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let w=A4° be He Phol—on energy in e com, s)/shm.
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We considec 4 reactions (14 and (4.2) cn QD plus Leading

ovrder An elech‘omagmh}m. We use on@y exact QF T methods
,f/yl_ f}ﬂ‘}g /YTOLMQWOT’I&.

@ Qner%y - momevtf um OOY\S&Y‘VCL‘E c'on)
® gouge ivwiu:ance)
o invanance undu pcmd:y (P), ohqrg,a C,enjuga,{:ion [C)/w,w(

time reversad (T),

® jhe gen@ralfseol Waol iolewﬁtlc)/ %w He pron ﬁc'eeols, whedh An A €D
are eomposite docal fields,

& anafyHcijc/v Pm‘,erh‘eg Ofﬁ amplt%uoles, (. parjcicular Hie
Landom conditions,



2 Kinematics and phase space
We start with $e elastic neaction

T Cpa> + Cpey —> 17 (pa) + T°(p, ),

Pa + pe = Pr+ Pz

We set as wusuol

(2.1)

5= (Pat pe)° = Coet p2)?,

= (pa- Pa Y = (Pe-p2)> (2.2)
We Look ot +he veockiom (24) in Hhe com, Sysl—em amol coneider
o ,{theal value crﬁ He com, energy sc)Mqred <. Thew e Qnergc"es and
absolute values of e momenta are fxed. For a given tnitial
cenfégmrdiel@w wR Can O’nly vacy ?): = 'Y‘)“/Iﬁ'] 7 H)ueflm& vector An
divect ion of 64. The phaSe space As e untt SPLLQ(@‘



(2.3)
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Now we %O ‘}‘D -W.Q Iu,act(bm_ wL"WL P['LDL'OYI Jla.oua’i’l:OVL

T (Pa)+ T(pg) —> T (p/y + () + y(k g),
Pat Pe = p/+ pf+ k, (2.4)
Hef‘é gie Se,'[f
A = (P“+ Y)&)Z = (P,’/'i")zl“’ L()Z/
L, = (po-p/V? = L/ 2
P P4 ) (PG Pz’l‘ )/

A = (P p) = (pampl- k)7, (2.5)
We shall constder real omd virtual \ohol:on emt sslort and RO
AP0 , & 20, (2.¢)
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e sencin (1) o vl oy W st
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/& PZLLS ‘1’6\2_ ‘u.m'l: \/ec/{'b'r F/)\”/ = ﬁ//l?4'|~

Phase space ot (2.9) = § (%, ﬁ,’)) 4 € part o R, lﬁ'}:i}.
(2.7)
We see s ws{l/ by Cmsid?f"ﬂg (2.9) Jor given k in the rest
$>/stem Kﬁ Pa pg— k = P4 cJIn s S/slem P., and ,9 are back
to Aack with $ixed Ip4 | = 1le The dhl)/ freealom Left s 4o vary

pi An a“)’ direction, The same is then also brue in #re com. system
A’F k As small e.VLOugk




3 QFT omalysis of 77 —s7m and T —>TITY

We consioler the reaction , both on-shell and off chell,

TT_—(F“) t Tro(ﬁ"&) — s ﬂ_*(ﬁ"\_"_,lro(ﬁ)

(3.1)
TI-_(PIQ)\ — - - :..l
————— {/\ s T (2 3PS
T°(P8) — ()
We boe always emers/ ~ Ynoment um conservatiom
Pat Pe = Pt P2 | (3.2

Jn nelations which old both on- omd off shel) ive deviote

a

/WthW(Ql/Lﬁa. /@vy Pa, e, P; .



P(S l(c'/nema%ic_ va,ar?auézes AVe /gmve —Hhe MAsSECe cff %/’Le)/i'ngeneraz

off shell, pions, an energy and a m0memﬁum+rancf&~ variable.
~ ~ o~ ~N N il ~ ~ 2 ~ ~ 2
V = PPyt Prp. £ = (pa»-,o,,) = (P )",
A ~ 2 (A ~ 2 2 S 2 Z ~
Mo = fa Mo = Pe ), My =P m, = Pzz.‘ (3.3)
FoZZOW‘.Vlg Low AIE U Se /&ere v A)«sJ'eao/crﬁ Mawe(e&%amls vmrfa@Ze
- _ ~ A : 2 | "
TV gl g em p? (3.4)
_37’13 Scaﬁ'ém'ng owvtplifude ¥or rr"ﬂ‘”ﬁ\ 1,—““—0 Lan onl/ O(Q,oend
on e above vartables

