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Dirac equation and QED

Infinitely heavy nucleus with the charge density p¢(r), and with a single electron
@ (stationary) Dirac equation
(@-P+Bm+ Vo) =E
where the Coulomb potential includes the finite nuclear charge distribution p
Ve(r) = =Za [ & &7 pe(IF = 7'1)

@ electron self-energy
Egr = <¢_)‘Zrad(ED)‘¢>

where

d*k 1 e i
Zrad(E):ez/Wﬁ’Yue IkrSF(E+w)’yu e’k’

@ vacuum polarization potential for a finite size nucleus
3 -
Vi) = [ & Yol F = 7D pe(r')
and the corresponding vacuum polarization correction
Evp = (#|Vip|¢) -

@ They can be calculated numerically with an arbitrary precision, but it does not say us how
much they depend on the nuclear size
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Finite nuclear size effects

Z o expansion for the finite nuclear size contribution:
En=E® + E® + E® 1 ..., where W(n) = "(n)/T(n)
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E P e) = (2o m (T 4 ) (1= 1),
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Corrections to the infinite nuclear mass limit

which are relevant to the nuclear radii determination

@ finite nuclear mass corrections: — pure recoil corrections
the nuclear charge density in the momentum space p = p((_iz — qg),

@ the electron self-energy and vacuum polarization,
combined with the finite nuclear mass — radiative recoil correction

@ the nuclear self-energy vs the mean square charge radius
@ nuclear polarizability effects: important for muonic atoms

@ the hyperfine structure with finite nuclear mass and size
for the Zemach radius rz determination.
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1: Nonperturbative pure recoil corrections

@ There is no generalization of the Dirac equation to the two-body system with arbitrary masses
in the form of a differential equation

@ There is no a Hamiltonian that describes relativistic two-body system

@ One expands the the binding energy in powers of the electron nuclear mass ratio:
E(m/M,Za) = EO + EO 4 (5) E@ 4.
and derives a formula for each £\ using the QED theory

@ An approach to derive these formulas is the HPQED
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1: Leading order pure recoil corrections

Exact nonperturbative formula (a’la Shabaev) for the leading m/M pure recoil corrections with
including the finite nuclear size

Important: the elastic contribution in the two-photon exchange should be consistent with this pure
recoil correction

ED = (= (Ep)|$)

dw D(w) G(E + w) D(w)

=B =5 [ 2n
S

where
@ G(E) = [E — Hp(1 — ie)] ™" is the Dirac-Coulomb Green function
@ D(w) = —4rZa ! Gl(w,F), and o are the Dirac matrices.
@ Photon propagator in the temporal gauge

d®k o7 p(K? — w?) si_ K K
(2m)? w? — k2 2 )"

Ghw,T) =

w
@ Breit interactions is modified by the finite nuclear size !

@ numerical calculations & Vladimir Yerokkhin
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Expansion in Z «

@ for a point nucleus

m? — E3
Eee=—-2+E® L E®
o HER TED +
7 (Za)? /1 8 Za /. 2(Ho — Eo)] -
- L (3) -k B (- [P
67 Mm \r)  3x mm \PHo—E)In | = o P
62 2 (Za)P |
+ (T - mza) E2 500

©  (Za)p 2 7\ (Za)®
E® = 2 WP <¢|7|¢>+ (4 In2 — 5) - (m 83(r))

@ for the finite size nucleus (instead of r,?)

m 7
5ot = — 7 (0 (2 [ — 2 =2 m(mD)| 4 ...

important in muonic atoms
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HPQED formalism

@ Hamiltonian of the nucleus:

ﬁ2 q - = qQé = =
hue = 51 - 559/ B- CE—
H 2M+q g 8MZv 4 M2

wherei =P — qgA g=—Ze, & =0,612=1.
@ First order correction

g—NDT-[ExA-AxE+...

ED_ [y (P—qAy
2Mm

v)
QED
@ How to interpret the derivative over Coulomb center ?

