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REAL-TIME EVOLUTION IN FIELD THEORY 

•Magnetic fields
• Berges, Felder, Garcia-Bellido, Garcia-Perez,Gelfand, Gonzalez-Arroyo, Khlebnikov, Kofman, Linde, Micha, 

Mou, Prokopec, Pruschke, Roos, Tkachev

•Preheating
• Berges, Felder, Garcia-Bellido, Garcia-Perez,Gelfand, Gonzalez-Arroyo, Khlebnikov, Kofman, Linde, Micha, 

Mou, Prokopec, Pruschke, Roos, Tkachev

•Baryogenesis
• Bodecker, Grigoriev, Hu, Kusenko, Moore, Mou, Muller, Rummukainen, PMS, Shaposhnikov,, Smit, Tranberg

•FRW evolution
• Baacke, Covi, Heitmann, Kevlishvili, Patzold, Tranberg

•Soliton dynamics
• Berges,  Borsanyi, Hertzberg, Hindmarsh, Mou,PMS, Roth, TognarelliTranberg

•Thermalization
• Aarts, Attems, Berges, Bonini, Gelfand, Kurkela, Philipsen, Pruschke, Schlicting, Sexty, Shafer, Wagenbach, 

Wetterich, Zafeiropoulos

•Phase transitions
• Blaizot, Hatta, Rajantie, Sexty, Smit, Tranberg, Tsutsui

•Langevin
• Aarts, Scherzer, Seiler, Sexty, Stamatescu



OVERVIEW OF TALK
• The (standard) model

• gauge fields, scalars, fermions
• The methods

• Lattice gauge theory
• Helical fields, parity, baryogenesis
• PDE approach

• Classical/quantum simulations
• Summary



What to simulate?



Marcoli

What to simulate?



Lots of structure in the Standard Model, three principle 
difficulties:

• Gauge invariance
• Fermions 
• .<latexit sha1_base64="PytMq+0ny6iMxEUobnp2eJ4TSfc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQ5lsN+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmKPNpIhLVDVEzwSXzDTeCdVPFMA4F64ST27nfeWRK80Q+mGnKghhHkkecorGS3x+HqAbVmlt3FyB/iVeQGhRoDaqf/WFCs5hJQwVq3fPc1AQ5KsOpYLNKP9MsRTrBEetZKjFmOsgXx87ImVWGJEqULWnIQv05kWOs9TQObWeMZqxXvbn4n9fLTHQd5FymmWGSLhdFmSAmIfPPyZArRo2YWoJUcXsroWNUSI3Np2JD8FZf/kvaF3WvUW/cX9aaN0UcZTiBUzgHD66gCXfQAh8ocHiCF3h1pPPsvDnvy9aSU8wcwy84H9/I5Y6w</latexit>

~



Gauge invariance

Wigner: massless spin-one particle have two polarisations

<latexit sha1_base64="JvXgmKT1hy4ZOJ3TItknHeHbRMk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseqF48VTFtoQ9lsN+3S3U3Y3Qgl9Dd48aCIV3+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8epItQnMY9VN8Saciapb5jhtJsoikXIaSec3OV+54kqzWL5aKYJDQQeSRYxgo2V/JtBX6SDas2tu3OgVeIVpAYFWoPqV38Yk1RQaQjHWvc8NzFBhpVhhNNZpZ9qmmAywSPas1RiQXWQzY+doTOrDFEUK1vSoLn6eyLDQuupCG2nwGasl71c/M/rpSa6DjImk9RQSRaLopQjE6P8czRkihLDp5Zgopi9FZExVpgYm0/FhuAtv7xK2hd1r1FvPFzWmrdFHGU4gVM4Bw+uoAn30AIfCDB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/n3KOlQ==</latexit>

Aµ



Wigner: massless spin-one particle have two polarisations

<latexit sha1_base64="JvXgmKT1hy4ZOJ3TItknHeHbRMk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseqF48VTFtoQ9lsN+3S3U3Y3Qgl9Dd48aCIV3+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8epItQnMY9VN8Saciapb5jhtJsoikXIaSec3OV+54kqzWL5aKYJDQQeSRYxgo2V/JtBX6SDas2tu3OgVeIVpAYFWoPqV38Yk1RQaQjHWvc8NzFBhpVhhNNZpZ9qmmAywSPas1RiQXWQzY+doTOrDFEUK1vSoLn6eyLDQuupCG2nwGasl71c/M/rpSa6DjImk9RQSRaLopQjE6P8czRkihLDp5Zgopi9FZExVpgYm0/FhuAtv7xK2hd1r1FvPFzWmrdFHGU4gVM4Bw+uoAn30AIfCDB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/n3KOlQ==</latexit>

Aµ
<latexit sha1_base64="eAQVWCTzC2N4TqOTGi20UReKolk="></latexit>

Fµ⌫ = @µA⌫ � @⌫Aµ : L ⇠ �1

4
Fµ⌫Fµ⌫

Gauge invariance



Wigner: massless spin-one particle have two polarisations

<latexit sha1_base64="j3uWilwk+d9s3nUC6ahKpmIHm/U=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UUhZKIVDdCqxsXLirYBzQhTCaTdujkwcxEKKH/4MZfceNCEbdu3Pk3TtIstPXAwJlz7r0z97gxo0IaxrdWWlhcWl4pr1bW1jc2t/TtnY6IEo5JG0cs4j0XCcJoSNqSSkZ6MScocBnpuqPrzO8+EC5oFN7LcUzsAA1C6lOMpJIc/bjpWEECLRnB5mFGL3PhxIoRlxSx7GLdqnkecvSqUTNywHliFqQKCrQc/cvyIpwEJJSYISH6phFLO80GY0YmFSsRJEZ4hAakr2iIAiLsNN9pAg+U4kE/4uqEEubq744UBUKMA1dVBkgOxayXif95/UT6F3ZKwziRJMTTh/yEQZVAFhD0KCdYsrEiCHOq/grxEHGEpYqxokIwZ1eeJ53Tmlmv1e/Oqo2rIo4y2AP74AiY4Bw0wA1ogTbA4BE8g1fwpj1pL9q79jEtLWlFzy74A+3zB8b2nYU=</latexit>

Aµ ! A0
µ = Aµ + @µ⇤

<latexit sha1_base64="JvXgmKT1hy4ZOJ3TItknHeHbRMk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseqF48VTFtoQ9lsN+3S3U3Y3Qgl9Dd48aCIV3+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8epItQnMY9VN8Saciapb5jhtJsoikXIaSec3OV+54kqzWL5aKYJDQQeSRYxgo2V/JtBX6SDas2tu3OgVeIVpAYFWoPqV38Yk1RQaQjHWvc8NzFBhpVhhNNZpZ9qmmAywSPas1RiQXWQzY+doTOrDFEUK1vSoLn6eyLDQuupCG2nwGasl71c/M/rpSa6DjImk9RQSRaLopQjE6P8czRkihLDp5Zgopi9FZExVpgYm0/FhuAtv7xK2hd1r1FvPFzWmrdFHGU4gVM4Bw+uoAn30AIfCDB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/n3KOlQ==</latexit>

Aµ
<latexit sha1_base64="eAQVWCTzC2N4TqOTGi20UReKolk="></latexit>

Fµ⌫ = @µA⌫ � @⌫Aµ : L ⇠ �1

4
Fµ⌫Fµ⌫

Gauge invariance



Wigner: massless spin-one particle have two polarisations

<latexit sha1_base64="j3uWilwk+d9s3nUC6ahKpmIHm/U=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UUhZKIVDdCqxsXLirYBzQhTCaTdujkwcxEKKH/4MZfceNCEbdu3Pk3TtIstPXAwJlz7r0z97gxo0IaxrdWWlhcWl4pr1bW1jc2t/TtnY6IEo5JG0cs4j0XCcJoSNqSSkZ6MScocBnpuqPrzO8+EC5oFN7LcUzsAA1C6lOMpJIc/bjpWEECLRnB5mFGL3PhxIoRlxSx7GLdqnkecvSqUTNywHliFqQKCrQc/cvyIpwEJJSYISH6phFLO80GY0YmFSsRJEZ4hAakr2iIAiLsNN9pAg+U4kE/4uqEEubq744UBUKMA1dVBkgOxayXif95/UT6F3ZKwziRJMTTh/yEQZVAFhD0KCdYsrEiCHOq/grxEHGEpYqxokIwZ1eeJ53Tmlmv1e/Oqo2rIo4y2AP74AiY4Bw0wA1ogTbA4BE8g1fwpj1pL9q79jEtLWlFzy74A+3zB8b2nYU=</latexit>

Aµ ! A0
µ = Aµ + @µ⇤

<latexit sha1_base64="JvXgmKT1hy4ZOJ3TItknHeHbRMk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseqF48VTFtoQ9lsN+3S3U3Y3Qgl9Dd48aCIV3+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8epItQnMY9VN8Saciapb5jhtJsoikXIaSec3OV+54kqzWL5aKYJDQQeSRYxgo2V/JtBX6SDas2tu3OgVeIVpAYFWoPqV38Yk1RQaQjHWvc8NzFBhpVhhNNZpZ9qmmAywSPas1RiQXWQzY+doTOrDFEUK1vSoLn6eyLDQuupCG2nwGasl71c/M/rpSa6DjImk9RQSRaLopQjE6P8czRkihLDp5Zgopi9FZExVpgYm0/FhuAtv7xK2hd1r1FvPFzWmrdFHGU4gVM4Bw+uoAn30AIfCDB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/n3KOlQ==</latexit>

Aµ
<latexit sha1_base64="eAQVWCTzC2N4TqOTGi20UReKolk="></latexit>

Fµ⌫ = @µA⌫ � @⌫Aµ : L ⇠ �1

4
Fµ⌫Fµ⌫

<latexit sha1_base64="iQ2M3m87mFNdym/DOLS0GSjfUTU=">AAACFHicbVDLSgMxFM3UV62vqks3wSIIQpkRqSIIVRFcVrAP6AzlTiZtQzOZMckIZehHuPFX3LhQxK0Ld/6N6QPU1gMXDufcm9x7/JgzpW37y8rMzS8sLmWXcyura+sb+c2tmooSSWiVRDySDR8U5UzQqmaa00YsKYQ+p3W/dzn06/dUKhaJW92PqRdCR7A2I6CN1MofnLfsU/cugcBNREDl8B1XgM+h+CPgqzNXdqNWvmAX7RHwLHEmpIAmqLTyn24QkSSkQhMOSjUdO9ZeClIzwukg5yaKxkB60KFNQwWEVHnp6KgB3jNKgNuRNCU0Hqm/J1IIleqHvukMQXfVtDcU//OaiW6feCkTcaKpIOOP2gnHOsLDhHDAJCWa9w0BIpnZFZMuSCDa5JgzITjTJ8+S2mHRKRVLN0eF8sUkjizaQbtoHznoGJXRNaqgKiLoAT2hF/RqPVrP1pv1Pm7NWJOZbfQH1sc3jJOeiA==</latexit>

A0 : r.E = ⇢

Gauge invariance



Abelian Higgs:

<latexit sha1_base64="j3uWilwk+d9s3nUC6ahKpmIHm/U=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UUhZKIVDdCqxsXLirYBzQhTCaTdujkwcxEKKH/4MZfceNCEbdu3Pk3TtIstPXAwJlz7r0z97gxo0IaxrdWWlhcWl4pr1bW1jc2t/TtnY6IEo5JG0cs4j0XCcJoSNqSSkZ6MScocBnpuqPrzO8+EC5oFN7LcUzsAA1C6lOMpJIc/bjpWEECLRnB5mFGL3PhxIoRlxSx7GLdqnkecvSqUTNywHliFqQKCrQc/cvyIpwEJJSYISH6phFLO80GY0YmFSsRJEZ4hAakr2iIAiLsNN9pAg+U4kE/4uqEEubq744UBUKMA1dVBkgOxayXif95/UT6F3ZKwziRJMTTh/yEQZVAFhD0KCdYsrEiCHOq/grxEHGEpYqxokIwZ1eeJ53Tmlmv1e/Oqo2rIo4y2AP74AiY4Bw0wA1ogTbA4BE8g1fwpj1pL9q79jEtLWlFzy74A+3zB8b2nYU=</latexit>

Aµ ! A0
µ = Aµ + @µ⇤

<latexit sha1_base64="JvXgmKT1hy4ZOJ3TItknHeHbRMk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseqF48VTFtoQ9lsN+3S3U3Y3Qgl9Dd48aCIV3+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8epItQnMY9VN8Saciapb5jhtJsoikXIaSec3OV+54kqzWL5aKYJDQQeSRYxgo2V/JtBX6SDas2tu3OgVeIVpAYFWoPqV38Yk1RQaQjHWvc8NzFBhpVhhNNZpZ9qmmAywSPas1RiQXWQzY+doTOrDFEUK1vSoLn6eyLDQuupCG2nwGasl71c/M/rpSa6DjImk9RQSRaLopQjE6P8czRkihLDp5Zgopi9FZExVpgYm0/FhuAtv7xK2hd1r1FvPFzWmrdFHGU4gVM4Bw+uoAn30AIfCDB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/n3KOlQ==</latexit>

Aµ
<latexit sha1_base64="eAQVWCTzC2N4TqOTGi20UReKolk="></latexit>

Fµ⌫ = @µA⌫ � @⌫Aµ : L ⇠ �1

4
Fµ⌫Fµ⌫

<latexit sha1_base64="iQ2M3m87mFNdym/DOLS0GSjfUTU=">AAACFHicbVDLSgMxFM3UV62vqks3wSIIQpkRqSIIVRFcVrAP6AzlTiZtQzOZMckIZehHuPFX3LhQxK0Ld/6N6QPU1gMXDufcm9x7/JgzpW37y8rMzS8sLmWXcyura+sb+c2tmooSSWiVRDySDR8U5UzQqmaa00YsKYQ+p3W/dzn06/dUKhaJW92PqRdCR7A2I6CN1MofnLfsU/cugcBNREDl8B1XgM+h+CPgqzNXdqNWvmAX7RHwLHEmpIAmqLTyn24QkSSkQhMOSjUdO9ZeClIzwukg5yaKxkB60KFNQwWEVHnp6KgB3jNKgNuRNCU0Hqm/J1IIleqHvukMQXfVtDcU//OaiW6feCkTcaKpIOOP2gnHOsLDhHDAJCWa9w0BIpnZFZMuSCDa5JgzITjTJ8+S2mHRKRVLN0eF8sUkjizaQbtoHznoGJXRNaqgKiLoAT2hF/RqPVrP1pv1Pm7NWJOZbfQH1sc3jJOeiA==</latexit>

A0 : r.E = ⇢

<latexit sha1_base64="emimYKWAD7OZzsjEYrZTlAMfUPg=">AAACCHicbVA7T8MwGHTKq5RXgJEBiwrBQpUgVFiQKlgYGIpEH1ITKsdxWquOE2wHqYo6svBXWBhAiJWfwMa/wWkzQMtJlk9338n+zosZlcqyvo3C3PzC4lJxubSyura+YW5uNWWUCEwaOGKRaHtIEkY5aSiqGGnHgqDQY6TlDS4zv/VAhKQRv1XDmLgh6nEaUIyUlrrmrhP3qaOi7Do4J3fpEb13rnXeR6NM65plq2KNAWeJnZMyyFHvml+OH+EkJFxhhqTs2Fas3BQJRTEjo5KTSBIjPEA90tGUo5BINx0vMoL7WvFhEAl9uIJj9XciRaGUw9DTkyFSfTntZeJ/XidRwZmbUh4ninA8eShIGFQRzFqBPhUEKzbUBGFB9V8h7iOBsNLdlXQJ9vTKs6R5XLGrlerNSbl2kddRBDtgDxwCG5yCGrgCddAAGDyCZ/AK3own48V4Nz4mowUjz2yDPzA+fwCqkpnF</latexit>

