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(i) Leading Theoretical Proposal to Solve Strong CP Problem
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(i) Leading Theoretical Proposal to Solve Strong CP Problem
(ii) Well-motivated candidate for Dark Matter

Dark Matter
23%
1

Content of the Universe

Credit: HAP / A. Chantelauze



Axion Domain Wall Problem

Il. Axion Domain Wall Problem

K a
— | = Tr(GAG)

1
S:)—jauaaﬂa+8n2 -

2
E=T

cf. Socp 2 %fTr(G AG)

U(1)pg = Zg : K-degenerate vacua

2T fq

a~ a+2nf,, a—a-+




Axion Domain Wall Problem

Il. Axion Domain Wall Problem

S 1]0 g+ [ 2 7 A
D — adta+— | — Tr

2 ) F 8n2 | f,

i0 E=T
cf. Socp 2 @fTr(G AG)
a,9u 91
U(1)pg = Zg : K-degenerate vacua
21, a

a~a+2nf,, a—a+ Ka a E ,a

_8m
e 9°w




Axion Domain Wall Problem

Il. Axion Domain Wall Problem

S 1]6 g+ [ 2 7 A
D — adta+— | — Tr
2 ) F 8n2 | f,
io E~T
cf. Socp 2 ﬁfTr(G AG)
a,9u 91
U(1)pg = Zg : K-degenerate vacua
Agcp

2T
a~ a+2nf,, a—a-+ Ja ¢
]

872

e ~9%(Agcp)




Axion Domain Wall Problem

Il. Axion Domain Wall Problem

1 p K a
S DE jauaa a+@ —; Tr(G A G)
. E=T
cf. Socp 2 %fTr(G AG)
U(1)pg = Zg : K-degenerate vacua
Agcp

Ka
V(a) = myAjcp (1 — cos —)
fa

Zx Spontaneously Broken : K Domain Walls




Axion Domain Wall Problem

Il. Axion Domain Wall Problem

1 p IK a
S:)EJaaa a+@ —;TT(G/\G)

cf. SQCD D) —fTT(G N G)

U(1)pg = Zg : K-degenerate vacua

Ka
V(ia) = muAQCD (1 — CoS —)
fa

Zx Spontaneously Broken : K Domain Walls




Axion Domain Wall Problem

Il. Axion Domain Wall Problem

The presence of long-lived axion-Domain-Walls is inconsistent with
cosmological observations

o (Dark) matter energy density: ppy X R™3 = R(t) < t?/3 (Matter-Dominated)

e Domain Wall energy density: ppw € R™! = R(t) xt?> (DW-Dominated)
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Il. Axion Domain Wall Problem

Success of axion theory hinges on first solving domain wall problem!
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lll. Generalized Symmetries = Axion-DW Problem

The significance of Generalized Symmetry is rather extreme!
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I. Non-invertible Symmetries of Axion
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K degenerate vacua — invertible + non-invertible Domain Walls
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Invertible DW vs Non-Invertible DW

Cosmological Fractional Quantum Hall State
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Il. "Non-invertible Axion Domain Wall Problem"
(Clay Cordova, Sungwoo Hong, Liantao Wang '23)

I For given choice of the global structure of Ggp; and anomaly coefficients, axion-

SM theory can contain non-invertible-type as well as regular (invertible-type)
domain wall defects. Any of these topological defects in the early universe is
inconsistent with cosmological observations, and therefore should be made

I unstable or removed from the spectrum.

GSM — SU(S)CXSUIEZ)LXU(].)Y = 1, ZZ,Zg,Z6
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87'[2 ’ 8r2 ) f, ’ 8r? ) f,



Non-invertible Axion Domain Wall Problem

Il. "Non-invertible Axion Domain Wall Problem" 7)
(Clay Cordova, Sungwoo Hong, Liantao Wang '23)

g
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I For given choice of the global structure of Gspy and anomaly coefficients, axion-

SM theory can contain non-invertible-type as well as regular (invertible-type)
domain wall defects. Any of these topological defects in the early universe is
inconsistent with cosmological observations, and therefore should be made

I unstable or removed from the spectrum.
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(i) The first realization of the true or the most precise version of the domain wall problem

(ii) Understanding of full generalized global symmetry is indispensable to this!
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Il. "Non-invertible Axion Domain Wall Problem" 7)
(Clay Cordova, Sungwoo Hong, Liantao Wang '23)

I For given choice of the global structure of Gspy and anomaly coefficients, axion-

SM theory can contain non-invertible-type as well as regular (invertible-type)
domain wall defects. Any of these topological defects in the early universe is
inconsistent with cosmological observations, and therefore should be made

I unstable or removed from the spectrum.

