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Spontaneous symmetry 
breaking and defects

An example — strings.
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I. INTRODUCTION

“Strings” are solutions of certain field theories, whose energy is concentrated along an infinite line. Strings exist in
many field theories motivated by particle physics, and this suggests that they may exist in the universe — hence the
name “cosmic strings”. String solutions are also present in condensed matter systems where they are called “vortices”.
In cosmological applications, strings are generally curved, dynamical, and may form closed loops. The energy of a
string remains concentrated along a time-dependent curve for a duration that is very long compared to the dynamical
time of the string.

II. ROLE OF TOPOLOGY

The topological properties of a field theory may be used to motivate the existence of string solutions. If a field
theory has certain symmetries and symmetry breaking patterns, the vacuum state (the state of lowest energy) may
not be unique. The collection of possible vacua form a manifold, M , which may have “holes” i.e. there may be closed
paths on M that cannot be continuously shrunk to a point. In this case, the field theory has topology that is suitable
for the existence of string solutions. In mathematical terms, the topology relevant for strings is described by the first
homotopy group of the vacuum manifold, ⇡1(M). The relevance of topology is best understood with an example.

Consider a complex scalar field, �, in three spatial dimensions, with potential energy function,

V (|�|) = (|�|2 � ⌘
2
v)
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The minimum energy configuration has |�| = ⌘v but the phase of � is undetermined and labels the points on the
vacuum manifold which is a circle. A closed path that wraps around the circle cannot be continuously contracted to
a point and hence there can be strings in this field theory. If, as one goes around a closed path in physical space,
one also wraps around around the circle on the vacuum manifold n = ±1,±2, . . . times, then there will be possibly n

strings going through the closed path in physical space. (See Fig. 1.) Notice that at the center of the string |�| = 0
and hence the energy density is non-zero at the string core.

FIG. 1: String formation in the ”Mexican-hat” potential V (|�|). The potential is shown on the left-hand-side, with its circular
manifold (red) on which 3 points (blue) have been chosen at random. The right-hand-side shows (in red) a closed path in
”physical space”, along which |�| = ⌘v; the blue points in physical space are the points that map on to the blue points shown
on the vacuum manifold. On going around the path in physical space, the field wraps once around the vacuum manifold . By
continuity of the field, � must vanish somewhere within the circle in physical space. This is the center of the string drawn in
green. Fig. from [2].

Caution: Non-trivial topology of a field configuration does not necessarily imply the existence of a static solution.
For example, if two n = 1 strings repel at all separations, then an n = 2 configuration will split into two n = 1 strings
that move apart. In this case, there is non-trivial topology since n = 2, but no static solution exists.

Non-trivial topology implies zeros of the order parameter but does not 
imply existence of solutions or the stability of solutions.
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FIG. 4: Nambu-Goto strings in the matter era. Infinite strings (defined as having a size bigger than the conformal horizon,
which is the box size in this figure) are colored in white. The red loops are those whose average density has reached scaling.
The remaining loops are not (yet) in scaling, and they are color-coded according to their age: freshly formed loops are yellow
and older loops are bluer. The bluest ones are therefore those coming from the initial conditions and the greenish ones have
been formed in between. Figure given with kind permission by Christophe Ringeval.

n(`, t) =
0.27� 0.45(`/t)0.31

t2(`+ �Gµt)2
, ` < 0.18t (matter era).

Nambu-Goto simulations by other groups (see for instance [34]) find similar loop distributions though there is dis-
agreement about very small loops that, however, carry only a very small fraction of the total energy in the network.
In Abelian-Higgs simulations, many fewer loops are seen and the string network energy is mostly dissipated directly
into particle radiation [35].

Notice that the above are the pure scaling distributions, meaning that the dimensionless number density of loops
t
4
n(`, t) only depends on the dimensionless ratio `/t for all times. At formation though, the loops are not in the scaling

distribution: they relax towards scaling after a time which can be estimated. Numerical simulations, however, observe
a population of non-scaling loops. Some of these are a remnant of the initial loop distribution formed at the phase
transition, and others are small loops freshly formed from small scale structure on long strings (see Fig. 4). Similarly,
on entering the matter era, the radiation era scaling distribution relaxes to the matter era scaling distribution. The
timescale for this process depends on the length of the loop, and is longer for shorter loops.

In addition to loops the network contains many infinite strings with typical separation ⇠ 0.15dh where dh is the
horizon distance [36]. This corresponds to ⇠ 40 infinite strings in any horizon volume. A typical distribution of strings
is show in Fig. 4.

VI. HOW WE CAN LOOK FOR THEM

The presence of strings in the universe can be deduced from their gravitational e↵ects and other non-gravitational
signatures if they happen to couple to other forces. For example, cusps on cosmic string loops emit bursts of gravita-
tional waves [37]. Moving strings produce wakes in matter and line discontinuities in the cosmic microwave background
(CMB). They also induce characteristic patterns of lensed images of background light sources. Superconducting
strings, in addition to the above e↵ects, emit electromagnetic radiation that can potentially be detected as radio

Image provided by Christoph Ringeval

Key feature: most of the string length (~80% at formation) is in 
infinite strings. If only small loops were formed, strings would rapidly 
decay and not survive. TV & Vilenkin, 1984
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Kibble mechanism
Finite size domains of ~constant order parameter.
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Correlation length
(depends on details 
of phase transition)

Kibble, 1976
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Composite nature of n-vector implies that monopoles are connected 
to anti-monopoles by Z-strings. Nambu, 1977

The n-vector is also distributed in domains. But it lives on a two-
sphere. Wrappings of n-vector on the two-sphere give zeros of Phi 
and carry electromagnetic magnetic charge (magnetic monopoles).

