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Introduction
Pressure vessels are leakproof containers. 
They may be of any shape: they commonly 
have the form of spheres, cylinder, cone, 
ellipsoids or some composite of them. A 
common design is a cylinder with end caps 
called heads.
Vessels or shells are considered to be 
formed of curve plate in which the 
thickness is small in comparison with the 
other dimensions, offering little resistance to 
bending perpendicular to their surface: they 
are mainly subjected to a membrane state 
of stress.
The membrane stresses are average
stresses over the thickness of the vessel and 
are considered to act tangent to its surface.
Except for limited portions, bending is not 
necessary to equilibrate the pressure, 
differently from what happens in case of 
planar plates.



Axisymmentric shell

Plane curve

Axis of 
revolution
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Shell of revolution: axisymmetric geometry defined by middle surface

Middle surface 
bisecting the 
thickness of 
the shell

Generating 
curve

From section with 
a plane orthogonal 
to the axis of 
revolution



Axisymmentric shell

Plane curve

Axis of 
revolution
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Meridian

Curvinlinear coordinate system  , z 
centered in the point P

Orthogonal 
to the 
tangent 
plane 

In tangent 
plane, meridian 
direction

In tangent 
plane, parallel 
direction
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It defines the position 
of the parallel
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of curvature

Circumferential 
radius of 
curvature

Distance between P and 
the axis of revolution



Membrane state of stress

Meridian

h (thickness)

Axisymmetric in geometry, material properties and load 

Longitudinal or 
meridional 
stress

Circumferential 
or hoop stress

Plane stress state
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Membrane state of stress

Cut line (perpendicular to the rotation axis)

Equilibrium equation along the axis of revolution (1) 

𝑵𝝋𝑵𝝋

By neglecting the weight of 
the fluid and the weight of the 
vessel

𝑵𝝋

This operation has to be 
done once for each change 
in geometry or loading 
along the vessel



Membrane state of stress

Symmetry
no variation 
of the hoop 
stress

Equilibrium equation in the normal direction (2) 

P

𝑵𝝋 𝑵𝜽

Increment in the 
meridional force 
is considered



Example: cylinder

𝑵𝝋 𝑵𝝋

ℎmin =
𝑁𝜃
𝜎adm

=
𝑝𝑅

𝜎adm

Tresca criterion

INTERNAL PRESSURE Cut line 

𝑟𝜃 = 𝑟 = 𝑅

𝑟𝜑

Material limit divided by a safe coefficient



Example: sphere

𝑵𝝋 𝑵𝝋

ℎmin =
𝑁𝜃
𝜎adm

=
𝑝𝑅

2𝜎adm

Tresca criterion

Half respect to cylinder!

INTERNAL PRESSURE Cut line 

𝑟𝜃 = 𝑟𝜑 = 𝑅



Example: ellipsoid
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Example: torospherical
INTERNAL PRESSURE

Toroidal link between the sphere 
and the cylinder to simulate 
ellipsoidal head

Buckling in the toroidal region



Buckling
EXTERNAL PRESSURE The primary stresses become compressive and buckling 

instability can occur at stress well below the elastic limit 
giving little warning of the impending collapse

Elastic buckling in the 
form of two lobes

Deformed

Undeformed pe

Ring stiffeners

Elastic deflection are not proportional 
to the loads: the approach is to 
obtain an expression for the critical 
collapse pressure 



Discontinuity stresses
Secondary stresses are developed 
by the constraint of adjacent parts: 
they arises to compensate different 
dilatations at the juncture of a 
cylindrical vessel and its closure 
heads predicted by membrane 
theory

Cylindrical vessel
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Local bending takes place to 
preserve continuity of the 

vessel wall

Membrane solution

Longitudinal bending stress

Longitudinal membrane stress

Cylinder
Pi

𝛥𝑅 = 𝜀𝜃𝑅 =
1

𝐸
𝜎𝜃 − 𝜐𝜎𝜑 𝑅



Discontinuity stresses
Secondary stresses are developed 
by the constraint of adjacent parts: 
they arises to compensate different 
dilatations at the juncture of a 
cylindrical vessel and its closure 
heads predicted by membrane 
theory
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On the contrary, in the emispherical
head, tension is induced by the 

extension of the radius 

Membrane solution

Stress due to shortening of radius

Hoop membrane stress

CylinderPi

𝛥𝑅 = 𝜀𝜃𝑅 =
1

𝐸
𝜎𝜃 − 𝜐𝜎𝜑 𝑅

<0



Other

• Corrosion

• Stress concentration

• Weldings

• Bolted joints and gaskets

• …

• Fatigue stress

• Temperature 

• Irradiation damage

• …



PRESSURE VESSEL - EN 13445

Part 3: Design



EN 13445 – Part 3
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EN 13445 – Part 3

ℎmin =
𝑁𝜃
𝜎adm

=
𝑝𝑅

𝜎adm

ℎmin =
𝑁𝜃
𝜎adm

=
𝑝𝑅

2𝜎adm

To avoid plastic 
buckling

To avoid 
yielding

INTERNAL PRESSURE
Membrane theory

Pi +



EN 13445 – Part 3

Reactive force Load from pressure



EN 13445 – Part 3



Thank you for your attention

Prof. Martina Scapin
martina.scapin@polito.it
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