(i) The first realization of the true or the most precise version of the domain wall problem
(ii) Understanding of full generalized global symmetry is indispensable to this!

(i) All existing solutions address only the old, invertible, version of the problem
(hence would not solve the real problem is I' = m; (Ggp) is non-trivial)

(iv) correct formulation of the problem
= "Systemtatic"” path to solve the problem via non-invertible symmetry breaking
= intrinsic connection between domain wall spectrum and global structure of Ggy
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I1l. Axion-SM
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1. G,W,B = field strength of SU(3) ., SU(2);,U(1)y, respectively.

SU3)eXxSUR) L xU(1)y

2. Gy = _

F — 1,Zz,Z3,Z6

i. The entire SM matter fields are neutral under Z¢ transformation generated by

2Tl 27Tl 27l 27l

— s — =e3 I3 € SU3),, ez 13 = —I, e SU(2);, es 9 ¢ U(1)y

ii. Zg Wilson lines are not screened = Zél) electric 1-form center symmetry

SU(3)cxSU(2)LxU(1)y Z(l)
T ! 6/p

iii. Gauging I' = Zzgl) C Zél) = (e) X Zlgl)(m)
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I1l. Axion-SM
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1. G,W,B = field strength of SU(3) ., SU(2);,U(1)y, respectively.

SU3)eXxSUR) L xU(1)y
r

2. GSM — F — 1,Zz,Z3,Z6

3. Quantization of Axion-Gauge Couplings from non-trivial global form

[=1: 4,;€Z
[=Z,: £,€2Z, £y3€Z, and £, +2¢, € 4Z

[=Zy: £, €3Z, £3€Z, and £; + 6£5 €9Z

[=Zg: €,€6Z, £33 €Z, £1+28, €4Z, and £; + 643 €9Z
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Ill. Axion-SM
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1. G,W,B = field strength of SU(3) ., SU(2);,U(1)y, respectively.

SU3)eXxSUR) L xU(1)y
r

2. GSM — F — 1,Zz,Z3,Z6

3. Quantization of Axion-Gauge Couplings from non-trivial global form

[=1: 4,;€Z
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4. Non-invertible Axion Shift Symmetry: e.g. I' = Z;

{’1+6£’3)

Zj C chd(£ {)3)~Z where K = gcd( b2, t3, =
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Ill. Axion-SM

3. Quantization of Axion-Gauge Couplings from non-trivial global form

'=1: #1,3€Z

r=2,: ¢,€2Z,4,3€Z, and ¥; +2¢, €47

r=z3: t¢,€3Z, {,3€Z, and ¥ + 603 €97

=Z¢: t1€6Z, t,3€Z, £1+2¢,€4Z, and £1 +6¢3 €9Z

4. Non-invertible Axion Shift Symmetry: eg. I' =25 (¥{ = 18,¢, = 0,%5; = 3)

Zx—1 C Zp—3 where K = gcd( €3,£1+96£3)
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Solving Axion Domain Wall Problem

I. Non-invertible Symmetry Breaking
Non-invertible axion shift symmetry = O-form + magnetic 1-form composite

* J1

U(a, 23) — elaQ(Z3)
0t = [ @0 = |
s s



Solving Axion Domain Wall Problem

l. Non-invertible Symmetry Breaking

Non-invertible axion shift symmetry = O-form + magnetic 1-form composite
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Solving Axion Domain Wall Problem

l. Non-invertible Symmetry Breaking

Non-invertible axion shift symmetry = O-form + magnetic 1-form composite

Breaking of non-invertible symmetry by breaking magnetic 1-form symmetry

Monopole in UV — 1-form magnetic symm broken
— non-invertible symm in IR broken

Monopole / fl
s
‘6 ’ Hoof& Lr ne / /‘J



Solving Axion Domain Wall Problem

ll. Solution by Non-invertible Symmetry Breaking 7/
(Clay Cordova, Sungwoo Hong, Liantao Wang) LN

Consider axion coupled to G; = SU(N)/Zy

S > 81—:2]% Tr(G A G) G = field strength of G,

Enlarged symmetry: Zy  (invertible) € Zg (non invertible)
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ll. Solution by Non-invertible Symmetry Breaking 7/
(Clay Cordova, Sungwoo Hong, Liantao Wang) LN

Consider axion coupled to G; = SU(N)/Zy
IK a .
S > @fg Tr(G A G) G = field strength of G,

Enlarged symmetry: Zy  (invertible) € Zg (non invertible)

G, (IR) Instanton effects = Zy' invariant V(a)