Kephart & TV, 1996; Patel & TV, 2022

Vacuum manifold is better thought of as S2xS1 (Hopf fibered S3).

Gibbons, Ortiz, Ruiz Ruiz & Samols, 1992
TV & Achucarro, 1991



Electroweak Dumbbells

Electroweak monopole

Electroweak anti-monopole

Z-string
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Arrows indicate points on S2, colors indicate points on S1.

Nambu, 1977



Electromagnetism
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Unbroken symmetry (electromagnetism) generator Q is given by:

Associated gauge field is the electromagnetic gauge field,
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Two guiding principles — definition should be gauge invariant and definition 
should reduce to usual Maxwell definition in “unitary gauge” (Phi=constant).
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What is the field strength? ’t Hooft, 1974



Magnetic field definition
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Magnetic charge distribution
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FIG. 2: Sample monopole distribution with strings connecting
them. Some of the strings are in the form of closed loops.

Then the action of R on �1 is equivalent to multiplication
by,

R = e
i(�1+�2+�3+h123) (12)

where h123 denotes the phase angle due to the rotation
D[R13]D[R32]D[R21]. This rotation implements the par-
allel transport of �1 all the way around the triangular
plaquette and gives the holonomy angle, h123, in this
process. To determine h123 we use

e
ih123 = �†

1D[R13]D[R32]D[R21]�1 (13)

From (11) we must have

�1 + �2 + �3 + h123 = 0, ±2⇡ (14)

and a value of ±2⇡ signals that a Z-string/anti-string
passes through the plaquette.

We have numerically implemented this algorithm to
study the distribution of monopoles and strings on a dis-
crete tetrahedral lattice. Each cell of a cubic lattice is
divided into 24 tetrahedra [3]. At every lattice point, we
assign random values of ↵, � and �, from which we con-
struct � and n̂. We find the monopoles on the lattice by
evaluating the monopole winding in (3) for every tetra-
hedral cell, and the strings are found by evaluating the
winding in (14) for every triangular plaquette. A sam-
ple of the monopole distribution with strings is shown in
Fig. 2.

As in earlier simulations of monopole formation [24–
26], n̂ is uniformly distributed on an S

2 and the mag-
netic charge within a volume, ⇠ L

3, is given by a surface
integral due to Gauss’ law, with N ⇠ (L/⇠)2 indepen-
dent domains of size ⇠ on the surface. Hence the root-
mean-square magnetic charge within the volume goes as

FIG. 3: Log-linear plot of number density of open strings
(blue) and closed strings (red) vs. length l. The parameters
of the dashed fitting curves are given in (15) and (16).

p
N ⇠ L/⇠. We have confirmed this scaling in our simu-

lations.
We also evaluate the length distribution of open string

segments, i.e. the number density of strings of length
between l and l +dl, denoted dnopen(l). The dependence
of dnopen(l) on l is shown in Fig. 3 and is fit by a decaying
exponential,

dnopen(l) = Aoe
�l/lo dl,

Ao = 0.12 ± 0.06, lo = 6.68 ± 0.28 (15)

where the length is measured in units of the step length
in going from one tetrahedral cell to its neighboring cell.
The number density of closed loops also follows an expo-
nential with,

Ac = 0.66 ± 0.07, lc = 7.79 ± 0.08. (16)

Just as in the case of topological defects, the Kib-
ble mechanism only provides initial conditions for the
evolution of the system. In the case of cosmic strings,
small loops formed during the symmetry breaking will
quickly collapse and dissipate, while longer loops and
infinite strings will persist and eventually reach a scal-
ing solution. In the electroweak case, monopoles and
anti-monopoles will be brought together by the con-
fining strings and rapidly annihilate [28]. However
their annihilation will leave behind a magnetic field.
Since Maxwell equations hold after electroweak symme-
try breaking, the magnetic field can then be evolved with
the usual Maxwellian magneto-hydrodynamical (MHD)
equations [29]. We now turn to a characterization of the
initial magnetic field.

The electromagnetic field strength is defined as

Aµ⌫ = @µA⌫ � @⌫Aµ

�i
2 sin ✓w

g
(@µ�̂†

@⌫�̂ � @⌫�̂
†
@µ�̂) (17)

Teerthal Patel & TV, 2021

(Kibble simulation applied to 
the standard model)



Dumbbells at large Weinberg 
angle, small Higgs mass
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Figure 1: Isosurfaces of the Z- and A-magnetic field strengths for two different simulations, shown
as the light and dark colour respectively. The left panels show β = 0.1, sin2θW = 0.994 (persistent
regime) and the right ones β = 0.5, sin2θW = 0.995 (non-persistent regime). The top row is at an
early stage of the simulation t = 50, while the lower is at the end t = 200. Note that in the first
case there remain some long strings at the end of the simulation and connection can still occur. In
the second all the defects are about to disappear.

transient, the typical configuration observed is a dumbbell — a segment of electroweak

string joining a monopole/antimonopole pair. By continuity, for parameter values suffi-

ciently close to the stable semilocal case we expect the monopole interactions to lead to

the joining of strings to form longer segments.