� ! �0 = e�iq⇤�
<latexit sha1_base64="NA1IVyGKF1SvBLiiqGoEWIrE6Xw=">AAACD3icbZDLSsNAFIYn9VbrLerSTbAobiyJSHUj1MvCZQV7gSaEyXTSDp1MhpmJUELfwI2v4saFIm7duvNtnLQpaOsPAx//OYcz5w84JVLZ9rdRWFhcWl4prpbW1jc2t8ztnaaME4FwA8U0Fu0ASkwJww1FFMVtLjCMAopbweA6q7cesJAkZvdqyLEXwR4jIUFQacs3D298N0pc3icXLodCEUinxjHBl1P2zbJdscey5sHJoQxy1X3zy+3GKIkwU4hCKTuOzZWXZhsQxaOSm0jMIRrAHu5oZDDC0kvH94ysA+10rTAW+jFljd3fEymMpBxGge6MoOrL2Vpm/lfrJCo891LCeKIwQ5NFYUItFVtZOFaXCIwUHWqASBD9Vwv1oYBI6QhLOgRn9uR5aJ5UnGqlendarl3lcRTBHtgHR8ABZ6AGbkEdNAACj+AZvII348l4Md6Nj0lrwchndsEfGZ8/Ycac5g==</latexit>

Dµ� = @µ�� ieAµ�
<latexit sha1_base64="88qNne/xCFZGVk40ODc9ubGR5ls=">AAACG3icbVDLSgMxFM3UV62vqks3wSLWhWWmSHUjFHXhwkUF+4DOOGTStA1NZsYkI5Sh/+HGX3HjQhFXggv/xnQ6iLYeCJx7zr1J7vFCRqUyzS8jMze/sLiUXc6trK6tb+Q3txoyiAQmdRywQLQ8JAmjPqkrqhhphYIg7jHS9AbnY795T4SkgX+jhiFxOOr5tEsxUlpy8+UL1+YRtMM+tVUAi0k5rg72T8ltfEjv7Ct9WweNfhw3XzBLZgI4S6yUFECKmpv/sDsBjjjxFWZIyrZlhsqJkVAUMzLK2ZEkIcID1CNtTX3EiXTiZLcR3NNKB3YDoY+vYKL+nogRl3LIPd3JkerLaW8s/ue1I9U9cWLqh5EiPp481I0Y1CmMg4IdKghWbKgJwoLqv0LcRwJhpePM6RCs6ZVnSaNcsiqlyvVRoXqWxpEFO2AXFIEFjkEVXIIaqAMMHsATeAGvxqPxbLwZ75PWjJHObIM/MD6/AdSvoLc=</latexit>

Dµ� ! (Dµ�)
0 = e�iq⇤Dµ�

Charged scalar field:
<latexit sha1_base64="wfPmpNDvsjN/neJMxy1vJLgs124=">AAACEnicbVC7TsMwFHXKq5RXgJHFokKCgSpBqDAWWBiLRB9SE1WO47RWHTvYDlJV9RtY+BUWBhBiZWLjb3DaDKXlSpbOPeceXd8TJIwq7Tg/VmFpeWV1rbhe2tjc2t6xd/eaSqQSkwYWTMh2gBRhlJOGppqRdiIJigNGWsHgJtNbj0QqKvi9HibEj1GP04hipA3VtU+8lIdEZnaYeFrMtqcPM91V1y47FWdScBG4OSiDvOpd+9sLBU5jwjVmSKmO6yTaHyGpKWZkXPJSRRKEB6hHOgZyFBPljyYnjeGRYUIYCWke13DCzjpGKFZqGAdmMka6r+a1jPxP66Q6uvRHlCepJhxPF0Upg1rALB8YUkmwZkMDEJbU/BXiPpIIa5NiyYTgzp+8CJpnFbdaqd6dl2vXeRxFcAAOwTFwwQWogVtQBw2AwRN4AW/g3Xq2Xq0P63M6WrByzz74U9bXL6MhnhQ=</latexit>

p ! p� qA

Gauge invariance



Lattice Gauge Theory approach

Wilson; Kogut and Susskind.

• Create a lattice



Wilson; Kogut and Susskind.

• Create a lattice
• Put    on the lattice sites<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

�

Lattice Gauge Theory approach



Wilson; Kogut and Susskind.

• Create a lattice
• Put    on the lattice sites
• Gauge fields are replaced by holonomy that 

lives on links
<latexit sha1_base64="sxMhJxOIGFAOtPM7ZcJR1OjUU4Y="></latexit>

�(xf ) = P exp


ie

Z xf

xi

A

�
�(xi),

= U(xi, xf )�(xi)

<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

�

Lattice Gauge Theory approach



Wilson; Kogut and Susskind.

• Create a lattice
• Put    on the lattice sites
• Gauge fields are replaced by holonomy that 

lives on links
<latexit sha1_base64="sxMhJxOIGFAOtPM7ZcJR1OjUU4Y="></latexit>

�(xf ) = P exp


ie

Z xf

xi

A

�
�(xi),

= U(xi, xf )�(xi)

<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

�

<latexit sha1_base64="eQMkaZIwBmIoWrboLdY1bKPVUmM="></latexit>

�0(x) = ⌦(x)�(x),

U 0(x1, x2) = ⌦(x1)U(x1, x2)⌦
†(x2)

Lattice Gauge Theory approach



Wilson; Kogut and Susskind.

• Create a lattice
• Put    on the lattice sites
• Gauge fields are replaced by holonomy that 

lives on links
<latexit sha1_base64="sxMhJxOIGFAOtPM7ZcJR1OjUU4Y="></latexit>

�(xf ) = P exp


ie

Z xf

xi

A

�
�(xi),

= U(xi, xf )�(xi)

<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

�

<latexit sha1_base64="eQMkaZIwBmIoWrboLdY1bKPVUmM="></latexit>

�0(x) = ⌦(x)�(x),

U 0(x1, x2) = ⌦(x1)U(x1, x2)⌦
†(x2)

Lattice Gauge Theory approach



<latexit sha1_base64="1BA2C6uGO9iQStczS1geBO4wxQE="></latexit>

Dµ� =
1

dxµ
[Uµ(x)�(x+ x̂µ)� �(x)]

Lattice Gauge Theory approach



<latexit sha1_base64="1BA2C6uGO9iQStczS1geBO4wxQE="></latexit>

Dµ� =
1

dxµ
[Uµ(x)�(x+ x̂µ)� �(x)]

<latexit sha1_base64="SykI/WBdKfXmWdvmVuRPOrM93K4="></latexit>

Uµ⌫ = Uµ(x)U⌫(x+ µ̂)U†
µ(x+ ⌫̂)U †

⌫ (x)

Lattice Gauge Theory approach

<latexit sha1_base64="vtUhjvouiS6k76ttA9H6+OxdfEI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOnLjQc=</latexit>x

<latexit sha1_base64="qrpQhqoya5Zq9fK/XZdMXh49tuc=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBAEIeyKRI9BLx4jmAdk1zA7mU2GzMyuM7MhYcl3ePGgiFc/xpt/4+Rx0MSChqKqm+6uMOFMG9f9dlZW19Y3NnNb+e2d3b39wsFhXcepIrRGYh6rZog15UzSmmGG02aiKBYhp42wfzvxGwOqNIvlgxklNBC4K1nECDZWCobnfg+bbDh+9EXaLhTdkjsFWibenBRhjmq78OV3YpIKKg3hWOuW5yYmyLAyjHA6zvuppgkmfdylLUslFlQH2fToMTq1SgdFsbIlDZqqvycyLLQeidB2Cmx6etGbiP95rdRE10HGZJIaKslsUZRyZGI0SQB1mKLE8JElmChmb0WkhxUmxuaUtyF4iy8vk/pFySuXyveXxcrNPI4cHMMJnIEHV1CBO6hCDQg8wTO8wpszcF6cd+dj1rrizGeO4A+czx8PL5JP</latexit>

x+ x̂µ

<latexit sha1_base64="Ptt1sW379Ip/B672m5hpH+Pw9nM=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBEEoSQi1WPRi8cK9gOaWDbbTbt0s4m7k9IS+ju8eFDEqz/Gm//G7cdBWx8MPN6bYWZekAiu0XG+rZXVtfWNzdxWfntnd2+/cHBY13GqKKvRWMSqGRDNBJeshhwFayaKkSgQrBH0byd+Y8CU5rF8wFHC/Ih0JQ85JWgkf3ju9Qhmw/GjJ9N2oeiUnCnsZeLOSRHmqLYLX14npmnEJFJBtG65ToJ+RhRyKtg476WaJYT2SZe1DJUkYtrPpkeP7VOjdOwwVqYk2lP190RGIq1HUWA6I4I9vehNxP+8VorhtZ9xmaTIJJ0tClNhY2xPErA7XDGKYmQIoYqbW23aI4pQNDnlTQju4svLpH5Rcsul8v1lsXIzjyMHx3ACZ+DCFVTgDqpQAwpP8Ayv8GYNrBfr3fqYta5Y85kj+APr8wcQtJJQ</latexit>

x+ x̂⌫

<latexit sha1_base64="2GHVq2u7IgAthpuNKVTjp2b6Zik=">AAAB73icbVBNTwIxEJ31E/EL9eilkZjghewagx6JXjxi4gIJbEi3dKGh7a5t10g2/AkvHjTGq3/Hm//GAntQ8CWTvLw3k5l5YcKZNq777aysrq1vbBa2its7u3v7pYPDpo5TRahPYh6rdog15UxS3zDDaTtRFIuQ01Y4upn6rUeqNIvlvRknNBB4IFnECDZWavu9rkgrT2e9UtmtujOgZeLlpAw5Gr3SV7cfk1RQaQjHWnc8NzFBhpVhhNNJsZtqmmAywgPasVRiQXWQze6doFOr9FEUK1vSoJn6eyLDQuuxCG2nwGaoF72p+J/XSU10FWRMJqmhkswXRSlHJkbT51GfKUoMH1uCiWL2VkSGWGFibERFG4K3+PIyaZ5XvVq1dndRrl/ncRTgGE6gAh5cQh1uoQE+EODwDK/w5jw4L8678zFvXXHymSP4A+fzB2Q8j5A=</latexit>

Uµ(x)

<latexit sha1_base64="Jgat0jrVvjS1wytlqfyhzqMMHsI=">AAAB/HicbVBNS8NAEN34WetXtEcvi0WoCCURqR6LXjxWMG2hiWGz3bRLN5uwu5GGUP+KFw+KePWHePPfuG1z0NYHA4/3ZpiZFySMSmVZ38bK6tr6xmZpq7y9s7u3bx4ctmWcCkwcHLNYdAMkCaOcOIoqRrqJICgKGOkEo5up33kkQtKY36ssIV6EBpyGFCOlJd+sOL7L09r4zB0iBccPbpSe+mbVqlszwGViF6QKCrR888vtxziNCFeYISl7tpUoL0dCUczIpOymkiQIj9CA9DTlKCLSy2fHT+CJVvowjIUuruBM/T2Ro0jKLAp0Z4TUUC56U/E/r5eq8MrLKU9SRTieLwpTBlUMp0nAPhUEK5ZpgrCg+laIh0ggrHReZR2CvfjyMmmf1+1GvXF3UW1eF3GUwBE4BjVgg0vQBLegBRyAQQaewSt4M56MF+Pd+Ji3rhjFTAX8gfH5A6uylCg=</latexit>

U⌫(x+ x̂µ)

<latexit sha1_base64="1AlxgO7+LyeCeQDnms3loURKhSo=">AAACBHicbVBNS8NAEN34WetX1GMvi0WoCCURqR6LXjxWMG2hScNms22XbjZhdyMtoQcv/hUvHhTx6o/w5r9x2+agrQ8GHu/NMDMvSBiVyrK+jZXVtfWNzcJWcXtnd2/fPDhsyjgVmDg4ZrFoB0gSRjlxFFWMtBNBUBQw0gqGN1O/9UCEpDG/V+OEeBHqc9qjGCkt+WbJ8d0o7boh6veJqIzO3AFScNR1eXrqm2Wras0Al4mdkzLI0fDNLzeMcRoRrjBDUnZsK1FehoSimJFJ0U0lSRAeoj7paMpRRKSXzZ6YwBOthLAXC11cwZn6eyJDkZTjKNCdEVIDuehNxf+8Tqp6V15GeZIqwvF8US9lUMVwmggMqSBYsbEmCAuqb4V4gATCSudW1CHYiy8vk+Z51a5Va3cX5fp1HkcBlMAxqAAbXII6uAUN4AAMHsEzeAVvxpPxYrwbH/PWFSOfOQJ/YHz+AN4hl5w=</latexit>

U†
µ(x+ x̂⌫)

<latexit sha1_base64="tkvDUWa5BvmMh/12m0vlCBtJGfE=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahXkoiUj0WvXisYNpCE8Nms0mXbjZhd1Msof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCzJGpbKsb6Oytr6xuVXdru3s7u0fmIdHXZnmAhMHpywV/QBJwignjqKKkX4mCEoCRnrB6Hbm98ZESJryBzXJiJegmNOIYqS05Jum47s8f3RDFMdENJ7OfbNuNa054CqxS1IHJTq++eWGKc4TwhVmSMqBbWXKK5BQFDMyrbm5JBnCIxSTgaYcJUR6xfzyKTzTSgijVOjiCs7V3xMFSqScJIHuTJAaymVvJv7nDXIVXXsF5VmuCMeLRVHOoErhLAYYUkGwYhNNEBZU3wrxEAmElQ6rpkOwl19eJd2Lpt1qtu4v6+2bMo4qOAGnoAFscAXa4A50gAMwGINn8ArejMJ4Md6Nj0VrxShnjsEfGJ8/6+iTNg==</latexit>

U†
⌫ (x)



<latexit sha1_base64="1BA2C6uGO9iQStczS1geBO4wxQE="></latexit>

Dµ� =
1

dxµ
[Uµ(x)�(x+ x̂µ)� �(x)]

<latexit sha1_base64="b3rabvWpB7QkxLnFvBiV3c0MIak="></latexit>

Uµ(x) = exp [�ig dxµAµ] no sum over µ

<latexit sha1_base64="cbscG5LdpsS0c9hF9NyEJ1YL/2Y="></latexit>

S =
X

dtd3x

"
D0�

†D0��Di�
†Di�� V (|�|)� 2

dt2dx2g2

X

i

Tr(U0i) +
1

dx4g2
P

i,j

Tr(Uij)

#

<latexit sha1_base64="SykI/WBdKfXmWdvmVuRPOrM93K4="></latexit>

Uµ⌫ = Uµ(x)U⌫(x+ µ̂)U†
µ(x+ ⌫̂)U †

⌫ (x)

Lattice Gauge Theory approach



<latexit sha1_base64="cbscG5LdpsS0c9hF9NyEJ1YL/2Y="></latexit>

S =
X

dtd3x

"
D0�

†D0��Di�
†Di�� V (|�|)� 2

dt2dx2g2

X

i

Tr(U0i) +
1

dx4g2
P

i,j

Tr(Uij)

#

• Baryogengesis: Moore, Turok, Ambjörn, Krasnitz, Smit, Hu, Müller, Rajantie, 
PMS, Copeland, Rummukainen, Annala, Askgaard, Porter, Shaposhnikov…

• (P)reheating: Adshead, Giblin, Weiner, Amin, Lozano, Cuissa, Figueroa, Mou, 
PMS, Tranberg, Smit, Skullerud, Dufaux, Figueroa, Garcia-Bellido…

