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Introduction

• Bohigas, Giannoni and Schmit [1] conjectured that quantum Hamiltonians
which in the classical limit has a chaotic behavior must fall into one of
the three ensembles of Random Matrix Theory.

• We want to study how well this conjecture is realized in non-Abelian gauge
theories and its implication to thermalization.

• A classical state is believed to be formed in the initial stages of a heavy-ion
collision experiment, which is characterized by a large density of gluons.

• As such a state expands rapidly, energy density decreases and it cools
down, the quantum effects in terms of fermion (quark) production start
dominating leading the system to equilibrate [Figure courtesy S. Schlichting, QM 15].

• The precise mechanism of thermalization in gauge theories is still unknown.

• We propose [2] a procedure for providing an estimate of the thermalization
time in gauge theories in a simpler system within a fixed box.

Procedure
• We address this problem by studying

• the universal features in the eigenvalue spectrum of massless
Dirac operator in thermal SU(3) with and without dynamical
quarks.

• dynamical properties, e.g., Lyapunov exponent of a classical over-
occupied states of SU(3) gauge theory far-away from equilibrium
using first-principles lattice techniques.

• We calculate the eigenvalues λ of a massless Dirac operator, which acts as
a probe of the thermalized non-Abelian medium.

• From the ratio rn of the consecutive level spacings rn =
λn+2−λn+1

λn+1−λn
, where

λn denotes the nth eigenvalue of the Dirac operator, we construct ⟨r̃⟩,
where r̃n = min(rn, 1

rn
).

• Such ratios and their distribution have small systematic uncertainties due
to the specific unfolding procedure, finite volume and cut-off effects.

Spectral properties for SU(3) in thermal equilibrium
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• The ⟨r̃⟩ help us to categorize λ/T into three distinct regimes.

• Localized modes, which are the first few eigenmodes for which the
value of ⟨r̃⟩ ∼ 0.38 i.e. denoting no correlation.

• Bulk modes are those for which the value of ⟨r̃⟩ is close to the RMT
prediction 0.6 for Gaussian unitary ensemble, shown in red points.

• The intermediate modes, for which the value of ⟨r̃⟩ lies in between
the uncorrelated and delocalized value, shown in blue points.

• The probability distribution of the ratios of the consecutive level spacings for
the bulk modes, is also in very good agreement with the Gaussian uni-
tary ensemble (GUE) of RMT prediction → signaling features of chaos
in this quantum system.

• Below the chiral crossover transition T < Tc in QCD and for T = 2Td for
pure gauge, all the infrared eigenmodes behave like bulk modes.

• We would like to understand in more detail why these intermediate states
proliferate near Tc and if it carries any information on the underlying
universality class of the phase transition.

Localization properties of eigenvectors

• The inverse participation ratio, P2 =
∑

x |ψ(x)|4, for the bulk modes scales
L−2.8 whereas for the intermediate modes at T ≳ Tc scale differently
than the bulk L−2.5 → showing fractal-like scaling.

• The value of the fractal dimension Df for the intermediate eigenmodes is
consistent with three dimensional O(4) spin model whose critical expo-
nents β, ν are related via Df = 3− β/ν.
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• We calculate the generalized Renyi entropy, which for a particular eigen-
state ψ(x) is defined as,

Rα =
1

1− α
ln

∑
x

pαx , 1 ≤ α <∞ .

• The first Renyi entropy R1, normalized by its value in RMT is close to iden-
tity for bulk modes, implying that these eigenmodes are completely de-
localized and fully ergodic.

Non-Abelian gauge theory away from equilibrium
• We next simulate a non-thermal state of QCD with over-occupied infra-red

gluons motivated from the Color Glass Condensate effective theory [3]
of QCD with initial occupation numbers

fg(|p|) =
n0

g2
Q

|p|e
− |p|2

2Q2 , Q ∼ 1.5 GeV.

• Evolving in time, we measure the separation between two gauge trajecto-
ries with n0 and n0 +∆n0 , ∆n0 = 0.001 in terms of a gauge-invariant
distance measure [4], D(Ul, U

′
l , t) =

1
2Np

∑
p |tr UP − tr U

′
P | .

• We extract a positive Lyapunov exponent, γ from the initial exponential rise
of D(Ul, U

′
l , t) via time signaling chaotic behavior.

 0.03

 0.035

 0.04

 0.045

 0.4  0.6  0.8  1

n0 =1.0

    =0.8

    =0.6

    =0.4

D
(t

)

Time: Qt

L
y
a
p
u
n
o
v
 E

x
p
o
n
e
n
t:
 γ

/Q

Gluon energy density: ε/Q
4

 0

 4x10
-5

 8x10
-5

 0  100  200  300

An estimate of thermalization time
• Chaotic gauge field modes below the magnetic scale in the self-similar scal-

ing regime evolve with time according to
√
σ(t) = Q(Qt)−3/10.

• At finite temperature, the eigenstates of QCD Dirac operator below the
magnetic scale also show signatures of chaos, like in a RMT. Fermions
whose momenta are ∼ πT , do not affect these soft gauge modes.

• By matching magnetic scales of the non-thermal with a thermal state which
is g2T/π = 1.16T =

√
σ(t) at a typical temperature ∼ 600 MeV, ther-

malization time for the magnetic modes comes out to be ∼ 1.44 fm/c.
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