The simulations show that some short segments of Z-string do join as expected. The

joining rate is, however, lower than in the semilocal case, and decreases both as sin2θW is

decreased and as β is increased. Thus, some segments which would eventually join in the

– 6 –

yellow=Z magnetic
blue=A “magnetic” (w/o Higgs 

term)

Urrestilla, Achucarro, 
Borrill & Liddle, 2002
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Scaling of B from monopoles

4

where Aµ ⌘ sin ✓wn̂
a
W

a

µ
+ cos ✓wYµ and the last term in

(17) is required for a suitable gauge invariant definition of
Aµ⌫ [11, 21]. The definition breaks down at points where
|�| = 0, i.e. in the symmetry restored phase, because n̂

and �̂ are not well-defined.
It is instructive to calculate the magnetic field strength

of the Nambu monopole for which the asymptotic fields
are

�m =
vp
2

✓
cos(✓/2)

sin(✓/2)ei�

◆
(18)

where ✓, � are spherical angles. The configuration is
singular at ✓ = ⇡ because of the Z-string attached to the
monopole. The magnetic field of the monopole is

B = r ⇥ A � i
2 sin ✓w

g
r�̂† ⇥ r�̂ (19)

With � = �m of Eq. (18) and A = 0 we find
the monopole magnetic field outside the core of the
monopole, Bm = sin ✓w r̂/(gr

2) where r is the radial
coordinate. Around the Z-string at ✓ = ⇡ we find
�̂m ! e

i�(0, 1)T . Using this form in (19) we see that
there is no electromagnetic field associated with the Z-
string at locations where � 6= 0. We can extend the
formula (19) to the point where � = 0 in the Z-string
by using continuity, and then the magnetic field vanishes
everywhere for the Z-string.

The usual characterization of stochastic isotropic mag-
netic fields is in terms of the two point correlators,

hBi(x + r)Bj(x)i = MN (r)(�ij � r̂ir̂j) + ML(r)r̂ir̂j

+✏ijkrkMH(r) (20)

In Maxwell theory, the correlation functions MN and ML

are related by the condition that the magnetic field is
divergence free,

1

2r

d

dr

�
r
2
ML(r)

�
= MN (r). (21)

In our case, however, the magnetic field is not divergence-
free and MN and ML are independent functions. The
helical correlator, MH , vanishes for us since we have not
included any source of parity violation in the system.

We have evaluated the magnetic field correlator nu-
merically and find

hBi(x + r)Bj(x)i = f(r)�ij (22)

with f(r) exhibiting anti-correlations at small scales.
This makes physical sense since it is known that defects
are preferentially surrounded by anti-defects [26].

Once the monopoles and antimonopoles have annihi-
lated, the correlator in (22) should revert to the form
in (20) with the standard divergence free condition. We
have not yet studied this evolution. Instead we use a

FIG. 4: Log-log plot of the smeared magnetic field strength,
B�, vs. �. The blue band shows the 1-� spread of the in-
dividual Monte Carlo results. The dashed line shows the fit
ln(B�) = (�2.02± 0.02) ln(�) + (0.98± 0.09).

“smearing procedure” to estimate the volume averaged
magnetic field due to monopoles,

hBiV =
1

V

Z

V

d
3
xB = �i

2 sin ✓w

gV

Z

@V

dS ⇥ (�̂†r�̂)

(23)
where the last expression for the surface integral follows
from using (19) together with an integration by parts.
Note that (19) assumes |�| 6= 0 and hence is not valid in
the interior of the integration volume V in the presence
of monopoles. The volume integral in (23) is ambiguous
because of the divergent magnetic field at the locations
of the monopoles. However the surface integral given in
(23) still applies as the surface of integration does not
intersect any monopole cores. The surface may intersect
Z-strings but the formula in (19) holds by continuity as
discussed below (19).

For the integration in (23) we will consider cubical vol-
umes with side �. If ⇠ denotes the size of domains in
which the random variable �̂†r�̂ is tightly correlated,
the discretized surface integral in (23) consists of a sum
of (�/⇠)2 independent random terms and the sum it-
self will go like the square root of this number. There-
fore we expect the magnitude B� ⌘ |hBiV | to grow as
B� / �/V / 1/�

2. We have numerically evaluated B�

and the result is plotted in Fig. 4. The fit shows indeed
shows that B� / 1/�

2.
An alternative approach to deriving the properties of

the magnetic field is to directly simulate the EWPT, as
has been done in several works [31–35]. These field the-
ory simulations are much more computationally intensive
than the present approach and are limited by computer
resources. On the flip side, an advantage is that they
more completely account for the dynamical evolution
during the symmetry breaking, including magnetic fields
that may be generated independently of the monopoles
(the Aµ terms in (17)).

Volume-averaged magnetic field:

domain size~L

volume~𝝺3

area~𝝺2

TV, 2021<latexit sha1_base64="eXErApYhiylYmzjdxEfEa+4fTf4="></latexit>

B ! �i
2 sin ✓w

g
r�̂† ⇥r�̂Monopole contribution:
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hBiV =
1

V

Z

V
d3xB = �i

2 sin ✓w
gV

Z

@V
dS⇥ (�̂†r�̂)

⇠ 1

�3

r
�2

L
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Power spectrum from 
monopoles
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k
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EM (k) =
4⇢EM,B

k⇤

✓
k

k⇤

◆3

, k  k⇤
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hbi(k)b⇤j (k0)i =

EM (k)

4⇡k2
pij + i✏ijlk

lHM (k)

8⇡k2

�
⇥ (2⇡)6�(3)(k� k0)

“power spectrum” “helicity power spectrum”

Monin & Yaglom, 1975
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FIG. 1: Numerically generated profile functions, h(r) and

k(r), for � = 1.