• Cosmic Strings: Moriarty, Myers, Rebbi, Hindmarsh, Vincent, Antunes, 
Shellard, Battye, Lizarraga, Urrestilla, Daverio, Kunz, Rummukainen, 
Tenkanen, Weir, PMS, Bevis, Portsidou, Copeland, Martin, Niz, Stuckey,…

<latexit sha1_base64="1BA2C6uGO9iQStczS1geBO4wxQE="></latexit>

Dµ� =
1

dxµ
[Uµ(x)�(x+ x̂µ)� �(x)]

<latexit sha1_base64="b3rabvWpB7QkxLnFvBiV3c0MIak="></latexit>

Uµ(x) = exp [�ig dxµAµ] no sum over µ

<latexit sha1_base64="SykI/WBdKfXmWdvmVuRPOrM93K4="></latexit>

Uµ⌫ = Uµ(x)U⌫(x+ µ̂)U†
µ(x+ ⌫̂)U †

⌫ (x)

Lattice Gauge Theory approach



Helical B-fields

<latexit sha1_base64="jE5QjzMPUGtU4ZJ98d7oG7lS9TA=">AAACJnicbVBNSwMxEM36bf2qevQSLIqnsquighSqXjxWsK3QrSWbnWpoNrsks2JZ+mu8+Fe8eFBEvPlTzLY9+PUg8Oa9GSbzgkQKg6774UxMTk3PzM7NFxYWl5ZXiqtrDROnmkOdxzLWVwEzIIWCOgqUcJVoYFEgoRn0znK/eQfaiFhdYj+BdsRulOgKztBKnWLFjxjeciaz88F2xRcKfYR7VLGOrBYOrvfu/WM/VSHofAU9KX8rTjvFklt2h6B/iTcmJTJGrVN88cOYpxEo5JIZ0/LcBNsZ0yi4hEHBTw0kjPfYDbQsVSwC086GZw7ollVC2o21fQrpUP0+kbHImH4U2M78KPPby8X/vFaK3aN2JlSSIig+WtRNJcWY5pnRUGjgKPuWMK6F/Svlt0wzjjbZgg3B+33yX9LYLXsH5YOL/VL1dBzHHNkgm2SHeOSQVMk5qZE64eSBPJEX8uo8Os/Om/M+ap1wxjPr5Aeczy+Z4KZz</latexit>

H =

Z
d3x A.B

<latexit sha1_base64="TYQiHKXjgZbP7RIBl+DfJSVU8XA="></latexit>

H ! H
0 =

Z
d3x (A+r⇤).r⇥A = H+

Z

@V
⇤B.ds



<latexit sha1_base64="jE5QjzMPUGtU4ZJ98d7oG7lS9TA=">AAACJnicbVBNSwMxEM36bf2qevQSLIqnsquighSqXjxWsK3QrSWbnWpoNrsks2JZ+mu8+Fe8eFBEvPlTzLY9+PUg8Oa9GSbzgkQKg6774UxMTk3PzM7NFxYWl5ZXiqtrDROnmkOdxzLWVwEzIIWCOgqUcJVoYFEgoRn0znK/eQfaiFhdYj+BdsRulOgKztBKnWLFjxjeciaz88F2xRcKfYR7VLGOrBYOrvfu/WM/VSHofAU9KX8rTjvFklt2h6B/iTcmJTJGrVN88cOYpxEo5JIZ0/LcBNsZ0yi4hEHBTw0kjPfYDbQsVSwC086GZw7ollVC2o21fQrpUP0+kbHImH4U2M78KPPby8X/vFaK3aN2JlSSIig+WtRNJcWY5pnRUGjgKPuWMK6F/Svlt0wzjjbZgg3B+33yX9LYLXsH5YOL/VL1dBzHHNkgm2SHeOSQVMk5qZE64eSBPJEX8uo8Os/Om/M+ap1wxjPr5Aeczy+Z4KZz</latexit>

H =

Z
d3x A.B

<latexit sha1_base64="oLlLd59VObP7hRwmz0BDQ0m7q28=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eo0R6wf9csWv+nOgVRLkpAI5Gv3yV2+gSCqotIRjY7qBn9gww9oywum01EsNTTAZ4yHtOiqxoCbM5tdO0ZlTBihW2pW0aK7+nsiwMGYiItcpsB2ZZW8m/ud1UxtfhxmTSWqpJItFccqRVWj2OhowTYnlE0cw0czdisgIa0ysC6jkQgiWX14lrYtqUKvW7i8r9Zs8jiKcwCmcQwBXUIc7aEATCDzCM7zCm6e8F+/d+1i0Frx85hj+wPv8AQ3Yjs4=</latexit>

�1

<latexit sha1_base64="HXkHW6UEtOKA9X6OfKS4/BWX0O8=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqewWqR6LXjxWsLXQLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqG5VqylpUCaU7ITFMcMlallvBOolmJA4FewjHNzP/4Ylpw5W8t5OEBTEZSh5xSqyT2r3miPdr/XLFq3pz4FXi56QCOZr98ldvoGgaM2mpIMZ0fS+xQUa05VSwaamXGpYQOiZD1nVUkpiZIJtfO8VnThngSGlX0uK5+nsiI7Exkzh0nTGxI7PszcT/vG5qo6sg4zJJLZN0sShKBbYKz17HA64ZtWLiCKGau1sxHRFNqHUBlVwI/vLLq6Rdq/r1av3uotK4zuMowgmcwjn4cAkNuIUmtIDCIzzDK7whhV7QO/pYtBZQPnMMf4A+fwAPXI7P</latexit>

�2

<latexit sha1_base64="4D4zJleNjTEKsw/5UAxRMZ5Oz5s=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqsdiLx4rWltoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfjxsxvP6HSPJYPZpKgH9Gh5CFn1FjpvtH3+uWKW3XnIKvEy0kFcjT75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lTxeVL1atXZ3Wanf5HEU4QRO4Rw8uII63EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8we+dY12</latexit>

C1

<latexit sha1_base64="Z77pDW34BQhi8VbvQmZ3Gyk1rLQ=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELh4xyiOBDZkdGpgwO7uZmTUhGz7BiweN8eoXefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+txvP6HSPJKPZhqjH9KR5EPOqLHSQ71f6RdLbtldgKwTLyMlyNDoF796g4glIUrDBNW667mx8VOqDGcCZ4VeojGmbEJH2LVU0hC1ny5OnZELqwzIMFK2pCEL9fdESkOtp2FgO0NqxnrVm4v/ed3EDG/8lMs4MSjZctEwEcREZP43GXCFzIipJZQpbm8lbEwVZcamU7AheKsvr5NWpexVy9X7q1LtNosjD2dwDpfgwTXU4A4a0AQGI3iGV3hzhPPivDsfy9ack82cwh84nz+/+Y13</latexit>

C2

<latexit sha1_base64="oAgV6nkiCRWwFOF3Q4htCaD+6xY=">AAACJnicbVBNSwMxFMz6bf2qevQSLIKnsqtSvQilXjxWsLbQrSWbfbXBbHZJ3opl2V/jxb/ixYMi4s2fYloLWutAYJiZx8ubIJHCoOt+ODOzc/MLi0vLhZXVtfWN4ubWlYlTzaHBYxnrVsAMSKGggQIltBINLAokNIPbs6HfvANtRKwucZBAJ2I3SvQEZ2ilbvHUT1UIejhOaz7CPapYR0xmYX59eH/q1/viJ5FNBGSed4slt+yOQKeJNyYlMka9W3zxw5inESjkkhnT9twEOxnTKLiEvOCnBhLGb9kNtC1VLALTyUZn5nTPKiHtxdo+hXSk/p7IWGTMIApsMmLYN3+9ofif106xd9LJhEpSBMW/F/VSSTGmw85oKDRwlANLGNfC/pXyPtOMo222YEvw/p48Ta4Oyl6lXLk4KlVr4zqWyA7ZJfvEI8ekSs5JnTQIJw/kibyQV+fReXbenPfv6IwzntkmE3A+vwDpDafx</latexit>

Bd3x = �dl

<latexit sha1_base64="b1lga5INmQcFHeuesHC5LTPDcSY="></latexit>

H = �1

Z

C1=@S1

A.dl + �2

Z

C2=@S2

A.dl

= �1

Z

S1

r⇥A.dS

| {z }
�2

+�2

Z

S2

r⇥A.dS

| {z }
�1

= 2�1�2

<latexit sha1_base64="TYQiHKXjgZbP7RIBl+DfJSVU8XA="></latexit>

H ! H
0 =

Z
d3x (A+r⇤).r⇥A = H+

Z

@V
⇤B.ds

Helical B-fields



• Inverse cascade
• Baryogenesis

• Pouquet, Frisch, Leorat,; Meneguzzi, Frisch, Pouquet; Balsara, Pouquet; Müller, Biskamp; Christensson, 
Hindmarsh, Brandenburg; Cho; Müller, Tashihiro, Vachaspati, Vilenkin; Malapaka, Busse; Hirono, 
Kharzeev, Yin; Gorbar, Rudenok, Shovkovy,Vilchinskii; Hatori; Hosking, Schekochihin

• Image from Hosking, Schekochihin

Helical B-fields



<latexit sha1_base64="ETCaiJ3g/UPr8DUg57VwbFs4nhU="></latexit>

NCS,1 = � g02

32⇡2

Z
d3x ✏ijkYiYjk

<latexit sha1_base64="rgZyfcXqXtBgI++cKGCU60eDFxI="></latexit>

NCS,2 = � g2

32⇡2

Z
d3x ✏ijk

⇣
W a

i W
a
jk � g

3
✏abcW a

i W
b
jW

c
k

⌘

• Inverse cascade
• Baryogenesis

Helical B-fields



<latexit sha1_base64="ETCaiJ3g/UPr8DUg57VwbFs4nhU="></latexit>

NCS,1 = � g02

32⇡2

Z
d3x ✏ijkYiYjk

<latexit sha1_base64="rgZyfcXqXtBgI++cKGCU60eDFxI="></latexit>

NCS,2 = � g2

32⇡2

Z
d3x ✏ijk

⇣
W a

i W
a
jk � g

3
✏abcW a

i W
b
jW

c
k

⌘

<latexit sha1_base64="v8U88YMNO9+MGGbg2V0iABOy9EE="></latexit>

@µj
µ
B = nf


g2

32⇡2
✏µ⌫⇢�W a

µ⌫W
a
⇢� � g02

32⇡2
✏µ⌫⇢�Yµ⌫Y⇢�

�

<latexit sha1_base64="d317hGp7FAybvGNEIFgyCIS/HSM=">AAACK3icbZDJSgNBEIZ73I1b1KOXxiAoaJiJEr0IEj14EkWjQmYIPZ2apEnPQneNEIa8jxdfxYMeXPDqe9hZEI0WNPx8fxXV9fuJFBpt+80aG5+YnJqemc3NzS8sLuWXV651nCoOVR7LWN36TIMUEVRRoITbRAELfQk3fvu459/cgdIijq6wk4AXsmYkAsEZGlTPV9wTkMjoWb2yiVuHu66EAGv0m2bHl9ulrrF2fiGnh1wlmi306vmCXbT7Rf8KZygKZFjn9fyT24h5GkKEXDKta46doJcxhYJL6ObcVEPCeJs1oWZkxELQXta/tUs3DGnQIFbmRUj79OdExkKtO6FvOkOGLT3q9eB/Xi3F4MDLRJSkCBEfLApSSTGmveBoQyjgKDtGMK6E+SvlLaYYRxNvzoTgjJ78V1yXik65WL7YKxxVhnHMkDWyTjaJQ/bJETkl56RKOLknj+SFvFoP1rP1bn0MWses4cwq+VXW5xePbqTh</latexit>

�NB(t) = 3 [�NCS,2(t)��NCS,1(t)]

• Inverse cascade
• Baryogenesis

Helical B-fields



Helical B-fields and baryogenesis

<latexit sha1_base64="4AQC9bPiMQg83OhyabLTudXn/zw=">AAACH3icbZDLSsNAFIYn9VbrrerSTbAIbiyJSHUjFN24rGAv0KTlZDJJh04mYWYilNA3ceOruHGhiLjr2zhpu7CtBwZ+vv8czpzfSxiVyrImRmFtfWNzq7hd2tnd2z8oHx61ZJwKTJo4ZrHoeCAJo5w0FVWMdBJBIPIYaXvD+9xvPxMhacyf1CghbgQhpwHFoDTql2u8B7cXTiAAZ05jQHuOD2FIhCNpGEEPcjZedHLSL1esqjUtc1XYc1FB82r0yz+OH+M0IlxhBlJ2bStRbgZCUczIuOSkkiSAhxCSrpYcIiLdbHrf2DzTxDeDWOjHlTmlfycyiKQcRZ7ujEAN5LKXw/+8bqqCGzejPEkV4Xi2KEiZqWIzD8v0qSBYsZEWgAXVfzXxAHRWSkda0iHYyyevitZl1a5Va49XlfrdPI4iOkGn6BzZ6BrV0QNqoCbC6AW9oQ/0abwa78aX8T1rLRjzmWO0UMbkFy7Wo7k=</latexit>

na = ��†�a�

�†�

<latexit sha1_base64="48grMffVJNEXJgRIa+fZfShKAe4=">AAACEHicbVDLSsNAFJ3UV62vqks3wSIVhJIUqW6EohuXFewDmrZMppN06GQSZ26UEvIJbvwVNy4UcevSnX/j9LHQ1gMXDufcy733uBFnCizr28gsLa+srmXXcxubW9s7+d29hgpjSWidhDyULRcrypmgdWDAaSuSFAcup013eDX2m/dUKhaKWxhFtBNgXzCPEQxa6uWLjmLCgQEF3Hu4cDyJSeIX08RRdxISv1s+8Yvdcpr28gWrZE1gLhJ7Rgpohlov/+X0QxIHVADhWKm2bUXQSbAERjhNc06saITJEPu0ranAAVWdZPJQah5ppW96odQlwJyovycSHCg1ClzdGWAYqHlvLP7ntWPwzjsJE1EMVJDpIi/mJoTmOB2zzyQlwEeaYCKZvtUkA6xDAZ1hTodgz7+8SBrlkl0pVW5OC9XLWRxZdIAO0TGy0RmqomtUQ3VE0CN6Rq/ozXgyXox342PamjFmM/voD4zPHw+hnTs=</latexit>

sin ✓w =
g0p

g2 + g02

<latexit sha1_base64="RISxnevimK68D9/VaCLVSj3r760=">AAACGXicbZBNSwMxEIazftb6VfXoJVgEL5ZdEfUi+HHxqGBtpVuX2TRtQ7PZJZlVSunf8OJf8eJBEY968t+YbYto9YXAyzMzTOYNEykMuu6nMzE5NT0zm5vLzy8sLi0XVlavTJxqxssslrGuhmC4FIqXUaDk1URziELJK2HnNKtXbrk2IlaX2E14PYKWEk3BAC0KCu5x4EfpoboB3wjlY5sjBHe0cgMZ3/ZZbL7hdYaCQtEtuQPRv8YbmSIZ6TwovPuNmKURV8gkGFPz3ATrPdAomOT9vJ8angDrQIvXrFUQcVPvDS7r001LGrQZa/sU0gH9OdGDyJhuFNrOCLBtxmsZ/K9WS7F5UO8JlaTIFRsuaqaSYkyzmGhDaM5Qdq0BpoX9K2Vt0MDQhpm3IXjjJ/81Vzslb6+0d7FbPDoZxZEj62SDbBGP7JMjckbOSZkwck8eyTN5cR6cJ+fVeRu2TjijmTXyS87HF8LBoMs=</latexit>

