function also contains multi-dipole distributions ny, 13, etc. Hence, as
we will shortly see, the dipole approach, while in a certain limit equivalent to BFKL, in
fact contains more information.

® We have verified this statement 50 far only in the case where the angular dependence has been integrated out: we will
consider the general angular-dependent case in the next section.

20:28
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3.3 The BFKL evolution equation 99

x(n # 0, v = 0). We will therefore keep only the n = 0 term in Eq. (3.80) and write

i
t

oG
P dv _ . .
G(ll,ll, Y) ~ f T cxp[asx(ﬁ, WY + 2ivin } (3.82)

-0

here

N
&t (3.83)

T i/I (f -
Expanding x (n == 0, v) around the saddle point at v = 0 we get Lf &\ el ‘+ @ (‘ﬁ (’%) (k b"i }L
-

x(0,v) ~4In2— 1473n?%,  ~ (3.84)

8y =

where £{z) is the Riemann zeta function. Using Eq. (3.84) in Eq. (3.82) we perform the
v-integration, obtaining (Balitsky and Lipatov 1978)

oy ] 7 n?(IL /1))
G(li’li' Y) TN AR IE N {("”’ DY - Gey ] (3:83)

where we have used, for the intercept of the perturbative BFKL pomeron,
4ot N,
T

ap—1= In2. (3.86)

The essential feature of Eq. (3.85) is that it shows that cross sections mediated by the
BFKL ladder exchange grow as a power of the energy:

g~ el gor—l (3.87)

This behavior is reminiscent of pomeron exchange in pre-QCD language (see Eq. (3.20)).
The BFKL ladder from Fig. 3.12 is therefore referred to as the “hard” (perturbative)
pemeron or as the BFKL pomeron. We see that BFKL evolution modifies the energy-
independent Low-Nussinov pomeron, which simply corresponds to a two-gluon exchange
and has ap — I = 0, which makes the perturbative pomeron intercept ap > 1 as seen
from Eg. (3.86). The numerical value of the BFKL intercept (3.86) is rather large: for
o, = 0.3 one gets ap — 1 = (.79, which is much larger than the “soft” pomeron intercept
of 0.08 observed, say, for the total proton~proton scattering cross section (Donnachie and
Landshoff 1992).

Double logarithmic approximation  Let us consider the case /, 3> I . Now In(f, /1)) is
large, and this may affect the location of the saddle point of the v-integral in Eq. (3.80). The
way the saddle point is shifted is shown in Fig. 3.14 for the n = 0 term in the series (3.80).
As one can show analytically and as can be seen from Fig. 3.14, the effect of (I /7, ¥
in (3.80) is to shift the saddle point in the imaginary v direction, moving it closer to the
singularity of x{0, v) at v = i /2. One can also show that the same is true for any integer
n: the saddle point in the nth term in Eq. (3.80) is shifted toward the singularity of x(n, v}
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=\

Fig. 3.14. The eigenvalue of the BFKL kernel x (0, v) plotted as a function of —iv (medium-
bold line) for Re v = 0. The thin straight line is due to the linear term 2ivIn({; /{ } in the
exponent of Eq. (3.82). The boldest curve is a sum of the medium-bold line and the thin
straight line: it represents the complete expression in the exponent of Eq. (3.82). A color
version of this figure is available online at www.cambridge.org/9780521112574,

at v = i(Jn| + 1)/2. However, near these saddle points the nth term in the series (3.80)

scales as
[EH
11

we see that terms with {n| > 0 are suppressed by powers of l’i / li < 1 compared with the
n = 0 term (i.e., they are higher-twist corrections). Therefore the n = 0 term dominates
again and, as before, we can work with Eq, (3.82).
Expanding the n = 0 eigenvalue of the BFKL kernel near v == { /2, we find that
i
v—if2’
and the saddle point of the integral in Eq. (3.82) is then given by

. Sy
PRy . LA (3.90)
2 Y@@

Distorting the v-integration contour to run through vpy 4 and expanding the exponent of
Eq. (3.82) up to terms of order (v — vy 47, we integrate the result over v, obtaining

YR | (@) m
G(fl,zi,y)w%wi Rl ALY B

Comparing the exponential in Eq. (3.91) with that in Eq. (2.143} or, since here we are
assuming a fixed coupling constant, with Eq. (2.159), we see that the DLA Timit is indeed the

x@© v~ - (3.89)

. same when obtained from the DGLAP or the BFKL equations! Identifying ¥ in Eq. (3.91)

with In1/x in Eq. (2.159) and the transverse logarithm [n (li/l’i) in Eqg. (3.91) with
In (Q%/Q3) in Eq. (2.159), we see complete agrecment between the exponents in the two
cases. The prefactor of Eq. (3.91) is different from what one would obtain in Eq. (2.159),
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