-2 -1 0 1 2

-3

-2

-1

0

1

2

3

-2 -1 0 1 2

FIG. 2: Higgs vectors in the xz�plane for twist = ⇡ (left)

and twist = 0 (right). The Higgs zeros are located at (0, 2)
and (0,�2), shown as filled and unfilled circles.

However, this is not the only possibility. Any further
local rotation of the directions of �a will also have the
topology of an antimonopole. These local rotations are
irrelevant if we consider an antimonopole in isolation and
all such gauge rotated antimonopoles have the same en-
ergy. However, when we patch a monopole and an an-
timonopole together, there is an alignment issue, and
the monopole-antimonopole pair may have di↵erent en-
ergies depending on their “relative twist”. For exam-
ple, in Fig. 2 we show Higgs vectors for the monopole
described above and the antimonopole configuration of
Eq. (16). This monopole-antimonopole configuration has
twist equal to ⇡. In Fig. 2 we also show the zero twist
case, in which only the third component of the Higgs is
inverted while the first and second component are not

�a =
h(r)

r
(+x, +y,�z) (17)

Intermediate between the two cases of Eqs. (16) and
(17), there is a continuous set of configurations that can
be obtained by rotations of the scalar field directions
along the z-axis. The general configuration of the twisted

✓

✓̄

O

x

y

z
P

FIG. 3: The physical configuration of the monopole-

antimonopole pair.

monopole-antimonopole Higgs field can be written as

�̂1 = (sin ✓ cos ✓̄ cos � � sin ✓̄ cos ✓) cos(' � �/2)

� sin ✓ sin � sin(' � �/2) (18)

�̂2 = (sin ✓ cos ✓̄ cos � � sin ✓̄ cos ✓) cos(' � �/2)

� sin ✓ sin � cos(' � �/2) (19)

�̂3 = cos ✓ cos ✓̄ + sin ✓ sin ✓̄ cos � (20)

where, as shown in Fig. 3, ✓ and ✓̄ are the angles measured
from the the z-axis to the position vectors centered at
the monopole and antimonopole, and ' is the azimuthal
angle; � is the relative twist angle and takes values from
0 to 2⇡. In Cartesian coordinates we can write these
position vectors as

rm = |x� xm|, rm̄ = |x� xm̄| (21)

where xm = (0, 0, z0) and xm̄ = (0, 0,�z0). Therefore,
Eqns. (18)-(20) are expressed in Cartesian system as fol-
lows

rmrm̄�̂1 = (cx + sy) [(z + z0) cos � � (z � z0)]

� (cy � sx)rm̄ sin � (22)

rmrm̄�̂2 = (cy � sx) [(z + z0) cos � � (z � z0)]

+ (cx + sy)rm̄ sin � (23)

rmrm̄�̂3 = (z � z0)(z + z0) + (x2 + y2) cos � (24)

where c ⌘ cos � and s ⌘ sin �. With this ansatz, we can
write our initial guess for the Higgs field configuration,

�a = h(rm)h(rm̄)�̂a (25)

Our ansatz for the gauge fields follows from the require-
ment that the covariant derivatives of the Higgs isovector
vanish, Dµ�̂ = 0, at spatial infinity. This gives

W a
µ = �✏abc�̂b@µ�̂c (26)

twist=pi twist=0

(plots of n-vector in a plane)



Shape of magnetic fields
Dumbbells aren’t just magnetic dipoles.
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Network of magnetic fields

JHEP08(2002)033

Figure 1: Isosurfaces of the Z- and A-magnetic field strengths for two different simulations, shown
as the light and dark colour respectively. The left panels show β = 0.1, sin2θW = 0.994 (persistent
regime) and the right ones β = 0.5, sin2θW = 0.995 (non-persistent regime). The top row is at an
early stage of the simulation t = 50, while the lower is at the end t = 200. Note that in the first
case there remain some long strings at the end of the simulation and connection can still occur. In
the second all the defects are about to disappear.

transient, the typical configuration observed is a dumbbell — a segment of electroweak

string joining a monopole/antimonopole pair. By continuity, for parameter values suffi-

ciently close to the stable semilocal case we expect the monopole interactions to lead to

the joining of strings to form longer segments.

The simulations show that some short segments of Z-string do join as expected. The

joining rate is, however, lower than in the semilocal case, and decreases both as sin2θW is

decreased and as β is increased. Thus, some segments which would eventually join in the

– 6 –

Urrestilla, Achucarro, Borrill & Liddle, 2002



EWSB in thermal state
Zhou-Gang Mou, Teerthal Patel, Paul Saffin & TV (ongoing)2

�

V (�)

FIG. 1: Snapshots of the d = 1 potential at a few di↵erent
times. The plots have been shifted vertically for clarity.

and �, m, ⌧ are positive parameters. In particular, the
quench parameter ⌧ is a time scale quantifying the rate
of change of the potential during the phase transition. It
is clear that for t ⌧ �⌧ , the vacuum manifold reduces
to the null field configuration � = 0 and is therefore
O(d)-symmetric, while for t � ⌧ it includes all field con-
figurations on the O(d�1)-symmetric hypersphere given
by

��T� = m2 . (4)

In Fig. 1 we sketch the potential (2) at a few di↵erent
times.