Aµ = na sin ✓wW
a
µ � cos ✓wYµ



Vachaspati; Cornwall; Copi, Ferrer, Vachaspati, Achucarro; Chu, Dent, Vachaspati; Kharzeev,  Shuryak, Zahed;

<latexit sha1_base64="f5yopFFyKWqfv+aDAdcY8+beYPE=">AAACGXicbZBNS8NAEIY3flu/oh69LBbBiyURqV6EWi8eK9hWaGqYbLd2cbMJuxOlFP+GF/+KFw+KeNST/8ZNW8SvFxZenplhdt4olcKg5304E5NT0zOzc/OFhcWl5RV3da1hkkwzXmeJTPR5BIZLoXgdBUp+nmoOcSR5M7o6zuvNa66NSNQZ9lPejuFSia5ggBaFrncUBnF2qC4gMEIF2OMI4Q1tXkDOdwKWmC9YzVHoFr2SNxT9a/yxKZKxaqH7FnQSlsVcIZNgTMv3UmwPQKNgkt8WgszwFNgVXPKWtQpibtqD4WW3dMuSDu0m2j6FdEi/TwwgNqYfR7YzBuyZ37Uc/ldrZdg9aA+ESjPkio0WdTNJMaF5TLQjNGco+9YA08L+lbIeaGBowyzYEPzfJ/81jd2SXy6VT/eKleo4jjmyQTbJNvHJPqmQE1IjdcLIHXkgT+TZuXcenRfnddQ64Yxn1skPOe+fn4mgtA==</latexit>

Aµ = na sin ✓wW
a
µ � cos ✓wBµ

<latexit sha1_base64="4AQC9bPiMQg83OhyabLTudXn/zw=">AAACH3icbZDLSsNAFIYn9VbrrerSTbAIbiyJSHUjFN24rGAv0KTlZDJJh04mYWYilNA3ceOruHGhiLjr2zhpu7CtBwZ+vv8czpzfSxiVyrImRmFtfWNzq7hd2tnd2z8oHx61ZJwKTJo4ZrHoeCAJo5w0FVWMdBJBIPIYaXvD+9xvPxMhacyf1CghbgQhpwHFoDTql2u8B7cXTiAAZ05jQHuOD2FIhCNpGEEPcjZedHLSL1esqjUtc1XYc1FB82r0yz+OH+M0IlxhBlJ2bStRbgZCUczIuOSkkiSAhxCSrpYcIiLdbHrf2DzTxDeDWOjHlTmlfycyiKQcRZ7ujEAN5LKXw/+8bqqCGzejPEkV4Xi2KEiZqWIzD8v0qSBYsZEWgAXVfzXxAHRWSkda0iHYyyevitZl1a5Va49XlfrdPI4iOkGn6BzZ6BrV0QNqoCbC6AW9oQ/0abwa78aX8T1rLRjzmWO0UMbkFy7Wo7k=</latexit>

na = ��†�a�

�†�

<latexit sha1_base64="48grMffVJNEXJgRIa+fZfShKAe4=">AAACEHicbVDLSsNAFJ3UV62vqks3wSIVhJIUqW6EohuXFewDmrZMppN06GQSZ26UEvIJbvwVNy4UcevSnX/j9LHQ1gMXDufcy733uBFnCizr28gsLa+srmXXcxubW9s7+d29hgpjSWidhDyULRcrypmgdWDAaSuSFAcup013eDX2m/dUKhaKWxhFtBNgXzCPEQxa6uWLjmLCgQEF3Hu4cDyJSeIX08RRdxISv1s+8Yvdcpr28gWrZE1gLhJ7Rgpohlov/+X0QxIHVADhWKm2bUXQSbAERjhNc06saITJEPu0ranAAVWdZPJQah5ppW96odQlwJyovycSHCg1ClzdGWAYqHlvLP7ntWPwzjsJE1EMVJDpIi/mJoTmOB2zzyQlwEeaYCKZvtUkA6xDAZ1hTodgz7+8SBrlkl0pVW5OC9XLWRxZdIAO0TGy0RmqomtUQ3VE0CN6Rq/ozXgyXox342PamjFmM/voD4zPHw+hnTs=</latexit>

sin ✓w =
g0p

g2 + g02

• Uncertainty in modelling    from sphaleron decay

• Uncertainty in      vs <latexit sha1_base64="1vrJesht47ROh/85WND8aLGgS9Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0IPtBv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBKSo3S</latexit>nb

<latexit sha1_base64="NjeapUK/HF2+ukjxdHoAQsVu30Q=">AAACBXicbVA9SwNBEN3zM8avU0stFoNgldyJRMugTcoI5gNyIcxtNsmS3b1jd08IRxob/4qNhSK2/gc7/417SQpNfDDweG+GmXlhzJk2nvftrKyurW9s5rby2zu7e/vuwWFDR4kitE4iHqlWCJpyJmndMMNpK1YURMhpMxzdZn7zgSrNInlvxjHtCBhI1mcEjJW67kkgwAwJ8LQ6KTUCzQSW3bAUAI+H0HULXtGbAi8Tf04KaI5a1/0KehFJBJWGcNC67Xux6aSgDCOcTvJBomkMZAQD2rZUgqC6k06/mOAzq/RwP1K2pMFT9fdECkLrsQhtZ3azXvQy8T+vnZj+dSdlMk4MlWS2qJ9wbCKcRYJ7TFFi+NgSIIrZWzEZggJibHB5G4K/+PIyaVwU/XKxfHdZqNzM48ihY3SKzpGPrlAFVVEN1RFBj+gZvaI358l5cd6dj1nrijOfOUJ/4Hz+AA9CmE4=</latexit>

H/V ⇠ nb/↵

<latexit sha1_base64="zQoXwUc1SyFEcMwhJluDDrrb0sQ=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRZBEMquSPVY9OKpVLAf0C5LkqZtaDa7JtlCWfo7vHhQxKs/xpv/xrTdg7Y+GHi8N8PMPBILro3rfju5tfWNza38dmFnd2//oHh41NRRoihr0EhEqk2wZoJL1jDcCNaOFcMhEaxFRnczvzVmSvNIPppJzPwQDyTvc4qNlfxaQC66BKu0Ng1IUCy5ZXcOtEq8jJQgQz0ofnV7EU1CJg0VWOuO58bGT7EynAo2LXQTzWJMR3jAOpZKHDLtp/Ojp+jMKj3Uj5QtadBc/T2R4lDrSUhsZ4jNUC97M/E/r5OY/o2fchknhkm6WNRPBDIRmiWAelwxasTEEkwVt7ciOsQKU2NzKtgQvOWXV0nzsuxVypWHq1L1NosjDydwCufgwTVU4R7q0AAKT/AMr/DmjJ0X5935WLTmnGzmGP7A+fwBWT+R2Q==</latexit>

Nb + N̄b

<latexit sha1_base64="/CQOwy8uq0TcaAJSv+V2yCGyQRI=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFN11WsA+YDiWTZtrQTDIkGaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6WNza3tnfJuZW//4PCoenzS1TJVhHaI5FL1Q6wpZ4J2DDOc9hNFcRxy2gun97nfe6JKMykezSyhQYzHgkWMYGMlfxBjMyGYZ635sFpz6+4CaJ14BalBgfaw+jUYSZLGVBjCsda+5yYmyLAyjHA6rwxSTRNMpnhMfUsFjqkOskXkObqwyghFUtknDFqovzcyHGs9i0M7mUfUq14u/uf5qYlug4yJJDVUkOVHUcqRkSi/H42YosTwmSWYKGazIjLBChNjW6rYErzVk9dJ96ruNeqNh+ta866oowxncA6X4MENNKEFbegAAQnP8ApvjnFenHfnYzlacoqdU/gD5/MHfoORaQ==</latexit>

H

Helical B-fields and baryogenesis



Mou, PMS, Tranberg

• Cold EW baryogengesis

• CP violation

• Classical-Statistical initial data
<latexit sha1_base64="PytMq+0ny6iMxEUobnp2eJ4TSfc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQ5lsN+3SzSbsboQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemAqujet+OaW19Y3NrfJ2ZWd3b/+genjU1kmmKPNpIhLVDVEzwSXzDTeCdVPFMA4F64ST27nfeWRK80Q+mGnKghhHkkecorGS3x+HqAbVmlt3FyB/iVeQGhRoDaqf/WFCs5hJQwVq3fPc1AQ5KsOpYLNKP9MsRTrBEetZKjFmOsgXx87ImVWGJEqULWnIQv05kWOs9TQObWeMZqxXvbn4n9fLTHQd5FymmWGSLhdFmSAmIfPPyZArRo2YWoJUcXsroWNUSI3Np2JD8FZf/kvaF3WvUW/cX9aaN0UcZTiBUzgHD66gCXfQAh8ocHiCF3h1pPPsvDnvy9aSU8wcwy84H9/I5Y6w</latexit>

~

<latexit sha1_base64="s+Fc8j3UFiMQA2iMf2Co7DuEXSY="></latexit>

LCP = L� 3�CP

16⇡2m2
W

�†�Tr
h
Wµ⌫W̃µ⌫

i

Helical B-fields and baryogenesis



• Hypercharge Chern-Simons:

• non-Abelian Chern-Simons:

• Helicity:



<latexit sha1_base64="ufwxNcsfFRddDW5+6gdqCONYXj4=">AAAB/3icbVDNSgMxGMzWv1r/VgUvXoJF8FR2RarHopceK9ha6C5LNk3b0GwSkqxQ1h58FS8eFPHqa3jzbcy2e9DWgcAw831kvoklo9p43rdTWlldW98ob1a2tnd299z9g44WqcKkjQUTqhsjTRjlpG2oYaQrFUFJzMh9PL7J/fsHojQV/M5MJAkTNOR0QDEyVorcoyBBZoQRy5rTQCohjYA8iiO36tW8GeAy8QtSBQVakfsV9AVOE8INZkjrnu9JE2ZIGYoZmVaCVBOJ8BgNSc9SjhKiw2yWfwpPrdKHA6Hs4wbO1N8bGUq0niSxnczT6kUvF//zeqkZXIUZ5TI1hOP5R4OUQXtkXgbsU0WwYRNLEFbUZoV4hBTCxlZWsSX4iycvk855za/X6rcX1cZ1UUcZHIMTcAZ8cAkaoAlaoA0weATP4BW8OU/Oi/PufMxHS06xcwj+wPn8AV3Yllc=</latexit>

H / nb



Lattice approach

• Second order* (space and time)
• Implicit equation of motion for P violation



• Abelian: Deskins, Giblin, Caldwell; Adshead, Giblin, Skully, Sfakianakis; Garcia-Bellido, Grigoriev, Kusenko, Shaposhnikov;
• non-Abelian: Lozano, Amin; Adshead, Giblin, Weiner,

• Second order* (space and time)
• Implicit eom for CP violation

PDE approach
<latexit sha1_base64="cFzsdwVAd7kYZG3DHCwYvhaXCUk="></latexit>
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Lattice approach



PDE approach

• Easier to use bigger stencils
• Easier to use higher order time integrators
• Easier to include parity violation



• Easier to use bigger stencils
• Easier to use higher order time integrators
• Easier to include parity violation

Gauss constraints not automatically satisfied

PDE approach



• Easier to use bigger stencils
• Easier to use higher order time integrators
• Easier to include parity violation

Numerical relativity also has gauge invariance
<latexit sha1_base64="N6mpMzYcyjYY3XGc6DfIDq2ZRdI=">AAAB+3icbZC7TsMwFIadcivlFsrIYlEhylIlCBXGChbGItGL1ITKcZ3Wqu1EtoNSVX0VFgYQYuVF2HgbnDYDtPySpU//OUc+5w9iRpV2nG+rsLa+sblV3C7t7O7tH9iH5baKEolJC0cskt0AKcKoIC1NNSPdWBLEA0Y6wfg2q3eeiFQ0Eg96EhOfo6GgIcVIG6tvl9NHjyeejmB6llE1Pe/bFafmzAVXwc2hAnI1+/aXN4hwwonQmCGleq4Ta3+KpKaYkVnJSxSJER6jIekZFIgT5U/nu8/gqXEGMIykeULDuft7Yoq4UhMemE6O9Egt1zLzv1ov0eG1P6UiTjQRePFRmDBoTs2CgAMqCdZsYgBhSc2uEI+QRFibuEomBHf55FVoX9Tceq1+f1lp3ORxFMExOAFV4IIr0AB3oAlaAIMUPINX8GbNrBfr3fpYtBasfOYI/JH1+QMn4ZPh</latexit>

xµ ! x0µ(x)

Gauss constraints not automatically satisfied

And constraint equations
<latexit sha1_base64="1IIF0Gp5HRPnNxZ16JDDk5mjQsk=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3QwWwYWURKQKbooudFnBXqANYTKdtEMnF2YmQg15EjcuFHHro7jzbZy0WWjrDwMf/zmHc+b3Ys6ksqxvo7Syura+Ud6sbG3v7FbNvf2OjBJBaJtEPBI9D0vKWUjbiilOe7GgOPA47XqTm7zefaRCsih8UNOYOgEehcxnBCttuWb11k0tKzsdXOXAMtesWXVrJrQMdgE1KNRyza/BMCJJQENFOJayb1uxclIsFCOcZpVBImmMyQSPaF9jiAMqnXR2eIaOtTNEfiT0CxWaub8nUhxIOQ083RlgNZaLtdz8r9ZPlH/ppCyME0VDMl/kJxypCOUpoCETlCg+1YCJYPpWRMZYYKJ0VhUdgr345WXonNXtRr1xf15rXhdxlOEQjuAEbLiAJtxBC9pAIIFneIU348l4Md6Nj3lryShmDuCPjM8fWnGSRA==</latexit>

G00, G0i

PDE approach



• Knapp, Walker, Baumgarte

Numerically improved EM
<latexit sha1_base64="6B/on6c+0aWCF10qPas4AvjayX0="></latexit>

Ȧi = �Ei � @i�

Ėi = �r2Ai + @i@jAj � Ji

<latexit sha1_base64="XQhqxuRKCCgKzrKS2uYcJFLP4Vc=">AAACCHicbVDLSgMxFM3UV62vUZcuDBbBjWVGpLoRikVwWcE+oDMMmTRtQzPJkGSEMnTpxl9x40IRt36CO//GTDsLbT0QOJxz7829J4wZVdpxvq3C0vLK6lpxvbSxubW9Y+/utZRIJCZNLJiQnRApwignTU01I51YEhSFjLTDUT3z2w9EKir4vR7HxI/QgNM+xUgbKbAPvQjpIUYsrU+uvBhJTRELKLwJ6KknhyKwy07FmQIuEjcnZZCjEdhfXk/gJCJcY4aU6rpOrP00G4wZmZS8RJEY4REakK6hHEVE+en0kAk8NkoP9oU0j2s4VX93pChSahyFpjJbW817mfif1010/9JPKY8TTTiefdRPGNQCZqnAHpUEazY2BGFJza4QD5FEWJvsSiYEd/7kRdI6q7jVSvXuvFy7zuMoggNwBE6ACy5ADdyCBmgCDB7BM3gFb9aT9WK9Wx+z0oKV9+yDP7A+fwCFg5mq</latexit>