81én

K
V(a) = Yin=nz COS — — , a, Xe 9tr
N fa



Solving Axion Domain Wall Problem

Il. Solution by Non-invertible Symmetry Breaking
(Clay Cordova, Sungwoo Hong, Liantao Wang) LN

Consider axion coupled to G; = SU(N)/Zy

S > 81—:2]% Tr(G A G) G = field strength of G,

Enlarged symmetry: Zy  (invertible) € Zg (non invertible)

G, (IR) Instanton effects = Zy' invariant V(a)

81én

K
V(a) = Yin=nz COS — — , a, Xe 9tr
N fa

Gy = Gyy = SU(N? — 1) D G, withm;(Gyy) =0 = Z' violating AV (a)

AV(a) = ¥N1B costl | B e 6w
N fa



Solving Axion Domain Wall Problem

Il. Solution by Non-invertible Symmetry Breaking j
(Clay Cordova, Sungwoo Hong, Liantao Wang) '1

V(ia) =V(a) + AV (a)

Kn a - Km a
V(Cl) — ZTL:NZ Un COSWE and AV(CL) — Irvnz%) m COSTE

(G, - instantons) (Gyy /GiRr - instantons)



Solving Axion Domain Wall Problem

Il. Solution by Non-invertible Symmetry Breaking 7/
(Clay Cordova, Sungwoo Hong, Liantao Wang)

V(a) =V(a)+ AV(a)

Kn a
IV = _ ——
(a) = Xp=nz Oy COS N f,
ﬁ%\
; Ay = Ay
/\| / = As




Solving Axion Domain Wall Problem

Il. Solution by Non-invertible Symmetry Breaking 7
(Clay Cordova, Sungwoo Hong, Liantao Wang) A

V(ia) =V(a) + AV (a)

Kn a _ Km a
V(a) = Xp=nz On cos-— and AV(a) = N4 m COS ==
(Gr - instantons) (Gyy /G - instantons)
=
i
=5 | €=
& / N3




Solving Axion Domain Wall Problem

Il. Solution by Non-invertible Symmetry Breaking 7
(Clay Cordova, Sungwoo Hong, Liantao Wang) LN

V(a) =V(a) + AV(a)

V(a) = ZTL:NZ Un COS@& and AV(a) = %_:%) m COSK_mﬂ
~ N Ja N faq
(G;R - instantons) (Gyy /GR - instantons)

nmamavAll

ATNIEENEEE
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Solving Axion Domain Wall Problem

Il. Solution by Non-invertible Symmetry Breaking 7
(Clay Cordova, Sungwoo Hong, Liantao Wang) LN

V(a) =V(a)+ AV(a)

Kn a — Km a
V(a) =Y, onz0ncos—— and AV(a) = X N_% B, cos——
N fq N faq
(G;p - instantons) (Gyy /GiRr - instantons)
GW » GW
"
a :\\: "/:/:;J\f?
= PP
GW e ~ o
<~ _ NI GW
o et
<-- = @
S~ N\
<--- —--2 GW
a
< Bli->2
GW éj\:’__ = ‘;\/\9 GW
¥ wip® . \—\\"’b




Solving Axion Domain Wall Problem

lll. Constraints on GUT Theories
(Clay Cordova, Sungwoo Hong, Liantao Wang)

1. We found that the most well-known GUTSs can not lift the vacuum degeneracy

[=7Z.: SUGS), SO(10), E,
'=75;: SUMA4)xSU2), X SU(2)r [Pati-Salam]
'=2,: SUB)xSUB), X SU(3)g [Trinification]
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1. We found that the most well-known GUTSs can not lift the vacuum degeneracy

[=7Z.: SUGS), SO(10), E,
'=75;: SUMA4)xSU2), X SU(2)r [Pati-Salam]
'=2,: SUB)xSUB), X SU(3)g [Trinification]

index of embedding in Gyy — Gir: 1-IR-instanton = n-UV-instanton
If n # 1, then 3 Gyy-instantons not gauge-equvalent to Gr-instanton
"Small Instantons”

These small instantons can break non-invertible symmetries.



Solving Axion Domain Wall Problem

lll. Constraints on GUT Theories
(Clay Cordova, Sungwoo Hong, Liantao Wang)

1. We found that the most well-known GUTSs can not lift the vacuum degeneracy

[=7Z.: SUGS), SO(10), E,
'=75;: SUMA4)xSU2), X SU(2)r [Pati-Salam]
'=2,: SUB)xSUB), X SU(3)g [Trinification]

index of embedding in Gyy — Gir: 1-IR-instanton = n-UV-instanton

If n # 1, then 3 Gyy-instantons not gauge-equvalent to Gr-instanton
"Small Instantons”

These small instantons can break non-invertible symmetries.