It is well known that these models have topological de-
fects – kinks (d = 1) in one spatial dimension, vortices
(d = 2) in two spatial dimensions, and monopoles (d = 3)
in three spatial dimensions [33]. In each of these cases the
vacuum manifold described by (4) has non-trivial topol-
ogy: for d = 1 it is 2 points, for d = 2 it is a circle,
and for d = 3 it is a two-sphere. The defect locations
are described by zeros of � even in the symmetry bro-
ken phase. The zeros are trapped due to the non-trivial
topology of the vacuum manifold. We realize that the
topology persists even if we set � = 0 and the problem of
defect formation simplifies. Then the � = 0 problem can
be thought of as the zeroth order problem. We discuss
the � 6= 0 problem for d = 1 in greater detail in Sec. V
where we find that � dependent corrections are small if
�⌧/m ⌧ 1.

The overall strategy will be to regulate both the IR
and UV behaviors of the field theory by working in a fi-
nite box of size Ld (with periodic boundary conditions)
and discretize space on a Nd point lattice (with lattice
spacing a = L/N). Then we can determine an exact ex-
pression for the field probability density functional as a
function of a finite number of quantities that can be com-
puted numerically. We then find the average expectation
value of a judiciously constructed quantum operator that
counts the number density of zeros of the field multiplet
� in the limit of the finite resolution imposed by the lat-
tice. We finally take both the continuum limit N ! 1,

a ! 0, and the infinite volume limit, L ! 1 (in this
exact order), to recover the full field theory result. Up
to spurious zeros due to vacuum fluctuations that can
consistently be discarded, this accurately gives the num-
ber density of topological defects. The case of a sudden
phase transition (⌧ = 0) can be treated analytically but
the general case will be treated numerically.
It should be mentioned that the so-called spinodal de-

composition – where one phase evolves into domains of
other phases in the absence of phase barriers – during
quantum phase transitions has been the subject of exten-
sive work in the literature [34–41]. These studies were in
the context of the Ginzburg-Landau model and in a more
general field theoretic context but were limited to instan-
taneous quenches [35–37, 41, 42]. Our purely quantum
approach applies to non-instantaneous quenches and is
readily generalizable to the case of d-dimensional global
topological defects. The present work aims to describe it
in an elementary and self-contained manner. We find, for
di↵erent quench time-scales ⌧ , the behavior of the aver-
age defect number density. We observe that defects start
being produced immediately after the phase transition
and their number density reaches a maximum within a
short time, after which they start annihilating with each
other and their number density goes down. The e�ciency
of topological defect production is found to depend on the
details of the phase transition. Indeed the defect number
density increases faster and to higher maximum values as
⌧ decreases and the phase transition becomes more sud-
den. On the contrary, the late-time mutual annihilation
of topological defects exhibits universal characteristics.
After a transient regime, the number density of defects
decays as a power law t�d/2 with a coe�cient that only
depends on the spatial dimension d and not on ⌧ . Hence
the ⌧ = 0 result is an attractor for the dynamics of de-
fect formation and subsequent decay for a large class of
quantum phase transitions. Our comprehensive analysis
thus provides a unifying picture of defect formation and
decay during non-instantaneous quenches and fills a gap
in the literature. We are however limited to the regime
where the � = 0 approximation holds and we discuss this
limitation in some detail in Sec. V.
The paper is structured as follows. In Sections II

and III we fully describe the average dynamics of kink
(d = 1) and vortex (d = 2) condensation respectively.
In Section IV we extend these results to 3 and higher
dimensions. In Sec. V we discuss how the previous re-
sults constitute only the zeroth order approximation in a
perturbative expansion in � and estimate the next-order
corrections. We end in Section VI by emphasizing the
importance of our results and contrasting them with pre-
vious work done on the subject.

II. ONE DIMENSION: KINKS

One of the challenges in finding the number density of
kinks is to first define a kink in the quantum field theory

high T

low T

Set up “half” thermal initial conditions of 
Higgs and gauge fields at high temperature 
(T) in temporal gauge.

Evolve so that the system 
completely thermalizes.
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EWSB dynamics
Turn off thermal corrections to Higgs potential and evolve the
equations of motion. Track the energy in electromagnetic magnetic
fields for different damping parameters:

Order 5% energy 
density in B (but still 
growing).



Magnetic field power spectrum

Peak at low wavenumber. Also seen in early simulations using 
different (non-thermal) initial conditions.

and it grows by a factor of∼4 to reach ρB=m4
H ∼ 0.062 at the

end of our simulation (see Table II). Hence, the generation of
magnetic fields in the HO stage dominates over that in the
BC stage.
The plot of kmean and kpeak in Fig. 12 shows that the

magnetic energy has power on length scales that are
much larger than the particle physics scale m−1

H ≈ 6Δx.
For example, when γ ¼ 2.34 × 10−5, independent of pB,
kmeanΔx=2π converges to ∼0.04, equivalent to a wave-
length of mHλk ≈ 4.2. The power spectrum of the magnetic
field peaks at even larger length scales. From the plot of
kpeak we see that the peak moves to larger length scales
with time and at the end of our run, kpeakΔx=2π ≈ 0.011 for
all parameters. (The plot is jagged because of binning
effects.) This corresponds to a wavelength of λk ¼ 2π=k ¼
Δx=0.011 ≈ 91Δx (mHλk ¼ 15.2).

In Fig. 13 we show the energy spectrum of the magnetic
fields at the end of our simulation for γ ¼ 2.34 × 10−5 and
pB ¼ 10−6. A peak is clearly seen in Fig. 13 and its location
is largely independent of the parameters we varied in this
paper. We conducted several runs on large lattices to test
if the peak is due to finite lattice size and always found
the peak indicating the same wavelength, independent of
the lattice size. Further study is needed to determine what
parameters control the location and height of this peak.