C = @iEi � ⇢



• Knapp, Walker, Baumgarte

<latexit sha1_base64="HurLC/GQrx/UaLVkF7NDE2eSMzA=">AAACInicbVBLSwMxGMzWV62vVY9egkXx0rIrUvUg1HoRTxXsA7rLkk3TNm32QZIVy9Lf4sW/4sWDop4Ef4zZdpHaOhAYZr5J8o0bMiqkYXxpmYXFpeWV7GpubX1jc0vf3qmLIOKY1HDAAt50kSCM+qQmqWSkGXKCPJeRhju4SvzGPeGCBv6dHIbE9lDXpx2KkVSSo59bleABXjq0YIWIS4qYQ39ZXxn9w4sppx1IK+zRwo1DHT1vFI0x4DwxU5IHKaqO/qHiOPKILzFDQrRMI5R2nNyNGRnlrEiQEOEB6pKWoj7yiLDj8YojeKCUNuwEXB1fwrE6nYiRJ8TQc9Wkh2RPzHqJ+J/XimTnzI6pH0aS+HjyUCdiUAYw6Qu2KSdYsqEiCHOq/gpxD3GEpWo1p0owZ1eeJ/Xjolkqlm5P8uVKWkcW7IF9cARMcArK4BpUQQ1g8AiewSt40560F+1d+5yMZrQ0swv+QPv+ARbspAs=</latexit>

⇤Ai � @i@jAj = @i�̇� Ji

<latexit sha1_base64="6B/on6c+0aWCF10qPas4AvjayX0="></latexit>

Ȧi = �Ei � @i�

Ėi = �r2Ai + @i@jAj � Ji

<latexit sha1_base64="XQhqxuRKCCgKzrKS2uYcJFLP4Vc=">AAACCHicbVDLSgMxFM3UV62vUZcuDBbBjWVGpLoRikVwWcE+oDMMmTRtQzPJkGSEMnTpxl9x40IRt36CO//GTDsLbT0QOJxz7829J4wZVdpxvq3C0vLK6lpxvbSxubW9Y+/utZRIJCZNLJiQnRApwignTU01I51YEhSFjLTDUT3z2w9EKir4vR7HxI/QgNM+xUgbKbAPvQjpIUYsrU+uvBhJTRELKLwJ6KknhyKwy07FmQIuEjcnZZCjEdhfXk/gJCJcY4aU6rpOrP00G4wZmZS8RJEY4REakK6hHEVE+en0kAk8NkoP9oU0j2s4VX93pChSahyFpjJbW817mfif1010/9JPKY8TTTiefdRPGNQCZqnAHpUEazY2BGFJza4QD5FEWJvsSiYEd/7kRdI6q7jVSvXuvFy7zuMoggNwBE6ACy5ADdyCBmgCDB7BM3gFb9aT9WK9Wx+z0oKV9+yDP7A+fwCFg5mq</latexit>

C = @iEi � ⇢

Numerically improved EM



• Knapp, Walker, Baumgarte

<latexit sha1_base64="6B/on6c+0aWCF10qPas4AvjayX0="></latexit>

Ȧi = �Ei � @i�

Ėi = �r2Ai + @i@jAj � Ji

<latexit sha1_base64="HurLC/GQrx/UaLVkF7NDE2eSMzA=">AAACInicbVBLSwMxGMzWV62vVY9egkXx0rIrUvUg1HoRTxXsA7rLkk3TNm32QZIVy9Lf4sW/4sWDop4Ef4zZdpHaOhAYZr5J8o0bMiqkYXxpmYXFpeWV7GpubX1jc0vf3qmLIOKY1HDAAt50kSCM+qQmqWSkGXKCPJeRhju4SvzGPeGCBv6dHIbE9lDXpx2KkVSSo59bleABXjq0YIWIS4qYQ39ZXxn9w4sppx1IK+zRwo1DHT1vFI0x4DwxU5IHKaqO/qHiOPKILzFDQrRMI5R2nNyNGRnlrEiQEOEB6pKWoj7yiLDj8YojeKCUNuwEXB1fwrE6nYiRJ8TQc9Wkh2RPzHqJ+J/XimTnzI6pH0aS+HjyUCdiUAYw6Qu2KSdYsqEiCHOq/gpxD3GEpWo1p0owZ1eeJ/Xjolkqlm5P8uVKWkcW7IF9cARMcArK4BpUQQ1g8AiewSt40560F+1d+5yMZrQ0swv+QPv+ARbspAs=</latexit>

⇤Ai � @i@jAj = @i�̇� Ji

<latexit sha1_base64="XQhqxuRKCCgKzrKS2uYcJFLP4Vc=">AAACCHicbVDLSgMxFM3UV62vUZcuDBbBjWVGpLoRikVwWcE+oDMMmTRtQzPJkGSEMnTpxl9x40IRt36CO//GTDsLbT0QOJxz7829J4wZVdpxvq3C0vLK6lpxvbSxubW9Y+/utZRIJCZNLJiQnRApwignTU01I51YEhSFjLTDUT3z2w9EKir4vR7HxI/QgNM+xUgbKbAPvQjpIUYsrU+uvBhJTRELKLwJ6KknhyKwy07FmQIuEjcnZZCjEdhfXk/gJCJcY4aU6rpOrP00G4wZmZS8RJEY4REakK6hHEVE+en0kAk8NkoP9oU0j2s4VX93pChSahyFpjJbW817mfif1010/9JPKY8TTTiefdRPGNQCZqnAHpUEazY2BGFJza4QD5FEWJvsSiYEd/7kRdI6q7jVSvXuvFy7zuMoggNwBE6ACy5ADdyCBmgCDB7BM3gFb9aT9WK9Wx+z0oKV9+yDP7A+fwCFg5mq</latexit>

C = @iEi � ⇢

<latexit sha1_base64="XTvGz81yoHrY6r3f/0VzUy2ysIc=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEV2VGpLoRqi50WcE+oC3DnTRt0yYzQ5IRylDwV9y4UMSt3+HOvzHTzkJbD1w4nHNvcu/xI86UdpxvK7e0vLK6ll8vbGxube/Yu3t1FcaS0BoJeSibPijKWUBrmmlOm5GkIHxOG/7oJvUbj1QqFgYPehzRjoB+wHqMgDaSZx+0b0EIuGxHIDUD7g3xlTf07KJTcqbAi8TNSBFlqHr2V7sbkljQQBMOSrVcJ9KdJH2TcDoptGNFIyAj6NOWoQEIqjrJdP0JPjZKF/dCaSrQeKr+nkhAKDUWvukUoAdq3kvF/7xWrHsXnYQFUaxpQGYf9WKOdYjTLHCXSUo0HxsCRDKzKyYDkEC0SaxgQnDnT14k9dOSWy6V78+Klessjjw6REfoBLnoHFXQHaqiGiIoQc/oFb1ZT9aL9W59zFpzVjazj/7A+vwBkZqVQA==</latexit>

� = @jAj

Numerically improved EM



• Knapp, Walker, Baumgarte

<latexit sha1_base64="6B/on6c+0aWCF10qPas4AvjayX0="></latexit>

Ȧi = �Ei � @i�

Ėi = �r2Ai + @i@jAj � Ji

<latexit sha1_base64="HurLC/GQrx/UaLVkF7NDE2eSMzA=">AAACInicbVBLSwMxGMzWV62vVY9egkXx0rIrUvUg1HoRTxXsA7rLkk3TNm32QZIVy9Lf4sW/4sWDop4Ef4zZdpHaOhAYZr5J8o0bMiqkYXxpmYXFpeWV7GpubX1jc0vf3qmLIOKY1HDAAt50kSCM+qQmqWSkGXKCPJeRhju4SvzGPeGCBv6dHIbE9lDXpx2KkVSSo59bleABXjq0YIWIS4qYQ39ZXxn9w4sppx1IK+zRwo1DHT1vFI0x4DwxU5IHKaqO/qHiOPKILzFDQrRMI5R2nNyNGRnlrEiQEOEB6pKWoj7yiLDj8YojeKCUNuwEXB1fwrE6nYiRJ8TQc9Wkh2RPzHqJ+J/XimTnzI6pH0aS+HjyUCdiUAYw6Qu2KSdYsqEiCHOq/gpxD3GEpWo1p0owZ1eeJ/Xjolkqlm5P8uVKWkcW7IF9cARMcArK4BpUQQ1g8AiewSt40560F+1d+5yMZrQ0swv+QPv+ARbspAs=</latexit>

⇤Ai � @i@jAj = @i�̇� Ji

<latexit sha1_base64="YVe+v5UDCk40lDRom9kkYePVFNM="></latexit>

Ȧi = �Ei � @i�

Ėi = �r2Ai + @i�� Ji

�̇ = �r2�� ⇢

<latexit sha1_base64="XQhqxuRKCCgKzrKS2uYcJFLP4Vc=">AAACCHicbVDLSgMxFM3UV62vUZcuDBbBjWVGpLoRikVwWcE+oDMMmTRtQzPJkGSEMnTpxl9x40IRt36CO//GTDsLbT0QOJxz7829J4wZVdpxvq3C0vLK6lpxvbSxubW9Y+/utZRIJCZNLJiQnRApwignTU01I51YEhSFjLTDUT3z2w9EKir4vR7HxI/QgNM+xUgbKbAPvQjpIUYsrU+uvBhJTRELKLwJ6KknhyKwy07FmQIuEjcnZZCjEdhfXk/gJCJcY4aU6rpOrP00G4wZmZS8RJEY4REakK6hHEVE+en0kAk8NkoP9oU0j2s4VX93pChSahyFpjJbW817mfif1010/9JPKY8TTTiefdRPGNQCZqnAHpUEazY2BGFJza4QD5FEWJvsSiYEd/7kRdI6q7jVSvXuvFy7zuMoggNwBE6ACy5ADdyCBmgCDB7BM3gFb9aT9WK9Wx+z0oKV9+yDP7A+fwCFg5mq</latexit>

C = @iEi � ⇢

<latexit sha1_base64="XTvGz81yoHrY6r3f/0VzUy2ysIc=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEV2VGpLoRqi50WcE+oC3DnTRt0yYzQ5IRylDwV9y4UMSt3+HOvzHTzkJbD1w4nHNvcu/xI86UdpxvK7e0vLK6ll8vbGxube/Yu3t1FcaS0BoJeSibPijKWUBrmmlOm5GkIHxOG/7oJvUbj1QqFgYPehzRjoB+wHqMgDaSZx+0b0EIuGxHIDUD7g3xlTf07KJTcqbAi8TNSBFlqHr2V7sbkljQQBMOSrVcJ9KdJH2TcDoptGNFIyAj6NOWoQEIqjrJdP0JPjZKF/dCaSrQeKr+nkhAKDUWvukUoAdq3kvF/7xWrHsXnYQFUaxpQGYf9WKOdYjTLHCXSUo0HxsCRDKzKyYDkEC0SaxgQnDnT14k9dOSWy6V78+Klessjjw6REfoBLnoHFXQHaqiGiIoQc/oFb1ZT9aL9W59zFpzVjazj/7A+vwBkZqVQA==</latexit>

� = @jAj

Numerically improved EM



• Knapp, Walker, Baumgarte

<latexit sha1_base64="6B/on6c+0aWCF10qPas4AvjayX0="></latexit>

Ȧi = �Ei � @i�

Ėi = �r2Ai + @i@jAj � Ji

<latexit sha1_base64="HurLC/GQrx/UaLVkF7NDE2eSMzA=">AAACInicbVBLSwMxGMzWV62vVY9egkXx0rIrUvUg1HoRTxXsA7rLkk3TNm32QZIVy9Lf4sW/4sWDop4Ef4zZdpHaOhAYZr5J8o0bMiqkYXxpmYXFpeWV7GpubX1jc0vf3qmLIOKY1HDAAt50kSCM+qQmqWSkGXKCPJeRhju4SvzGPeGCBv6dHIbE9lDXpx2KkVSSo59bleABXjq0YIWIS4qYQ39ZXxn9w4sppx1IK+zRwo1DHT1vFI0x4DwxU5IHKaqO/qHiOPKILzFDQrRMI5R2nNyNGRnlrEiQEOEB6pKWoj7yiLDj8YojeKCUNuwEXB1fwrE6nYiRJ8TQc9Wkh2RPzHqJ+J/XimTnzI6pH0aS+HjyUCdiUAYw6Qu2KSdYsqEiCHOq/gpxD3GEpWo1p0owZ1eeJ/Xjolkqlm5P8uVKWkcW7IF9cARMcArK4BpUQQ1g8AiewSt40560F+1d+5yMZrQ0swv+QPv+ARbspAs=</latexit>

⇤Ai � @i@jAj = @i�̇� Ji

<latexit sha1_base64="YVe+v5UDCk40lDRom9kkYePVFNM="></latexit>

Ȧi = �Ei � @i�

Ėi = �r2Ai + @i�� Ji

�̇ = �r2�� ⇢

<latexit sha1_base64="XQhqxuRKCCgKzrKS2uYcJFLP4Vc=">AAACCHicbVDLSgMxFM3UV62vUZcuDBbBjWVGpLoRikVwWcE+oDMMmTRtQzPJkGSEMnTpxl9x40IRt36CO//GTDsLbT0QOJxz7829J4wZVdpxvq3C0vLK6lpxvbSxubW9Y+/utZRIJCZNLJiQnRApwignTU01I51YEhSFjLTDUT3z2w9EKir4vR7HxI/QgNM+xUgbKbAPvQjpIUYsrU+uvBhJTRELKLwJ6KknhyKwy07FmQIuEjcnZZCjEdhfXk/gJCJcY4aU6rpOrP00G4wZmZS8RJEY4REakK6hHEVE+en0kAk8NkoP9oU0j2s4VX93pChSahyFpjJbW817mfif1010/9JPKY8TTTiefdRPGNQCZqnAHpUEazY2BGFJza4QD5FEWJvsSiYEd/7kRdI6q7jVSvXuvFy7zuMoggNwBE6ACy5ADdyCBmgCDB7BM3gFb9aT9WK9Wx+z0oKV9+yDP7A+fwCFg5mq</latexit>

C = @iEi � ⇢

<latexit sha1_base64="XTvGz81yoHrY6r3f/0VzUy2ysIc=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEV2VGpLoRqi50WcE+oC3DnTRt0yYzQ5IRylDwV9y4UMSt3+HOvzHTzkJbD1w4nHNvcu/xI86UdpxvK7e0vLK6ll8vbGxube/Yu3t1FcaS0BoJeSibPijKWUBrmmlOm5GkIHxOG/7oJvUbj1QqFgYPehzRjoB+wHqMgDaSZx+0b0EIuGxHIDUD7g3xlTf07KJTcqbAi8TNSBFlqHr2V7sbkljQQBMOSrVcJ9KdJH2TcDoptGNFIyAj6NOWoQEIqjrJdP0JPjZKF/dCaSrQeKr+nkhAKDUWvukUoAdq3kvF/7xWrHsXnYQFUaxpQGYf9WKOdYjTLHCXSUo0HxsCRDKzKyYDkEC0SaxgQnDnT14k9dOSWy6V78+Klessjjw6REfoBLnoHFXQHaqiGiIoQc/oFb1ZT9aL9W59zFpzVjazj/7A+vwBkZqVQA==</latexit>

� = @jAj

<latexit sha1_base64="FlGUn4IBOp78LMlppbxRSPyhRzg=">AAACBnicbVDLSgMxFM34rPVVdSlCsAhuLDMi1Y1Q60JxVcE+oFOGO2mmDU1mhiQjlqErN/6KGxeKuPUb3Pk3po+Fth64cDjn3uTe48ecKW3b39bc/MLi0nJmJbu6tr6xmdvarqkokYRWScQj2fBBUc5CWtVMc9qIJQXhc1r3e5dDv35PpWJReKf7MW0J6IQsYAS0kbzcnluOHvCFx87dGKRmwD3mXoEQcHTjMS+Xtwv2CHiWOBOSRxNUvNyX245IImioCQelmo4d61Y6fJlwOsi6iaIxkB50aNPQEARVrXR0xgAfGKWNg0iaCjUeqb8nUhBK9YVvOgXorpr2huJ/XjPRwVkrZWGcaBqS8UdBwrGO8DAT3GaSEs37hgCRzOyKSRckEG2Sy5oQnOmTZ0ntuOAUC8Xbk3ypPIkjg3bRPjpEDjpFJXSNKqiKCHpEz+gVvVlP1ov1bn2MW+esycwO+gPr8wcsgphS</latexit>⇤Ai = @i�� Ji