In all these cases, "index of embedding (n)" =1

So, either anomaly coefficients "£" in GUT should be ¥y = 1
or extra structures have to be supplemented to cure the DW problem



Solving Axion Domain Wall Problem

lll. Constraints on GUT Theories
(Clay Cordova, Sungwoo Hong, Liantao Wang)

2. GUT constraints on Axion-Gauge Couplings

Huy

Ssu(s) 2 gz f% Tr(g A g)




Solving Axion Domain Wall Problem

lll. Constraints on GUT Theories
(Clay Cordova, Sungwoo Hong, Liantao Wang)

2. GUT constraints on Axion-Gauge Couplings

wuv

Ssu(s) 2 f Tr(g/\g)

”’3f Tr(G/\G)+”’2f Tr(W/\W)+”’1f BAB



Solving Axion Domain Wall Problem

lll. Constraints on GUT Theories
(Clay Cordova, Sungwoo Hong, Liantao Wang)

2. GUT constraints on Axion-Gauge Couplings

wuv

Ssu(s) 2 f Tr(g/\g)

“’3f T(G/\G)+”’2f Tr(W/\W)+”’1f BAB

t3 =ty T2 =y, 1 =304,



Solving Axion Domain Wall Problem

lll. Constraints on GUT Theories
(Clay Cordova, Sungwoo Hong, Liantao Wang)

2. GUT constraints on Axion-Gauge Couplings

wuv

Ssu(s) 2 f Tr(g/\g)

“’3f T(G/\G)+”’2f Tr(W/\W)+”’1f BAB

53 — guv» ty = guv» t1 = 3O£uv
This is consistent with

[=1: #£,,,€Z
[=2Z,: £,€2Z,4,3€Z, and £, + 24, € 4Z
[=Zy: 4,€3Z, £y3€Z, and £; + 6£5 €97
[=Zg: £,€6Z, L3 €Z, £1+28, €4Z, and £, + 643 €9Z

but provides more stringent constraints.



Solving Axion Domain Wall Problem

lll. Constraints on GUT Theories
(Clay Cordova, Sungwoo Hong, Liantao Wang)

2. GUT constraints on Axion-Gauge Couplings

SUS) [Ze]: €3 ="2tuy, €2 =2tuy, £1 =304y,
SU(4)CXSU(2)LXSU(2)R [Z3]: ‘83 =’£4, ’EZ =’£L, ’€1= 12‘84"‘18‘8}3
SU(3)CXSU(3)LXSU(3)R [Zz]: ’£3 :‘BC, '82 :‘BL, £1:6£L+24€R
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(Quantization of Axion-Gauge Couplings)



Axion-Standard Model

3. Quantization of Axion-Gauge Couplings from non-trivial global form

F=Z3: ‘81632,'82’362, and’€1+6’€3692
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3. Quantization of Axion-Gauge Couplings from non-trivial global form

F=Z3: ‘81632,'82’362, and‘€1+6‘€3692

. SU(3 U1
() Goy = 2T x SU(2),

3
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3. Quantization of Axion-Gauge Couplings from non-trivial global form

F=Z3: ‘81632,'82’362, and‘€1+6‘€3692

() Goy = 2T x SU(2),
3
(ii) Fractional Instanton of SUN) fTr(G/Z\G) - N_lfWAW
Zn 81 N 2

F 1 F 1
("')¢z2§=§fﬁzzw(‘43) = —=-w(d3) +X, X € H*(M,, 7)



Axion-Standard Model

3. Quantization of Axion-Gauge Couplings from non-trivial global form

F=Z3: ‘81632,'82’362, and‘€1+6‘€3692

__ SUB)cxU)y

(i) Gspy = Z1 X SU(2),
(ii) Fractional Instanton of SUN) fTr(G/Z\G) - N_lfWAW
Zn 81 N 2

F 1 F 1
("')¢z2§=§fﬁzzw(‘43) = —=-w(d3) +X, X € H*(M,, 7)

(iv) Then, the axion periodicity a ~ a + 2nf, is respected if

w(A43)?
2

%I(W§3)+X)2+£zn2+ fg(n3+§f )eZ
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3. Quantization of Axion-Gauge Couplings from non-trivial global form

F=Z3: ‘81632,'82’362, and‘€1+6‘€3692

__ SUB)cxU)y

(i) Gspy = Z1 X SU(2),
(ii) Fractional Instanton of SUN) fTr(G/Z\G) - N_lfWAW
Zn 81 N 2