FIG. 12. Plots of the results from Higgs-oscillation stage (HO stage) simulations. (Top left) kmeanΔx=2π as a function of time mHt.
(Top right) kpeakΔx=2π as a function of timemHt. (Bottom) Energy density of magnetic field, ρB, as a function of timemHt. The legends
are the same for the three plots, and are only shown on the bottom plot.

FIG. 13. Spectrum of the magnetic field at T ¼ 100000 for a
configuration with γ ¼ 2.34 × 10−5, pB ¼ 10−6.

TABLE II. Magnetic energy density at t ∼ Tstop and at the end
of our simulation.

γ pB ρB;BC=m4
H ρB;HO"=m4

H

2.34 × 10−5 10−4 0.016 0.062
2.34 × 10−5 10−6 0.016 0.060
2.34 × 10−5 10−7 0.015 0.060
1.00 × 10−2 10−6 0.0075 0.037

ZHANG, VACHASPATI, and FERRER PHYS. REV. D 100, 083006 (2019)
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Figure 12: The same as in Fig. 11 but for the magnetic component: hk
2
| �B(k)|2i/V.

bution being a factor of 5-10 larger than the one coming from seed fields. Its profile

is very well described by:

1

V
h| �Erad(k)|2i =

2wE

e�(wE�µE) � 1
(5.3)

1

V
h| �Brad(k)|2i =

2k

e�(wB�µB) � 1
,

with wE(B) =
�

k2 + m2

E(B)
and parameters given in Table 2. As illustrated in figures

11 and 12, this distribution fits very well the high momentum part of the spectrum

but fails in reproducing the low momentum peak. Eq. (5.3) represents free massive

thermal radiation with non zero chemical potential at temperatures slightly rising

with time, which we interpret as an e�ect induced by the plasma of the W -fields.

Similar information can be extracted from the distribution of local values of the

norm of the transverse electric and magnetic fields. For free photons this should

follow a Maxwellian distribution (see Appendix C):

P (B) =

r
2

�

⇣ 3

hB2i

⌘3/2

B2 e
� 3B2

2�B2� , . (5.4)
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FIG. 13: Four snapshots of the power spectrum (pink curve)
from the simulations in [141] show that the peak position
(⇡ k⇤ in (50)) evolves to smaller k with time. In this pa-
per the authors also decompose the spectrum into a thermal
component (green curve) and a non-thermal component (blue
curve) that is coherent on long length scales. A functional fit
that the authors provide gives EM (k) / k3 at small k, con-
sistent with the estimate in Eq. (50). [Plot from Ref. [141].]

5. Magnetic fields and matter genesis

Seemingly di↵erent physical phenomena sometimes
have an underlying connection. This is the case for the
generation of magnetic field helicity and the creation of
cosmic baryon asymmetry [149–151]. Although baryon
number is classically conserved in the standard model,
a quantum anomaly can still violate it. The baryonic
current density obeys,

@µj
µ

B
=

3

32⇡2

h
g
2
W

a

µ⌫
W̃

aµ⌫
� g

02
Yµ⌫ Ỹ

µ⌫

i
(55)

where W̃
aµ⌫

⌘ ✏
µ⌫��

W��/2. Now the term on the right-
hand side can source baryon number changes. Eq. (55)
can be integrated over all space to get the change in
baryon number between some initial and final times,

�NB = 3�(CS) (56)

where CS stands for the Chern-Simons number,

CS =
1
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This formula can also be written in terms of the W
±, Z

and A (electromagnetism) gauge fields [152]. Then one
gets di↵erent combinations of gauge fields on the right-
hand side except for the A·B term, i.e. there is no baryon
number anomaly due to the electromagnetic E · B (or

AÃ) in (55). Then how can changes in baryon number be
related to the helicity of electromagnetic magnetic fields?

The process of changing the Chern-Simons number
can be visualized as the pair production of a monopole-
antimonopole pair (that are connected by a Z-string
in the electroweak model), then the pair is relatively
twisted by 2⇡, and allowed to annihilate again [152]15.
In this process the Chern-Simons number changes by
one. The very fact that monopoles appear in the inter-
mediate step means that electromagnetic magnetic fields
are present. The ultimate annihilation of the monopole-
antimonopole releases the magnetic field that also carry
the twist. In other words, the magnetic field is helical.
Thus changes in Chern-Simons number are responsible
for both baryon number production and the generation
of helical magnetic fields [149–151]. The production of
magnetic fields in Chern-Simons number changing pro-
cesses has been studied in [154, 155] and during phase
transitions in [140, 141, 143, 156].

The change in the magnetic helicity density is related
to the change in the baryon number density

�h ⇠ �
�nB

↵
(58)

where ↵ ⇡ 1/137 is the fine structure constant and h is
the magnetic helicity density defined in (21). The to-
tal helicity is generally conserved in MHD evolution and
hence the helicity density will redshift with the Hubble
expansion as a

�3 which is identical to the redshifting of
the baryon number density. Since we know the present
baryon density of the universe, and assuming zero baryon
number and vanishing magnetic fields initially, (58) gives
an estimate for the magnetic helicity density produced
due to baryon number violation,

hb ⇠ �10�5 cm�3 (59)

The discussion above assumes that we start in the bro-

ken phase of the electroweak symmetry and then a pro-
cess changes the Chern-Simons number. During the elec-
troweak phase transition, however, we start in a phase
where the electroweak symmetry is unbroken and elec-
tromagnetism isn’t even defined. Then we might expect
di↵erences in the numerical estimate of the magnetic he-
licity depending on the details of the phase transition.

