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bound states. That is, we replace the hadronic state
space E by

E ⌦ B, (11)

where B is the space of bound states for the Wilson line.
Correspondingly there is a modified momentum operator,
with corresponding consequences for the sum rules for ↵s.

Let H be the set of kinds of normal hadrons, and B be
the set of bound states of the Wilson line. We propose
that the momentum operator should be modified from
the one given in Eq. (8) to
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H
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B
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The conflict about the initial state with quark quan-
tum numbers relies on the theory being QCD-like, with
color confinement. So we should expect similar issues to
arise in QED in low space-time dimensions (1+1, 2+1),
where the classical Coulomb potential rises linearly or
logarithmically with distance. In contrast, QED in 3 + 1
dimensions does not have electron confinement, so that
electrons do appear as possible final-state particles. Even
so, the definition of an electron ↵ in QED still needs a
Wilson line going out to infinity, for which bound states
can exist. So some version of the QCD issues does arise
there, probably only in a minor way. — Add reference(s)
to complications in defining particle states in QED. —

Once we have modified the momentum operator, we
get a corresponding modified form for the momentum
sum rule, compared with Eq. (9):

X
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0
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0
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The left-hand side is the same quantity as before, and
corresponds to the ↵s that can be inferred from scattering
data, with their purely hadronic final-state particles. The
second term on the right-hand side represents a deficit
with respect to the standard value. To the extent that the
parts of the final-state with a particle of quark quantum
numbers give a term that is a delta function at z = 0,
which is the natural expectation, the deficit term is zero,
because of the explicit factor of z in the integrand.

Observe that in a non-confining theory, the term with
final-state particles of quark quantum numbers is not re-
stricted to z = 0; indeed it can in part give a term pro-
portional to �(z � 1), as in perturbative calculations in
model QFTs. Then the set H should be defined to in-
clude such terms, and the set B is to be restricted to
bound states with the Wilson line.

The situation changes for the flavor sum rules, such
as were formulated in [1]. For the charge sum rule, our
modified derivation gives.
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(17)
A �(z) term for db/j(z) no longer gives zero, and we
can no longer expect the original formulation [1] of the
sum rule to be necessarily accurate. A closer and non-
perturbative analysis of the dynamics is needed to get a
prediction for the right-hand side; this we can do with
the aid of the string model, to a useful approximation.

For the total hadron number sum rule [3], we similarly
have
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where hNi is the average multiplicity of all final states
produced by the fragmenting quark, including those with
nonhadronic quantum numbers.4

In the Appendix, we illustrate how the the sum rules
apply in a renormalizable nongauge theory. The exam-
ples there indicate the importance of keeping terms with
final-state particles that have quark quantum numbers.

V. INTERPRETATION IN QCD

The nature of the final state in a quark ↵ in QCD
is illustrated by the strong-model account of hadroniza-
tion in e

+
e
�-annihilation. We present this as a quali-

tative perturbative schema and approximation in Fig. 1,
as in the paper by Casher, Kogut and Susskind [10]. At
center-of-mass energy Q, an electron and positron anni-
hilate over a short distance scale 1/Q to make an out-
going quark-antiquark pair. A color field between them,
that ends up as a flux tube, is created by gluon emis-
sion. Quark-antiquark pairs are generated in the flux

4 It is a slight abuse of language to refer to Eq. (19) as a “sum rule”
since the multiplicity associated with a single ↵ is not a known
measurable or conserved quantity. Moreover, its exact numerical
value depends on an arbitrary choice of renormalization scheme
or of a cut-o↵. We will continue to call it the “hadron number
sum rule,” however, to remain consistent with existing literature,
where identities like Eq. (19) guide interpretations.
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In terms of a
†
h,p,out and ah,p,out, the operators for com-

ponents of momentum are
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where the sum over h is over all species and spin states
of stable particle. We substitute this into the matrix
element hj, k1|P�|j, k2i, which equals k

�
1 hj, k1|j, k2i, and

then apply Eq. (6) to get an integral over z and pT of
the right-hand side of Eq. (1). This gives the momentum
sum rule

X

h

Z 1

0
dz z dh/j(z) = 1 , (9)

for each quark flavor j.
The remaining nontrivial step is to show that Eq. (9)

is preserved after renormalization. It is well known that
this works for standard renormalization schemes like MS,
so from here forward we will drop “(0)” subscripts in
equations like Eq. (9) and assume that renormalization
has been implemented.

