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Precision measurements in H2+ for benchmarking ab-initio calculations
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❖ H2+: Simplest molecular three-body system: 
determination of physical constants


   (     [1], rp [2])


❖  No permanent electric dipole moment => 

    no pure rotational / vibrational spectra 

   (within electric-dipole approximation)


[1] Karr et al., Phys. Rev. A 94, 050501 (R) (2016)
[2] Puchalski et al., Phys. Rev. Lett. 122, 103003 (2019)

❖  Alternatively: drive transitions to Rydberg series  

    converging to different rovibrational / hyperfine levels 

    of the ion & extrapolate to their ionization limits:

    => energy intervals in the molecular ion. 


n: principal quantum number

µp
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The fundamental vibrational interval of H2+ — ab-initio calculations
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We calculate ionization energies and fundamental vibrational transitions for H2
þ, D2

þ, and HDþ

molecular ions. The nonrelativistic quantum electrodynamics expansion for the energy in terms of the fine
structure constant α is used. Previous calculations of orders mα6 and mα7 are improved by including
second-order contributions due to the vibrational motion of nuclei. Furthermore, we evaluate the largest
corrections at the order mα8. That allows us to reduce the fractional uncertainty to the level of 7.6 × 10−12

for fundamental transitions and to 4.5 × 10−12 for the ionization energies.

DOI: 10.1103/PhysRevLett.118.233001

The hydrogen molecular ions (HMIs) play an essential
role in testing molecular quantum mechanics [1,2]. From
the theoretical point of view, the HMI is one of the simplest
nonintegrable quantum systems, which still allows very
accurate numerical treatment. As has already been pointed
out, some time ago [3], and recently discussed more
extensively [4], if the theory would be sufficiently precise,
the spectroscopy of HMIs may be used for determining
fundamental physical constants such as the proton-to-
electron mass ratio. The ionization energy of HMIs is also
of high importance for the determination of ionization and
dissociation energies of the hydrogen molecule from
spectroscopic studies [5–7] as well as for the determination
of atomic masses of light nuclei [8–10].
On the experimental side, there are many new projects

started, which are now oriented towards Doppler-free
spectroscopy with accuracy targeted to 1 ppt (one part
per trillion) or better [4,11–13]. These perspectives bring
strong motivation for theory.
The aim of this Letter is to improve the theoretical

precision of spin-averaged energies and ro-vibrational
transition frequencies in HMIs. To this end, we consider
the largest QED contributions which had not been evalu-
ated in our previous works [14–16], namely, corrections to
ordersmα6 and mα7 due to the vibrational motion of nuclei
and the leading contributions to ordermα8. As was recently
shown [17], taking into account the vibrational motion of
nuclei is essential for accurate theoretical description. It has
allowed us to resolve the longstanding discrepancy between
theory and experiment in the hyperfine structure of Hþ

2

ions. These new achievements reduce the relative uncer-
tainty in the fundamental vibrational transitions of HMIs to
the level of 7.6 × 10−12 and allow us to obtain the most

precise theoretical values for the ionization energies of
H2

þ, D2
þ, and HDþ molecular ions. In conclusion, we

discuss how these new results may have an impact on
fundamental physical constants such as the Rydberg con-
stant, proton-to-electron mass ratio, and the proton charge
radius.
We use atomic units throughout this Letter.
The terms of mα6 and higher orders are calculated in the

adiabatic approximation. For this purpose, we use the
Born-Oppenheimer (BO) formalism. In this approach,
the states of the molecule are taken in the form

ΨBO ¼ ϕelðr;RÞχBOðRÞ: ð1Þ

The electronic wave function obeys the clamped nuclei
Schrödinger equation for a bound electron

½Hel − EelðRÞ&ϕel ¼ 0; ð2Þ

where Hel ¼ p2=ð2mÞ þ V þ Z1Z2=R is the electronic
Hamiltonian, V ¼ −Z1=r1 − Z2=r2, where Z1 and Z2 are
the charges of the nuclei and r1, r2 are the distances from
the electron to nuclei 1 and 2, respectively. The wave
function χBOðRÞ describes the relative nuclear motion and
is a solution of

ðHvb − E0ÞχBO ¼
!
−
∇2

R

2μn
þ EelðRÞ − E0

"
χBO ¼ 0; ð3Þ

where μn is the reduced mass of the nuclei.
Relativistic corrections of order mα6 to the energy of a

bound electron in the two-center problem are determined
[18,19] by the effective Hamiltonian

PRL 118, 233001 (2017) P HY S I CA L R EV I EW LE T T ER S
week ending
9 JUNE 2017

0031-9007=17=118(23)=233001(5) 233001-1 © 2017 American Physical Society

The main results of our work, frequencies for the
fundamental transitions ðL ¼ 0; v ¼ 0Þ → ð0; 1Þ and
ionization energies of the HMIs, are presented in
Tables IV and V, respectively. To get precision data for
the relativistic corrections of order mα4 we have used the
expectation values of the Breit-Pauli operators, which
were obtained in [32–34] with 15 or even more significant
digits. As may be extracted from the Tables, the new
theoretical relative uncertainty for the fundamental transition
frequency is ur(νðHþ

2 Þ) ¼ 0.5=ð66 × 109Þ ≈ 7.6 × 10−12,
and accordingly, for the ionization energy, one gets
urðEIÞ ¼ 4.5 × 10−12. The CODATA14 [35] uncertainty
of the Rydberg constant is urðR∞Þ ¼ 5.9 × 10−12. Since
this constant enters in the data of the Tables as a multiplier,
an uncertainty in the energies due to the uncertainty in
the Rydberg constant can be easily evaluated and is
not shown.
These results have direct impact on the potential deter-

mination of the fundamental constants. For example, the
theoretical uncertainty on the fundamental transition in H2

þ

sets the following limit on the achievable precision of the
proton-to-electron mass ratio (μp ¼ mp=me) to

Δμp=μp ¼ 1.5 × 10−11: ð15Þ

This uncertainty is smaller by a factor of 6 with respect to
the present CODATA, urðμpÞ ¼ 9.5 × 10−11 [10], which is
currently limited by uncertainty on the proton’s atomic
mass. The electron’s atomic mass has recently been
improved [ur(ArðeÞ) ¼ 3.1 × 10−11] by a high-precision
measurement of the g factor of a bound electron in a 12C5þ

ion [36]. In terms of ultimate accuracy limits, the 1.5×10−11

theoretical uncertainty that we have achieved for HMI
spectroscopy is comparable to the current theoretical uncer-
tainty of 1.3 × 10−11 on the g factor of 12C5þ [10,37].
The proton rms charge radius (rp) uncertainty as

determined in the CODATA14 adjustment has a much
smaller contribution ∼5 × 10−12 to the uncertainty in the
fundamental transitions. However, replacing the CODATA
value of rp with that obtained from muonic hydrogen
spectroscopy [38,39] leads to a 3 kHz blueshift of the
transition, i.e., a relative shift of 5 × 10−11. If we assume
that the muonic hydrogen adjusted Rydberg constant
should be used as a proper constant when using the muonic
hydrogen proton radius [40], then we get a global shift of
1.1 kHz, which is still feasible for detection (see, also, the
more detailed discussion in [4]).
Finally, since the fundamental transitions have the

potentiality to be used for adjustment of the fundamental
constants, here, we present, in explicit form, the frequency
dependence of transition lines on the masses and on the
proton and deuteron charge radii

νðHþ
2 Þ ¼ ν0ðHþ

2 Þ þ
ΔR∞
R∞

ν0ðHþ
2 Þ þ 2ðR∞cÞ

× ½−2.55528 × 10−6Δμp − 8.117 × 10−12Δrp&;
ð16aÞ

where ΔR∞ ¼ R∞ − R∞;0, Δμp ¼ μp − μp;0, and Δrp ¼
r2p − r2p;0, here, the subscript 0 stands for the CODATA14
value, and ν0 is the transition frequency presented in
Table IV, which was calculated with the CODATA14
values of the constants

νðD2
þÞ ¼ ν0ðD2

þÞ þ ΔR∞
R∞

ν0ðD2
þÞ þ 2ðR∞cÞ

× ½−9.37686 × 10−7Δμd − 5.877 × 10−12Δrd&;
ð16bÞ

here, Δμd ¼ μd − μd;0 and Δrd ¼ r2d − r2d;0,

TABLE III. Summary of contributions at order mα8 to the
fundamental transitions in H2

þ, D2
þ, and HDþ (in kHz).

H2
þ D2

þ HDþ

ΔE2loop −1.34ð21Þ −0.97ð15Þ −1.17ð18Þ
ΔE1loop-SE −0.97ð48Þ −0.70ð35Þ −0.85ð42Þ
ΔEVP − 0.017 −0.013 −0.015
ΔEtot −2.3ð5Þ −1.7ð4Þ −2.0ð5Þ

TABLE IV. Fundamental transition frequencies ν01 for H2
þ,

D2
þ, and HDþ molecular ions (in kHz). CODATA14 recom-

mended values of constants. The first error is the theoretical
uncertainty, the second error is due to the uncertainty in mass
ratios.

H2
þ D2

þ HDþ

νnr 65 687 511 047.0 47 279 387 818.4 57 349 439 952.4
να2 1 091 040.5 795 376.3 958 151.7
να3 −276 545.1 −200 278.0 −242 126.3
να4 −1952.0ð1Þ −1413.4ð1Þ −1708.9ð1Þ
να5 121.8(1) 88.1(1) 106.4(1)
να6 −2.3ð5Þ −1.7ð4Þ −2.0ð5Þ
νtot 65 688 323 710.1(5)(2.9) 47 279 981 589.8(4)(8) 57 350 154 373.4(5)(1.7)

TABLE V. Ionization energies EI for H2
þ, D2

þ, and HDþ

molecular ions (in cm−1). CODATA14 recommended values of
constants. The error is the theoretical uncertainty. The error due to
the uncertainty in mass ratio is below 10−7 cm−1.

H2
þ D2

þ HDþ

EI;nr 131 056.875 746 5 131 418.947 704 1 131 223.436 257 8
EI;α2 1.599 499 5 1.604 830 6 1.601 914 2
EI;α3 −0.350 930 0 −0.352 552 7 −0.351 679 1
EI;α4 −0.002 477 4ð1Þ −0.002 489 7ð1Þ −0.002 483 1ð1Þ
EI;α5 0.000 156 9(1) 0.000 157 6(1) 0.000 140 9(1)
EI;α6 −0.000 002 1ð6Þ −0.000 002 1ð6Þ −0.000 002 1ð6Þ
EI;tot 131 058.121 993 7(6) 131 420.197 648 0(6) 131 224.684 165 0(6)
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theoretical relative uncertainty for the fundamental transition
frequency is ur(νðHþ

2 Þ) ¼ 0.5=ð66 × 109Þ ≈ 7.6 × 10−12,
and accordingly, for the ionization energy, one gets
urðEIÞ ¼ 4.5 × 10−12. The CODATA14 [35] uncertainty
of the Rydberg constant is urðR∞Þ ¼ 5.9 × 10−12. Since
this constant enters in the data of the Tables as a multiplier,
an uncertainty in the energies due to the uncertainty in
the Rydberg constant can be easily evaluated and is
not shown.
These results have direct impact on the potential deter-

mination of the fundamental constants. For example, the
theoretical uncertainty on the fundamental transition in H2

þ

sets the following limit on the achievable precision of the
proton-to-electron mass ratio (μp ¼ mp=me) to

Δμp=μp ¼ 1.5 × 10−11: ð15Þ

This uncertainty is smaller by a factor of 6 with respect to
the present CODATA, urðμpÞ ¼ 9.5 × 10−11 [10], which is
currently limited by uncertainty on the proton’s atomic
mass. The electron’s atomic mass has recently been
improved [ur(ArðeÞ) ¼ 3.1 × 10−11] by a high-precision
measurement of the g factor of a bound electron in a 12C5þ

ion [36]. In terms of ultimate accuracy limits, the 1.5×10−11

theoretical uncertainty that we have achieved for HMI
spectroscopy is comparable to the current theoretical uncer-
tainty of 1.3 × 10−11 on the g factor of 12C5þ [10,37].
The proton rms charge radius (rp) uncertainty as

determined in the CODATA14 adjustment has a much
smaller contribution ∼5 × 10−12 to the uncertainty in the
fundamental transitions. However, replacing the CODATA
value of rp with that obtained from muonic hydrogen
spectroscopy [38,39] leads to a 3 kHz blueshift of the
transition, i.e., a relative shift of 5 × 10−11. If we assume
that the muonic hydrogen adjusted Rydberg constant
should be used as a proper constant when using the muonic
hydrogen proton radius [40], then we get a global shift of
1.1 kHz, which is still feasible for detection (see, also, the
more detailed discussion in [4]).
Finally, since the fundamental transitions have the

potentiality to be used for adjustment of the fundamental
constants, here, we present, in explicit form, the frequency
dependence of transition lines on the masses and on the
proton and deuteron charge radii

νðHþ
2 Þ ¼ ν0ðHþ

2 Þ þ
ΔR∞
R∞

ν0ðHþ
2 Þ þ 2ðR∞cÞ

× ½−2.55528 × 10−6Δμp − 8.117 × 10−12Δrp&;
ð16aÞ

where ΔR∞ ¼ R∞ − R∞;0, Δμp ¼ μp − μp;0, and Δrp ¼
r2p − r2p;0, here, the subscript 0 stands for the CODATA14
value, and ν0 is the transition frequency presented in
Table IV, which was calculated with the CODATA14
values of the constants

νðD2
þÞ ¼ ν0ðD2

þÞ þ ΔR∞
R∞

ν0ðD2
þÞ þ 2ðR∞cÞ

× ½−9.37686 × 10−7Δμd − 5.877 × 10−12Δrd&;
ð16bÞ

here, Δμd ¼ μd − μd;0 and Δrd ¼ r2d − r2d;0,

TABLE III. Summary of contributions at order mα8 to the
fundamental transitions in H2

þ, D2
þ, and HDþ (in kHz).

H2
þ D2

þ HDþ

ΔE2loop −1.34ð21Þ −0.97ð15Þ −1.17ð18Þ
ΔE1loop-SE −0.97ð48Þ −0.70ð35Þ −0.85ð42Þ
ΔEVP − 0.017 −0.013 −0.015
ΔEtot −2.3ð5Þ −1.7ð4Þ −2.0ð5Þ

TABLE IV. Fundamental transition frequencies ν01 for H2
þ,

D2
þ, and HDþ molecular ions (in kHz). CODATA14 recom-

mended values of constants. The first error is the theoretical
uncertainty, the second error is due to the uncertainty in mass
ratios.

H2
þ D2

þ HDþ

νnr 65 687 511 047.0 47 279 387 818.4 57 349 439 952.4
να2 1 091 040.5 795 376.3 958 151.7
να3 −276 545.1 −200 278.0 −242 126.3
να4 −1952.0ð1Þ −1413.4ð1Þ −1708.9ð1Þ
να5 121.8(1) 88.1(1) 106.4(1)
να6 −2.3ð5Þ −1.7ð4Þ −2.0ð5Þ
νtot 65 688 323 710.1(5)(2.9) 47 279 981 589.8(4)(8) 57 350 154 373.4(5)(1.7)

TABLE V. Ionization energies EI for H2
þ, D2

þ, and HDþ

molecular ions (in cm−1). CODATA14 recommended values of
constants. The error is the theoretical uncertainty. The error due to
the uncertainty in mass ratio is below 10−7 cm−1.