To test the formation of helical magnetic fields at the
EWPT, the authors of Ref. [143] extended the stan-
dard model by including a CP violating interaction term
|�|

2
WW̃ (group and Lorentz indices suppressed) in the

electroweak Lagrangian and did not confirm (58). How-
ever, the reason is simple to understand and might indi-
cate an interesting direction to explore (see Sec. V). Once
the electroweak symmetry is broken, the W

a gauge fields

15
A monopole-antimonopole pair with a particular value of the twist

is also a solution of the electroweak equations and is known as an

electroweak “sphaleron” [153].

Diaz-Gil, Garcia-Bellido, Perez & 
Gonzalez-Arroyo, 2008 Zhang, Ferrer & TV, 2019
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Magnetic Field Evolution
Many experts: Banerjee, Brandenburg, Hosking,

Jedamzik, Kahniashvili, Schekochihin, Sigl, Subramanian,…

k3 evolution Brandenburg, Sharma & TV, 2023
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Figure 1. (a) EM(k, t) and (b) Sp(h) versus k for Run B at t = 2, 5, 10, 25, 50, 100, and 200.
The first three times are shown as black dashed, solid, and dotted lines. The next four times
are shown as solid blue, green, orange, and red lines. The upward arrow in (a) indicates the
direction of time. The inset in (a) shows that EM(k1, t) ∝ t2/3.

it may still be useful to quote approximate values of ISM. Those are here based on the
approximate height of the bumps; see the dotted horizontal lines in figures 2(a) and (b).
In figure 2(d), we see that Sp(h) shows a distinctly downward trend with k for the

smallest k values. This suggests that the conservation property of IH begins to deteriorate,
especially at late times, and that higher order terms begin to play a role. To clarify this
further, more scale separation would be useful, i.e., a run with a larger value of k0.
Such runs at a resolution of 20483 mesh points are, however, rather expensive, but it is
interesting to note that, even for the case of an initial k4 spectrum, the compensated
spectra show a similar downward trend with k when the numerical resolution is only
10243; see Figure 3(d) of Brandenburg & Larsson (2023), which corresponds to our
Run D. It should also be noted that in figure 2(d), the last time is t csk1 = 190, while
in figure 2(c), the last time is only t csk1 = 60. The two times correspond to t ηk20 ≈ 1.4
and 0.4.

3.2. Universal scaling constants

Given that IH is reasonably well conserved and enters the evolution of magnetic energy
and correlation length, as well as the spectral envelope of the peak, through dimensional
arguments, it is useful to determine the nondimensional coefficients in these relations.
This was done recently for the cases α = 2 and α = 4; see Brandenburg & Larsson (2023),

(Conformal variables. 
Non-helical.)

Brandenburg & Kahniashvili, 2017
Olesen, 1997
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Hosking integral
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(“t” is conformal time.)



Estimating present B
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Figure 1. (a) EM(k, t) and (b) Sp(h) versus k for Run B at t = 2, 5, 10, 25, 50, 100, and 200.
The first three times are shown as black dashed, solid, and dotted lines. The next four times
are shown as solid blue, green, orange, and red lines. The upward arrow in (a) indicates the
direction of time. The inset in (a) shows that EM(k1, t) ∝ t2/3.

it may still be useful to quote approximate values of ISM. Those are here based on the
approximate height of the bumps; see the dotted horizontal lines in figures 2(a) and (b).
In figure 2(d), we see that Sp(h) shows a distinctly downward trend with k for the

smallest k values. This suggests that the conservation property of IH begins to deteriorate,
especially at late times, and that higher order terms begin to play a role. To clarify this
further, more scale separation would be useful, i.e., a run with a larger value of k0.
Such runs at a resolution of 20483 mesh points are, however, rather expensive, but it is
interesting to note that, even for the case of an initial k4 spectrum, the compensated
spectra show a similar downward trend with k when the numerical resolution is only
10243; see Figure 3(d) of Brandenburg & Larsson (2023), which corresponds to our
Run D. It should also be noted that in figure 2(d), the last time is t csk1 = 190, while
in figure 2(c), the last time is only t csk1 = 60. The two times correspond to t ηk20 ≈ 1.4
and 0.4.

3.2. Universal scaling constants

Given that IH is reasonably well conserved and enters the evolution of magnetic energy
and correlation length, as well as the spectral envelope of the peak, through dimensional
arguments, it is useful to determine the nondimensional coefficients in these relations.
This was done recently for the cases α = 2 and α = 4; see Brandenburg & Larsson (2023),
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(Conformal variables.)

(“𝛕” is conformal time.)