F 1 F 1
("')¢z2§=§fﬁzzw(‘43) = —=-w(d3) +X, X € H*(M,, 7)

(iv) Then, the axion periodicity a ~ a + 2nf, is respected if

w(A43)?
2

%I(W§3)+X)2+£zn2+ fg(n3+§f )eZ

(1) Consider first the case when w(A43)?-term vanishes

%IW(As)/\X‘Ffznz"‘@ns €Z > t,€3Z {4, {43€7Z



Axion-Standard Model

3. Quantization of Axion-Gauge Couplings from non-trivial global form

F=Z3: ‘81632,'82’362, and‘€1+6‘€3692

__ SUB)cxU)y

(i) Gspy = Z1 X SU(2),
(ii) Fractional Instanton of SUN) fTr(G/Z\G) - N_lfWAW
Zn 81 N 2

F 1 F 1
("')¢z2§=§fﬁzzw(‘43) = —=-w(d3) +X, X € H*(M,, 7)

(iv) Then, the axion periodicity a ~ a + 2nf, is respected if

w(A43)?
2

%I(W§3)+X)2+£zn2+ fg(n3+§f )eZ

(1) Consider first the case when w(A43)?-term vanishes

%IW(As)/\X‘Ffznz"‘@ns €Z > t,€3Z {4, {43€7Z

2
Q) wA)? (2+22) (ML ez = ¢, + 60, €92

9 3



Axion-Standard Model

I1l. Axion-SM

ity
So—|—=T —
D8n2jfa r(G/\G)+8n2jfa T7~(W/\W)+87T2 faBAB

1. G,W,B = field strength of SU(3) ., SU(2);,U(1)y, respectively.

SU3)eXxSUR) L xU(1)y
r

2. GSM — F — 1,Zz,Z3,Z6

3. Quantization of Axion-Gauge Couplings from non-trivial global form

[=1: 4,;€Z
[=Z,: £,€2Z, £y3€Z, and £, +2¢, € 4Z

[=Zy: £, €3Z, £3€Z, and £; + 6£5 €9Z

[=Zg: €,€6Z, £33 €Z, £1+28, €4Z, and £; + 643 €9Z
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Axion-Standard Model

4. Non-invertible Axion Shift Symmetry: e.g. I' = Z;

1468
Zk © Zgeace, 00 = Zpy  where K = gcd( 42,83, —— 3)

Undera — a + 2ntf,/z (recall: F/2m = w/3 + X)

2m€1f( ) +ﬂ£22+@g3(3+§f%2)627'[i2
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4. Non-invertible Axion Shift Symmetry: e.g. I' = Z;

1468
Zk © Zgeace, 00 = Zpy  where K = gcd( 42,83, —— 3)

Undera — a + 2ntf,/z (recall: F/2m = w/3 + X)
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(1) Forw? =0 : {)1/3,{)—2, %3 €Z

Z Z




Axion-Standard Model

4. Non-invertible Axion Shift Symmetry: e.g. I' = Z;

1468
Zk © Zgeace, 00 = Zpy  where K = gcd( 42,83, —— 3)

Undera — a + 2ntf,/z (recall: F/2m = w/3 + X)

2m€1f( ) +ﬂ£22+@g3(3+§f%2)627'[i2

(1) Forw? =0 : fa/3 ,{)—2, “ ey
Z Z Z
(2) From w?-term : htbls ¢ 7

9z



Axion-Standard Model

4. Non-invertible Axion Shift Symmetry: e.g. I' = Z;

1‘?1+6£’3)

ZKCZng({, £2) ~Z where K = gcd( b2 U3,

Undera — a + 2ntf,/z (recall: F/2m = w/3 + X)

2m€1f( ) +ﬂ£22+@g3(3+§f%2)627'[i2

(1) Forw? =0 : i3 2t ey

Z Z

£1+643
9z

(2) From w?-term : €Z

= Invertible Symmetry: Zscqce,/3.0,,65,(0,+6¢5)/9)



Axion-Standard Model

4. Non-invertible Axion Shift Symmetry: e.g. I' = Z;

1468
Zk © Zgeace, 00 = Zpy  where K = gcd( 42,83, —— 3)

Undera — a + 2ntf,/z (recall: F/2m = w/3 + X)

2m€1f( ) +ﬂ£22+@g3(3+§f%2)627'[i2

£1/3 32

(1) Forw? =0 : , 2 ez
Z Z
(2) From w?-term : {)1;6{)3 €Z

= Invertible Symmetry: Zscqce,/3.0,,65,(0,+6¢5)/9)

(3) Regular Z-valued instanton effects: Zgcqe,,0.) = Zo,