H2
þ D2

þ HDþ

EI;nr 131 056.875 746 5 131 418.947 704 1 131 223.436 257 8
EI;α2 1.599 499 5 1.604 830 6 1.601 914 2
EI;α3 −0.350 930 0 −0.352 552 7 −0.351 679 1
EI;α4 −0.002 477 4ð1Þ −0.002 489 7ð1Þ −0.002 483 1ð1Þ
EI;α5 0.000 156 9(1) 0.000 157 6(1) 0.000 140 9(1)
EI;α6 −0.000 002 1ð6Þ −0.000 002 1ð6Þ −0.000 002 1ð6Þ
EI;tot 131 058.121 993 7(6) 131 420.197 648 0(6) 131 224.684 165 0(6)

PRL 118, 233001 (2017) P HY S I CA L R EV I EW LE T T ER S
week ending
9 JUNE 2017

233001-4     3 kHz uncertainty for H2+

dominated by uncertainty in µp

<latexit sha1_base64="NUR30PBWH3l+VgxLjlyqh+BAazc=">AAAB7HicdVBNS8NAEN34WetX1aOXxSJ4CkmMbb0VvXisYNpCG8pmu2mX7m7C7kYoob/BiwdFvPqDvPlv3LQVVPTBwOO9GWbmRSmjSjvOh7Wyura+sVnaKm/v7O7tVw4O2yrJJCYBTlgiuxFShFFBAk01I91UEsQjRjrR5LrwO/dEKpqIOz1NScjRSNCYYqSNFPR5NkgHlapjXzZqnl+Dju04dddzC+LV/XMfukYpUAVLtAaV9/4wwRknQmOGlOq5TqrDHElNMSOzcj9TJEV4gkakZ6hAnKgwnx87g6dGGcI4kaaEhnP1+0SOuFJTHplOjvRY/fYK8S+vl+m4EeZUpJkmAi8WxRmDOoHF53BIJcGaTQ1BWFJzK8RjJBHWJp+yCeHrU/g/aXu269sXt361ebWMowSOwQk4Ay6ogya4AS0QAAwoeABP4NkS1qP1Yr0uWles5cwR+AHr7RNGjI8D</latexit>

Last experimental determination: Herzberg & Jungen (1972) 
0.2 cm-1 (6 GHz) uncertainty
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Excitation scheme & experimental setup
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<latexit sha1_base64="TIURcz2TKli4Or/jD846Q+lHQ9o="></latexit>

VUV

� ⇡ 610 nm

<latexit sha1_base64="yhuWZKJQp1f2ti17FzGqTo/MQKU="></latexit>

VIS

� ⇡ 780 nm

<latexit sha1_base64="TXX5Mgb3q85MgWwRDY0pQQHBpG0=">AAACCnicdVDLSgMxFM34rPVVdekmWgRXZaZU2+6KblxWsA/olJJJ0zY0yQzJHWkZunbjr7hxoYhbv8Cdf2P6EFT0QOBwzrnc3BNEghtw3Q9naXlldW09tZHe3Nre2c3s7ddNGGvKajQUoW4GxDDBFasBB8GakWZEBoI1guHl1G/cMm14qG5gHLG2JH3Fe5wSsFInc+QLG+4S7JMo0uEIF0su9rEPbARaJkpOOpmsmyudF4plD7s5dwZLvHw5X3Sxt1CyaIFqJ/Pud0MaS6aACmJMy3MjaCdEA6eCTdJ+bFhE6JD0WctSRSQz7WR2ygSfWKWLe6G2TwGeqd8nEiKNGcvAJiWBgfntTcW/vFYMvVI74SqKgSk6X9SLBYYQT3vBXa4ZBTG2hFDN7V8xHRBNKNj20raEr0vx/6Sez3mF3Nl1IVu5WNSRQofoGJ0iDxVRBV2hKqohiu7QA3pCz8698+i8OK/z6JKzmDlAP+C8fQKMPZo2</latexit>

X(0, 0) �! B(4, 1) �! GK(v, 2) �! n`

<latexit sha1_base64="DELopKblPkvqcjy2RRKsQSQw20Y="></latexit>

(�` = ±1)

<latexit sha1_base64="RI/H6whV8quX2Jj3sRZ8IDXURYE=">AAAB/nicbVBNS8NAEN34WetXVDx5WSxCvZREKnoRinrwWMF+QBPKZjtpl+4mYXcjlFDwr3jxoIhXf4c3/43bNgdtfTDweG+GmXlBwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5Txamk0KAxj2U7IAo4i6ChmebQTiQQEXBoBcObid96BKlYHD3oUQK+IP2IhYwSbaSufVj2boFrgj3gHF9hLxHYPe3aJafiTIEXiZuTEspR79pfXi+mqYBIU06U6rhOov2MSM0oh3HRSxUkhA5JHzqGRkSA8rPp+WN8YpQeDmNpKtJ4qv6eyIhQaiQC0ymIHqh5byL+53VSHV76GYuSVENEZ4vClGMd40kWuMckUM1HhhAqmbkV0wGRhGqTWNGE4M6/vEiaZxW3Wjm/r5Zq13kcBXSEjlEZuegC1dAdqqMGoihDz+gVvVlP1ov1bn3MWpesfOYA/YH1+QNukJPc</latexit>

(Rydberg states)
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Theoretical description of Rydberg states in atoms and molecules
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Theoretical description of Rydberg states in atoms and molecules
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<latexit sha1_base64="i++zd4qGkrOP7FBtDfC8lUBTk3o="></latexit>

Challenging theoretical description

of low-l states


because of ion core penetration, 

channel interactions!


(Multichannel-quantum-defect

theory)

Ch. Jungen in  “Handbook of High-Resolution 
Spectroscopy” 


(Eds. M. Quack and F. Merkt, 2011)
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ZQD Method

⌫laser

<latexit sha1_base64="y4TAwube4cie7PwICJCLEGEYYJ8=">AAAB/XicbVBJS8NAGJ241rrF5eZlsAieSiIVPRa9eKxgF2hCmEwn7dDJJMx8EWsI/hUvHhTx6v/w5r9xuhy09cHA471vmxemgmtwnG9raXlldW29tFHe3Nre2bX39ls6yRRlTZqIRHVCopngkjWBg2CdVDESh4K1w+H12G/fM6V5Iu9glDI/Jn3JI04JGCmwDz2ZBbkH7AFUnAszSRVFYFecqjMBXiTujFTQDI3A/vJ6Cc1iJoGaGbrrOin4OVHAqWBF2cs0Swkdkj7rGipJzLSfT64v8IlRejhKlHkS8ET93ZGTWOtRHJrKmMBAz3tj8T+vm0F06edcphkwSaeLokxgSPA4CtzjilEQI0MIVdzciumAKELBBFY2IbjzX14krbOqW6ue39Yq9atZHCV0hI7RKXLRBaqjG9RATUTRI3pGr+jNerJerHfrY1q6ZM16DtAfWJ8/1OmWIA==</latexit>

MQDT

nf03

<latexit sha1_base64="Hh3sy/ojRm2xaKoedbU7s59Cfz0=">AAAB9XicdVDLSgMxFM34rPVVdekmWARXQ6YPH7uiG5cVbBXaWjJpRkOTzJDcUcvQ/3DjQhG3/os7/8b0IajogQuHc+7l3nvCRAoLhHx4M7Nz8wuLuaX88srq2nphY7Np49Qw3mCxjM1lSC2XQvMGCJD8MjGcqlDyi7B/MvIvbrmxItbnMEh4R9FrLSLBKDjpSreB34NRWTQk3XK3UCQ+2a8EpQATv0qCwxKZkKODMg58MkYRTVHvFt7bvZilimtgklrbCkgCnYwaEEzyYb6dWp5Q1qfXvOWoporbTja+eoh3ndLDUWxcacBj9ftERpW1AxW6TkXhxv72RuJfXiuF6LCTCZ2kwDWbLIpSiSHGowhwTxjOQA4cocwIdytmN9RQBi6ovAvh61P8P2mW/KDiV88qxdrxNI4c2kY7aA8F6ADV0CmqowZiyKAH9ISevTvv0XvxXietM950Zgv9gPf2CfS0ktM=</latexit>

X+(v+, N+)

<latexit sha1_base64="U1IOLS+TyR8Ljq7J0Ix17RXl7eA=">AAAB/nicdVDJSgNBEO1xjXEbFU9eGoOgRIaeGE28Bb14EgWjgWz0dHpiY89Cd40YhoC/4sWDIl79Dm/+jZ1FUNEHBY/3qqiq58VSaCDkw5qYnJqemc3MZecXFpeW7ZXVSx0livEqi2Skah7VXIqQV0GA5LVYcRp4kl95N8cD/+qWKy2i8AJ6MW8GtBsKXzAKRmrb6w3gd6CCtNZv5bdvW/nd01Z+p23niEMOim7BxcTZJ265QEbksLSHXYcMkUNjnLXt90YnYknAQ2CSal13SQzNlCoQTPJ+tpFoHlN2Q7u8bmhIA66b6fD8Pt4ySgf7kTIVAh6q3ydSGmjdCzzTGVC41r+9gfiXV0/ALzdTEcYJ8JCNFvmJxBDhQRa4IxRnIHuGUKaEuRWza6ooA5NY1oTw9Sn+n1wWHLfo7J8Xc5WjcRwZtIE20TZyUQlV0Ak6Q1XEUIoe0BN6tu6tR+vFeh21TljjmTX0A9bbJw8qlOg=</latexit>

MQDT Extrapolation: low-l Rydberg series Zero-Quantum-Defect (ZQD) Method: Stark maps

External dc field


�` = ±1

<latexit sha1_base64="3s/Ne4XSqhlUlPxUAC3Ybeyydzw=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIohehqAePFewHNKFstpN26WYTdjdCCPWvePGgiFd/iDf/jds2B219MPB4b4aZeUHCmdKO822VVlbX1jfKm5Wt7Z3dPXv/oK3iVFJo0ZjHshsQBZwJaGmmOXQTCSQKOHSC8c3U7zyCVCwWDzpLwI/IULCQUaKN1Ler3i1wTbAHnOMr7CURdvt2zak7M+Bl4hakhgo0+/aXN4hpGoHQlBOleq6TaD8nUjPKYVLxUgUJoWMyhJ6hgkSg/Hx2/AQfG2WAw1iaEhrP1N8TOYmUyqLAdEZEj9SiNxX/83qpDi/9nIkk1SDofFGYcqxjPE0CD5gEqnlmCKGSmVsxHRFJqDZ5VUwI7uLLy6R9WnfP6uf3Z7XGdRFHGR2iI3SCXHSBGugONVELUZShZ/SK3qwn68V6tz7mrSWrmKmiP7A+fwCgR5N3</latexit>

�RH2

n2

<latexit sha1_base64="hF2RO5pPRFm6STtZUZCelbTk9S8="></latexit>

⌫laser

<latexit sha1_base64="y4TAwube4cie7PwICJCLEGEYYJ8=">AAAB/XicbVBJS8NAGJ241rrF5eZlsAieSiIVPRa9eKxgF2hCmEwn7dDJJMx8EWsI/hUvHhTx6v/w5r9xuhy09cHA471vmxemgmtwnG9raXlldW29tFHe3Nre2bX39ls6yRRlTZqIRHVCopngkjWBg2CdVDESh4K1w+H12G/fM6V5Iu9glDI/Jn3JI04JGCmwDz2ZBbkH7AFUnAszSRVFYFecqjMBXiTujFTQDI3A/vJ6Cc1iJoGaGbrrOin4OVHAqWBF2cs0Swkdkj7rGipJzLSfT64v8IlRejhKlHkS8ET93ZGTWOtRHJrKmMBAz3tj8T+vm0F06edcphkwSaeLokxgSPA4CtzjilEQI0MIVdzciumAKELBBFY2IbjzX14krbOqW6ue39Yq9atZHCV0hI7RKXLRBaqjG9RATUTRI3pGr+jNerJerHfrY1q6ZM16DtAfWJ8/1OmWIA==</latexit>

X+(v+, N+)

<latexit sha1_base64="z7xXZiJLP3vWCQoQnXw5OaKh4Ro=">AAAB/nicdVDJSgNBEO1xjXGLiicvjUGIREJPSGJyC3rxJBHMAtno6XS0Sc9Cd00wDAF/xYsHRbz6Hd78GzuLoKIPCh7vVVFVzwmk0EDIh7WwuLS8shpbi69vbG5tJ3Z2a9oPFeNV5ktfNRyquRQer4IAyRuB4tR1JK87g/OJXx9ypYXvXcMo4G2X3niiLxgFI3UT+y3gd6DcqDHupFPDTvrkspM+7iaSJFMqFkgui0mGkGKWFAzJE7tkl7BtlAmSaI5KN/He6vksdLkHTFKtmzYJoB1RBYJJPo63Qs0Dygb0hjcN9ajLdTuanj/GR0bp4b6vTHmAp+r3iYi6Wo9cx3S6FG71b28i/uU1Q+gX25HwghC4x2aL+qHE4ONJFrgnFGcgR4ZQpoS5FbNbqigDk1jchPD1Kf6f1LIZO5fJX+WS5bN5HDF0gA5RCtnoFJXRBaqgKmIoQg/oCT1b99aj9WK9zloXrPnMHvoB6+0TJWSU9w==</latexit>

` = 3

<latexit sha1_base64="+3ZS35nWiNBozszqfCHiHYfPeAs=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexqRC9C0IvHCOYByRJmJ51kyOzsOjMrhCU/4cWDIl79HW/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwup36zSdUmkfywYxj9EM6kLzPGTVWanVQCHJNzrvFklt2ZyDLxMtICTLUusWvTi9iSYjSMEG1bntubPyUKsOZwEmhk2iMKRvRAbYtlTRE7aezeyfkxCo90o+ULWnITP09kdJQ63EY2M6QmqFe9Kbif147Mf0rP+UyTgxKNl/UTwQxEZk+T3pcITNibAllittbCRtSRZmxERVsCN7iy8ukcVb2KuWL+0qpepPFkYcjOIZT8OASqnAHNagDAwHP8ApvzqPz4rw7H/PWnJPNHMIfOJ8/td+PGw==</latexit>

` = 4

<latexit sha1_base64="pa4kbFL5ghtmXTgeZGvYGiKE1lQ=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolU9CIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4KQa5JtVcquxV3BrJMvJyUIUe9V/rq9mOWRigNE1Trjucmxs+oMpwJnBS7qcaEshEdYMdSSSPUfja7d0JOrdInYaxsSUNm6u+JjEZaj6PAdkbUDPWiNxX/8zqpCa/8jMskNSjZfFGYCmJiMn2e9LlCZsTYEsoUt7cSNqSKMmMjKtoQvMWXl0nzvOJVKxf31XLtJo+jAMdwAmfgwSXU4A7q0AAGAp7hFd6cR+fFeXc+5q0rTj5zBH/gfP4At2OPHA==</latexit>

❖     Relies on the theoretical description of the 
optically accessible low-l Rydberg states

❖ Uncertainties of the low-l quantum defects:

       smaller, indirect effect on manifold positions

❖     Precise minimization of residual electric fields

       not necessary

Hölsch et al., J. Mol. Spectrosc. 387, 111648 (2022) 
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ZQD Method for the fundamental vibrational interval of H2+

�RH2
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<latexit sha1_base64="y4TAwube4cie7PwICJCLEGEYYJ8=">AAAB/XicbVBJS8NAGJ241rrF5eZlsAieSiIVPRa9eKxgF2hCmEwn7dDJJMx8EWsI/hUvHhTx6v/w5r9xuhy09cHA471vmxemgmtwnG9raXlldW29tFHe3Nre2bX39ls6yRRlTZqIRHVCopngkjWBg2CdVDESh4K1w+H12G/fM6V5Iu9glDI/Jn3JI04JGCmwDz2ZBbkH7AFUnAszSRVFYFecqjMBXiTujFTQDI3A/vJ6Cc1iJoGaGbrrOin4OVHAqWBF2cs0Swkdkj7rGipJzLSfT64v8IlRejhKlHkS8ET93ZGTWOtRHJrKmMBAz3tj8T+vm0F06edcphkwSaeLokxgSPA4CtzjilEQI0MIVdzciumAKELBBFY2IbjzX14krbOqW6ue39Yq9atZHCV0hI7RKXLRBaqjG9RATUTRI3pGr+jNerJerHfrY1q6ZM16DtAfWJ8/1OmWIA==</latexit>
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<latexit sha1_base64="y4TAwube4cie7PwICJCLEGEYYJ8=">AAAB/XicbVBJS8NAGJ241rrF5eZlsAieSiIVPRa9eKxgF2hCmEwn7dDJJMx8EWsI/hUvHhTx6v/w5r9xuhy09cHA471vmxemgmtwnG9raXlldW29tFHe3Nre2bX39ls6yRRlTZqIRHVCopngkjWBg2CdVDESh4K1w+H12G/fM6V5Iu9glDI/Jn3JI04JGCmwDz2ZBbkH7AFUnAszSRVFYFecqjMBXiTujFTQDI3A/vJ6Cc1iJoGaGbrrOin4OVHAqWBF2cs0Swkdkj7rGipJzLSfT64v8IlRejhKlHkS8ET93ZGTWOtRHJrKmMBAz3tj8T+vm0F06edcphkwSaeLokxgSPA4CtzjilEQI0MIVdzciumAKELBBFY2IbjzX14krbOqW6ue39Yq9atZHCV0hI7RKXLRBaqjG9RATUTRI3pGr+jNerJerHfrY1q6ZM16DtAfWJ8/1OmWIA==</latexit>

X+(0, 0)

<latexit sha1_base64="/Nn+9WJ5l8Pzmt6IMDiXsLKIB0Y=">AAAB+nicdVBLS0JBFJ5rL7OX1rLNkARGIXNFTXdSm5YG+QA1mTuOOjj3wcy5ldz8KW1aFNG2X9Kuf9P4CCrqgwMf33cO55zPCaTQQMiHFVtaXlldi68nNja3tneSqd269kPFeI350ldNh2ouhcdrIEDyZqA4dR3JG87ofOo3brjSwveuYBzwjksHnugLRsFI3WSqDfwOlBs1J9fHGXJCjrrJNMmWS0WSz2GSJaSUI0VDCsQu22VsG2WKNFqg2k2+t3s+C13uAZNU65ZNAuhEVIFgkk8S7VDzgLIRHfCWoR51ue5Es9Mn+NAoPdz3lSkP8Ez9PhFRV+ux65hOl8JQ//am4l9eK4R+qRMJLwiBe2y+qB9KDD6e5oB7QnEGcmwIZUqYWzEbUkUZmLQSJoSvT/H/pJ7L2vls4TKfrpwt4oijfXSAMshGp6iCLlAV1RBDt+gBPaFn6956tF6s13lrzFrM7KEfsN4+AT4Vk1k=</latexit>

X+(1, 0)

<latexit sha1_base64="sfUtp5nb93Fu+XMiepC3eZLIbl8=">AAAB+nicdVDJSgNBEO1xjXFL9OilMQgRZZgZE5zcgl48RjALJDH0dDpJk56F7ho1jPkULx4U8eqXePNv7CyCij4oeLxXRVU9LxJcgWV9GAuLS8srq6m19PrG5tZ2JrtTU2EsKavSUISy4RHFBA9YFTgI1ogkI74nWN0bnk/8+g2TiofBFYwi1vZJP+A9TgloqZPJtoDdgfSTxvj6KG8fW4edTM4yLccuFR1smc6J4zquJq5rOyUb26Y1RQ7NUelk3lvdkMY+C4AKolTTtiJoJ0QCp4KN061YsYjQIemzpqYB8ZlqJ9PTx/hAK13cC6WuAPBU/T6REF+pke/pTp/AQP32JuJfXjOGnttOeBDFwAI6W9SLBYYQT3LAXS4ZBTHShFDJ9a2YDogkFHRaaR3C16f4f1JzTLtgFi8LufLZPI4U2kP7KI9sdIrK6AJVUBVRdIse0BN6Nu6NR+PFeJ21LhjzmV30A8bbJ0Nok10=</latexit>
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Figure 3. Spectra of the n = 48 [X+(0,0)] (a, magenta trace), n = 46 [X+(1,0)] (b, blue trace), n = 69 [X+(0,0)] (c, magenta
trace) and n = 70 [X+(1,0)] (d, blue trace) Rydberg-Stark manifolds and calculations (black traces), recorded at values of the
electric fields of 180 mV/cm (a), 210 mV/cm (b), 140 mV/cm (c) and 110 mV/cm (d). The purple (turquoise) dashed (dotted)
lines in (c) and (d) indicate the relative |h` = 2|ki|2 (|h` = 1|ki|2) character of each k state. The k quantum numbers assigned to
each Rydberg-Stark state are indicated on the grey axes. The lower panels show the residuals of the fit of the Stark calculation
to the experimental line positions. The error bars indicate the uncertainties in the determination of the experimental line
positions. All frequencies are referenced to the ZQD position for each value of n.

e↵ect of the nearly degenerate high-` (` � 3) states is es-

sentially linear. The polarizations of all lasers were par-

allel to the applied electric field, which, when N
+

= 0,

restricts the excitation to m` = 0 Rydberg-Stark states.