TP P BoB) =M (5,8, ml mi il m2) . (a5
FOFVL&& on - sl«eeé aW\IoZZzLuo(e we have
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T(P“) Pe ., P1., Pz)

= 2 2 2 A
on shell m (v, t/ WMot M ) M, M)

= m”"’[v, t).
(3.6)



Now we come to the ,ol«ofon—- emisscon reaction {on shell)

TP+ TR —— Ty e T 4 y (RE) gy

Wl’leﬂ‘-’— we kave /fr-oyn energy* momen{um Comser\/a‘tioh

Pat pe = p'+ pl + A, (3-8)
Note that «for A& + 0 wemust have a clacmae of P Pz |
from the values Pa, pa for 4=0.
The am)olcf:uole »f—o'r the above Teactlon ALs

<Yk, T, T(piy | T tpa, Tpeyy = &2 M,
In Hhe -
P)to’icms

(32.9)
followinﬁ we eonsioer m/\ ,for nmal and timelike virtuolf

m) = mA (Pa,Pe)P'(/)le)&) P /&ZZO/ %OZD- (3,’!1))



Diagrams for M
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With e 717 — 1T off' shell ampli{:ue(e, oo plont pm'aaga{‘or-,
and the ymm vertex we gef /m)»: m;a’)_,_ m)‘6>+_ .m;c)

) where

() )
M, = -e m” A[(Pa’k)z] r'm (pa= ks pa’)

() _ _ /¢
m T(Fa L}PGIF-I) FQ_ ) !ow shell
= M (oot ) 1 (2
[Fa )P€)+P' PZ) (PQ“PQ_)) (PQ’L)Z; 'Wln.zl Wlﬂ-Z’ M.r.z-} )
@ F (3.12)
> T e D p) DGt Mm@ |

%)
M= T (pa, pe, gl ko pl)

o—% shell

——
—

m [pq- pe + [P;,/’fk P ), {V{’Pz[ )z) WWQ) wme (pﬁ—i«)z, mﬁ]

(3.13)



We shall mow wuse the Best tool from RFT: gauje (nvariance,
With Huis we 3@% Mo Ward = Taka hasht xjcle,,ut;,g),

g / % 2 i 2 |
(=) 15 (6 py = K'(p'2) = X'(p2) (2.44)
and He condition
£ [m® + m® ; 'Wlic)’:\ = 0,

As o consequence ogf these ase {ZCwol

( 3.‘15)

A (c)
A1 = —em® pem? (3.16)



4 Soft photon theorem 1.
In Huis section we shall give the expansion of He amplituoe

M, around He phase-space point (k=0, p'=p1). In a small
neighbourhood of this phase-space point we set:

ﬁ', = f): - £4,L/’P:‘ ) ’e“..L’ ﬁl =O ) ’&)24_1_:0(0)).

. ¥4
-.TI’LL.S ’VlQ:ah@OleLOOOl hos 6 O){YY\QWSCOVIS-SCLLQMQHCQ,U)/ ( )
we frepr'esemf it as 'JQOUOWS;
f Below we shall S{'u,o{y
AN
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For (4£=0, /é:_;_ =0) we have He kine matics O’f; e nepclon

without yadiation , T (payt T (pg) = T (p. )rTTo(FZ) . For (k, Z._,_)
we have He kinemakes of PkoJ—on radiafon with

/

e = p,,”)€4 ) P::"‘ P{‘jz, (4 2)
bt 2, = L,

¢ A M’L um ocoevt S-Q)'L\/Q%C:OVI.
os waed’ J&y NGy mowe
Pe + Peo = P"/+ P2/+L = pa+pPz.
Working 4 He com system we find R
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Now we come To +he expawmsion "ﬁ he amplituoe M, for =0,

To e preuse we se,f) in Hie com, sysl—em with w >0:

1 -~ A = =
beo(3) i dsBy ) 1) oo
(4.5)

We L<eep Jf and /éj“_ ,ftxeol and consider the expansion of the
nadiative ampli%uole «for' w — 0. That {s, we considler m, on
& oy 9%0\»&'\/\3 of He ovigin An e phose §y>ccce)£(&, Z_L )} .

04 course, we shall gef a Laurent expansicn Jfor M, .