Numerically improved EM



• Knapp, Walker, Baumgarte

<latexit sha1_base64="6B/on6c+0aWCF10qPas4AvjayX0="></latexit>

Ȧi = �Ei � @i�

Ėi = �r2Ai + @i@jAj � Ji

<latexit sha1_base64="HurLC/GQrx/UaLVkF7NDE2eSMzA=">AAACInicbVBLSwMxGMzWV62vVY9egkXx0rIrUvUg1HoRTxXsA7rLkk3TNm32QZIVy9Lf4sW/4sWDop4Ef4zZdpHaOhAYZr5J8o0bMiqkYXxpmYXFpeWV7GpubX1jc0vf3qmLIOKY1HDAAt50kSCM+qQmqWSkGXKCPJeRhju4SvzGPeGCBv6dHIbE9lDXpx2KkVSSo59bleABXjq0YIWIS4qYQ39ZXxn9w4sppx1IK+zRwo1DHT1vFI0x4DwxU5IHKaqO/qHiOPKILzFDQrRMI5R2nNyNGRnlrEiQEOEB6pKWoj7yiLDj8YojeKCUNuwEXB1fwrE6nYiRJ8TQc9Wkh2RPzHqJ+J/XimTnzI6pH0aS+HjyUCdiUAYw6Qu2KSdYsqEiCHOq/gpxD3GEpWo1p0owZ1eeJ/Xjolkqlm5P8uVKWkcW7IF9cARMcArK4BpUQQ1g8AiewSt40560F+1d+5yMZrQ0swv+QPv+ARbspAs=</latexit>

⇤Ai � @i@jAj = @i�̇� Ji

<latexit sha1_base64="YVe+v5UDCk40lDRom9kkYePVFNM="></latexit>

Ȧi = �Ei � @i�

Ėi = �r2Ai + @i�� Ji

�̇ = �r2�� ⇢

<latexit sha1_base64="XQhqxuRKCCgKzrKS2uYcJFLP4Vc=">AAACCHicbVDLSgMxFM3UV62vUZcuDBbBjWVGpLoRikVwWcE+oDMMmTRtQzPJkGSEMnTpxl9x40IRt36CO//GTDsLbT0QOJxz7829J4wZVdpxvq3C0vLK6lpxvbSxubW9Y+/utZRIJCZNLJiQnRApwignTU01I51YEhSFjLTDUT3z2w9EKir4vR7HxI/QgNM+xUgbKbAPvQjpIUYsrU+uvBhJTRELKLwJ6KknhyKwy07FmQIuEjcnZZCjEdhfXk/gJCJcY4aU6rpOrP00G4wZmZS8RJEY4REakK6hHEVE+en0kAk8NkoP9oU0j2s4VX93pChSahyFpjJbW817mfif1010/9JPKY8TTTiefdRPGNQCZqnAHpUEazY2BGFJza4QD5FEWJvsSiYEd/7kRdI6q7jVSvXuvFy7zuMoggNwBE6ACy5ADdyCBmgCDB7BM3gFb9aT9WK9Wx+z0oKV9+yDP7A+fwCFg5mq</latexit>

C = @iEi � ⇢

<latexit sha1_base64="XTvGz81yoHrY6r3f/0VzUy2ysIc=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEV2VGpLoRqi50WcE+oC3DnTRt0yYzQ5IRylDwV9y4UMSt3+HOvzHTzkJbD1w4nHNvcu/xI86UdpxvK7e0vLK6ll8vbGxube/Yu3t1FcaS0BoJeSibPijKWUBrmmlOm5GkIHxOG/7oJvUbj1QqFgYPehzRjoB+wHqMgDaSZx+0b0EIuGxHIDUD7g3xlTf07KJTcqbAi8TNSBFlqHr2V7sbkljQQBMOSrVcJ9KdJH2TcDoptGNFIyAj6NOWoQEIqjrJdP0JPjZKF/dCaSrQeKr+nkhAKDUWvukUoAdq3kvF/7xWrHsXnYQFUaxpQGYf9WKOdYjTLHCXSUo0HxsCRDKzKyYDkEC0SaxgQnDnT14k9dOSWy6V78+Klessjjw6REfoBLnoHFXQHaqiGiIoQc/oFb1ZT9aL9W59zFpzVjazj/7A+vwBkZqVQA==</latexit>

� = @jAj

<latexit sha1_base64="mc9dL3FgvOAfND2Os2wZ+KEf4jE=">AAAB+HicdVDNSsNAGNzUv1p/GvXoZbEIghDStKb1VuzFYwXbCm0sm+2mXbrZhN2NUEOfxIsHRbz6KN58GzdtBRUdWBhmvo9vdvyYUals+8PIrayurW/kNwtb2zu7RXNvvyOjRGDSxhGLxI2PJGGUk7aiipGbWBAU+ox0/Ukz87t3REga8Ws1jYkXohGnAcVIaWlgFk/RrdMPkRpjxNLmbGCWbOu87jpnDrQt2645FTcjTq3qVGBZKxlKYInWwHzvDyOchIQrzJCUvbIdKy9FQlHMyKzQTySJEZ6gEelpylFIpJfOg8/gsVaGMIiEflzBufp9I0WhlNPQ15NZRPnby8S/vF6igrqXUh4ninC8OBQkDKoIZi3AIRUEKzbVBGFBdVaIx0ggrHRXBV3C10/h/6TjWGXXcq+qpcbFso48OARH4ASUQQ00wCVogTbAIAEP4Ak8G/fGo/FivC5Gc8Zy5wD8gPH2CaHmkx0=</latexit>

+a2C
<latexit sha1_base64="NdA73Vtm4bfIUa3EZzNXtKS5nQM=">AAACE3icbVDLSsNAFJ3UV62vqEs3wSJUoSUpUt0IRRFcVrAPaGK4mU7boZNJmJkIpfQf3Pgrblwo4taNO//GSduFth4Y5nDOvdx7TxAzKpVtfxuZpeWV1bXsem5jc2t7x9zda8goEZjUccQi0QpAEkY5qSuqGGnFgkAYMNIMBlep33wgQtKI36lhTLwQepx2KQalJd88uSjAfbnoHLsxCEWB+fTap0WXQ8C04cZ9Wkx/0Y98M2+X7AmsReLMSB7NUPPNL7cT4SQkXGEGUrYdO1beKJ2DGRnn3ESSGPAAeqStKYeQSG80uWlsHWmlY3UjoR9X1kT93TGCUMphGOjKEFRfznup+J/XTlT33BtRHieKcDwd1E2YpSIrDcjqUEGwYkNNAAuqd7VwHwRgpWPM6RCc+ZMXSaNcciqlyu1pvno5iyOLDtAhKiAHnaEqukE1VEcYPaJn9IrejCfjxXg3PqalGWPWs4/+wPj8AZ7KnMw=</latexit>

= (a2 � 1)@iEi �r2�� a2⇢

Numerically improved EM



• Knapp, Walker, Baumgarte

<latexit sha1_base64="6B/on6c+0aWCF10qPas4AvjayX0="></latexit>

Ȧi = �Ei � @i�

Ėi = �r2Ai + @i@jAj � Ji

<latexit sha1_base64="HurLC/GQrx/UaLVkF7NDE2eSMzA=">AAACInicbVBLSwMxGMzWV62vVY9egkXx0rIrUvUg1HoRTxXsA7rLkk3TNm32QZIVy9Lf4sW/4sWDop4Ef4zZdpHaOhAYZr5J8o0bMiqkYXxpmYXFpeWV7GpubX1jc0vf3qmLIOKY1HDAAt50kSCM+qQmqWSkGXKCPJeRhju4SvzGPeGCBv6dHIbE9lDXpx2KkVSSo59bleABXjq0YIWIS4qYQ39ZXxn9w4sppx1IK+zRwo1DHT1vFI0x4DwxU5IHKaqO/qHiOPKILzFDQrRMI5R2nNyNGRnlrEiQEOEB6pKWoj7yiLDj8YojeKCUNuwEXB1fwrE6nYiRJ8TQc9Wkh2RPzHqJ+J/XimTnzI6pH0aS+HjyUCdiUAYw6Qu2KSdYsqEiCHOq/gpxD3GEpWo1p0owZ1eeJ/Xjolkqlm5P8uVKWkcW7IF9cARMcArK4BpUQQ1g8AiewSt40560F+1d+5yMZrQ0swv+QPv+ARbspAs=</latexit>

⇤Ai � @i@jAj = @i�̇� Ji

<latexit sha1_base64="YVe+v5UDCk40lDRom9kkYePVFNM="></latexit>

Ȧi = �Ei � @i�

Ėi = �r2Ai + @i�� Ji

�̇ = �r2�� ⇢

<latexit sha1_base64="XQhqxuRKCCgKzrKS2uYcJFLP4Vc=">AAACCHicbVDLSgMxFM3UV62vUZcuDBbBjWVGpLoRikVwWcE+oDMMmTRtQzPJkGSEMnTpxl9x40IRt36CO//GTDsLbT0QOJxz7829J4wZVdpxvq3C0vLK6lpxvbSxubW9Y+/utZRIJCZNLJiQnRApwignTU01I51YEhSFjLTDUT3z2w9EKir4vR7HxI/QgNM+xUgbKbAPvQjpIUYsrU+uvBhJTRELKLwJ6KknhyKwy07FmQIuEjcnZZCjEdhfXk/gJCJcY4aU6rpOrP00G4wZmZS8RJEY4REakK6hHEVE+en0kAk8NkoP9oU0j2s4VX93pChSahyFpjJbW817mfif1010/9JPKY8TTTiefdRPGNQCZqnAHpUEazY2BGFJza4QD5FEWJvsSiYEd/7kRdI6q7jVSvXuvFy7zuMoggNwBE6ACy5ADdyCBmgCDB7BM3gFb9aT9WK9Wx+z0oKV9+yDP7A+fwCFg5mq</latexit>

C = @iEi � ⇢

<latexit sha1_base64="XTvGz81yoHrY6r3f/0VzUy2ysIc=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEV2VGpLoRqi50WcE+oC3DnTRt0yYzQ5IRylDwV9y4UMSt3+HOvzHTzkJbD1w4nHNvcu/xI86UdpxvK7e0vLK6ll8vbGxube/Yu3t1FcaS0BoJeSibPijKWUBrmmlOm5GkIHxOG/7oJvUbj1QqFgYPehzRjoB+wHqMgDaSZx+0b0EIuGxHIDUD7g3xlTf07KJTcqbAi8TNSBFlqHr2V7sbkljQQBMOSrVcJ9KdJH2TcDoptGNFIyAj6NOWoQEIqjrJdP0JPjZKF/dCaSrQeKr+nkhAKDUWvukUoAdq3kvF/7xWrHsXnYQFUaxpQGYf9WKOdYjTLHCXSUo0HxsCRDKzKyYDkEC0SaxgQnDnT14k9dOSWy6V78+Klessjjw6REfoBLnoHFXQHaqiGiIoQc/oFb1ZT9aL9W59zFpzVjazj/7A+vwBkZqVQA==</latexit>

� = @jAj

<latexit sha1_base64="mc9dL3FgvOAfND2Os2wZ+KEf4jE=">AAAB+HicdVDNSsNAGNzUv1p/GvXoZbEIghDStKb1VuzFYwXbCm0sm+2mXbrZhN2NUEOfxIsHRbz6KN58GzdtBRUdWBhmvo9vdvyYUals+8PIrayurW/kNwtb2zu7RXNvvyOjRGDSxhGLxI2PJGGUk7aiipGbWBAU+ox0/Ukz87t3REga8Ws1jYkXohGnAcVIaWlgFk/RrdMPkRpjxNLmbGCWbOu87jpnDrQt2645FTcjTq3qVGBZKxlKYInWwHzvDyOchIQrzJCUvbIdKy9FQlHMyKzQTySJEZ6gEelpylFIpJfOg8/gsVaGMIiEflzBufp9I0WhlNPQ15NZRPnby8S/vF6igrqXUh4ninC8OBQkDKoIZi3AIRUEKzbVBGFBdVaIx0ggrHRXBV3C10/h/6TjWGXXcq+qpcbFso48OARH4ASUQQ00wCVogTbAIAEP4Ak8G/fGo/FivC5Gc8Zy5wD8gPH2CaHmkx0=</latexit>

+a2C

<latexit sha1_base64="GafJtrDpcTAisDZ1HZup5Gg5VmY=">AAACFXicbVDLSsNAFJ3UV62vqks3wSIIakmKVDdCsRuXFewDmlhuJtN26GQSZiZCCf0JN/6KGxeKuBXc+TdO2oBaPTDM4Zx7ufceL2JUKsv6NHILi0vLK/nVwtr6xuZWcXunJcNYYNLEIQtFxwNJGOWkqahipBMJAoHHSNsb1VO/fUeEpCG/UeOIuAEMOO1TDEpLveLxieP7oUqcANQQA0vqk8kR3FYcDh5L/2/9wuoVS1bZmsL8S+yMlFCGRq/44fghjgPCFWYgZde2IuUmIBTFjEwKTixJBHgEA9LVlENApJtMr5qYB1rxzX4o9OPKnKo/OxIIpBwHnq5Ml5TzXir+53Vj1T93E8qjWBGOZ4P6MTNVaKYRmT4VBCs21gSwoHpXEw9BAFY6yIIOwZ4/+S9pVcp2tVy9Pi3VLrM48mgP7aNDZKMzVENXqIGaCKN79Iie0YvxYDwZr8bbrDRnZD276BeM9y9Wq57v</latexit>

�C̈ + a2r2C = 0

Numerically improved EM

<latexit sha1_base64="NdA73Vtm4bfIUa3EZzNXtKS5nQM=">AAACE3icbVDLSsNAFJ3UV62vqEs3wSJUoSUpUt0IRRFcVrAPaGK4mU7boZNJmJkIpfQf3Pgrblwo4taNO//GSduFth4Y5nDOvdx7TxAzKpVtfxuZpeWV1bXsem5jc2t7x9zda8goEZjUccQi0QpAEkY5qSuqGGnFgkAYMNIMBlep33wgQtKI36lhTLwQepx2KQalJd88uSjAfbnoHLsxCEWB+fTap0WXQ8C04cZ9Wkx/0Y98M2+X7AmsReLMSB7NUPPNL7cT4SQkXGEGUrYdO1beKJ2DGRnn3ESSGPAAeqStKYeQSG80uWlsHWmlY3UjoR9X1kT93TGCUMphGOjKEFRfznup+J/XTlT33BtRHieKcDwd1E2YpSIrDcjqUEGwYkNNAAuqd7VwHwRgpWPM6RCc+ZMXSaNcciqlyu1pvno5iyOLDtAhKiAHnaEqukE1VEcYPaJn9IrejCfjxXg3PqalGWPWs4/+wPj8AZ7KnMw=</latexit>

= (a2 � 1)@iEi �r2�� a2⇢



Standard Model version
<latexit sha1_base64="IdeCfKm/GSrjmgoKUGjOoZ2fY4E="></latexit>
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<latexit sha1_base64="h9r4h5aoDy1enuCuxeE2AP1SZtI="></latexit>

@0� = �@iEi + g2pG,

@0�
a = �@iE

a
i + g2pG

a

• Vachaspati

<latexit sha1_base64="zTCuD+8/2K9s8nCk8DRVbWhWIcw=">AAACJnicbVBNSwMxEM36WevXqkcvwaJ4kLIrUr0Uih70WMG2SrddZtO0hia7S5IVytJf48W/4sVDRcSbP8VsW9CqDwYe780kMy+IOVPacT6sufmFxaXl3Ep+dW19Y9Pe2q6rKJGE1kjEI3kbgKKchbSmmeb0NpYURMBpI+hfZH7jgUrFovBGD2LaEtALWZcR0Eby7TI28C5BCDgoezFIzYD77M5nR56X/zbbM3ajncLQZ3nfLjhFZwz8l7hTUkBTVH175HUikggaasJBqabrxLqVZu8STod5L1E0BtKHHm0aGoKgqpWOzxzifaN0cDeSpkKNx+rPiRSEUgMRmE4B+l799jLxP6+Z6O5ZK2VhnGgakslH3YRjHeEsM9xhkhLNB4YAkczsisk9SCDaJJuF4P4++S+pHxfdUrF0fVKonE/jyKFdtIcOkYtOUQVdoSqqIYIe0TMaoVfryXqx3qz3SeucNZ3ZQTOwPr8AEUKjLA==</latexit>

� = @iYi,

�a = @iW
a
i



<latexit sha1_base64="IdeCfKm/GSrjmgoKUGjOoZ2fY4E="></latexit>
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• Mou, Patel,  PMS, Vachaspati

Standard Model version



Fermions

• Linear in fermion field
easy:

<latexit sha1_base64="7Oa4JhGm2ErLZhA8q3qwqZkEJ4k="></latexit>

L = ...+  ̄L,R�
µDµ L,R + gY  ̄L� R + ...