The intermediate GK(0,2) and (2,2) states have domi-

nant 3d� character. Consequently, optical selection rules

restrict transitions to states with np or nf character. Be-

cause transitions to np Rydberg states were found to be

about two orders of magnitude weaker than those to nf

states, line intensities directly reflect the ` = 3 character

of each k state. This property is exploited in the calcu-

lation of intensities, which we assume to be proportional

to the f character of the Stark states.

Fig. 3 shows typical spectra of X
+
(0,0) [n = 48 (a),

69 (c)] and X
+
(1,0) [n = 46 (b), 70(d)] Rydberg-Stark

manifolds. The Rydberg-Stark states are labeled by the

integer number k, which varies between �(n� 1� |m`|)
and (n � 1 � |m`|) in steps of two, in order of increas-

ing energy [26]. Fig. 3a) and b) exhibits regular and

smoothly varying intensity patterns resulting from the

homogeneous distribution of the f character among the

di↵erent k states. At these n values, the `=0-2 states

have large quantum defects and are located outside of,

and are not significantly mixed with, the near-linear high-

` Stark manifold. The Stark states therefore exclusively

have ` � 3 character. In Stark states, autoionization

is strongly inhibited by the mixing of nonpenetrating

high-` character induced by the electric field, and the

natural linewidths are typically narrower than the mea-

sured linewidths. The calculated spectra (inverted black

traces) are in excellent agreement with the measured

ones.

When the ` = 0� 2 states have a small enough quan-

tum defect, they are already fully mixed in the high-`

Stark manifolds at low fields. In this case, the inten-

sity distributions become irregular and exhibit minima

located near the zero-field positions of the low-` states,

where the f character is reduced, as illustrated in Fig. 3c)

and d). In the case of v
+

= 0, n = 69 [Fig. 3c)], the s

and p Rydberg states are located far from the manifold,

n = 48 (v+ = 0)

f

g |h`
=

3|
k
i|2
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Figure 3. Spectra of the n = 48 [X+(0,0)] (a, magenta trace), n = 46 [X+(1,0)] (b, blue trace), n = 69 [X+(0,0)] (c, magenta
trace) and n = 70 [X+(1,0)] (d, blue trace) Rydberg-Stark manifolds and calculations (black traces), recorded at values of the
electric fields of 180 mV/cm (a), 210 mV/cm (b), 140 mV/cm (c) and 110 mV/cm (d). The purple (turquoise) dashed (dotted)
lines in (c) and (d) indicate the relative |h` = 2|ki|2 (|h` = 1|ki|2) character of each k state. The k quantum numbers assigned to
each Rydberg-Stark state are indicated on the grey axes. The lower panels show the residuals of the fit of the Stark calculation
to the experimental line positions. The error bars indicate the uncertainties in the determination of the experimental line
positions. All frequencies are referenced to the ZQD position for each value of n.

e↵ect of the nearly degenerate high-` (` � 3) states is es-

sentially linear. The polarizations of all lasers were par-

allel to the applied electric field, which, when N
+

= 0,

restricts the excitation to m` = 0 Rydberg-Stark states.

The intermediate GK(0,2) and (2,2) states have domi-

nant 3d� character. Consequently, optical selection rules

restrict transitions to states with np or nf character. Be-

cause transitions to np Rydberg states were found to be

about two orders of magnitude weaker than those to nf

states, line intensities directly reflect the ` = 3 character

of each k state. This property is exploited in the calcu-

lation of intensities, which we assume to be proportional

to the f character of the Stark states.

Fig. 3 shows typical spectra of X
+
(0,0) [n = 48 (a),

69 (c)] and X
+
(1,0) [n = 46 (b), 70(d)] Rydberg-Stark

manifolds. The Rydberg-Stark states are labeled by the

integer number k, which varies between �(n� 1� |m`|)
and (n � 1 � |m`|) in steps of two, in order of increas-

ing energy [26]. Fig. 3a) and b) exhibits regular and

smoothly varying intensity patterns resulting from the

homogeneous distribution of the f character among the

di↵erent k states. At these n values, the `=0-2 states

have large quantum defects and are located outside of,

and are not significantly mixed with, the near-linear high-

` Stark manifold. The Stark states therefore exclusively

have ` � 3 character. In Stark states, autoionization

is strongly inhibited by the mixing of nonpenetrating

high-` character induced by the electric field, and the

natural linewidths are typically narrower than the mea-

sured linewidths. The calculated spectra (inverted black

traces) are in excellent agreement with the measured

ones.

When the ` = 0� 2 states have a small enough quan-

tum defect, they are already fully mixed in the high-`

Stark manifolds at low fields. In this case, the inten-

sity distributions become irregular and exhibit minima

located near the zero-field positions of the low-` states,

where the f character is reduced, as illustrated in Fig. 3c)

and d). In the case of v
+

= 0, n = 69 [Fig. 3c)], the s

and p Rydberg states are located far from the manifold,

Ĥ = Ĥ0 + eF ẑ
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Figure 3. Spectra of the n = 48 [X+(0,0)] (a, magenta trace), n = 46 [X+(1,0)] (b, blue trace), n = 69 [X+(0,0)] (c, magenta
trace) and n = 70 [X+(1,0)] (d, blue trace) Rydberg-Stark manifolds and calculations (black traces), recorded at values of the
electric fields of 180 mV/cm (a), 210 mV/cm (b), 140 mV/cm (c) and 110 mV/cm (d). The purple (turquoise) dashed (dotted)
lines in (c) and (d) indicate the relative |h` = 2|ki|2 (|h` = 1|ki|2) character of each k state. The k quantum numbers assigned to
each Rydberg-Stark state are indicated on the grey axes. The lower panels show the residuals of the fit of the Stark calculation
to the experimental line positions. The error bars indicate the uncertainties in the determination of the experimental line
positions. All frequencies are referenced to the ZQD position for each value of n.

e↵ect of the nearly degenerate high-` (` � 3) states is es-

sentially linear. The polarizations of all lasers were par-

allel to the applied electric field, which, when N
+

= 0,

restricts the excitation to m` = 0 Rydberg-Stark states.

The intermediate GK(0,2) and (2,2) states have domi-

nant 3d� character. Consequently, optical selection rules

restrict transitions to states with np or nf character. Be-

cause transitions to np Rydberg states were found to be

about two orders of magnitude weaker than those to nf

states, line intensities directly reflect the ` = 3 character

of each k state. This property is exploited in the calcu-

lation of intensities, which we assume to be proportional

to the f character of the Stark states.

Fig. 3 shows typical spectra of X
+
(0,0) [n = 48 (a),

69 (c)] and X
+
(1,0) [n = 46 (b), 70(d)] Rydberg-Stark

manifolds. The Rydberg-Stark states are labeled by the

integer number k, which varies between �(n� 1� |m`|)
and (n � 1 � |m`|) in steps of two, in order of increas-

ing energy [26]. Fig. 3a) and b) exhibits regular and

smoothly varying intensity patterns resulting from the

homogeneous distribution of the f character among the

di↵erent k states. At these n values, the `=0-2 states

have large quantum defects and are located outside of,

and are not significantly mixed with, the near-linear high-

` Stark manifold. The Stark states therefore exclusively

have ` � 3 character. In Stark states, autoionization

is strongly inhibited by the mixing of nonpenetrating

high-` character induced by the electric field, and the

natural linewidths are typically narrower than the mea-

sured linewidths. The calculated spectra (inverted black

traces) are in excellent agreement with the measured

ones.

When the ` = 0� 2 states have a small enough quan-

tum defect, they are already fully mixed in the high-`

Stark manifolds at low fields. In this case, the inten-

sity distributions become irregular and exhibit minima

located near the zero-field positions of the low-` states,

where the f character is reduced, as illustrated in Fig. 3c)

and d). In the case of v
+

= 0, n = 69 [Fig. 3c)], the s

and p Rydberg states are located far from the manifold,

n = 69 (v+ = 0)

|h`
=

3|
k
i|2
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Figure 3. Spectra of the n = 48 [X+(0,0)] (a, magenta trace), n = 46 [X+(1,0)] (b, blue trace), n = 69 [X+(0,0)] (c, magenta
trace) and n = 70 [X+(1,0)] (d, blue trace) Rydberg-Stark manifolds and calculations (black traces), recorded at values of the
electric fields of 180 mV/cm (a), 210 mV/cm (b), 140 mV/cm (c) and 110 mV/cm (d). The purple (turquoise) dashed (dotted)
lines in (c) and (d) indicate the relative |h` = 2|ki|2 (|h` = 1|ki|2) character of each k state. The k quantum numbers assigned to
each Rydberg-Stark state are indicated on the grey axes. The lower panels show the residuals of the fit of the Stark calculation
to the experimental line positions. The error bars indicate the uncertainties in the determination of the experimental line
positions. All frequencies are referenced to the ZQD position for each value of n.

e↵ect of the nearly degenerate high-` (` � 3) states is es-

sentially linear. The polarizations of all lasers were par-

allel to the applied electric field, which, when N
+

= 0,

restricts the excitation to m` = 0 Rydberg-Stark states.

The intermediate GK(0,2) and (2,2) states have domi-

nant 3d� character. Consequently, optical selection rules

restrict transitions to states with np or nf character. Be-

cause transitions to np Rydberg states were found to be

about two orders of magnitude weaker than those to nf

states, line intensities directly reflect the ` = 3 character

of each k state. This property is exploited in the calcu-

lation of intensities, which we assume to be proportional

to the f character of the Stark states.

Fig. 3 shows typical spectra of X
+
(0,0) [n = 48 (a),

69 (c)] and X
+
(1,0) [n = 46 (b), 70(d)] Rydberg-Stark

manifolds. The Rydberg-Stark states are labeled by the

integer number k, which varies between �(n� 1� |m`|)
and (n � 1 � |m`|) in steps of two, in order of increas-

ing energy [26]. Fig. 3a) and b) exhibits regular and

smoothly varying intensity patterns resulting from the

homogeneous distribution of the f character among the

di↵erent k states. At these n values, the `=0-2 states

have large quantum defects and are located outside of,

and are not significantly mixed with, the near-linear high-

` Stark manifold. The Stark states therefore exclusively

have ` � 3 character. In Stark states, autoionization

is strongly inhibited by the mixing of nonpenetrating

high-` character induced by the electric field, and the

natural linewidths are typically narrower than the mea-

sured linewidths. The calculated spectra (inverted black

traces) are in excellent agreement with the measured

ones.

When the ` = 0� 2 states have a small enough quan-

tum defect, they are already fully mixed in the high-`

Stark manifolds at low fields. In this case, the inten-

sity distributions become irregular and exhibit minima

located near the zero-field positions of the low-` states,

where the f character is reduced, as illustrated in Fig. 3c)

and d). In the case of v
+

= 0, n = 69 [Fig. 3c)], the s

and p Rydberg states are located far from the manifold,

3

-1

0

1

Calculation
Experiment

-800 -600 -400 -200 0 200 400 600 800

-1

0

1

-1

0

1

Calculation
Experiment

-800 -600 -400 -200 0 200 400 600

-1

0

1

-1

0

1

0.00

0.02

-1200 -900 -600 -300 0 300 600 900 1200

-1
0
1

-1

0

1

0.0

0.3

-900 -600 -300 0 300 600 900

-2

0

2

Figure 3. Spectra of the n = 48 [X+(0,0)] (a, magenta trace), n = 46 [X+(1,0)] (b, blue trace), n = 69 [X+(0,0)] (c, magenta
trace) and n = 70 [X+(1,0)] (d, blue trace) Rydberg-Stark manifolds and calculations (black traces), recorded at values of the
electric fields of 180 mV/cm (a), 210 mV/cm (b), 140 mV/cm (c) and 110 mV/cm (d). The purple (turquoise) dashed (dotted)
lines in (c) and (d) indicate the relative |h` = 2|ki|2 (|h` = 1|ki|2) character of each k state. The k quantum numbers assigned to
each Rydberg-Stark state are indicated on the grey axes. The lower panels show the residuals of the fit of the Stark calculation
to the experimental line positions. The error bars indicate the uncertainties in the determination of the experimental line
positions. All frequencies are referenced to the ZQD position for each value of n.
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restricts the excitation to m` = 0 Rydberg-Stark states.
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cause transitions to np Rydberg states were found to be

about two orders of magnitude weaker than those to nf
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lation of intensities, which we assume to be proportional

to the f character of the Stark states.
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ing energy [26]. Fig. 3a) and b) exhibits regular and
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homogeneous distribution of the f character among the
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have large quantum defects and are located outside of,

and are not significantly mixed with, the near-linear high-
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is strongly inhibited by the mixing of nonpenetrating

high-` character induced by the electric field, and the

natural linewidths are typically narrower than the mea-

sured linewidths. The calculated spectra (inverted black

traces) are in excellent agreement with the measured

ones.

When the ` = 0� 2 states have a small enough quan-

tum defect, they are already fully mixed in the high-`

Stark manifolds at low fields. In this case, the inten-

sity distributions become irregular and exhibit minima

located near the zero-field positions of the low-` states,

where the f character is reduced, as illustrated in Fig. 3c)

and d). In the case of v
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= 0, n = 69 [Fig. 3c)], the s

and p Rydberg states are located far from the manifold,
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Figure 3. Spectra of the n = 48 [X+(0,0)] (a, magenta trace), n = 46 [X+(1,0)] (b, blue trace), n = 69 [X+(0,0)] (c, magenta
trace) and n = 70 [X+(1,0)] (d, blue trace) Rydberg-Stark manifolds and calculations (black traces), recorded at values of the
electric fields of 180 mV/cm (a), 210 mV/cm (b), 140 mV/cm (c) and 110 mV/cm (d). The purple (turquoise) dashed (dotted)
lines in (c) and (d) indicate the relative |h` = 2|ki|2 (|h` = 1|ki|2) character of each k state. The k quantum numbers assigned to
each Rydberg-Stark state are indicated on the grey axes. The lower panels show the residuals of the fit of the Stark calculation
to the experimental line positions. The error bars indicate the uncertainties in the determination of the experimental line
positions. All frequencies are referenced to the ZQD position for each value of n.
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= 0,

restricts the excitation to m` = 0 Rydberg-Stark states.

The intermediate GK(0,2) and (2,2) states have domi-

nant 3d� character. Consequently, optical selection rules

restrict transitions to states with np or nf character. Be-

cause transitions to np Rydberg states were found to be

about two orders of magnitude weaker than those to nf

states, line intensities directly reflect the ` = 3 character

of each k state. This property is exploited in the calcu-

lation of intensities, which we assume to be proportional

to the f character of the Stark states.

Fig. 3 shows typical spectra of X
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have large quantum defects and are located outside of,

and are not significantly mixed with, the near-linear high-

` Stark manifold. The Stark states therefore exclusively

have ` � 3 character. In Stark states, autoionization

is strongly inhibited by the mixing of nonpenetrating

high-` character induced by the electric field, and the

natural linewidths are typically narrower than the mea-

sured linewidths. The calculated spectra (inverted black

traces) are in excellent agreement with the measured

ones.

When the ` = 0� 2 states have a small enough quan-

tum defect, they are already fully mixed in the high-`

Stark manifolds at low fields. In this case, the inten-

sity distributions become irregular and exhibit minima

located near the zero-field positions of the low-` states,

where the f character is reduced, as illustrated in Fig. 3c)

and d). In the case of v
+

= 0, n = 69 [Fig. 3c)], the s

and p Rydberg states are located far from the manifold,
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Figure 3. Spectra of the n = 48 [X+(0,0)] (a, magenta trace), n = 46 [X+(1,0)] (b, blue trace), n = 69 [X+(0,0)] (c, magenta
trace) and n = 70 [X+(1,0)] (d, blue trace) Rydberg-Stark manifolds and calculations (black traces), recorded at values of the
electric fields of 180 mV/cm (a), 210 mV/cm (b), 140 mV/cm (c) and 110 mV/cm (d). The purple (turquoise) dashed (dotted)
lines in (c) and (d) indicate the relative |h` = 2|ki|2 (|h` = 1|ki|2) character of each k state. The k quantum numbers assigned to
each Rydberg-Stark state are indicated on the grey axes. The lower panels show the residuals of the fit of the Stark calculation
to the experimental line positions. The error bars indicate the uncertainties in the determination of the experimental line
positions. All frequencies are referenced to the ZQD position for each value of n.
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cause transitions to np Rydberg states were found to be

about two orders of magnitude weaker than those to nf

states, line intensities directly reflect the ` = 3 character

of each k state. This property is exploited in the calcu-

lation of intensities, which we assume to be proportional

to the f character of the Stark states.
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(0,0) [n = 48 (a),
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(1,0) [n = 46 (b), 70(d)] Rydberg-Stark
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di↵erent k states. At these n values, the `=0-2 states

have large quantum defects and are located outside of,

and are not significantly mixed with, the near-linear high-

` Stark manifold. The Stark states therefore exclusively

have ` � 3 character. In Stark states, autoionization

is strongly inhibited by the mixing of nonpenetrating

high-` character induced by the electric field, and the

natural linewidths are typically narrower than the mea-

sured linewidths. The calculated spectra (inverted black

traces) are in excellent agreement with the measured

ones.