Ne illushode thes for e term T,




A
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My = = T (pk, pe, pl, p Vogpanat DLk ?] T (arko ), gy

Tleckopspi )] 0= M [k por+ (e, p0), Cpe-pitll ),

(P k) 'W\.“-, 2 2:) (1{.'})
F’T‘OM 'L&E %e,vxemh S(’,O@ Word w!evdxb/ MmEe /ﬁcne{ 3%{‘ w—0

z (2pa— k)a
[(P"‘ L() ] rl (PO- 1\0&) __2qu+1( @(w)' (/“icB)

Jo get M5 Lo fhe orders 165 anol ® we need M Jo-the orders o ang o,

o‘RL shell




Th(s @KPQWSL‘OVL o’ﬁ m,: 3 LS Slvak%kf‘«fmomo(, fwmem@erc’nj f’ﬁafé
A&, Ly, A, are all o’? order w.

()

reafu/»(g AN M\AS WO—)/ ’VY\)‘ @va{ YYI)\ anol deeranng m 4_0

He ovder w® ]ﬁrowx Ha gomge varcance CO W’{A‘hm (3 16 )

we getb r
the case c(ﬁ e ol Fho.ﬁm amission, &5- 0, e «f UOWWLg gt
/ol _ _fg-_> _ fj'_;\,__ (om)
mA(PQ/P&)P“PZ)L()” € By k]m (V t)

_ P&‘l‘ 3 own

2e [ ~pa )z MO0 )
o [Fer P I

Ze Pa't" - P“.k_}[(Pq’VA)L)“(Pa‘*@l)J ﬂm ('Vl'é‘) +0//¢J).(

“.9)

We con, {«OY‘ COnst!'ewcy) s}-f»@@ !&Ypancf

/
__,P:._?'__. _ (P,{" 207 _ _EL&— N —:L_
P4{‘L( @4’_2’“ l‘) Pd‘k (ij)z[P"A (14‘1< \) - 4@4,\ (P4\L )] ‘

(4.10)



Th(s %Zves us our fimal vesult for nead Vlwhm emission

Pa i P12 (ow)

mA(Pa,Pa,p:)PZ‘;L()—; % 'P’;‘"’"a‘"‘]m ('v,f) ‘5.4

/I (on) ‘
e G [Pk L (k)] M, 1)
.l( (On)
~Z¢ | pan Pi - P&,\] M (v, t) W’
P"‘)\ PA'}\ (on)
‘Ze[(Pa P,,)l() [Pa_f )][.__..__. - P )‘ 9{, m ~,t)
Loy, (4.14)

v= 4= ZW"; ) t = (?Q'PA)Z':‘ (P@"Pz)z,
WiHe (4.1) we have gt'ven He Lauwvent p)cyaamsiom o M, Yo H ovolers o !
and w® around e phase spase point  (4=0, U_,o) Cm@syamd,mg Jo k=0 P4 P“PLP



(on) .
The am,;Zz tude M (5,t) comesponds fo the Lasic process
T~ (pad+ To(pe) —> T (py)+ T (p2).

The pole term > w™! in (4. M) x4 @(QC%Z)/ Weo‘n@erg 's
soft = phaton term. He writes

! Hence Jtﬁm_ e%ec?: o*ff aﬁackc‘nj ané saﬁf’ P}uﬂ:on /@'me ,[:0 are
af/e'ljfr‘ai‘)/ alfagrf'am ,Cs sfmpl)/ }f‘o Suppey an e)<1Lra /,ﬁac’td)",

5 e rut [z -iguc )

U

'H«g suwm n.unm‘wg svey aﬂ @(qter(/lov( ffneﬂ (n Hae ongIvm) d[agmm,

Hore »vl,n = +4 (44 )f@rqn ou%oing (/{ncomfnc() ) chargea{ ()WL‘}'L’CIQ.

In our work we have glven e mext +o Zeag{mq term, O/ur®),
to W&n@erié polg terpn,




5 égﬁf Phofon theo rem 1T

1 .
Now we want to discuss Low s version oﬁ soft “phozlon theorem.

Ozﬁ course, as .S({‘arl.'[wg pofni Jhe congiders the aUagmm_c (@), (4), (c)

'?OT' 'ﬂ% « He also uses iz %enerah‘seof Ward i"le%f?‘f/ which 3ave
us (4. 8) for A [ (VQ-L«)"J r; (Fq_—-k) Pa) . Covtsiolerdng only
reall pheton emission we have Him /?mr m;“’ (.see eg- (2.4) of Low )

@
m) = e m[(r)q:—kl P6)+ Pd)'PZ/) (Pcdpz/)z) :;(Pa—l")z;ma mz m?_ "ng\_ ¢

/O w) Tyt <k

Now Low ex Pcmoos M wite ﬂo,speci' ’/:o_k keepc'ng P,"omo( pé/ «ﬂ’xecl.
Thal £s, he expands with respect to k which £s explicit b e elosen
J'garameb’(fsafion: TJn Hals wa), we jet :