• Linear in fermion field
easy:

hard:

• Intrinsically quantum: Grassmann
• First order derivatives: doublers

<latexit sha1_base64="7Oa4JhGm2ErLZhA8q3qwqZkEJ4k="></latexit>

L = ...+  ̄L,R�
µDµ L,R + gY  ̄L� R + ...

Fermions



• Linear in fermion field
easy:

hard:

• Intrinsically quantum: Grassmann
• First order derivatives: doublers

<latexit sha1_base64="7Oa4JhGm2ErLZhA8q3qwqZkEJ4k="></latexit>

L = ...+  ̄L,R�
µDµ L,R + gY  ̄L� R + ...

Fermions

<latexit sha1_base64="yJ+lu+KcBdqywrgx80nLKiVLTYk=">AAACDXicbVBLSwMxGMz6rPVV9eglWAWhWHaLVEGEohePVewD2mXJptk2NJssSVYty/4BL/4VLx4U8erdm//G9HHQ1oGQYWY+km/8iFGlbfvbmptfWFxazqxkV9fWNzZzW9t1JWKJSQ0LJmTTR4owyklNU81IM5IEhT4jDb9/OfQbd0QqKvitHkTEDVGX04BipI3k5fbbN7Tb00hKcQ8DL+EFJz0f3kdOWih1HtpngWdiebtojwBniTMheTBB1ct9tTsCxyHhGjOkVMuxI+0mSGqKGUmz7ViRCOE+6pKWoRyFRLnJaJsUHhilAwMhzeEajtTfEwkKlRqEvkmGSPfUtDcU//NasQ5O3YTyKNaE4/FDQcygFnBYDexQSbBmA0MQltT8FeIekghrU2DWlOBMrzxL6qWiUy6Wr4/zlYtJHRmwC/bAIXDACaiAK1AFNYDBI3gGr+DNerJerHfrYxydsyYzO+APrM8fTI6bEw==</latexit>

) fn+1 = fn�1 + 2dx fn

<latexit sha1_base64="9O6bQa4H4V+vj/oooRZJNNm2EuI=">AAACJnicbVBNS8NAEN34WetX1aOXYBEEaUmKVC+FohePFewHNCFsNpt26WYTdzdiCfk1XvwrXjxURLz5U9ykOWjrwO483pthZp4bUSKkYXxpK6tr6xubpa3y9s7u3n7l4LAnwpgj3EUhDfnAhQJTwnBXEknxIOIYBi7FfXdyk+n9R8wFCdm9nEbYDuCIEZ8gKBXlVFqWzyFKPN1P1feUtnzrIYaeJcN5zlXfSdi5mdayXDPTNGl4WaWj+qtG3chDXwZmAaqgiI5TmVleiOIAM4koFGJoGpG0E8glQRSnZSsWOIJoAkd4qCCDARZ2kp+Z6qeKUYuGXD0m9Zz93ZHAQIhp4KrKAMqxWNQy8j9tGEv/yk4Ii2KJGZoP8mOqy1DPPNM9wjGSdKoARJyoXXU0hsoZqZwtKxPMxZOXQa9RN5v15t1FtX1d2FECx+AEnAETXII2uAUd0AUIPINXMAPv2ov2pn1on/PSFa3oOQJ/Qvv+AZkppnk=</latexit>

df

dx
= f ! fn+1 � fn�1

2dx
= fn



<latexit sha1_base64="l+54uR3kGkWzYb/qnV6VLJ3psS0="></latexit>
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X

s

Z
d3p

(2⇡)3
1

2!p

h
us(x, p)b̂s(p) + vs(x, p)d̂†s(p)

i

Fermions



<latexit sha1_base64="nqFMOj6mdVFhvu22t/0CRNjOezk=">AAAClXiclVHLSgMxFM2Mr1pftS5cuAkWpYIOMyLaTcEX4s4K9gGdtmTS2zaYyQxJpliG/pFf486/Ma1d1MdCLwTOPfeek+TeIOZMadd9t+yFxaXllcxqdm19Y3Mrt52vqSiRFKo04pFsBEQBZwKqmmkOjVgCCQMO9eD5ZlKvD0EqFoknPYqhFZK+YD1GiTZUJ/eatFVRl91jPxFdkBMb/DKfxEeH5WpHFb9Q0E5P2DzjzMvHx7 6fHf7Bt/ZP306u4DruNPBP4M1AAc2i0sm9+d2IJiEITTlRqum5sW6lRGpGOYyzfqIgJvSZ9KFpoCAhqFY6neoYHximi3uRNEdoPGXnFSkJlRqFgekMiR6o77UJ+VutmeheqZUyEScaBP28qJdwrCM8WRHuMglU85EBhEpm3orpgEhCtVlk1gzB+/7ln6B26njnzvnjWeHyejaODNpD+6iIPHSBLtE9qqAqolbeKllX1rW9a5ftW/vus9W2Zpod9CXshw/ASMjP</latexit>

us(t = 0, x, p) = Us(p)e
�ip.x,

vs(t = 0, x, p) = Vs(p)e
�ip.x

<latexit sha1_base64="l+54uR3kGkWzYb/qnV6VLJ3psS0="></latexit>

 ̂(t, x) =
X
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Z
d3p

(2⇡)3
1

2!p

h
us(x, p)b̂s(p) + vs(x, p)d̂†s(p)

i

Fermions



<latexit sha1_base64="nqFMOj6mdVFhvu22t/0CRNjOezk=">AAAClXiclVHLSgMxFM2Mr1pftS5cuAkWpYIOMyLaTcEX4s4K9gGdtmTS2zaYyQxJpliG/pFf486/Ma1d1MdCLwTOPfeek+TeIOZMadd9t+yFxaXllcxqdm19Y3Mrt52vqSiRFKo04pFsBEQBZwKqmmkOjVgCCQMO9eD5ZlKvD0EqFoknPYqhFZK+YD1GiTZUJ/eatFVRl91jPxFdkBMb/DKfxEeH5WpHFb9Q0E5P2DzjzMvHx7 6fHf7Bt/ZP306u4DruNPBP4M1AAc2i0sm9+d2IJiEITTlRqum5sW6lRGpGOYyzfqIgJvSZ9KFpoCAhqFY6neoYHximi3uRNEdoPGXnFSkJlRqFgekMiR6o77UJ+VutmeheqZUyEScaBP28qJdwrCM8WRHuMglU85EBhEpm3orpgEhCtVlk1gzB+/7ln6B26njnzvnjWeHyejaODNpD+6iIPHSBLtE9qqAqolbeKllX1rW9a5ftW/vus9W2Zpod9CXshw/ASMjP</latexit>

us(t = 0, x, p) = Us(p)e
�ip.x,

vs(t = 0, x, p) = Vs(p)e
�ip.x

One quantum field,          , ~ N3 classical fields

<latexit sha1_base64="l+54uR3kGkWzYb/qnV6VLJ3psS0="></latexit>

 ̂(t, x) =
X

s

Z
d3p

(2⇡)3
1

2!p

h
us(x, p)b̂s(p) + vs(x, p)d̂†s(p)

i

<latexit sha1_base64="VKKaI9SsDK5AQYgQavwDHoRVq/4=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKkiZEakui25cVrAP6Awlk2ba0ExmSO6IpdSNv+LGhSJu/Qt3/o1pOwttPXDhcM69yb0nSATX4DjfVm5peWV1Lb9e2Njc2t6xd/caOk4VZXUai1i1AqKZ4JLVgYNgrUQxEgWCNYPB9cRv3jOleSzvYJgwPyI9yUNOCRipYx94fQJeonkJTr1UdpmavIQfTjp20Sk7U+BF4makiDLUOvaX141pGjEJVBCt266TgD8iCjgVbFzwUs0SQgekx9qGShIx7Y+mF4zxsVG6OIyVKQl4qv6eGJFI62EUmM6IQF/PexPxP6+dQnjpj7hMUmCSzj4KU4EhxpM4cJcrRkEMDSFUcbMrpn2iCAUTWsGE4M6fvEgaZ2W3Uq7cnherV1kceXSIjlAJuegCVdENqqE6ougRPaNX9GY9WS/Wu/Uxa81Z2cw++gPr8wfviZaS</latexit>

 ̂(t, x)
<latexit sha1_base64="6wsVmDgJ9fWrtJyH8PztkolxcXk=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VooZREpApuim5cVrAPaGKZTCbt0MkkzEyKpfQb3Pgrblwo4taVO//GSZuFth64cDjn3pl7jxczKpVlfRu5ldW19Y38ZmFre2d3z9w/aMkoEZg0ccQi0fGQJIxy0lRUMdKJBUGhx0jbG16nfntEhKQRv1PjmLgh6nMaUIyUlnpmObmXpYeKk3CfiPQRGJcrzuVoWe2ZRatqzQCXiZ2RIsjQ6Jlfjh/hJCRcYYak7NpWrNwJEopiRqYFJ5EkRniI+qSrKUchke5kdtIUnmjFh0EkdHEFZ+rviQkKpRyHnu4MkRrIRS8V//O6iQou3AnlcaIIx/OPgoRBFcE0H+hTQbBiY00QFlTvCvEACYSVTrGgQ7AXT14mrdOqXavWbs+K9assjjw4AsegBGxwDurgBjRAE2DwCJ7BK3gznowX4934mLfmjGzmEPyB8fkDyhCc7g==</latexit>

us(x, p), vs(x, p)

<latexit sha1_base64="wFFHkjT5y3z0GGywnLZBACfuWRE="></latexit>

�µ@µ ̂ +m ̂ = 0 !
⇢
�µ@µus(x, p) +mus(x, p) = 0, 8p
�µ@µvs(x, p) +mvs(x, p) = 0, 8p

Fermions



<latexit sha1_base64="nqFMOj6mdVFhvu22t/0CRNjOezk=">AAAClXiclVHLSgMxFM2Mr1pftS5cuAkWpYIOMyLaTcEX4s4K9gGdtmTS2zaYyQxJpliG/pFf486/Ma1d1MdCLwTOPfeek+TeIOZMadd9t+yFxaXllcxqdm19Y3Mrt52vqSiRFKo04pFsBEQBZwKqmmkOjVgCCQMO9eD5ZlKvD0EqFoknPYqhFZK+YD1GiTZUJ/eatFVRl91jPxFdkBMb/DKfxEeH5WpHFb9Q0E5P2DzjzMvHx7 6fHf7Bt/ZP306u4DruNPBP4M1AAc2i0sm9+d2IJiEITTlRqum5sW6lRGpGOYyzfqIgJvSZ9KFpoCAhqFY6neoYHximi3uRNEdoPGXnFSkJlRqFgekMiR6o77UJ+VutmeheqZUyEScaBP28qJdwrCM8WRHuMglU85EBhEpm3orpgEhCtVlk1gzB+/7ln6B26njnzvnjWeHyejaODNpD+6iIPHSBLtE9qqAqolbeKllX1rW9a5ftW/vus9W2Zpod9CXshw/ASMjP</latexit>

us(t = 0, x, p) = Us(p)e
�ip.x,

vs(t = 0, x, p) = Vs(p)e
�ip.x

One quantum field,          , ~ N3 classical fields

<latexit sha1_base64="l+54uR3kGkWzYb/qnV6VLJ3psS0="></latexit>

 ̂(t, x) =
X

s

Z
d3p

(2⇡)3
1

2!p

h
us(x, p)b̂s(p) + vs(x, p)d̂†s(p)

i

<latexit sha1_base64="VKKaI9SsDK5AQYgQavwDHoRVq/4=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARKkiZEakui25cVrAP6Awlk2ba0ExmSO6IpdSNv+LGhSJu/Qt3/o1pOwttPXDhcM69yb0nSATX4DjfVm5peWV1Lb9e2Njc2t6xd/caOk4VZXUai1i1AqKZ4JLVgYNgrUQxEgWCNYPB9cRv3jOleSzvYJgwPyI9yUNOCRipYx94fQJeonkJTr1UdpmavIQfTjp20Sk7U+BF4makiDLUOvaX141pGjEJVBCt266TgD8iCjgVbFzwUs0SQgekx9qGShIx7Y+mF4zxsVG6OIyVKQl4qv6eGJFI62EUmM6IQF/PexPxP6+dQnjpj7hMUmCSzj4KU4EhxpM4cJcrRkEMDSFUcbMrpn2iCAUTWsGE4M6fvEgaZ2W3Uq7cnherV1kceXSIjlAJuegCVdENqqE6ougRPaNX9GY9WS/Wu/Uxa81Z2cw++gPr8wfviZaS</latexit>

 ̂(t, x)
<latexit sha1_base64="6wsVmDgJ9fWrtJyH8PztkolxcXk=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VooZREpApuim5cVrAPaGKZTCbt0MkkzEyKpfQb3Pgrblwo4taVO//GSZuFth64cDjn3pl7jxczKpVlfRu5ldW19Y38ZmFre2d3z9w/aMkoEZg0ccQi0fGQJIxy0lRUMdKJBUGhx0jbG16nfntEhKQRv1PjmLgh6nMaUIyUlnpmObmXpYeKk3CfiPQRGJcrzuVoWe2ZRatqzQCXiZ2RIsjQ6Jlfjh/hJCRcYYak7NpWrNwJEopiRqYFJ5EkRniI+qSrKUchke5kdtIUnmjFh0EkdHEFZ+rviQkKpRyHnu4MkRrIRS8V//O6iQou3AnlcaIIx/OPgoRBFcE0H+hTQbBiY00QFlTvCvEACYSVTrGgQ7AXT14mrdOqXavWbs+K9assjjw4AsegBGxwDurgBjRAE2DwCJ7BK3gznowX4934mLfmjGzmEPyB8fkDyhCc7g==</latexit>

us(x, p), vs(x, p)