When the ` = 0� 2 states have a small enough quan-

tum defect, they are already fully mixed in the high-`

Stark manifolds at low fields. In this case, the inten-

sity distributions become irregular and exhibit minima

located near the zero-field positions of the low-` states,

where the f character is reduced, as illustrated in Fig. 3c)

and d). In the case of v
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= 0, n = 69 [Fig. 3c)], the s
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trace) and n = 70 [X+(1,0)] (d, blue trace) Rydberg-Stark manifolds and calculations (black traces), recorded at values of the
electric fields of 180 mV/cm (a), 210 mV/cm (b), 140 mV/cm (c) and 110 mV/cm (d). The purple (turquoise) dashed (dotted)
lines in (c) and (d) indicate the relative |h` = 2|ki|2 (|h` = 1|ki|2) character of each k state. The k quantum numbers assigned to
each Rydberg-Stark state are indicated on the grey axes. The lower panels show the residuals of the fit of the Stark calculation
to the experimental line positions. The error bars indicate the uncertainties in the determination of the experimental line
positions. All frequencies are referenced to the ZQD position for each value of n.
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allel to the applied electric field, which, when N
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= 0,

restricts the excitation to m` = 0 Rydberg-Stark states.

The intermediate GK(0,2) and (2,2) states have domi-

nant 3d� character. Consequently, optical selection rules

restrict transitions to states with np or nf character. Be-

cause transitions to np Rydberg states were found to be

about two orders of magnitude weaker than those to nf

states, line intensities directly reflect the ` = 3 character

of each k state. This property is exploited in the calcu-

lation of intensities, which we assume to be proportional

to the f character of the Stark states.
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+
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homogeneous distribution of the f character among the

di↵erent k states. At these n values, the `=0-2 states

have large quantum defects and are located outside of,

and are not significantly mixed with, the near-linear high-

` Stark manifold. The Stark states therefore exclusively

have ` � 3 character. In Stark states, autoionization

is strongly inhibited by the mixing of nonpenetrating

high-` character induced by the electric field, and the

natural linewidths are typically narrower than the mea-

sured linewidths. The calculated spectra (inverted black

traces) are in excellent agreement with the measured

ones.

When the ` = 0� 2 states have a small enough quan-

tum defect, they are already fully mixed in the high-`

Stark manifolds at low fields. In this case, the inten-

sity distributions become irregular and exhibit minima

located near the zero-field positions of the low-` states,

where the f character is reduced, as illustrated in Fig. 3c)

and d). In the case of v
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Figure 3. Spectra of the n = 48 [X+(0,0)] (a, magenta trace), n = 46 [X+(1,0)] (b, blue trace), n = 69 [X+(0,0)] (c, magenta
trace) and n = 70 [X+(1,0)] (d, blue trace) Rydberg-Stark manifolds and calculations (black traces), recorded at values of the
electric fields of 180 mV/cm (a), 210 mV/cm (b), 140 mV/cm (c) and 110 mV/cm (d). The purple (turquoise) dashed (dotted)
lines in (c) and (d) indicate the relative |h` = 2|ki|2 (|h` = 1|ki|2) character of each k state. The k quantum numbers assigned to
each Rydberg-Stark state are indicated on the grey axes. The lower panels show the residuals of the fit of the Stark calculation
to the experimental line positions. The error bars indicate the uncertainties in the determination of the experimental line
positions. All frequencies are referenced to the ZQD position for each value of n.
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restricts the excitation to m` = 0 Rydberg-Stark states.

The intermediate GK(0,2) and (2,2) states have domi-
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cause transitions to np Rydberg states were found to be
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have large quantum defects and are located outside of,

and are not significantly mixed with, the near-linear high-

` Stark manifold. The Stark states therefore exclusively
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ones.
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sity distributions become irregular and exhibit minima
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where the f character is reduced, as illustrated in Fig. 3c)
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Figure 3. Spectra of the n = 48 [X+(0,0)] (a, magenta trace), n = 46 [X+(1,0)] (b, blue trace), n = 69 [X+(0,0)] (c, magenta
trace) and n = 70 [X+(1,0)] (d, blue trace) Rydberg-Stark manifolds and calculations (black traces), recorded at values of the
electric fields of 180 mV/cm (a), 210 mV/cm (b), 140 mV/cm (c) and 110 mV/cm (d). The purple (turquoise) dashed (dotted)
lines in (c) and (d) indicate the relative |h` = 2|ki|2 (|h` = 1|ki|2) character of each k state. The k quantum numbers assigned to
each Rydberg-Stark state are indicated on the grey axes. The lower panels show the residuals of the fit of the Stark calculation
to the experimental line positions. The error bars indicate the uncertainties in the determination of the experimental line
positions. All frequencies are referenced to the ZQD position for each value of n.
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allel to the applied electric field, which, when N
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= 0,

restricts the excitation to m` = 0 Rydberg-Stark states.
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states, line intensities directly reflect the ` = 3 character

of each k state. This property is exploited in the calcu-

lation of intensities, which we assume to be proportional
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ing energy [26]. Fig. 3a) and b) exhibits regular and

smoothly varying intensity patterns resulting from the

homogeneous distribution of the f character among the

di↵erent k states. At these n values, the `=0-2 states

have large quantum defects and are located outside of,

and are not significantly mixed with, the near-linear high-

` Stark manifold. The Stark states therefore exclusively

have ` � 3 character. In Stark states, autoionization

is strongly inhibited by the mixing of nonpenetrating

high-` character induced by the electric field, and the

natural linewidths are typically narrower than the mea-

sured linewidths. The calculated spectra (inverted black

traces) are in excellent agreement with the measured

ones.

When the ` = 0� 2 states have a small enough quan-

tum defect, they are already fully mixed in the high-`

Stark manifolds at low fields. In this case, the inten-

sity distributions become irregular and exhibit minima

located near the zero-field positions of the low-` states,

where the f character is reduced, as illustrated in Fig. 3c)

and d). In the case of v
+

= 0, n = 69 [Fig. 3c)], the s

and p Rydberg states are located far from the manifold,

❖ Autoionization suppressed by mixing into the manifold of the high-l, non-penetrating states 

❖ Linewidths of 7-8 MHz 
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Stark spectra: fit of line positions with 2 parameters: 

EI (v+,0) and Fz 
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Figure 3. Spectra of the n = 48 [X+(0,0)] (a, magenta trace), n = 46 [X+(1,0)] (b, blue trace), n = 69 [X+(0,0)] (c, magenta
trace) and n = 70 [X+(1,0)] (d, blue trace) Rydberg-Stark manifolds and calculations (black traces), recorded at values of the
electric fields of 180 mV/cm (a), 210 mV/cm (b), 140 mV/cm (c) and 110 mV/cm (d). The purple (turquoise) dashed (dotted)
lines in (c) and (d) indicate the relative |h` = 2|ki|2 (|h` = 1|ki|2) character of each k state. The k quantum numbers assigned to
each Rydberg-Stark state are indicated on the grey axes. The lower panels show the residuals of the fit of the Stark calculation
to the experimental line positions. The error bars indicate the uncertainties in the determination of the experimental line
positions. All frequencies are referenced to the ZQD position for each value of n.

e↵ect of the nearly degenerate high-` (` � 3) states is es-

sentially linear. The polarizations of all lasers were par-

allel to the applied electric field, which, when N
+

= 0,

restricts the excitation to m` = 0 Rydberg-Stark states.

The intermediate GK(0,2) and (2,2) states have domi-

nant 3d� character. Consequently, optical selection rules

restrict transitions to states with np or nf character. Be-

cause transitions to np Rydberg states were found to be

about two orders of magnitude weaker than those to nf

states, line intensities directly reflect the ` = 3 character

of each k state. This property is exploited in the calcu-

lation of intensities, which we assume to be proportional

to the f character of the Stark states.

Fig. 3 shows typical spectra of X
+
(0,0) [n = 48 (a),

69 (c)] and X
+
(1,0) [n = 46 (b), 70(d)] Rydberg-Stark

manifolds. The Rydberg-Stark states are labeled by the

integer number k, which varies between �(n� 1� |m`|)
and (n � 1 � |m`|) in steps of two, in order of increas-

ing energy [26]. Fig. 3a) and b) exhibits regular and

smoothly varying intensity patterns resulting from the

homogeneous distribution of the f character among the

di↵erent k states. At these n values, the `=0-2 states

have large quantum defects and are located outside of,

and are not significantly mixed with, the near-linear high-

` Stark manifold. The Stark states therefore exclusively

have ` � 3 character. In Stark states, autoionization

is strongly inhibited by the mixing of nonpenetrating

high-` character induced by the electric field, and the

natural linewidths are typically narrower than the mea-

sured linewidths. The calculated spectra (inverted black

traces) are in excellent agreement with the measured

ones.

When the ` = 0� 2 states have a small enough quan-

tum defect, they are already fully mixed in the high-`

Stark manifolds at low fields. In this case, the inten-

sity distributions become irregular and exhibit minima

located near the zero-field positions of the low-` states,

where the f character is reduced, as illustrated in Fig. 3c)

and d). In the case of v
+

= 0, n = 69 [Fig. 3c)], the s

and p Rydberg states are located far from the manifold,

�ZQD < 500 kHz
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Figure 5. Fitted binding energies of the GK(0,2) [GK(2,2)]
states of H2 with respect to the v+ = 0 (a)[v+ = 1 (b)] ion-
ization threshold. For each n, individual points correspond
to measurements taken at di↵erent values of the electric field
strength (in the range 90-300 mV/cm). The dashed lines in-
dicate the weighted standard deviations of the data sets, and
the shaded regions indicate the weighted standard deviations
of the means (see text for detail).

Table II. Summary of energy intervals used to determine the
fundamental vibrational interval in H+

2
and their uncertain-

ties. aThe two uncertainties reported for the calculated value
[5] correspond to the theoretical uncertainty and the uncer-
tainty in the proton-to-electron mass ratio.

Energy interval Value (cm
�1

) Ref.

X
+
(0, 0)� GK(0, 2) 12 723.757 440 7(18)stat(40)sys This work

X
+
(0, 0)� GK(0, 2) 12 723.757 461(23) [36]

X
+
(1, 0)� GK(2, 2) 13 138.046 319(5)stat(8)sys This work

GK(2, 2)� GK(0, 2) 1776.837 736 1(14) [25]

X
+
(1, 0)� X

+
(0, 0) 2191.126 614(5)stat(12)sys This work

X
+
(1, 0)� X

+
(0, 0) 2191.2(2) [7]

X
+
(1, 0)� X

+
(0, 0) 2191.126 626 344(17)(100)

a
[5]

to the quantum defects and the exact wavefunctions of

the perturbing low-` states not being precisely known.

The systematic deviations are compatible with the sen-

sitivity analysis of the Stark-state positions on the quan-

tum defects presented in Ref. [19]. Because of the large

error bars, these ionization energies hardly contribute to

the weighted mean. The remaining systematic uncer-

tainties, to which the lineshape model makes the largest

contribution, are considered separately, as detailed in the

lower part of Table I.

Table II compares the ionization ener-

gies of the GK(0,2) and GK(2,2) states

(12 723.757 440 7(18)stat(40)sys cm
�1

and

13 138.046 319(5)stat(8)sys cm
�1

, respectively), as

well as the fundamental vibrational wavenumber

�G1/2 = 2191.126 614(17) cm
�1

derived using Eq. 2,

with earlier values. The results obtained in the present

work are all within about 1� of earlier theoretical [5]

and experimental [7, 36] results. The fundamental

vibrational interval determined here is four orders

of magnitude more precise than the early pioneering

experimental result (Ref. [7]), but still two orders of

magnitude less precise than the theoretical value (Ref.

[5]).

In this article, we have demonstrated the use of the

ZQD method introduced in Ref. [19] to determine, for

the first time, the fundamental vibrational interval of H
+

2

at sub-MHz accuracy. The accuracy is currently limited

by the uncertainties in the quantum defects of the np

and nd Rydberg states converging on the v
+
= 1 level of

H
+

2
. We expect that one to two orders of magnitude in

precision could be gained by restricting the three-photon

excitation to m` = 3 Rydberg-Stark states using circu-

larly polarized radiation [37]. Such states o↵er the ad-

vantage that they do not contain `  2 character and

that their vibrational autoionization is suppressed. The

method presented here is generally applicable. Because

it does not rely on the existence of a permanent elec-

tric dipole moment, it is particularly attractive for deter-

mining the spin-rovibrational (including hyperfine) struc-

tures of homonuclear diatomic cations.

We thank J. A. Agner and H. Schmutz for their contri-

butions to setting up and maintaining the experimental

infrastructure and Prof. Ch. Jungen for fruitful discus-

sions. This work is supported financially by the Swiss Na-

tional Science Foundation (grant no. 200020B-200478).
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weakly coupled to the vþ ¼ 0 continua, (ii) the low-l states
that are strongly coupled to both the high-l Rydberg-Stark
states and the vþ ¼ 0 continua, and (iii) the vþ ¼ 0
continua. In the perturbed regions, the experimental line
shapes were analyzed using Fano profiles of adjustable
widths, line centers, and q parameters to determine reliable
positions (see inverted calculated spectrum in Fig. 3).
The calculated Stark-state energies were matched to the

observed relative positions by optimizing the field strength
and locating the ZQD position in the measured spectra, as
illustrated schematically in Fig. 1, in a least-squares fit. The
ionization energies were obtained by adding RH2

=n2. The
residuals between calculated and measured line positions
are typically below 1 MHz (see lower panels of Fig. 2).
The ionization energies for all investigated n values (see

color coding) and field strengths are displayed in Figs. 4(a)
and 4(b) for the vþ ¼ 0 and vþ ¼ 1 thresholds, respec-
tively. The error budget corresponding to one such deter-
mined value of the ionization energy is presented in Table I.
The statistical contributions to the uncertainties (vertical
error bars) result from the least-squares fit described above.
The uncertainties associated with the residual first-order
Doppler shifts average out over the dataset, which com-
prises the results of multiple measurements carried out after
complete realignment of the optical layout, and are thus
treated as statistical. In Fig. 4, the dashed lines correspond
to the weighted standard deviation of the datasets and the
shaded regions to the weighted standard deviation of the
mean, obtained by assuming that only measurements
carried out after a full realignment of the experimental
geometry are independent. Whereas the individual vþ ¼ 0
ionization energies have similar error bars and agree with
each other within better than 400 kHz, several vþ ¼ 1
ionization energies, corresponding to n ¼ 55–58, exhibit
large error bars and systematic shifts to higher values.
At these n values, the low-l states are integrated in the
Stark manifolds, leading to the intensity and line-shape

perturbations described above. We attribute these discrep-
ancies to the quantum defects and the exact wave functions
of the perturbing low-l states not being precisely known.
The systematic deviations are compatible with the sensi-
tivity analysis of the Stark-state positions on the quantum
defects presented in Ref. [19]. Because of the large error
bars, these ionization energies hardly contribute to the
weighted mean. The remaining systematic uncertainties, to

FIG. 3. Spectrum of the n ¼ 56 [Xþð1; 0Þ] Rydberg-Stark
manifold recorded from the GK(2,2) state at a value of the
electric fields of 300 mV=cm (blue trace), and calculation (black
trace). The inset shows an expanded version of the spectrum
corresponding to the region indicated by the dotted black
rectangle. All frequencies are referenced to the ZQD position
for n ¼ 56.

FIG. 4. Fitted binding energies of the GK(0,2) [GK(2,2)] states
of H2 with respect to the vþ ¼ 0 (a) [vþ ¼ 1 (b)] ionization
threshold. For each n, individual points correspond to measure-
ments taken at different values of the electric field strength (in the
range 90–300 mV=cm). The dashed lines indicate the weighted
standard deviations of the datasets, and the shaded regions
indicate the weighted standard deviations of the means (see text
for detail).

TABLE I. Error budget and frequency corrections for the
determination of the binding energy of the GK(0,2) [GK(2,2)]
state from the measurement of transitions to the Rydberg-Stark
manifold for one value of n and one value of the electric field
strength. All values and uncertainties are reported in kHz.

Δν σstat σsys

Least-squares fit of ZQD method <500a

Residual 1st order Doppler shift 250b

Line-shape model 100(200)c

2nd order Doppler shift þ2 0.5
ac Stark shift ∼5
Zeeman shift ∼10
Pressure shift ∼1
Photon-recoil shift −160d

aDependent on the measurement.
bAverages out upon multiple realignments.
cFor vþ ¼ 0 (vþ ¼ 1).
dCorresponds to ν̃laser ¼ 12 701.365 cm−1.
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Figure 5. Fitted binding energies of the GK(0,2) [GK(2,2)]
states of H2 with respect to the v+ = 0 (a)[v+ = 1 (b)] ion-
ization threshold. For each n, individual points correspond
to measurements taken at di↵erent values of the electric field
strength (in the range 90-300 mV/cm). The dashed lines in-
dicate the weighted standard deviations of the data sets, and
the shaded regions indicate the weighted standard deviations
of the means (see text for detail).

Table II. Summary of energy intervals used to determine the
fundamental vibrational interval in H+

2
and their uncertain-

ties. aThe two uncertainties reported for the calculated value
[5] correspond to the theoretical uncertainty and the uncer-
tainty in the proton-to-electron mass ratio.

Energy interval Value (cm
�1

) Ref.

X
+
(0, 0)� GK(0, 2) 12 723.757 440 7(18)stat(40)sys This work

X
+
(0, 0)� GK(0, 2) 12 723.757 461(23) [36]

X
+
(1, 0)� GK(2, 2) 13 138.046 319(5)stat(8)sys This work

GK(2, 2)� GK(0, 2) 1776.837 736 1(14) [25]

X
+
(1, 0)� X

+
(0, 0) 2191.126 614(5)stat(12)sys This work

X
+
(1, 0)� X

+
(0, 0) 2191.2(2) [7]

X
+
(1, 0)� X

+
(0, 0) 2191.126 626 344(17)(100)

a
[5]

to the quantum defects and the exact wavefunctions of

the perturbing low-` states not being precisely known.