7Y



Pa > (on) . )
Gy LM Lpaperplpl, Cpo-pty?)

m;m(pa, pe, PP k)= e
d . (0h) /o "
- (P“’H'a’;m [Pa'ﬂ: TP p, (pe-p )J

"Z(pa'k) B"v%'i 'V)’I[fa'VﬁPJ‘Pz/;V":;‘“é“"«t/”‘é]} o } + D(L) .

m=m>
- (5.2)
Note am impertant point: whereqs 4he &pansion of e scalar funchion

™ML ] wilh respect fo k kQ@pc‘mg S and pz/ /QJXQO( (s COMpze{'e[)/ fegc‘#fmaﬂ
(
and @ usual fzxpansfom, ‘U/H:S S ’nol: Hwe case ﬁ‘f‘ T)’IA“’, V\/@mu,sf:
mmemggr -é&,e ener%y - MO YVIIQVU[IUL:V\ causer\/aﬁ_wn: (5‘3)
Pat pe= pr+ p+ k.,
Keeping b ond p/ 4ixed, also k <5 fixediand (5.2} makes sence or ly
-for this ome value oﬁ k.




)/
26

(§) (c)

NOW we Can i’t‘@a{' mA in Q Swm(at‘ cJa)/ ano{ “hg.é’,l/t ole,termme m

&ppmxima‘fely fmm “M\L gwgeq,mvarcance /CQMO{(J'LOV! (3*46)-7’[1@ fy-eguéﬂf Ls
Low ’s ?ormu(la (eﬁ (2.16) of Low ):

/

/ Pa Ps A (own)
Mo lpespepiplk) = e[ o0 = -0 Im™,

Pa‘l’( P«' L‘ il)
_ Pe- k p,_/-k (on)
Q[Pﬂ falx + P4/A k ~ Pex~ Pa/\lavm ["L)fz> *&(“)j
here (5.4)
\)L: PO“P{"“P‘T/'PZ/: ’S"ZW\T? - (Pa+P&)I‘);
b= (p- ADIN (Pa— o~ k)" (3.5)

We em P(aa,gfya again that (5.4) is met an expanswn o*ﬁ M, around some
Phase—space Foin‘t The o b, o of (5.9) gives an approximate @(presffm
—1801’ m> ak a 9(\/6% plfLaSE"Space pdcni’ % p PZ ) [(



We car. use (5.9) Onzy Pm” one value 012 k = P"‘*P@’Pfl/’ Pz/'
12 we wse (54) at « Jiﬁarenf value of k we wiolate 2n2ngy

fmomenfum conserv azéc‘on

fu:-ﬂaermore ‘I’ﬁi /feadcmg aVP'rD)ccmaHon i (5 '-[) 01025 Mo{' gwe wha}’

AS %‘@q&tewf@y ca,ueo( Low £ éﬂleérem We See 4@\45 @esf: '@')’ censwlemmj
the aeactions
T (pa) + n*(lﬁg) —> T (p/) + Tr+(Pz/)+ vk £)

T (P> = T (pey — T (pay + T (p2 ).

(5.6)



Accoro({ng to Low we get

/
P Pid } (on)

NI e[m“ Pk v, 1,)
el FE?CHY"(D"&,L) + O(wey,
LE S 2mI (parpy, k) L= (p-pl Y, 4= lpe-PL Y7, o)
/%ccordc'ng to W@fn@arg we bove ;see (Y.12),
AN L S NS

VE=AS—Zme 1= (pampy = (pp-padt (5.3).
Léw).s fOrmuQOL (5.%) cjfves dnarx)rox(ma(re eXpression -ftrr M, ab one %L\/en Phage-—
space poimt. Wefn@erg/s Lormula (which &s frequently but Aucorrecty called Low's
Heorem ) 8¢‘ve s pole term cf Ho Laurent b(y)omsn'om o*f 7')7,\ amum{ ‘WLQ Pﬂiuf Pil"PL/ Je= 0.
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Let wus 39 hack to m e — T + WO+ X In (5,‘1) we have
Low’s formulo which gives us an approximate expression for
m) af a %L\/en Pkase - s‘oace p@fnf. We con cevxshuc,\f, ASs we o(fof ‘n
Sec 4, Hae CoerS(wnoh'n? expansion of Hls a.ppmxiwmle eXpression
around Hhe pkase— space [)oinjc (k=0, /p\.. ). jnserfinj An (5',5,)

/

P = pmda Pz,“ - 2z )Crom [4.2) we 39,1‘,

oOwn)

(on)
M (v, h)y=-Mm " [v- (patpgrk), t - Z/KP,,:p,,,k)—Pa;&)} + Olw?)