+ . _ .
= aps(X) e B+ D bsps() e 5

- [Frit @00+ 5

@ asatest

Tri(0, %) = /dsrw (A8, () $(0, %) — Bx(0,%) =0,

@ Important observation: fi in the Coulomb gauge — 7q7\ in the temporal gauge.
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2: Radiative recoil correction

combined with the finite nuclear size

E\p,ws\pM e 2 ($]D/(w) G(Ep + w) D/ (w)| )

Vacuum polarization can effectively be implemented by modification of p(—k?) and is important for
muonic atoms.
9
Essll'rec = <¢‘zmdrec(ED)|¢> + 2 <¢‘zmd(ED) =TRY zl‘ec(ED)‘¢>
(Ep — Hp)

+ (9151 (ED)|9) (] Zrec(ED)[9) + (&I T1ec(ED)|) (b|Twaa(Ep)|)

o i/’z/d4k1
radrec “u Py 41 x2

x [a" e~ KT GE + w) D (o )GE +w+w') (W) GE + w)ay e

iK-F
+ 0 (w)GE + w') at _lkrG(E+w+w)a“elkrG(Eer)Di(w’)
+at o T GE 4 w) (W) GE + w + ') ap KT GE 1 ') D)
D) GE + W) ol e KT GE + w + ') Diw’) GE + w) ap e ”]

It has not yet been calculated numerically, and is known only within Z o expansion.
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3: Nuclear self-energy

Tt

@ The effective coupling constant = Z2 o can be large, for Mg: 122/137 > 1 II!

2 2 2
@ ATY = pg,xz (;fMaz In MzM,pz + % rcz:) +(q@— —q)

42(Z2a)® 48
® E(n,)) = 25 (Za)* u¥ 3o + 2ZESE £ [in (#)&o — Inko(n, /)]

@ strange artefact of the elastic approximation: anomalously large self-energy
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5: HFS in the nonrecoil limit

@ Hyperfine splitting for the infinitely heavy nucleus is obtained from the expectation value
Ents = (@] Virs|#) -

where
Vi = —ed - A,
e A7) = 41 [ Zi|
1771 _ & d®*q  pum(G?) L
an L), = e
@ The finite nuclear size contribution can be expanded in Z «
6Ema = 6 Bt + 6P Byt + - ..
0 WEwy = —2mZarzEr where rz = [ d°r [ & pu(ni) pe(re) |7 — B

2
@ §@Ey = $EF(mrcZa)? [ — 142y —Ing+W(n)+In(mFZa)+ 4,'2%
Cc
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Finite nuclear mass correction to the hyperfine splitting

Exactin Z o formula: Hyue = % — gl -B— ﬁ(g—ﬂf{éx i —fixE

Entsrec = Ekin + Eso + Eec
1 dw 1

Bun = 7 | 57 o LI07() G(Ep + @) &/ (Vin(@))]6) = (810 (Vos(w)) G(Ep + w) Dr(w)[9)]

+ o [ 52 00107() G(Ep + ) Dr(@)]6)

_(9_1)€//kll dw

7 52 @ (91D7(w) G(Ep + @) D («)|9) ,

2 . .
B = (U507 9) & [ 52 1 tol(@ x 9 D) Gl + ) (a8 x T D) 9)
™ W

Vies(w, F) = e - @ x VD(w,r),
such that Wi(0, r) = Vig(r), and

A’k iz p(K = W)

Dn=[Gmye ir
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Recoil HFS: expansion in Z o

6Ewe =6 Eee + 6@ B + ...
Zam3 7 9
1
6V Eee = —EFT Vs {g [’Y— Z+|n(mrM2)} -4 [’Y+Z+|n(meM):|
12 7 (m72)
- — - — n
g 7 12 £2
m? In(Z o) 6+7 +14 In2 2+11 +46
mM 4 29 g 4 9 e}

+1[ 81, 31 +279]}
% 2 29741

6P Eec = EF (Za)?

6(”59c is about 10% of the leading Zemach contribution for light elements, however the elastic
form-factor assumption is not necessarily a good approximation !

5@ Erec is an of result of complicated calculations by Bodwin and Yennie (1988) in the point nucleus
limit and has not yet been verified.

We aim to verify their result using exact formulas analytically and numerically (to all orders in Z )
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@ There exists a compact formula for (m/M)" recoil correction for any n

@ Hamiltonian of the nucleus:
fi2 -
Hnuc:m'i‘qu—igl'B—

where i = P — qﬁ

(@-NT-[ExA—-AxE+...

@ In the temporal gauge i— —qﬁ

@ Two-time Green function a’'la Shabaev with the recoil vertex
@ Potential applications: hydrogen Lamb shift and hfs, muonic atoms

@ Extension to a few electron ions using 1/Z expansion
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