The systematic deviations are compatible with the sen-

sitivity analysis of the Stark-state positions on the quan-

tum defects presented in Ref. [19]. Because of the large

error bars, these ionization energies hardly contribute to

the weighted mean. The remaining systematic uncer-

tainties, to which the lineshape model makes the largest

contribution, are considered separately, as detailed in the

lower part of Table I.

Table II compares the ionization ener-

gies of the GK(0,2) and GK(2,2) states

(12 723.757 440 7(18)stat(40)sys cm
�1

and

13 138.046 319(5)stat(8)sys cm
�1

, respectively), as

well as the fundamental vibrational wavenumber

�G1/2 = 2191.126 614(17) cm
�1

derived using Eq. 2,

with earlier values. The results obtained in the present

work are all within about 1� of earlier theoretical [5]

and experimental [7, 36] results. The fundamental

vibrational interval determined here is four orders

of magnitude more precise than the early pioneering

experimental result (Ref. [7]), but still two orders of

magnitude less precise than the theoretical value (Ref.

[5]).

In this article, we have demonstrated the use of the

ZQD method introduced in Ref. [19] to determine, for

the first time, the fundamental vibrational interval of H
+

2

at sub-MHz accuracy. The accuracy is currently limited

by the uncertainties in the quantum defects of the np

and nd Rydberg states converging on the v
+
= 1 level of

H
+

2
. We expect that one to two orders of magnitude in

precision could be gained by restricting the three-photon

excitation to m` = 3 Rydberg-Stark states using circu-

larly polarized radiation [37]. Such states o↵er the ad-

vantage that they do not contain `  2 character and

that their vibrational autoionization is suppressed. The

method presented here is generally applicable. Because

it does not rely on the existence of a permanent elec-

tric dipole moment, it is particularly attractive for deter-

mining the spin-rovibrational (including hyperfine) struc-

tures of homonuclear diatomic cations.

We thank J. A. Agner and H. Schmutz for their contri-
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infrastructure and Prof. Ch. Jungen for fruitful discus-

sions. This work is supported financially by the Swiss Na-

tional Science Foundation (grant no. 200020B-200478).
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which the line-shape model makes the largest contribution,
are considered separately, as detailed in the lower part of
Table I.
Table II compares the ionization energies of the GK(0,2)

and GK(2,2) states [12 723.757 440 7ð18Þstatð40Þsys cm−1

and 13 138.046 319ð5Þstatð8Þsys cm−1, respectively], as well
as the fundamental vibrational wave number ΔG1=2 ¼
2191.126 614ð17Þ cm−1 derived using Eq. (2), with earlier
values. The results obtained in the present work are all
within about 1σ of earlier theoretical [5] and experimental
[7,38] results. The fundamental vibrational interval deter-
mined here is 4 orders of magnitude more precise than the
early pioneering experimental result (Ref. [7]), but still 2
orders of magnitude less precise than the theoretical
value [5].
We have demonstrated the use of the ZQD method

introduced in Ref. [19] to determine, for the first time, the
fundamental vibrational interval of Hþ

2 at sub-MHz accu-
racy. The accuracy is currently limited by the uncertainties
in the quantum defects of the np and nd Rydberg series
converging on the vþ ¼ 1 level of Hþ

2 . We expect that 1 to 2
orders of magnitude in precision could be gained by
restricting the three-photon excitation to ml ¼ 3 Rydberg-
Stark states using circularly polarized radiation [39]. Such
states do not contain l ≤ 2 character and their vibrational
autoionization is suppressed. The method presented here is
generally applicable. Because it does not rely on the
existence of a permanent electric-dipole moment, it is ideal
for determining the rovibrational structures of homonuclear
diatomic cations.

We thank J. A. Agner and H. Schmutz for their con-
tributions to setting up and maintaining the experimental
infrastructure and Professor Ch. Jungen for fruitful dis-
cussions. This work is supported financially by the Swiss
National Science Foundation (Grant No. 200020B-
200478).

Appendix: Cancellation of first-order Doppler shifts.—
To determine and eliminate Doppler shifts, the NIR laser

is retroreflected by a mirror located beyond the
photoexcitation region. This configuration leads to two
Doppler components for each transition, with opposite
first-order Doppler shifts %ðv sin β=cÞ · νNIR (see Fig. 5).
The center frequency is determined by averaging their
frequencies, after overlapping the incoming and reflected
laser beams at a distance of 12 m (see Ref. [25] for
details). This procedure automatically eliminates any
contribution to the Doppler shifts that could arise from
the selection of certain velocity classes through the
resonant two-photon excitation from the X(0,0) ground
state to the GK 1Σþ

g ðv; 2Þ intermediate states.
Figures 5(a) and 5(b) display spectra measured under

field-free conditions for the two transitions 70f03 ðvþ ¼
0Þ ← GKð0.2Þ and 70f03 ðvþ ¼ 1Þ ← GKð2; 2Þ. Individual
Doppler components have linewidths of 5.2(5) and
6.9(7) MHz, respectively. The slight broadening of the
70f03 ðvþ ¼ 1Þ ← GKð2; 2Þ transition is attributed to

TABLE II. Summary of energy intervals used to determine the fundamental vibrational interval in Hþ
2 and their

uncertainties.

Energy interval Value (cm−1) Ref.

Xþð0; 0Þ − GKð0; 2Þ 12 723.757 440 7ð18Þstatð40Þsys This Letter
Xþð0; 0Þ − GKð0; 2Þ 12 723.757 461(23) [38]
Xþð1; 0Þ − GKð2; 2Þ 13 138.046 319ð5Þstatð8Þsys This Letter
GKð2; 2Þ − GKð0; 2Þ 1776.837 736 1(14) [26]
Xþð1; 0Þ − Xþð0; 0Þ 2191.126 614ð5Þstatð12Þsys This Letter
Xþð1; 0Þ − Xþð0; 0Þ 2191.2(2) [7]
Xþð1; 0Þ − Xþð0; 0Þ 2191.126 626 344(17)(100)a [5]

aThe two uncertainties reported for the calculated value [5] correspond to the theoretical uncertainty and the
uncertainty in the proton-to-electron mass ratio.

FIG. 5. Upper panels: spectra of the 70f03 ðvþ ¼ 0Þ ←
GKð0; 2Þ (a) and 70f03 ðvþ ¼ 1Þ ← GKð2; 2Þ (b) transitions
(dots) and fits using a Voigt line-shape model (solid lines). The
vertical dashed lines indicate the Doppler-free transition frequen-
cies. Lower panels: weighted residuals and their corresponding
relative weights (gray traces).
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Laser spectroscopy of a rovibrational 
transition in the molecular hydrogen ion 2Ҭ

Ţ

M. R. Schenkel    , S. Alighanbari     & S. Schiller     

Comparison of precise predictions of the energy levels of the molecular 
hydrogen ion 2Ⴛ

Ţ

—the simplest molecule—with measured vibrational 
transition frequencies would allow a direct determination of the 
proton-to-electron mass ratio and of the proton’s charge radius. Here we 
report vibrational laser spectroscopy of trapped and sympathetically 
laser-cooled 2Ⴛ

Ţ

, which represents a step towards this goal. We studied a 
!rst-overtone electric-quadrupole transition and measured its two 
hyper!ne components. The determined spin-averaged vibrational 
transition frequency has a fractional uncertainty of 1.2 × 10−8 and is in 
agreement with the theoretically predicted value. We measured an 
analogous electric-quadrupole transition in HD+ to estimate systematic 
uncertainties. Here, we observed a vastly improved line quality factor 
compared to previous electric-quadrupole spectroscopy of molecular ions. 
Our work demonstrates that !rst-overtone electric-quadrupole transitions 
are suitable for precision spectroscopy of molecular ions, including 2Ⴛ

Ţ

, and 
that determining the proton-to-electron mass ratio with laser spectroscopy 
could become competitive with mass spectrometry using Penning traps. 
Furthermore, achieving precision spectroscopy of 2Ⴛ

Ţ

 is an essential 
prerequisite for a future test of combined charge, parity and time reversal 
symmetry based on a comparison with its antimatter counterpart.

In recent years, it has been shown that the accurate determination 
of transition frequencies between rovibrational levels of molecular 
ions can contribute to current endeavours in fundamental physics. In 
particular, precision rotational and vibrational spectroscopy of the 
molecular hydrogen ion (MHI) HD+ has allowed testing some predic-
tions of quantum electrodynamics theory1, determining a fundamental 
constant and searching for physics beyond the standard model2–5. For a 
discussion, see refs. 5–7. The heteronuclear HD+ system is advantageous 
from an experimental point of view because it allows for electric-dipole 
(E1) transitions. Such transitions can be driven by moderate laser 
power. Also, any vibrational excitation decays on a timescale of tens 
of milliseconds to the ground vibrational level v = 0 by spontaneous 
emission (v is the vibrational quantum number). After thermalization 
with black-body radiation, an ensemble of HD+ contains a sufficiently 
large fraction of molecules in any of a small set of rovibrational levels 
(v = 0, N = 0, 1, 2, 3, 4, where N is the rotational quantum number), a 

favourable situation. However, HD+ also has shortcomings. First, it has a 
complex hyperfine structure (HFS), complicating experimentation and 
extraction of the spin-averaged (HFS-free) frequency, and second, the 
key properties of its two dissimilar nuclei, namely the mass and charge 
radius, cannot be independently deduced from spectroscopic data.

To overcome the latter, intrinsic limitation, there is a need to inves-
tigate at least one of the homonuclear MHIs, 2Ⴛ

Ţ

 and  Ⴛ

Ţ

. Due to the 
smaller spin of the proton (1/2) compared to the deuteron (1), the HFS 
of 2Ⴛ

Ţ

 is simpler and this molecule may be preferred. In homonuclear 
diatomics, E1 transitions between rovibrational levels in the same 
electronic state are forbidden. As a consequence, the natural lifetimes 
of excited vibrational levels are extremely long, of the order of 1 week 
for 2Ⴛ

Ţ

 (ref. 8). Thus, homonuclear MHIs lack a natural vibrational state 
preparation: they do not readily decay to the vibrational ground state. 
Conversely, the natural linewidths of transitions between these levels 
are extremely small. This leads to the exciting perspective of 
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available at high density and absorption spectroscopy can be per-
formed at easily available near-infrared laser wavelengths.

In this work, we perform vibrational laser spectroscopy of 2Ⴛ

Ţ

, 
achieving a tenfold higher fractional accuracy than any other hitherto 
measured transition frequency of this molecule. We also present a 
precision study of E2 spectroscopy in a molecular-ion system to deter-
mine systematic shifts and explore its potential.

HFS of 2Ⴛ

Ţ

The rovibrational 2Ⴛ

Ţ

 transition addressed in this work is illustrated in 
Fig. 1a. 2Ⴛ

Ţ

 exhibits a HFS in all rovibrational levels, except when N = 0 
(N is the rotational quantum number). In homonuclear diatomics, the 
HFS is simplified because of the anti-symmetrization principle for 
fermions. The total nuclear spin I takes on even or zero values in levels 
of even or zero N, the so-called para-levels. Thus, para-2Ⴛ

Ţ

 (that is, 
N = 0, 2, 4, …) has I = 0. This leads to a very simple hyperfine Hamilto-
nian, containing only the interaction between electron spin and molec-
ular rotation, ce(v, N) Se ⋅ N. Here, ce is the coupling coefficient, Se is the 
electron spin operator and N is the rotational angular momentum 
operator. In contrast to the vibrational structure, the HFS of 2Ⴛ

Ţ

 was 
measured a long time ago and accurately in levels v = 4–8, with uncer-
tainties at the 1.5 kHz level, using radio-frequency (RF) spectroscopy26. 
After a half-century-long development, ab initio theory was able to 
match the experimental uncertainty27–32.

The E2 transition with the simplest HFS is between levels with  
N = 0 and Gᆣ

Ҳ Ţ (or vice versa). We, therefore, chose to study this case, 
selecting Đ Ҳ š °çÁ Đᆣ Ҳ ţ , as shown in Fig. 1b. The total angular  
momentum of the lower spectroscopy level (v = 1, N = 0) is F = 1/2, and 
there is no hyperfine splitting. For the upper spectroscopy level 
ШĐ

ᆣ

Ҳ ţИG

ᆣ

Ҳ ŢЩ, angular momentum coupling yields ,ᆣ Ҳ ţФŢ  or 5/2, 
and the level is split by the electron-spin-rotation interaction into two 

spectroscopy with extremely high line resolution, limited only by the 
spectral purity of the laser. Such performance would be important for 
implementing fundamental tests of physics, for which the highest 
frequency accuracy is desirable9.

Furthermore, rovibrational transitions must be induced by 
two-photon10 or electric-quadrupole (E2) excitation11,12. The squared 
Rabi frequency for E2 excitation in a homonuclear MHI is substantially 
smaller than for the E1 excitation of a comparable transition in a het-
eronuclear MHI (Methods), posing a challenge due to the requirement 
for high laser intensities. Note that E1 transitions in homonuclear MHI 
do exist because of the presence of spin interactions, but the transition 
strengths between low-lying vibrational levels are predicted to be 
orders of magnitude weaker than for E2 transitions13.

Although 2Ⴛ

Ţ

 has been investigated theoretically for almost a cen-
tury14,15, no direct measurements of the vibrational structure of 2Ⴛ

Ţ

 near 
the bottom of the internuclear potential curve have ever been per-
formed. A few spectroscopic studies of 2Ⴛ

Ţ

 have addressed rovibrational 
states close to the dissociation limit of the electronic ground state. Two 
studies determined electronic transition frequencies, including rovi-
brational contributions, with 10−6-level uncertainty16,17. A third study 
measured a pure rotational transition with 4 × 10−5 uncertainty18. An 
alternative approach of studying transitions in highly excited Rydberg 
states of neutral H2 (refs. 19,20) yielded two rotational transitions with 
uncertainties (3, 5) × 10−7. There has been no improvement in accuracy 
or resolution since 1990.

E2 transitions in 2Ⴛ

Ţ

, first discussed theoretically 70 years ago, have 
never been observed in absorption and have been observed only in 
spontaneous emission under extreme conditions21. In fact, there has 
so far been only a single study of E2 vibrational (laser) spectroscopy of 
molecular ions, on GႻ

Ţ

 at 4.6 µm (ref. 22). Note that E2 spectroscopy of 
neutral H2 is well developed23–25, because these molecules are readily 
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Fig. 1 | Energy levels of 2Ⴛ

Ţ

 and transitions relevant to this work. a, 2ᆴ

Ţ

 
molecular energy as a function of proton separation R in units of the Bohr radius 
a0 for the two energetically lowest electronic states 1s σg and 2p σu. The indicated 
vibrational energy levels (grey) are those for N = 0. The inset shows the first three 
rotational (Rot.) levels of the vibrational states v = 1–3. The studied transition 
ႾĐ Ⴝ šᆠG Ⴝ ŠႿ ័ ႾĐ

ኜ

Ⴝ ţᆠG

ኜ

Ⴝ ŢႿ is shown by the magenta arrows. The 
dissociation laser’s photon energy is indicated by the purple arrow. b, Hyperfine 
and Zeeman structure of the two rovibrational levels pertinent to the present 

study. The electron-spin-rotation coupling splits the upper vibrational level into 
two states ,ኜ Ⴝ ţេŢ and 5/2, separated by 86.8 MHz (green arrow). The magenta 
arrows indicate the measured hyperfine components ˦

Í

ᆴ

 and ˦

Í

ᆵ

. The Zeeman 
splittings in a finite magnetic field B = 1 µT are shown for illustration. During the 
exposure of the molecules to the spectroscopy wave, the magnetic field was 
substantially smaller. To show the Zeeman splittings, the vertical axis is broken at 
two positions. F is the total angular momentum of the molecule and mF is the total 
angular momentum projection quantum number.
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The fundamental vibrational interval of Hþ
2 has been determined to beΔG1=2 ¼ 2191.126 614ð17Þ cm−1

by continuous-wave laser spectroscopy of Stark manifolds of Rydberg states of H2 with the H
þ
2 ion core in

the ground and first vibrationally excited states. Extrapolation of the Stark shifts to zero field yields the
zero-quantum-defect positions −RH2

=n2, from which ionization energies can be determined. Our new
result represents a 4-order-of-magnitude improvement compared to earlier measurements. It agrees, within
the experimental uncertainty, with the value of 2191.126 626 344ð17Þð100Þ cm−1 determined in non-
relativistic quantum electrodynamic calculations [V. Korobov, L. Hilico and J.-Ph. Karr, Phys. Rev. Lett.
118, 233001 (2017)].