Coherence scale (non-helical)
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Figure 1. (a) EM(k, t) and (b) Sp(h) versus k for Run B at t = 2, 5, 10, 25, 50, 100, and 200.
The first three times are shown as black dashed, solid, and dotted lines. The next four times
are shown as solid blue, green, orange, and red lines. The upward arrow in (a) indicates the
direction of time. The inset in (a) shows that EM(k1, t) ∝ t2/3.

it may still be useful to quote approximate values of ISM. Those are here based on the
approximate height of the bumps; see the dotted horizontal lines in figures 2(a) and (b).
In figure 2(d), we see that Sp(h) shows a distinctly downward trend with k for the

smallest k values. This suggests that the conservation property of IH begins to deteriorate,
especially at late times, and that higher order terms begin to play a role. To clarify this
further, more scale separation would be useful, i.e., a run with a larger value of k0.
Such runs at a resolution of 20483 mesh points are, however, rather expensive, but it is
interesting to note that, even for the case of an initial k4 spectrum, the compensated
spectra show a similar downward trend with k when the numerical resolution is only
10243; see Figure 3(d) of Brandenburg & Larsson (2023), which corresponds to our
Run D. It should also be noted that in figure 2(d), the last time is t csk1 = 190, while
in figure 2(c), the last time is only t csk1 = 60. The two times correspond to t ηk20 ≈ 1.4
and 0.4.

3.2. Universal scaling constants

Given that IH is reasonably well conserved and enters the evolution of magnetic energy
and correlation length, as well as the spectral envelope of the peak, through dimensional
arguments, it is useful to determine the nondimensional coefficients in these relations.
This was done recently for the cases α = 2 and α = 4; see Brandenburg & Larsson (2023),
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Non-helical magnetic field today

Initial B on EW horizon scale (A):
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Figure 1. (a) EM(k, t) and (b) Sp(h) versus k for Run B at t = 2, 5, 10, 25, 50, 100, and 200.
The first three times are shown as black dashed, solid, and dotted lines. The next four times
are shown as solid blue, green, orange, and red lines. The upward arrow in (a) indicates the
direction of time. The inset in (a) shows that EM(k1, t) ∝ t2/3.

it may still be useful to quote approximate values of ISM. Those are here based on the
approximate height of the bumps; see the dotted horizontal lines in figures 2(a) and (b).
In figure 2(d), we see that Sp(h) shows a distinctly downward trend with k for the

smallest k values. This suggests that the conservation property of IH begins to deteriorate,
especially at late times, and that higher order terms begin to play a role. To clarify this
further, more scale separation would be useful, i.e., a run with a larger value of k0.
Such runs at a resolution of 20483 mesh points are, however, rather expensive, but it is
interesting to note that, even for the case of an initial k4 spectrum, the compensated
spectra show a similar downward trend with k when the numerical resolution is only
10243; see Figure 3(d) of Brandenburg & Larsson (2023), which corresponds to our
Run D. It should also be noted that in figure 2(d), the last time is t csk1 = 190, while
in figure 2(c), the last time is only t csk1 = 60. The two times correspond to t ηk20 ≈ 1.4
and 0.4.

3.2. Universal scaling constants

Given that IH is reasonably well conserved and enters the evolution of magnetic energy
and correlation length, as well as the spectral envelope of the peak, through dimensional
arguments, it is useful to determine the nondimensional coefficients in these relations.
This was done recently for the cases α = 2 and α = 4; see Brandenburg & Larsson (2023),
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Maximally helical magnetic field

Final B on Mpc scales (C’):
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Figure 1. (a) EM(k, t) and (b) Sp(h) versus k for Run B at t = 2, 5, 10, 25, 50, 100, and 200.
The first three times are shown as black dashed, solid, and dotted lines. The next four times
are shown as solid blue, green, orange, and red lines. The upward arrow in (a) indicates the
direction of time. The inset in (a) shows that EM(k1, t) ∝ t2/3.

it may still be useful to quote approximate values of ISM. Those are here based on the
approximate height of the bumps; see the dotted horizontal lines in figures 2(a) and (b).
In figure 2(d), we see that Sp(h) shows a distinctly downward trend with k for the

smallest k values. This suggests that the conservation property of IH begins to deteriorate,
especially at late times, and that higher order terms begin to play a role. To clarify this
further, more scale separation would be useful, i.e., a run with a larger value of k0.
Such runs at a resolution of 20483 mesh points are, however, rather expensive, but it is
interesting to note that, even for the case of an initial k4 spectrum, the compensated
spectra show a similar downward trend with k when the numerical resolution is only
10243; see Figure 3(d) of Brandenburg & Larsson (2023), which corresponds to our
Run D. It should also be noted that in figure 2(d), the last time is t csk1 = 190, while
in figure 2(c), the last time is only t csk1 = 60. The two times correspond to t ηk20 ≈ 1.4
and 0.4.

3.2. Universal scaling constants

Given that IH is reasonably well conserved and enters the evolution of magnetic energy
and correlation length, as well as the spectral envelope of the peak, through dimensional
arguments, it is useful to determine the nondimensional coefficients in these relations.
This was done recently for the cases α = 2 and α = 4; see Brandenburg & Larsson (2023),
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EWSB & magnetic helicity
The actual helicity is probably somewhere between zero helicity and 
maximal helicity.

• electroweak baryogenesis

• chiral medium 

• e.g. tau lepton decays

• new interactions
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Future directions
• Hosking integral from EWSB.
• Effect of CP violating interactions.
• Fermions (?).
• Chiral effects (?).



Summary
• Electroweak symmetry breaking predicts a magnetized Universe 

on very general grounds.

• During EWSB: Significant (~10%) vacuum energy goes into 
magnetic fields during EWSB. Magnetic power spectrum peaks at 
small wave numbers and magnetic coherence corresponds to the 
largest simulated length scales.

• Evolution: Estimates for the present day magnetic field are in the 
same ball-park as the magnetic field lower bounds from TeV 
blazar observations.

• Observation of magnetic field helicity may inform CP violation in 
particle physics.