<latexit sha1_base64="Pfy5jCxDjuYlHytYjqPmFiEPRc4=">AAACLnicfVDLSgMxFM34rPVVdekmWIQKUmZEqiBCUQSXFewDOqVkMrdtaCYzJBmh1H6RG39FF4KKuPUzTKez0FY8EDicc26Se7yIM6Vt+9Wam19YXFrOrGRX19Y3NnNb2zUVxpJClYY8lA2PKOBMQFUzzaERSSCBx6Hu9S/Hfv0OpGKhuNWDCFoB6QrWYZRoI7VzV26PaOy1VcGNhQ9yfA+ODu5tVxLR5XBuH7pnScb/J9PO5e2inQDPEicleZSi0s49u35I4wCEppwo1XTsSLeGRGpGOYyybqwgIrRPutA0VJAAVGuYrDvC+0bxcSeU5giNE/XnxJAESg0CzyQDontq2huLf3nNWHdOW0MmoliDoJOHOjHHOsTj7rDPJFDNB4YQKpn5K6Y9IgnVpuGsKcGZXnmW1I6KTqlYujnOly/SOjJoF+2hAnLQCSqja1RBVUTRA3pCb+jderRerA/rcxKds9KZHfQL1tc3/hWn6Q==</latexit>

b̂s(p)|0i = 0, d̂s(p)|0i = 0
<latexit sha1_base64="3n9gfMK+ysGnttwoJMBUrFbGj1o="></latexit>

“⇤�... = gY

Z
d3p

(2⇡)3
⇥
ūs(x, p)us(x, p)� v̄s(x, p)vs(x, p)

⇤
”

<latexit sha1_base64="kiuAZOoVGUDwJhf7bDBDUz7eDwI=">AAACG3icbVDLSsNAFJ34rPUVdekmtAh1E5Ii1Y1Q6sZlBfuQJqST6aQdOpmEmYm0hP6HG3/FjQtFXAku/BunbQRtPXC5h3PuZeYeP6ZESMv60lZW19Y3NnNb+e2d3b19/eCwKaKEI9xAEY1424cCU8JwQxJJcTvmGIY+xS1/eDX1W/eYCxKxWzmOsRvCPiMBQVAqydPL3a5Ti0ZOPCCmaV72vTuHQtan2PEhd2JBSqPTn8ZnRsHTi5ZpzWAsEzsjRZCh7ukfTi9CSYiZRBQK0bGtWLop5JIgiid5JxE4hmgI+7ijKIMhFm46u21inCilZwQRV8WkMVN/b6QwFGIc+moyhHIgFr2p+J/XSWRw4aaExYnEDM0fChJqyMiYBmX0CMdI0rEiEHGi/mqgAeQQSRVnXoVgL568TJpl066YlZuzYrWWxZEDx6AASsAG56AKrkEdNAACD+AJvIBX7VF71t609/noipbtHIE/0D6/Ac1poKs=</latexit>

“⇤�... = gY h ̄(x) (x)i”

<latexit sha1_base64="wFFHkjT5y3z0GGywnLZBACfuWRE="></latexit>

�µ@µ ̂ +m ̂ = 0 !
⇢
�µ@µus(x, p) +mus(x, p) = 0, 8p
�µ@µvs(x, p) +mvs(x, p) = 0, 8p

• Borsanyi , Hindmarsh
• Berges, Gelfand, Pruschke; PMS, Tranberg; Mou, PMS, Tranberg; Hebenstreit, Berges, Gelfand; Tanji, Mueller, Berges; Mueller, 

Schlichting, Sharma.

Fermions



• PMS, Tranberg

Simulating fermions



Classical/quantum
<latexit sha1_base64="jkQs1Nt0r0l/fbG++QyKcEdCe6s="></latexit>D
Ô

⇣
�̂, ⇧̂

⌘E
= Tr

h
Ô

⇣
�̂, ⇧̂

⌘
⇢̂
⇣
�̂(t0), ⇧̂(t0)

⌘i



<latexit sha1_base64="jkQs1Nt0r0l/fbG++QyKcEdCe6s="></latexit>D
Ô

⇣
�̂, ⇧̂

⌘E
= Tr

h
Ô

⇣
�̂, ⇧̂

⌘
⇢̂
⇣
�̂(t0), ⇧̂(t0)

⌘i

<latexit sha1_base64="xdIkQP3CvUD5dmZ4hoxcc+xF87Q="></latexit>

=

Z
D��

0 h�
�
0 ; t0|Ô(tm)⇢̂(t0)|�

�
0 ; t0i

Classical/quantum



<latexit sha1_base64="jkQs1Nt0r0l/fbG++QyKcEdCe6s="></latexit>D
Ô

⇣
�̂, ⇧̂

⌘E
= Tr

h
Ô

⇣
�̂, ⇧̂

⌘
⇢̂
⇣
�̂(t0), ⇧̂(t0)

⌘i

<latexit sha1_base64="xdIkQP3CvUD5dmZ4hoxcc+xF87Q="></latexit>

=

Z
D��

0 h�
�
0 ; t0|Ô(tm)⇢̂(t0)|�

�
0 ; t0i

<latexit sha1_base64="uywnc9Pm6RzHkLSToHQc/oElWB8="></latexit>

=

Z
D�h��

0 ; t0 |�
�
1 ; t1ih�

�
1 ; t1|| {z }

I

...Ô(tm)... |�+
1 ; t1ih�

+
1 ; t1|| {z }

I

�+
0 ; t0ih�

+
0 ; t0|| {z }

I

⇢̂(t0)|�
�
0 ; t0i

• Schwinger; Keldysh

Classical/quantum

t· · ·t0 t1 t2 tm�1 tm

�+
0 �+

1 �+
2 �+

m�1

��
0 ��

1 ��
2 ��

m�1

�m

· · ·

· · ·



<latexit sha1_base64="jkQs1Nt0r0l/fbG++QyKcEdCe6s="></latexit>D
Ô

⇣
�̂, ⇧̂

⌘E
= Tr

h
Ô

⇣
�̂, ⇧̂

⌘
⇢̂
⇣
�̂(t0), ⇧̂(t0)

⌘i

<latexit sha1_base64="xdIkQP3CvUD5dmZ4hoxcc+xF87Q="></latexit>

=

Z
D��

0 h�
�
0 ; t0|Ô(tm)⇢̂(t0)|�

�
0 ; t0i

<latexit sha1_base64="uywnc9Pm6RzHkLSToHQc/oElWB8="></latexit>

=

Z
D�h��

0 ; t0 |�
�
1 ; t1ih�

�
1 ; t1|| {z }

I

...Ô(tm)... |�+
1 ; t1ih�

+
1 ; t1|| {z }

I

�+
0 ; t0ih�

+
0 ; t0|| {z }

I

⇢̂(t0)|�
�
0 ; t0i

• Schwinger; Keldysh

Classical/quantum

<latexit sha1_base64="vikjUVwNM1ZmgRjLnsXCktJm4oc="></latexit>

=

Z
D�

⌦
�+
0 ; t0

�� ⇢̂
h
�̂(t0), ⇧̂(t0)

i ����
0 ; t0

↵
O(tm) exp

⇢
i

~S(�
�,�+)

�



<latexit sha1_base64="jkQs1Nt0r0l/fbG++QyKcEdCe6s="></latexit>D
Ô

⇣
�̂, ⇧̂

⌘E
= Tr

h
Ô

⇣
�̂, ⇧̂

⌘
⇢̂
⇣
�̂(t0), ⇧̂(t0)

⌘i

<latexit sha1_base64="xdIkQP3CvUD5dmZ4hoxcc+xF87Q="></latexit>

=

Z
D��

0 h�
�
0 ; t0|Ô(tm)⇢̂(t0)|�

�
0 ; t0i

<latexit sha1_base64="uywnc9Pm6RzHkLSToHQc/oElWB8="></latexit>

=

Z
D�h��

0 ; t0 |�
�
1 ; t1ih�

�
1 ; t1|| {z }

I

...Ô(tm)... |�+
1 ; t1ih�

+
1 ; t1|| {z }

I

�+
0 ; t0ih�

+
0 ; t0|| {z }

I

⇢̂(t0)|�
�
0 ; t0i

• Keldysh; Aarts, Smit Greiner, Müller ; Kameen, Levchenko

<latexit sha1_base64="jqeCLVvvffHrlZnoiDf/G8LKEL0=">AAACUnicbVJNS8MwGE7r15xTqx69FIcwmRvtkOlFGHrxOMF9wFpLmqUuLP1Ykoqj9DcK4sUf4sWDmnU96LYXAk+e5314kydxI0q4MIwPRV1b39jcKmwXd0q7e/vawWGXhzFDuINCGrK+CzmmJMAdQQTF/Yhh6LsU99zx7UzvPWPGSRg8iGmEbR8+BcQjCApJORqxohF5rDqk8nJ2neEE0TTbVi2PQZSYadJIM2WS0efWZBLDYc bUVvlqq32OVjbqRlb6MjBzUAZ5tR3tzRqGKPZxIBCFnA9MIxJ2ApkgiOK0aMUcRxCN4RMeSBhAH3M7ySJJ9VPJDHUvZHIFQs/Yv44E+pxPfVd2+lCM+KI2I1dpg1h4V3ZCgigWOEDzQV5MdRHqs3z1IWEYCTqVACJG5Fl1NIIyECFfoShDMBevvAy6jbrZrDfvL8qtmzyOAjgGJ6ACTHAJWuAOtEEHIPAKPsE3+FHelS9V/pJ5q6rkniPwr9TSLxgbs+8=</latexit>

�+
i (x) = �cl

i (x) +
1

2
�q
i (x), ��

i (x) = �cl
i (x)�

1

2
�q
i (x)

Classical/quantum

<latexit sha1_base64="vikjUVwNM1ZmgRjLnsXCktJm4oc="></latexit>

=

Z
D�

⌦
�+
0 ; t0

�� ⇢̂
h
�̂(t0), ⇧̂(t0)

i ����
0 ; t0

↵
O(tm) exp

⇢
i

~S(�
�,�+)

�



<latexit sha1_base64="rJ5u5zOgDzl0k7zwxAK2WcuG5R4="></latexit>

h�cl
0 (p)�

cl†
0 (p0)i = ~

!

✓
np +

1

2

◆
(2⇡)3�(p� p0)

h�̇cl
0 (p)�̇

cl†
0 (p0)i = ~!

✓
np +

1

2

◆
(2⇡)3�(p� p0)

Classical/quantum



<latexit sha1_base64="4x9P70WuP0OADZfg8lq3OGOwtZ8=">AAACKXicbVDLSgMxFM34rPVVdelmsAgupMyIVDdC0Y3LCvYBnVruZDJtaObR5E6hjP0dN/6KGwVF3fojpo9FbT0QOJxzbpJ73FhwhZb1ZSwtr6yurWc2sptb2zu7ub39qooSSVmFRiKSdRcUEzxkFeQoWD2WDAJXsJrbvRn5tT6TikfhPQ5i1gygHXKfU0AttXIlJ+7wh5SK4WMrVeB5gg2vnD5ILZ86vV4CniOYj4VxrudI3u7gTNRq5fJWwRrDXCT2lOTJFOVW7s3xIpoELEQqQKmGbcXYTEEip/rGrJMoFgPtQps1NA0hYKqZjjcdmsda8Uw/kvqEaI7V2YkUAqUGgauTAWBHzXsj8T+vkaB/2Ux5GCfIQjp5yE+EiZE5qs30uGQUxUAToJLrv5q0AxIo6nKzugR7fuVFUj0r2MVC8e48X7qe1pEhh+SInBCbXJASuSVlUiGUPJEX8k4+jGfj1fg0vifRJWM6c0D+wPj5BchPqMc=</latexit>

�cl|saddle = ', �q|saddle = 0

<latexit sha1_base64="I0ruO4UOqhtgt+0a9MC2DxXUQW4=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWsS4sMyLVjVDqxmUFe4HOUDJp2oZmkiHJFMtQ3Pgqblwo4tancOfbmLaz0NYfAh//OYeT8wcRo0o7zreVWVpeWV3Lruc2Nre2d+zdvboSscSkhgUTshkgRRjlpKapZqQZSYLCgJFGMLiZ1BtDIhUV/F6PIuKHqMdpl2KkjdW2D7yKePCGSEZ9elY/KaR4eu207bxTdKaCi+CmkAepqm37y+sIHIeEa8yQUi3XibSfIKkpZmSc82JFIoQHqEdaBjkKifKT6QljeGycDuwKaR7XcOr+nkhQqNQoDExniHRfzdcm5n+1Vqy7V35CeRRrwvFsUTdmUAs4yQN2qCRYs5EBhCU1f4W4jyTC2qSWMyG48ycvQv286JaKpbuLfLmSxpEFh+AIFIALLkEZ3IIqqAEMHsEzeAVv1pP1Yr1bH7PWjJXO7IM/sj5/AMxElmk=</latexit>

⇤'� V 0(') = 0

<latexit sha1_base64="rJ5u5zOgDzl0k7zwxAK2WcuG5R4="></latexit>

h�cl
0 (p)�

cl†
0 (p0)i = ~

!

✓
np +

1

2

◆
(2⇡)3�(p� p0)

h�̇cl
0 (p)�̇

cl†
0 (p0)i = ~!

✓
np +

1

2

◆
(2⇡)3�(p� p0)

• Mou, PMS, Tranberg, Woodward

Unique saddle:

Classical/quantum



Classical-statistical approximation

• Gaussian initial data - quantum distribution
• Classical evolution

• Aarts, Smit; Aarts, Berges; Buchmüller, Jakovác;; Cooper, Share, Rose; Blagoev, Cooper, Dawson, Mihail; Berges, Boguslavski, 
Schlichting, Venugopalan; Mou, PMS, Tranberg; Micha, Tkachev; Diaz-Gil, Garcia-Bellido, Perez, González-Arroyo…

• Mou, PMS, Tranberg • Micha, Tkachev

• Berges, Sexty
• Diaz-Gil, Garcia-Bellido, Perez, 

González-Arroyo



Thimbles

hOi =

R
D� OeiS/~R
D� eiS/~

<latexit sha1_base64="ffFEUWJ6n/vvBvwXheUh5Lls/9Y="></latexit>



Z
D� =

Z
d�(xµ1 )d�(x

µ
2 )d�(x

µ
3 )...

<latexit sha1_base64="kxm5CBvrV6dyZW38daGCF38aFMg="></latexit>

•It’s big

Thimbles

hOi =

R
D� OeiS/~R
D� eiS/~

<latexit sha1_base64="ffFEUWJ6n/vvBvwXheUh5Lls/9Y="></latexit>



Z
D� =

Z
d�(xµ1 )d�(x

µ
2 )d�(x

µ
3 )...

<latexit sha1_base64="kxm5CBvrV6dyZW38daGCF38aFMg="></latexit>

-10 -5 0 5 10
3

-1

-0.5

0

0.5

1
cos()3+))

•It’s big

•It’s a phase

Thimbles

hOi =

R
D� OeiS/~R
D� eiS/~

<latexit sha1_base64="ffFEUWJ6n/vvBvwXheUh5Lls/9Y="></latexit>



•It’s big: 
• use Monte Carlo sampling to evaluate the integrals



•It’s big: 
• use Monte Carlo sampling to evaluate the integrals

•It’s a phase:
• use Picard-Lefschetz (Cauchy’s theorem) to improve 
convergence

• Aarts, Alexandru, Basar, Bedaque, Christoforetti, , Feldbrugge, Fujii, Honda, Kato, Kikukawa, Komatsu, Lehners, Mukherjee, Di Renzo, 
Ridgeway, Sano, Scorzato, Seiler, Sexty, Turok, Warrington, Witten,…



• Mou, PMS, Tranberg, Woodward



• Mou, PMS, Tranberg, Woodward
• Mou, PMS, Tranberg



Summary
• How to simulate?

• Lattice gauge methods
• PDE methods



• How to simulate?
• Lattice gauge methods
• PDE methods

• Early Universe dynamics
• Inflation
• Preheating
• EW epoch/BSM physics

Summary



• How to simulate?
• Lattice gauge methods
• PDE methods

• Early Universe dynamics
• Inflation
• Preheating
• EW epoch/BSM physics

• classical/quantum
• Classical-statistical
• 2PI
• thimble

Summary