DOI: 10.1103/PhysRevLett.132.073001

Hþ
2 is a fundamental molecular three-body quantum

system. Its energy-level structure can be calculated with high
accuracy in first-principles quantum-mechanical calculations
including relativistic and quantum-electrodynamics (QED)
corrections [1–5]. In a calculation of QED corrections up to
ordermα7, even including the largest correction of ordermα8,
Korobov et al. determined the fundamental vibrational
frequency ΔG1=2 in Hþ

2 to be 65 688 323 710.1(5)(2.9) kHz
[2191.126 626 344ð17Þð100Þ cm−1] [5], where the first and
second uncertainties are the theoretical uncertainty and the
uncertainty caused by thevalueof theproton-to-electronmass
ratio recommended at that time [6]. Hþ

2 does not have a
permanent electric-dipole moment and precision measure-
ments of this interval are challenging. The most precise
experimental values for the fundamental vibrational interval
to date remain the value of 2191.2ð2Þ cm−1 determined by
Herzberg and Jungen in 1972 [7] through extrapolation of the
Rydberg series observed in the absorption spectrumofH2 and
thevalue of 2191.126 53ð8Þ cm−1 reported in the dissertation
of Beyer [8], also obtained by Rydberg-series extrapolation.
Efforts are currently underway in several laboratories to
measure rovibrational intervals in Hþ

2 using cold Hþ
2 ions

in ion traps [9–12].
HDþ has an electric-dipole moment resulting from the

displacement of the center of mass from the center of
charge, which facilitates precision measurements of rovi-
brational transitions. Recent experiments using sympatheti-
cally cooled HDþ ions have resulted in accurate transition
frequencies [13–15], which are used in the determination of
the proton-to-electron mass ratio and other physical con-
stants [9,14,16]. However, discrepancies concerning the

hyperfine structure remain unexplained [17,18] and mea-
surements in Hþ

2 have thus regained attractivity. We present
a determination of the fundamental vibrational interval of
Hþ

2 from measurements in high-n Rydberg states of H2

following the scheme depicted in Fig. 1. The measurements
rely on the derivation of the positions of zero-quantum
defect (ZQD), i.e., of the Bohr energies −RH2

=n2, where n
represents the principal quantum number and RH2

the mass-
corrected Rydberg constant for H2. These positions are
obtained from the analysis of the Stark shifts of high
Rydberg states of H2 in weak electric fields. This method,
referred to as the ZQD method, was introduced in a
millimeter-wave spectroscopic measurement [19] of the
Stark effect in high-n Rydberg states of H2 with an Xþ 2Σþ

g

(vþ ¼ 0, Nþ ¼ 0) ion core. We extend it here to the
Rydberg series converging to the vþ ¼ 1, Nþ ¼ 0 state
of Hþ

2 , which we measure from selected rovibrational levels
of the GK 1Σþ

g state of H2.
The ZQD method relies on the precise calculation

of the binding energies of Rydberg-Stark states. In
summary, the Hamiltonian matrix corresponding to Ĥ0 þ
eFẑ is constructed in the Hund’s case d) basis set
jnlNþNMNi. The matrix Ĥ0 is diagonal and its elements
are determined either from multichannel-quantum-defect-
theory calculations for states with l ≤ 5 [20–22] or from
a polarization model for states with l > 5 [23]. We
also use experimentally determined zero-field energies
for the p and d states, which, in para-H2, are not predicted
by multichannel-quantum-defect theory as accurately
as l ≥ 3 states (see Supplemental Material [24] for an
example).
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ZQD Method: Further applications

The spin-rotational interval of para-H2+:

J+
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Current status  — MQDT Extrapolation f series

�ESR = �SR

✓
N+ +

1

2

◆

<latexit sha1_base64="UVaekk5CSRAiolUplvLAccc0Ibg="></latexit>

✓ 
✓ 

N
+ �SR (MHz) (This work) �SR (MHz) (Korobov et al., 2006)

2 42.21(4) 42.1625

4 41.26(8) 41.2942

6 40.04(8) 39.99

1

* ✓ 
I. Doran, M. Beyer, F. Merkt, unpublished
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�ESR

<latexit sha1_base64="TICEvCdhNrcP6BGFYzx0pnjNi8s=">AAAB/3icbVDJSgNBEO1xjXGLCl68NAbBU5iRiB6DC3iMSxZIhqGnU0ma9Cx014hhzMFf8eJBEa/+hjf/xs5y0MQHBY/3qqiq58dSaLTtb2tufmFxaTmzkl1dW9/YzG1tV3WUKA4VHslI1X2mQYoQKihQQj1WwAJfQs3vnQ/92j0oLaLwDvsxuAHrhKItOEMjebnd5gVIZPTSS5sID6iC9PZmMPByebtgj0BniTMheTJB2ct9NVsRTwIIkUumdcOxY3RTplBwCYNsM9EQM95jHWgYGrIAtJuO7h/QA6O0aDtSpkKkI/X3RMoCrfuBbzoDhl097Q3F/7xGgu1TNxVhnCCEfLyonUiKER2GQVtCAUfZN4RxJcytlHeZYhxNZFkTgjP98iypHhWcYuH4upgvnU3iyJA9sk8OiUNOSIlckTKpEE4eyTN5JW/Wk/VivVsf49Y5azKzQ/7A+vwBG46WLg==</latexit>

�ESR

<latexit sha1_base64="TICEvCdhNrcP6BGFYzx0pnjNi8s=">AAAB/3icbVDJSgNBEO1xjXGLCl68NAbBU5iRiB6DC3iMSxZIhqGnU0ma9Cx014hhzMFf8eJBEa/+hjf/xs5y0MQHBY/3qqiq58dSaLTtb2tufmFxaTmzkl1dW9/YzG1tV3WUKA4VHslI1X2mQYoQKihQQj1WwAJfQs3vnQ/92j0oLaLwDvsxuAHrhKItOEMjebnd5gVIZPTSS5sID6iC9PZmMPByebtgj0BniTMheTJB2ct9NVsRTwIIkUumdcOxY3RTplBwCYNsM9EQM95jHWgYGrIAtJuO7h/QA6O0aDtSpkKkI/X3RMoCrfuBbzoDhl097Q3F/7xGgu1TNxVhnCCEfLyonUiKER2GQVtCAUfZN4RxJcytlHeZYhxNZFkTgjP98iypHhWcYuH4upgvnU3iyJA9sk8OiUNOSIlckTKpEE4eyTN5JW/Wk/VivVsf49Y5azKzQ/7A+vwBG46WLg==</latexit>

�ESR

<latexit sha1_base64="TICEvCdhNrcP6BGFYzx0pnjNi8s=">AAAB/3icbVDJSgNBEO1xjXGLCl68NAbBU5iRiB6DC3iMSxZIhqGnU0ma9Cx014hhzMFf8eJBEa/+hjf/xs5y0MQHBY/3qqiq58dSaLTtb2tufmFxaTmzkl1dW9/YzG1tV3WUKA4VHslI1X2mQYoQKihQQj1WwAJfQs3vnQ/92j0oLaLwDvsxuAHrhKItOEMjebnd5gVIZPTSS5sID6iC9PZmMPByebtgj0BniTMheTJB2ct9NVsRTwIIkUumdcOxY3RTplBwCYNsM9EQM95jHWgYGrIAtJuO7h/QA6O0aDtSpkKkI/X3RMoCrfuBbzoDhl097Q3F/7xGgu1TNxVhnCCEfLyonUiKER2GQVtCAUfZN4RxJcytlHeZYhxNZFkTgjP98iypHhWcYuH4upgvnU3iyJA9sk8OiUNOSIlckTKpEE4eyTN5JW/Wk/VivVsf49Y5azKzQ/7A+vwBG46WLg==</latexit>

�ESR

<latexit sha1_base64="TICEvCdhNrcP6BGFYzx0pnjNi8s=">AAAB/3icbVDJSgNBEO1xjXGLCl68NAbBU5iRiB6DC3iMSxZIhqGnU0ma9Cx014hhzMFf8eJBEa/+hjf/xs5y0MQHBY/3qqiq58dSaLTtb2tufmFxaTmzkl1dW9/YzG1tV3WUKA4VHslI1X2mQYoQKihQQj1WwAJfQs3vnQ/92j0oLaLwDvsxuAHrhKItOEMjebnd5gVIZPTSS5sID6iC9PZmMPByebtgj0BniTMheTJB2ct9NVsRTwIIkUumdcOxY3RTplBwCYNsM9EQM95jHWgYGrIAtJuO7h/QA6O0aDtSpkKkI/X3RMoCrfuBbzoDhl097Q3F/7xGgu1TNxVhnCCEfLyonUiKER2GQVtCAUfZN4RxJcytlHeZYhxNZFkTgjP98iypHhWcYuH4upgvnU3iyJA9sk8OiUNOSIlckTKpEE4eyTN5JW/Wk/VivVsf49Y5azKzQ/7A+vwBG46WLg==</latexit>

�ESR

<latexit sha1_base64="TICEvCdhNrcP6BGFYzx0pnjNi8s=">AAAB/3icbVDJSgNBEO1xjXGLCl68NAbBU5iRiB6DC3iMSxZIhqGnU0ma9Cx014hhzMFf8eJBEa/+hjf/xs5y0MQHBY/3qqiq58dSaLTtb2tufmFxaTmzkl1dW9/YzG1tV3WUKA4VHslI1X2mQYoQKihQQj1WwAJfQs3vnQ/92j0oLaLwDvsxuAHrhKItOEMjebnd5gVIZPTSS5sID6iC9PZmMPByebtgj0BniTMheTJB2ct9NVsRTwIIkUumdcOxY3RTplBwCYNsM9EQM95jHWgYGrIAtJuO7h/QA6O0aDtSpkKkI/X3RMoCrfuBbzoDhl097Q3F/7xGgu1TNxVhnCCEfLyonUiKER2GQVtCAUfZN4RxJcytlHeZYhxNZFkTgjP98iypHhWcYuH4upgvnU3iyJA9sk8OiUNOSIlckTKpEE4eyTN5JW/Wk/VivVsf49Y5azKzQ/7A+vwBG46WLg==</latexit>

�ESR

<latexit sha1_base64="TICEvCdhNrcP6BGFYzx0pnjNi8s=">AAAB/3icbVDJSgNBEO1xjXGLCl68NAbBU5iRiB6DC3iMSxZIhqGnU0ma9Cx014hhzMFf8eJBEa/+hjf/xs5y0MQHBY/3qqiq58dSaLTtb2tufmFxaTmzkl1dW9/YzG1tV3WUKA4VHslI1X2mQYoQKihQQj1WwAJfQs3vnQ/92j0oLaLwDvsxuAHrhKItOEMjebnd5gVIZPTSS5sID6iC9PZmMPByebtgj0BniTMheTJB2ct9NVsRTwIIkUumdcOxY3RTplBwCYNsM9EQM95jHWgYGrIAtJuO7h/QA6O0aDtSpkKkI/X3RMoCrfuBbzoDhl097Q3F/7xGgu1TNxVhnCCEfLyonUiKER2GQVtCAUfZN4RxJcytlHeZYhxNZFkTgjP98iypHhWcYuH4upgvnU3iyJA9sk8OiUNOSIlckTKpEE4eyTN5JW/Wk/VivVsf49Y5azKzQ/7A+vwBG46WLg==</latexit>
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n = 50 (v+ =0)

*using McEachran et al., 1978 
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ZQD Method: Further applications

The hyperfine structure of ortho-D2+:

S+

<latexit sha1_base64="87od0xhFeJ6d88MtO9Vwyrz0Z28=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBAEIexKRI9BLx4jmgcka5idzCZDZh/O9AbDku/w4kERr36MN//GSbIHTSwYKKq66J7yYik02va3tbS8srq2ntvIb25t7+wW9vbrOkoU4zUWyUg1Paq5FCGvoUDJm7HiNPAkb3iD64nfGHKlRRTe4yjmbkB7ofAFo2gkt438yaTSu/HDab5TKNolewqySJyMFCFDtVP4ancjlgQ8RCap1i3HjtFNqULBJB/n24nmMWUD2uMtQ0MacO2m06PH5NgoXeJHyrwQyVT9nUhpoPUo8MxkQLGv572J+J/XStC/dFMRxgnykM0W+YkkGJFJA6QrFGcoR4ZQpoS5lbA+VZSh6WlSgjP/5UVSPys55dL5bblYucrqyMEhHMEJOHABFbiBKtSAwSM8wyu8WUPrxXq3PmajS1aWOYA/sD5/AGzakeA=</latexit>

I

<latexit sha1_base64="hlUvG771R67Dw88k1rkWdByk2ZI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BL3pLwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+n2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5sl4pVW+yOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A6GVjNU=</latexit>

G+

<latexit sha1_base64="dhrj7ite22HZCVhtu/6ALxpfjms=">AAAB9HicbVDLSsNAFL3xWeur6tJNsAiCUBKp6LLoQpcV7APaWCbTSTt0MokzN8US+h1uXCji1o9x5984abvQ1gMDh3Pu4d45fiy4Rsf5tpaWV1bX1nMb+c2t7Z3dwt5+XUeJoqxGIxGppk80E1yyGnIUrBkrRkJfsIY/uM78xpApzSN5j6OYeSHpSR5wStBIXhvZk0mlN+OH03ynUHRKzgT2InFnpAgzVDuFr3Y3oknIJFJBtG65ToxeShRyKtg43040iwkdkB5rGSpJyLSXTo4e28dG6dpBpMyTaE/U34mUhFqPQt9MhgT7et7LxP+8VoLBpZdyGSfIJJ0uChJhY2RnDdhdrhhFMTKEUMXNrTbtE0Uomp6yEtz5Ly+S+lnJLZfO78rFytWsjhwcwhGcgAsXUIFbqEINKDzCM7zCmzW0Xqx362M6umTNMgfwB9bnD1p6kdQ=</latexit>

I = 0,G+ = 1/2

<latexit sha1_base64="650hWjpL8v1DcvniJd4ZgLFW+Hs=">AAACDHicbVDLSgMxFM3UV62vqks3wSIISp0pFd0IRRfqroJ9QDuWTJq2oZkHyR2xDPMBbvwVNy4UcesHuPNvzLQjaPVA4OSce0jucQLBFZjmp5GZmZ2bX8gu5paWV1bX8usbdeWHkrIa9YUvmw5RTHCP1YCDYM1AMuI6gjWc4VniN26ZVNz3rmEUMNslfY/3OCWgpU6+0AZ2p3PRZYxPsLmPv+/n8c2eVqyDUk5PmUVzDPyXWCkpoBTVTv6j3fVp6DIPqCBKtSwzADsiEjgVLM61Q8UCQoekz1qaesRlyo7Gy8R4Rytd3POlPh7gsfozERFXqZHr6EmXwEBNe4n4n9cKoXdsR9wLQmAenTzUCwUGHyfN4C6XjIIYaUKo5PqvmA6IJBR0f0kJ1vTKf0m9VLTKxcOrcqFymtaRRVtoG+0iCx2hCrpAVVRDFN2jR/SMXowH48l4Nd4moxkjzWyiXzDevwA6y5ko</latexit>

I = 2,G+ = 3/2

<latexit sha1_base64="fSQyQEaHRRldAQKnRaln+y7uSUk=">AAACDHicbVDNSgMxGMzWv1r/qh69BIsgKHW3VvQiFD2otwr2B9q1ZNNsG5rNLklWLMs+gBdfxYsHRbz6AN58G7PtCto6EJjMfEPyjRMwKpVpfhmZmdm5+YXsYm5peWV1Lb++UZd+KDCpYZ/5oukgSRjlpKaoYqQZCII8h5GGMzhP/MYdEZL6/EYNA2J7qMepSzFSWurkC21F7nUuuorhKSztw5/7RXy7p5XDg1JOT5lFcwQ4TayUFECKaif/2e76OPQIV5ghKVuWGSg7QkJRzEica4eSBAgPUI+0NOXII9KORsvEcEcrXej6Qh+u4Ej9nYiQJ+XQc/Skh1RfTnqJ+J/XCpV7YkeUB6EiHI8fckMGlQ+TZmCXCoIVG2qCsKD6rxD3kUBY6f6SEqzJladJvVS0ysWj63KhcpbWkQVbYBvsAgscgwq4BFVQAxg8gCfwAl6NR+PZeDPex6MZI81sgj8wPr4BQQuZLA==</latexit>

I = 2,G+ = 5/2

<latexit sha1_base64="Ckm8seGt1M+67XGq7YENhCubb1U=">AAACDHicbVDNSgMxGMzWv1r/qh69BIsgKHW3tOhFKHpQbxXsD7RryabZNjSbXZKsWJZ9AC++ihcPinj1Abz5NmbbFbR1IDCZ+YbkGydgVCrT/DIyc/MLi0vZ5dzK6tr6Rn5zqyH9UGBSxz7zRctBkjDKSV1RxUgrEAR5DiNNZ3ie+M07IiT1+Y0aBcT2UJ9Tl2KktNTNFzqK3OtcdBXDU1g6hD/3i/j2QCuVo1JOT5lFcww4S6yUFECKWjf/2en5OPQIV5ghKduWGSg7QkJRzEic64SSBAgPUZ+0NeXII9KOxsvEcE8rPej6Qh+u4Fj9nYiQJ+XIc/Skh9RATnuJ+J/XDpV7YkeUB6EiHE8eckMGlQ+TZmCPCoIVG2mCsKD6rxAPkEBY6f6SEqzplWdJo1S0ysXKdblQPUvryIIdsAv2gQWOQRVcghqoAwwewBN4Aa/Go/FsvBnvk9GMkWa2wR8YH99EGZku</latexit>

Th.:Danev et al., Phys. Rev. A 103, 012805 (2021)
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Work done together with Leon Jeckel
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ZQD Method: Further applications

The hyperfine structure of ortho-D2+:

S+

<latexit sha1_base64="87od0xhFeJ6d88MtO9Vwyrz0Z28=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBAEIexKRI9BLx4jmgcka5idzCZDZh/O9AbDku/w4kERr36MN//GSbIHTSwYKKq66J7yYik02va3tbS8srq2ntvIb25t7+wW9vbrOkoU4zUWyUg1Paq5FCGvoUDJm7HiNPAkb3iD64nfGHKlRRTe4yjmbkB7ofAFo2gkt438yaTSu/HDab5TKNolewqySJyMFCFDtVP4ancjlgQ8RCap1i3HjtFNqULBJB/n24nmMWUD2uMtQ0MacO2m06PH5NgoXeJHyrwQyVT9nUhpoPUo8MxkQLGv572J+J/XStC/dFMRxgnykM0W+YkkGJFJA6QrFGcoR4ZQpoS5lbA+VZSh6WlSgjP/5UVSPys55dL5bblYucrqyMEhHMEJOHABFbiBKtSAwSM8wyu8WUPrxXq3PmajS1aWOYA/sD5/AGzakeA=</latexit>

I

<latexit sha1_base64="hlUvG771R67Dw88k1rkWdByk2ZI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BL3pLwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+n2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5sl4pVW+yOPJwAqdwDh5cQRXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A6GVjNU=</latexit>