_ (on) ; (an)
_ ~ , p) ~ 2 ((©n
m Gt - (pn pe,k) 5 m 6t) Z[(pa'pul«)—(a‘&}ﬂm (v),t)
+8('wz))
(5.9)

NP



/
Pa> 12D on
m [FQz 06, P4/ ()l) 1“} = € ’X m( )('V,‘£>

PG- P;‘ b

(on)

Pg -k 2
”Ze[Fm ke PM} ov k)

fa' k
e [ P2 "
be ["7':17 e k)[(Pa pok) = ()] 53 MG b 4 Olw).

| (510
Th«'s s iodenttcal +o our meswlt (4.9) and fmm there we can 4

go om to (9.41) using (4.10).

jn ,}Qgg Way we [,La\/e 95\/Q|¢ Mw 7‘62a£iovt /@ef ween Low /5 @rmula
and the Laurent sewles (Y.44) where the )DOZ@ term o ™ s

%Evew /67 \/\/Q,Cv%er‘g {s Soff" ph,o{—OV\ ffie brem anol *Ww_ %@dﬂ]’o geaclimg

ferm ot w?® /@y sur calculatlon.




6 [onclustons
WQ kcwe al,c‘scuSSeol the rreac,kions
T (pa) + T°(pgy —> '\T'(p,,) + _‘TO(PZ))
ond

T(pe) =+ Wpe) —> - (p) y+ T+ ¥ (k8)  (6,2)

Jor k> 0. For small enou%k k e phase space OF (6.2) is given
/67 { (/fe, ﬁ»{ )5) where we consider fﬁe com, sysjrem and
f54’ = ﬁi//li);,(l \/cm,'es ovexr %ﬁe 'wnif sphere. We sef lce = w,

(1) JIn Sec. L/ we have gfven .}ﬁl Q){Pa.ngi,O'V\ o’f H’\a amfl:f{:ude for (6.2)) m’\)
CU‘OUMO‘ e Fhase-— SPace \oaln'f (kz 0) f>\4 ) C'Drres\oonaeu‘mg to %e @QSI'C

elashe process (6.1). This &pansion is a Laurent series. The ,oole term
o< w4 %ivem @y Wein@erg % versiéon of the seft —photon Heorem ,

We have CQ(CuPafee@ Ko nextdo Qzaol[nj term ol W° of %‘s serLes.



\,,) it

(i) Low’s version oﬁ Hoe so%" P%a'l*mm theorem is mot an QXPanSL‘OVLd{?
W,S M'nol /gu," 83\/(23 an awroxfmafe MPFQQSCOV\ *QDY’ mAa,ta g:\/@m
phase - space point. What 4s /F«’equenﬂ)/ called Low’s {heoyem 4s 4
,mz,a'l(%); #e soft photon Hworem 4u Hae version of ll\/ecwéers)- cee (Y4.12).

(ii0) In ouc previows work we tspk it as premiss 4hat (o /s Jormu la
COrreSPDVLaLaol to an expawsfoyxaf m, as O)(Plac‘me@[/im (1). Thew e
Anevitable conclusion was Hat Low's nesult vislated energy—momen/um

conservation. We have seen mow ot Hiue premiss does mst 4old and,
erefore, alse s conclusion does mob hold. We shall clarify all i

in our mext paperfollowing the reasoning of my present talk.
(cv) We glave, shown Jow we 3ef «?mm LOW’/S ?meu;gzw‘ng en aﬂlroxfmcuté_

expression for M af a given phase-space point, to Hhe expansion

of TN\ around (k=0, P in a.greemewf with (),



(v) Wz have discussed inowr papers also the expansion n W of
Ho wwss cection 'fbr mhn — Ti'l’l“a/‘ In He same sp,‘,—f[- as
summarised  (X) we have reated 6o Teacttons

mep — u’r) and TTPf—)‘]T‘PZs‘.

(vi) W= wabe ot wilh Hies ,c'm/esh'gah'om we could cZarzfy the
fmeaﬂCng O'F low’s and W‘?J‘.“ge‘”g(ﬁ Versions Of saﬁi‘fpk@‘{on

%eo Yems ond ‘}ﬁeir MZBL{Z Con_) Lt ParticuZQr/ concerm‘rg e

next to /&a@l,c]/tg terms.,



Thank you for

your ottentiom !