G+

<latexit sha1_base64="dhrj7ite22HZCVhtu/6ALxpfjms=">AAAB9HicbVDLSsNAFL3xWeur6tJNsAiCUBKp6LLoQpcV7APaWCbTSTt0MokzN8US+h1uXCji1o9x5984abvQ1gMDh3Pu4d45fiy4Rsf5tpaWV1bX1nMb+c2t7Z3dwt5+XUeJoqxGIxGppk80E1yyGnIUrBkrRkJfsIY/uM78xpApzSN5j6OYeSHpSR5wStBIXhvZk0mlN+OH03ynUHRKzgT2InFnpAgzVDuFr3Y3oknIJFJBtG65ToxeShRyKtg43040iwkdkB5rGSpJyLSXTo4e28dG6dpBpMyTaE/U34mUhFqPQt9MhgT7et7LxP+8VoLBpZdyGSfIJJ0uChJhY2RnDdhdrhhFMTKEUMXNrTbtE0Uomp6yEtz5Ly+S+lnJLZfO78rFytWsjhwcwhGcgAsXUIFbqEINKDzCM7zCmzW0Xqx362M6umTNMgfwB9bnD1p6kdQ=</latexit>

I = 0,G+ = 1/2

<latexit sha1_base64="650hWjpL8v1DcvniJd4ZgLFW+Hs=">AAACDHicbVDLSgMxFM3UV62vqks3wSIISp0pFd0IRRfqroJ9QDuWTJq2oZkHyR2xDPMBbvwVNy4UcesHuPNvzLQjaPVA4OSce0jucQLBFZjmp5GZmZ2bX8gu5paWV1bX8usbdeWHkrIa9YUvmw5RTHCP1YCDYM1AMuI6gjWc4VniN26ZVNz3rmEUMNslfY/3OCWgpU6+0AZ2p3PRZYxPsLmPv+/n8c2eVqyDUk5PmUVzDPyXWCkpoBTVTv6j3fVp6DIPqCBKtSwzADsiEjgVLM61Q8UCQoekz1qaesRlyo7Gy8R4Rytd3POlPh7gsfozERFXqZHr6EmXwEBNe4n4n9cKoXdsR9wLQmAenTzUCwUGHyfN4C6XjIIYaUKo5PqvmA6IJBR0f0kJ1vTKf0m9VLTKxcOrcqFymtaRRVtoG+0iCx2hCrpAVVRDFN2jR/SMXowH48l4Nd4moxkjzWyiXzDevwA6y5ko</latexit>

I = 2,G+ = 3/2

<latexit sha1_base64="fSQyQEaHRRldAQKnRaln+y7uSUk=">AAACDHicbVDNSgMxGMzWv1r/qh69BIsgKHW3VvQiFD2otwr2B9q1ZNNsG5rNLklWLMs+gBdfxYsHRbz6AN58G7PtCto6EJjMfEPyjRMwKpVpfhmZmdm5+YXsYm5peWV1Lb++UZd+KDCpYZ/5oukgSRjlpKaoYqQZCII8h5GGMzhP/MYdEZL6/EYNA2J7qMepSzFSWurkC21F7nUuuorhKSztw5/7RXy7p5XDg1JOT5lFcwQ4TayUFECKaif/2e76OPQIV5ghKVuWGSg7QkJRzEica4eSBAgPUI+0NOXII9KORsvEcEcrXej6Qh+u4Ej9nYiQJ+XQc/Skh1RfTnqJ+J/XCpV7YkeUB6EiHI8fckMGlQ+TZmCXCoIVG2qCsKD6rxD3kUBY6f6SEqzJladJvVS0ysWj63KhcpbWkQVbYBvsAgscgwq4BFVQAxg8gCfwAl6NR+PZeDPex6MZI81sgj8wPr4BQQuZLA==</latexit>

I = 2,G+ = 5/2

<latexit sha1_base64="Ckm8seGt1M+67XGq7YENhCubb1U=">AAACDHicbVDNSgMxGMzWv1r/qh69BIsgKHW3tOhFKHpQbxXsD7RryabZNjSbXZKsWJZ9AC++ihcPinj1Abz5NmbbFbR1IDCZ+YbkGydgVCrT/DIyc/MLi0vZ5dzK6tr6Rn5zqyH9UGBSxz7zRctBkjDKSV1RxUgrEAR5DiNNZ3ie+M07IiT1+Y0aBcT2UJ9Tl2KktNTNFzqK3OtcdBXDU1g6hD/3i/j2QCuVo1JOT5lFcww4S6yUFECKWjf/2en5OPQIV5ghKduWGSg7QkJRzEic64SSBAgPUZ+0NeXII9KOxsvEcE8rPej6Qh+u4Fj9nYiQJ+XIc/Skh9RATnuJ+J/XDpV7YkeUB6EiHE8eckMGlQ+TZmCPCoIVG2mCsKD6rxAPkEBY6f6SEqzplWdJo1S0ysXKdblQPUvryIIdsAv2gQWOQRVcghqoAwwewBN4Aa/Go/FsvBnvk9GMkWa2wR8YH99EGZku</latexit>

Th.:Danev et al., Phys. Rev. A 103, 012805 (2021)
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N = N+ + `

<latexit sha1_base64="QgMqqIedAPop9dXSL090alr+lqw=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiCIWSSEU3QtGNK6lgW6GJZTI9aYdOLsxMhBKycuOruHGhiFufwZ1v4zTtQlt/GPj4zzmcOb8XcyaVZX0bhYXFpeWV4mppbX1jc8vc3mnJKBEUmjTikbjziATOQmgqpjjcxQJI4HFoe8PLcb39AEKyKLxVoxjcgPRD5jNKlLa65r7j+el1hs9xDveVDFdydIDzrGuWraqVC8+DPYUymqrRNb+cXkSTAEJFOZGyY1uxclMiFKMcspKTSIgJHZI+dDSGJADppvkZGT7UTg/7kdAvVDh3f0+kJJByFHi6MyBqIGdrY/O/WidR/pmbsjBOFIR0sshPOFYRHmeCe0wAVXykgVDB9F8xHRBBqNLJlXQI9uzJ89A6rtq16slNrVy/mMZRRHvoAB0hG52iOrpCDdREFD2iZ/SK3own48V4Nz4mrQVjOrOL/sj4/AFgOpfP</latexit>

`

<latexit sha1_base64="9RTxpTNbmS5MaktuouyhJzw5Frg=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ac2pWy2k3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0mwF9Gh5CFn1FjpkfhBmPkoxLRfrrhVdw6ySrycVCBHo1/+8gcxSyOUhgmqdddzE9PLqDKcCZyW/FRjQtmYDrFrqaQR6l42v3hKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmvexmXSWpQssWiMBXExGT2PhlwhcyIiSWUKW5vJWxEFWXGhlSyIXjLL6+S1kXVq1Uv72uV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8fXdaQuw==</latexit>

: Orbital angular momentum of Rydberg electron
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(no nuclear spin)

(only access singlet states)

para-H2:

Ĥ = Ĥ0 + eFz
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3 Rydberg States in Electric Fields: the Stark E↵ect

Table 2: Calculated and experimental values from [21] of zero-field energies of selected states in para-H2 belonging
to the series ns00, nd02, ns22, nd20 and nd22.

|nlN+

N i Calculated Experimental Error

value (cm�1) value (cm�1) (cm�1)

20s00 124116.17 124116.10 �0.07

21s00 124145.43 124144.90 �0.53

20d02 124142.54 124141.60 �0.94

21d02 124168.14 124167.60 �0.54

16s22 124109.36 124110.00 0.64

18s22 124215.70 124215.70 0.00

16d20 124159.57 124157.60 �1.97

18d20 124250.58 124248.70 �1.88

16d22 124162.30 124160.90 �1.40

As before, the interaction with the electric field is added by calculating the Stark matrix elements

in the (d) case basis set. MN is the quantum number associated with the projection of N along the

quantization axis, which is in the scope of this work always the direction of the applied field. Using the

Wigner-Eckart theorem and algebra of the Wigner 6-j symbols, the Stark matrix elements are evaluated

as (Chapters 4.1 and 5.2 of [10], see also [18])
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where hnl||r||n0
l
0i is a reduced matrix element. An expression for hnl||r||n0

l
0i can be obtained by firstly

rewriting the one-electron matrix element as

hnlm|z|n0
l
0
m

0i = hnl|r|n0
l
0i hlm| cos ✓|l0m0i , (63)

where hlm| cos ✓|l0m0i is given by Eq. (42). The one-electron matrix element can also be expressed using

the Wigner-Eckart theorem as
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From these equations, the reduced matrix element is obtained as [22]
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The selection rules are �N
+ = 0, �l = ± 1 and �N = 0, ± 1 (0=0). The selection rules on l and N

stem from the properties of the Wigner 3-j symbols in Eq. (65) and in Eq. (62), respectively.

Fig. 6 shows calculated Stark maps of para-H2, for |MN | = 0, |MN | = 1 and |MN | = 3, at around 200

cm�1 below the ionization energy for the N
+ = 0 state. Several linear manifolds are seen corresponding

to the high l states, which are treated as degenerate in this approach. States converging to ionic levels of

14

4) Diagonalize the Hamiltonian matrix at each value of electric field

1) Build Hamiltonian matrix in a basis set of choice *here, Hund’s case (d): |nlN+
N,MN

i
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3) Off-diagonal elements (       )eFz
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stem from the properties of the Wigner 3-j symbols in Eq. (65) and in Eq. (62), respectively.

Fig. 6 shows calculated Stark maps of para-H2, for |MN | = 0, |MN | = 1 and |MN | = 3, at around 200

cm�1 below the ionization energy for the N
+ = 0 state. Several linear manifolds are seen corresponding

to the high l states, which are treated as degenerate in this approach. States converging to ionic levels of
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(Wigner-Eckart theorem)

3 Rydberg States in Electric Fields: the Stark E↵ect

3 Rydberg States in Electric Fields: the Stark E↵ect

3.1 The Hydrogen Atom

The Schrödinger equation for the hydrogen atom is (assuming the proton mass to be infinite)

✓
� ~2
2me

�2

e �
1

4⇡✏0

e
2

r

◆
 i = Ei i , (30)

where � ~2

2me
�2

e represents the kinetic energy operator, and � 1

4⇡✏0
e2

r is the Coulomb potential felt by the

electron at distance r from the proton. The solutions of the Schrödinger equation are the eigenfunctions

 nlm(r, ✓,'), which can be separated into a radial and angular component:

 nlm(r, ✓,') = Rnl(r)Ylm(✓,') . (31)

The functions Ylm(✓,') are the spherical harmonics, which can be expressed using the Legendre polynomials

P
m
l as

Ylm(✓,') =

s
2l + 1

4⇡

(l �m)!

(l +m)!
P

m
l cos✓eim'

. (32)

The quantum numbers used to label the eigenfunctions are n, the principal quantum number, l, the

angular momentum quantum number, and m, the magnetic quantum number. They can take the values

n = 1, 2, 3, . . . (33)

l = 0, 1, 2, . . . , n� 1 (34)

m = �l,�l + 1, . . . , l . (35)

The eigenenergies corresponding to the eigenfunctions  nlm(r, ✓,') depend on the principal quantum

number n as

En = EI �
R1
n2

, (36)

referenced to the ionization energy of the hydrogen atom. The energy levels are independent of l and m,

and are n
2 fold degenerate (Eq. (34), Eq. (35)).

An electric field applied along the z direction leads to a modification of the potential for the Rydberg

electron and the new Hamiltonian can be written as

Ĥ = � ~2
2me
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e �
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e
2

r
+ eFz . (37)

In order to calculate the Stark map, the Stark eigenenergies are found by diagonalizing the new Hamiltonian

matrix with F 6= 0. Its elements can be separated into two components:
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The first term corresponds to the zero-field energies, as given by the Rydberg formula (Eq. (36)) and is

only non-zero on the diagonal (n = n
0, l = l

0, m = m
0). The second term represents the interaction with

the field, and can be expressed using spherical coordinates as

hnlm|eFz|n0
l
0
m

0i = eF hlm|cos✓|l0m0i hnl|r|n0
l
0i . (39)

7

(Numerov algorithm)

   2) Diagonal elements (     ))
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❖ low-l states: MQDT (l up to 5)
❖ high-l states: polarization model (ab initio, no                          

                         channel interactions)

Ĥ0
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Summary: para-H2, N+ = 0
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Laser Stark maps at v+ = 0 (para-H2)

n = n1 + n2 + |m|+ 1
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Sensitivity analysis: Effect on manifold of shifting the low- l
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Laser Stark maps at v+ = 0 (para-H2)
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Figure 3. Spectra of the n = 48 [X+(0,0)] (a, magenta trace), n = 46 [X+(1,0)] (b, blue trace), n = 69 [X+(0,0)] (c, magenta
trace) and n = 70 [X+(1,0)] (d, blue trace) Rydberg-Stark manifolds and calculations (black traces), recorded at values of the
electric fields of 180 mV/cm (a), 210 mV/cm (b), 140 mV/cm (c) and 110 mV/cm (d). The purple (turquoise) dashed (dotted)
lines in (c) and (d) indicate the relative |h` = 2|ki|2 (|h` = 1|ki|2) character of each k state. The k quantum numbers assigned to
each Rydberg-Stark state are indicated on the grey axes. The lower panels show the residuals of the fit of the Stark calculation
to the experimental line positions. The error bars indicate the uncertainties in the determination of the experimental line
positions. All frequencies are referenced to the ZQD position for each value of n.

e↵ect of the nearly degenerate high-` (` � 3) states is es-

sentially linear. The polarizations of all lasers were par-

allel to the applied electric field, which, when N
+

= 0,

restricts the excitation to m` = 0 Rydberg-Stark states.

The intermediate GK(0,2) and (2,2) states have domi-

nant 3d� character. Consequently, optical selection rules

restrict transitions to states with np or nf character. Be-

cause transitions to np Rydberg states were found to be

about two orders of magnitude weaker than those to nf

states, line intensities directly reflect the ` = 3 character

of each k state. This property is exploited in the calcu-

lation of intensities, which we assume to be proportional

to the f character of the Stark states.

Fig. 3 shows typical spectra of X
+
(0,0) [n = 48 (a),

69 (c)] and X
+
(1,0) [n = 46 (b), 70(d)] Rydberg-Stark

manifolds. The Rydberg-Stark states are labeled by the

integer number k, which varies between �(n� 1� |m`|)
and (n � 1 � |m`|) in steps of two, in order of increas-

ing energy [26]. Fig. 3a) and b) exhibits regular and

smoothly varying intensity patterns resulting from the

homogeneous distribution of the f character among the

di↵erent k states. At these n values, the `=0-2 states

have large quantum defects and are located outside of,

and are not significantly mixed with, the near-linear high-

` Stark manifold. The Stark states therefore exclusively

have ` � 3 character. In Stark states, autoionization

is strongly inhibited by the mixing of nonpenetrating

high-` character induced by the electric field, and the

natural linewidths are typically narrower than the mea-

sured linewidths. The calculated spectra (inverted black

traces) are in excellent agreement with the measured

ones.

When the ` = 0� 2 states have a small enough quan-

tum defect, they are already fully mixed in the high-`

Stark manifolds at low fields. In this case, the inten-

sity distributions become irregular and exhibit minima

located near the zero-field positions of the low-` states,

where the f character is reduced, as illustrated in Fig. 3c)

and d). In the case of v
+

= 0, n = 69 [Fig. 3c)], the s

and p Rydberg states are located far from the manifold,
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Figure 3. Spectra of the n = 48 [X+(0,0)] (a, magenta trace), n = 46 [X+(1,0)] (b, blue trace), n = 69 [X+(0,0)] (c, magenta
trace) and n = 70 [X+(1,0)] (d, blue trace) Rydberg-Stark manifolds and calculations (black traces), recorded at values of the
electric fields of 180 mV/cm (a), 210 mV/cm (b), 140 mV/cm (c) and 110 mV/cm (d). The purple (turquoise) dashed (dotted)
lines in (c) and (d) indicate the relative |h` = 2|ki|2 (|h` = 1|ki|2) character of each k state. The k quantum numbers assigned to
each Rydberg-Stark state are indicated on the grey axes. The lower panels show the residuals of the fit of the Stark calculation
to the experimental line positions. The error bars indicate the uncertainties in the determination of the experimental line
positions. All frequencies are referenced to the ZQD position for each value of n.

e↵ect of the nearly degenerate high-` (` � 3) states is es-

sentially linear. The polarizations of all lasers were par-

allel to the applied electric field, which, when N
+

= 0,

restricts the excitation to m` = 0 Rydberg-Stark states.

The intermediate GK(0,2) and (2,2) states have domi-

nant 3d� character. Consequently, optical selection rules

restrict transitions to states with np or nf character. Be-

cause transitions to np Rydberg states were found to be

about two orders of magnitude weaker than those to nf

states, line intensities directly reflect the ` = 3 character

of each k state. This property is exploited in the calcu-

lation of intensities, which we assume to be proportional

to the f character of the Stark states.

Fig. 3 shows typical spectra of X
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(0,0) [n = 48 (a),

69 (c)] and X
+
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manifolds. The Rydberg-Stark states are labeled by the

integer number k, which varies between �(n� 1� |m`|)
and (n � 1 � |m`|) in steps of two, in order of increas-

ing energy [26]. Fig. 3a) and b) exhibits regular and

smoothly varying intensity patterns resulting from the

homogeneous distribution of the f character among the

di↵erent k states. At these n values, the `=0-2 states

have large quantum defects and are located outside of,

and are not significantly mixed with, the near-linear high-

` Stark manifold. The Stark states therefore exclusively

have ` � 3 character. In Stark states, autoionization

is strongly inhibited by the mixing of nonpenetrating

high-` character induced by the electric field, and the

natural linewidths are typically narrower than the mea-

sured linewidths. The calculated spectra (inverted black

traces) are in excellent agreement with the measured

ones.

When the ` = 0� 2 states have a small enough quan-

tum defect, they are already fully mixed in the high-`

Stark manifolds at low fields. In this case, the inten-

sity distributions become irregular and exhibit minima

located near the zero-field positions of the low-` states,
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Fano profiles (v+=1) & q-reversal
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Fano profiles (v+=1) & q-reversal

Fano lineshape: one closed + one open channel
EFFECTS OF CONF I GU RATION I NTERACTION 1869

of E over a sufficient range, integration of (21) yields the
excess transition probability due to the discrete state q,
in the form

«CII(+~I Tli) I'—I(ital Tli) I'3

the probability I (Pzl Tli) I of transition to the unper-
turbed continuum can be represented by a single family
of curves. These curves are functions of the reduced
energy variable

c= —cotd=
E E Ii (E) —E E—F-—

~l vEls -'I

in which I'= 2s
I
V~ I indicates the spectral width of the

autoionized state p, and of the parameter

(c ITI')
q= «s*(lt I I

T ii)

(~ITli)+~ dE'(q l&I4~)(4E ITIC)l(E E')—
~(q l&I4~)(Pal Tli)

, (20)

which coincides with cotho at E=E0 and is independent.
of phase normalizations. These curves are represented
by

I (+~
I
T li) I' (q+e)' q' I+2qe——1+

I (l|gl Tli) I' 1+e' 1+e' (21)

This function is plotted in Fig. 1 for a number of values
of q, which is regarded as constant in the range of
interest. Notice that

-8 -6 -4 -2 0 2 4 6 8
f

Fro. I. Natural line shapes for different values of q. (Reverse the
scale of abscissas for negative q.}

(C I Ts i i) (+s I T.Ii)

(~IT'li) (4 IT'li)
(24)

It follows that (%a I T,
l
i) vanishes at the same energy

value, determined by (18), for all values of q. This
circumstance was overlooked in reference 2, where it
was suggested incorrectly that a transition probability
proportional to Q, l(+glT, li)l' need not vanish for
any value of A, since the various terms of the sum might
have diferent points of zero. Failure of the interference
to yield a complete cancellation of the transition proba-
bility must rather be sought in the effect of degeneracies
which have been excluded in this section but are treated
in Sec. 4. Of course, a complete cancellation may escape
observation owing to insufhcient resolving power; this
factor could hardly have been paramount in the Beutler
experiment' considered in reference 2, even though it
has a dominant inhuence on the data discussed in the
next section.

This integral should in fact equal
I (pl Tli) I', because

the diagonalization of the energy matrix carried out in
this section is a unitary transformation and therefore
cannot aGect the total transition probability. Any de-
parture of the right-hand side of (23) from

I (p I
T li) I

s

should be attributed to inadequate constancy of q, Ii,
and I'. CNotice that the term of (21) odd in E, whose
contribution to (23) was dropped, actually converges
weakly to zero as

I
e

I
~ ~.]

Often the probability of excitation of the state 0'z is
proportional not to the squared matrix element of a
single transition operator T, but to the sum of squared
matrix elements of a vectorial or tensorial set of opera-
tors T„such as the set of components P; x;, P; y, ,
P, s;, of the dipole moment of an atom. In this event,
the ratios among the matrix elements of the various T,
are fixed by geometrical considerations, known as the
Wigner-Eckart theorem, i.e., we have

l q'=
I (c I

T
I ) I'!I (O'I Tl ) I'&

is the ratio of the transition probabilities to the "modi-
fied" discrete state 4 and to a band width I' of unper-
turbed continuum states lt s. Notice also that the curves
of Fig. 1 are of the type shown in Fig. VIII.8.2 of Blatt
and Weisskopf. '

If the ratio q and the line's shift and width functions,
I' (E) and I'=a

I
Vas I, can be regarded as independent

3. ANALYSIS OF THE 2s2P 'P LEVEL OF HELIUM

Silverman and I.assettre7 have observed the cross
section for forward inelastic scattering of 500-ev elec-
trons by He. The results obtained by them in the region
of 60-ev energy losses are shown in Fig. 2. There seems
to be little doubt that the main peak in the experimental
curve is associated with the 2s2p 'I' autoionized level of
double excitation. The discussion of the data in reference
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The interference of a discrete autoionized state with a continuum gives rise to characteristically asym-
metric peaks in excitation spectra. The earlier qualitative interpretation of this phenomenon is extended and
revised. A theoretical formula is fitted to the shape of the 2s2p 'P resonance of He observed in the inelastic
scattering of electrons. The fitting determines the parameters of the 2s2p 'P resonance as follows: 8=60.1 ev,1'~0.04 ev, f 2 to 4)&10 '. The theory is extended to the interaction oi one discrete level with two or more
continua and of a set of discrete levels with one continuum. The theory can also give the position and in-
tensity shifts produced in a Rydberg series of discrete levels by interaction with a level of another configura-
tion. The connection with the nuclear theory of resonance scattering is indicated.

1. INTRODUCTION

LECTRONIC states of atoms and molecules are
& usually classified as belonging to various configura-

tions, according to the independent-particle approxima-
tion. The actual stationary states may. be represented
as superpositions of states of different configurations
which are "mixed" by the "con6guration interaction, "
i.e., by terms of the Hamiltonian that are disregarded in
the independent-particle approximation. The effects of
configuration interaction are particularly conspicuous at
energy levels above the lowest ionization threshold,
where states of different configurations coincide in
energy exactly since at least some of them belong to a
continuous spectrum. The mixing of a con6guration
belonging to a discrete spectrum with continuous spec-
trum con6gurations gives rise to the phenomenon of
aetoioeim, tioe. The exact coincidence of the energies of
different con6gurations makes the ordinary perturba-
tion theory inadequate, so that special procedures are
required for the treatment of autoionization and of
related phenomena.

A basic treatment of stationary states with con6gura-
tion mixing under conditions of autoionization was de-
veloped long ago by Rice.' It was also pointed out' that
autoionized levels manifest themselves in continuous
absorption spectra as very asymmetric peaks because, in
the mixing of con6gurations to form a stationary state
of energy E, the coeKcients vary sharply when E passes
through an autoionized level. This remark accounted
qualitatively for the character of rare-gas spectra in the
range between the two ionization thresholds corre-
sponding to the doublet (I'i and I';) ground states of
rare-gas ions. '

Interest returns to this phenomenon as more extensive
exploration of high levels of excitation is undertaken by
means of far-ultraviolet light, 4 of electron bombard-

ment, ' and also of energy transfer in molecular colli-
sions. ' It may then be worthwhile to return to the theory
of reference 2, which can be extended and improved in
several respects. In particular, we propose to analyze an
asymmetric peak of the He spectrum observed by
Silverman and I.assettre7 to the point of obtaining
parameters of the 2s2p autoionized level. The interpre-
tation of the Beutler rare gas spectra' will be modi6ed to
some extent. The objective is to present procedures that
can be applied to the quantitative analysis of experi-
mental data and to point out the significance of the
parameters obtained from such analysis.

Section 2 presents a reformulation of the theory of
reference 2, avoiding the bypass through quantization
in a Qnite box which had also been utilized in reference 1.
This reformulation brings out the connection with the
theory of scattering in the proximity of a resonance.
Indeed, the main results of this paper are implied by the
scattering theory' which deals, in essence, with processes
inverse to those considered here. Breit-Wigner cross-
section formulas will be rederived through the approach
of this paper in Appendix C. Section 3 analyzes the
experimental data on the 2s2p level of He. Section 4
extends the theory to continuous spectra of different
configurations interacting with a single discrete auto-
ionized level. This extension is relevant, for example, to
the rare gases' where a free electron in d~„d;, or s~ states
may couple with the lowest, P, state of the ion to form
three different Pj' continua. Section 5 extends the
theory to the interaction of a number of discrete levels
with one continuous spectrum.

The effects of direct interaction of different continua
(as distinguished from coupling through a discrete
level) will not be considered in this paper.

The effects of conhguration interaction upon the
position and the intensity of the lines of a Rydberg

*Note added in proof. The most relevant material of this refer-
ence is to be published by E. N. Lassettre and S. M. Silverman.I thank Professor Lassettre for permitting me to publish his data
and for having shown me his paper ahead of publication.' O. K. Rice, J. Chem. Phys. 1, 375 (1933).

~ U. Fano, Nuovo cimento 12, 156 (1935).' H. Beutler, Z. Physik 93, 177 (1935).
4 W. R. S. Garton and K. Codling, Proc. Phys. Soc. (London) 75,

87 (1960).
1

~ E. N. Lassettre, Suppl. Radiation Research 1, 530 (1959),also,
E. N. Lassettre et al. , Repts. 1—12, R.F. Project 464, Ohio State
University Research Foundation, Columbus, Ohio, 1953 to 1958
(unpublished).' R. Platzman, J. phys. radium 21, 853 (1960l.

~ S. Silverman and E. N. Lassettre, reference 5, Rept. No. 9,
p. 12 ff.

See, e.g., J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear
Physics (John Wiley Bz Sons, Inc. , New York, 1952), pp. 379 8., in
particular p. 401.
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Cause of asymmetry:


Destructive interference between transition moments from the

initial state to i) the discrete contribution to the final state

                       ii) the continuum contribution to the final state


=> transition probability vanishes on one side of the resonance.
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TABLE l. Fano-profile parameters for Rydberg series converging to H2+(v+ =9,
N+ =3).

Principal
quantum
number

Line center
(+ 0.S)
(cm ')

Linewidth
(cm ')

Lifetime
(psec)

q ( + 0.0S )
C 'fl„)

q (+ 0.0S)
{glg+)a

25
26
27
28
29
30
31
32
33
34
35

139746.5
139757,6
139768.2
139777.5
139786.0
139794.0
139801.8
139808.6
139814.1
139819.0
139824.2

25.84
26.76
27.74
28.69
29.65
30.65
31.73
32.77
33.69
34.58
35.60

3.0 + 0.5
1.5 + 0.3
1.2 + 0.2
0,8 + 0.1
0.6 + 0.1

2.0 + 0.3
1.4 + 0.2
3.0 + 0.5
0.4 + 0.1

0.3 + 0.1

1.1 + 0.2

1.7
3.5
4.3
6.5
8.7
2.6
3.7
1.7

13.1
17.5
4.7

0.00
0.00

—0.10
0.10
0.00
0.10

—0.10
0.00

b

0.40
0.2
0.60
0.55
0.10
0.00

—0.30
—0.30
—0.80
—0.80
—0.15

'Intermediate state. bNot measured.

whereas that for the N+ =3 series is 0.7+0.15. The
perturbations among adjacent Rydberg states in H2,
the limited signal-to-noise ratio for the higher-n states,
and the limited frequency resolution have prevented
us from determining the orbital quantum number (s or
d) of these series and from obtaining finer limits for
the quantum defects. However, these measurements
are an important first step in providing data for spec-
troscopists to use to improve our understanding of
these high-lying states of Hz. Some additional lines
which do not belong to these series also appear in the
spectra. These, along with the broad structures in the
spectra, are not yet assigned. The broad structures are
likely to arise from transitions to low-n states of Ryd-
berg series with u+ higher than 9.

While the Rydberg line positions in the two cases
with different intermediate states agree, the line
shapes observed are very different. Those in Fig. 2(a)
are sharp dips but those in Fig. 2(b) have asymmetric
Pano profiles with changing profile indices. We have
used Fano's line-shape formula, '3 '4 which takes into
account the interaction of discrete autoionizing states
with a continuum, to fit individually the observed lines
with n ~ 25 in Fig. 2 (those lying above the
u+ = 9, N+ = 1 series limit of 139746.58 cm '). The
results for Fig. 2(b) are shown in Fig. 3. Values of the
profile index q and linewidths deduced are given in
Table I. Here q =A'I(i IzIn) I/I (i Izia) [, where
(I izin) is the dipole matrix element from the inter-
mediate state (i) to the discrete autoionizing state
(n), (ilz Ia) the matrix element from (i) to the con-
tinuum state (a), and A is independent of state (i)
and is inversely proportional to the strength of the in-
teraction between states (n ) and (a ) . The laser
linewidth has been deconvolved to obtain the transi-

I,Q
Q =9, N = I series limit

0.8—
typical

Z '& ~0 Q4

, N = 3 series

33 34 35

0
l39734 792 8I I I39830

TOTAL PHOTON E.NERGY (cm-I

FIG. 3. Expanded ion-pair-production spectrum of H2
between the N+ = 1 and N+ = 3 series limits showing the
fitted Fano linc profiles: Solid curves, calculated profile; cir-
cles, experimental points; and arrows, fitted line center posi-
tions.

tion widths. We did not try to fit the lines with n & 25
because their profiles are distorted by strong perturba-
tion between the N+ =1 and N+ =3 series. The life-
times obtained from the inverse linewidths are also
listed in Table I.

An interesting result from the line-shape analysis is
the revelation of a change of the sign of the profile in-
dex q (q reversal) at n ~ 31 (see Fig. 3). This sign re-
versal arises from a relative phase shift in the two
transition-matrix elements that determine q. The
phenomenon has been analyzed theoretically by
several authors. ' ' In this experiment, the reversal is
the result of the interaction of the N+ = 3 series with a
broad state of finite bandwidth which appears to be
centered around the n =30 transition. Unfortunately,

Kung et al., 1986: First observation of q-reversal in H2

q < 0
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In our case:

(i) the Rydberg-Stark states with predominantly high-
character that are only very weakly coupled to the v+=0 
continua, 


(ii) the low-   states that are strongly coupled to both the 
high-   Rydberg-Stark states and the v+=0 continua, and


(iii) the v+=0 continua
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Doppler shift compensation

2

The ZQD method relies on the precise calculations of

the positions of Rydberg-Stark states. In summary, the

Hamiltonian matrix corresponding to Ĥ0 + eF ẑ is con-

structed in the Hund’s case d) basis set |n`N+
NMN i.

The matrix of Ĥ0 is diagonal and its elements are deter-

mined either from multichannel-quantum-defect-theory

(MQDT) calculations for states with `  5 [20–22] or

from a polarization model for states with ` > 5 [23]. We

also use experimentally determined zero-field energies for

the p and d states, which, in para-H2, are not predicted

by MQDT as accurately as ` � 3 states (see Supplemen-

tary Material for an example).

The experiments are carried out using the same proce-

dures and apparatus as described in Refs. [19, 24]. They

involve a pulsed skimmed supersonic beam of pure H2

(beam velocity v ⇡ 1200 m/s) emitted from a valve held

at 60 K into a high-vacuum chamber. The H2 molecules

are excited to high-n Rydberg states through the reso-

nant three-photon excitation sequence [the numbers in

parentheses, (v,N) for H2 and (v
+
, N

+
) for H

+

2
, indi-

cate the vibrational quantum number and the quantum

number for the total angular momentum without spin]:

X
1
⌃

+

g (0, 0)
VUV���! B

1
⌃

+

u (4, 1)

VIS��! GK
1
⌃

+

g (0, 2) or (2, 2) (1)

NIR��! np/nf [H
+

2
X

+2

⌃
+

g (0, 0) or (1, 0)] .

The frequency interval �⌫GK between the GK(0,2) and

GK(2,2) intermediate states is accurately known [25] and

is used to determine�G1/2 according to (see also Fig. 1):

hc�G1/2 = EI[v
+
= 1 GK(2, 2)] �

EI[v
+
= 0 GK(0, 2)] + hc�⌫GK . (2)

The pulsed (repetition rate 25 Hz) vacuum-ultraviolet

(VUV) and visible (VIS) lasers used to populate the

GK(0,2) and (2,2) intermediate states are described in

Ref. [24]. Transitions to Rydberg states are induced from

these levels using a single-mode cw near-infrared (NIR)

laser (excitation bandwidth 1 MHz), which crosses the

supersonic beam at near-right angles, with a misalign-

ment angle �. To eliminate first-order Doppler shifts,

the NIR laser is retroreflected by a mirror located beyond

the photoexcitation region. This configuration leads to

two Doppler components for each transition, with oppo-

site first-order Doppler shifts ± v sin�
c · ⌫NIR (see Fig. 2).

The center frequency is determined by averaging their

frequencies, after overlapping the incoming and reflected

laser beams at a distance of 12 m (see Ref. [24] for de-

tails). The NIR laser frequency is calibrated to an accu-

racy of 2 ⇥ 10
�11

(�⌫/⌫) using a frequency comb which

is referenced to a Rb oscillator disciplined by a GPS re-

ceiver [24].

Magnetic stray fields in the photoexcitation volume are

reduced to below 1 mG using a double-layer mumetal

magnetic shield. To both compensate stray electric fields

for the measurement of zero-field spectra and impose

well-controlled, electric fields (typically below 1.5 V/cm)

for the measurement of Stark spectra, dc potentials are

applied across an electrode stack surrounding the pho-

toexcitation region. Field-ionization of long-lived Ryd-

berg states below the v
+
= 0, N

+
= 0 ionization thresh-

old is achieved by applying large pulsed electric potentials

across the electrode stack. The resulting electric fields ex-

tract the H
+

2
ions, including those generated by autoion-

ization above the v
+

= 0 ionization threshold, towards

a microchannel-plate detector. Spectra are recorded by

monitoring the H
+

2
ion signal as a function of the NIR

laser frequency.
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Figure 2. Upper panels: spectra of the 70f03 (v+=0)  
GK(0,2) (a) and 70f03 (v+=1)  GK(2,2) (b) transitions
(dots) and fits using a Voigt line-shape model (solid lines).
The vertical dashed lines indicate the Doppler-free transition
frequencies. Lower panels: weighted residuals and their cor-
responding relative weights (gray traces).

Fig. 2a) and b) displays typical spectra measured

under field-free conditions for the two transitions 70f03

(v
+
=0)  GK(0,2) and 70f03 (v

+
=1)  GK(2,2). In-

dividual Doppler components have linewidths of 5.2(5)

and 6.9(7) MHz, respectively. The slight broadening of

the 70f03 (v
+
=1)  GK(2,2) transition is attributed to

vibrational autoionization. The measurements of Stark

spectra were performed with one Doppler component

only, to avoid spectral congestion. To correct for the first-

order Doppler shift, two field-free Doppler-compensation

spectra were recorded, one at the beginning and one at

the end of the measurement session, and it was verified

that they yielded identical values of the Doppler shifts.

Measurements of Rydberg-Stark manifolds in series

converging to the v
+

= 0 and v
+

= 1 H
+

2
thresholds

were performed at several values of n between 45 and 70,

as summarized in Fig. 5 below. For each selected n value,

spectra were recorded at several electric field strengths in

the range between 90 and 300 mV/cm, where the Stark