IV. THE FINAL STATES

The above sum rule derivation relies, for its validity,
on the use of a complete set of basis states |X, outi whose
sum/integral obeys

X

X

|X, outihX, out| = b1 (10)

1 We emphasize the need to make clear conceptual and notational
distinctions between the (o↵-shell) light-front creation operators
and those for on-shell asymptotic final-state particles, and simi-
larly for the states they create. The issue is particularly acute in a
theory without quark confinement, where one finds a non-trivial
↵ for a quark to a quark, as we will illustrate calculationally in
the Appendix. Such a concept is paradoxical if the use of two
di↵erent types of quark state is not made explicit.

where b1 is the unit operator on the physical state space
E .2 The derivation also relies on the sum over h in
Eq. (3), etc, being over all kinds of possible stable single-
particle states, such that the momentum operators obey
Eq. (8).

Now all observed final-state particles in QCD have in-
teger baryon number and electric charge. But the initial
state b

†|0i in a quark ↵ has quark quantum numbers, no-
tably fractional electric charge, and so is orthogonal to
all purely hadronic final states. This appears to give zero
for the matrix elements in Eq. (3) and hence for the ↵s.

The paradox does not arise in a non-gauge theory:
There, we can apply a locally smeared quark field to
the vacuum to create a normal physical state with quark
quantum numbers. By general principles of QFT, there
must be final states of quark quantum numbers, and
hence at least one stable particle (bound or not) of the
appropriate quantum numbers, including electric charge.

But in a gauge theory, local quark fields are not gauge-
invariant physical operators. Applied to the vacuum,
they do not give an unambiguously physical state. In-
stead, the field used to define the ↵ of a quark is multi-
plied by a Wilson line, which goes out to infinity in an
appropriate light-like or almost light-like direction.3 A
Wilson line is e↵ectively a source of color charge, so a
Wilson line going out to infinity changes the nature of
the possible final-state particles. In a confining theory
like QCD, we must have, in addition to normal hadrons,
states that are bound to the Wilson line. For a quark ↵,
the Wilson line is in a color anti-triplet representation.
So we can have a meson-like state with a quark bound
to the Wilson line in a color-singlet configuration. Other
possibilities include an antibaryon-like state of two anti-
quarks bound to the Wilson line, again in a color-singlet
configuration. Since the Wilson line has a rapidity with
respect to the fragmenting quark that is infinite, or at
least large, we can expect the bound states to be at a
fractional momentum z that is zero, or close to zero.

We therefore extend the normal QCD state space E ,
with its Fock basis of out states, to include these extra

2 The non-vacuum part of the space is then stratified in a one-
particle inclusive form as in Eq. (3), with h being summed over
all possible kinds of single-particle state, including a spin sum.

3 Note that when one treats transverse-momentum dependent ↵s
there are some complications associated with the details of the
Wilson line — see [9] and references therein. — Add some refer-
ences here! — These complications do not a↵ect the basic ideas
being explained here.
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Fragmentation functions

• Definition: start from 

• In QCD: Include Wilson lines and color trace.

Sum rules:
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a system of n hadrons in the final state with n not necessarily equal to 1,
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Translated into Feynman rules, this TMD fragmentation function is
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The collinear version is obtained by integrating over the parton frame transverse momentum phpT,
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3

77775
. (84)

This recovers the factor in parentheses on the second line of Eq. (69). Thus, the operator definition matches Eq. (72).
In Eq. (84), we have inserted a µ2 on the integral as a reminder of the need to regulate the ultraviolet divergent
transverse momentum integral at a scale µ2.

Up to a careful treatment of renormalization, the definition in Eq. (80) gives the standard fragmentation function
definition that appears in the factorization in Eq. (69) and Eq. (71). When n = 1, The overall 2⇠(2⇡)3 on the left
side of Eq. (79) ensures that the d (⇠,phpT, {ph}) has the interpretation of a naive number density with respect to
d⇠ d2phpT of hadrons associated with the fragmenting quark.

For n > 1, it will be convenient later to change variables to write

dN

dY
=

✓
2p+

h (2⇡)3
d

dp+
h d2phT

◆ ✓
d

dY 0

◆

H

N (85)

where dY 0 is the phase space of the relative momenta of hadrons making up the n-hadron system. By expressing it
in hadron frame components, we eliminates its explicit dependence on ph. Then the set of factors and derivatives in
the first set of parentheses is just the usual Lorentz invariant phase space for the total momentum of the n-hadron.

The integral,
Z

V
dY 0 d

�
⇠, d2phpT , {ph}

�
(86)

is a naive number density, again with respect to d⇠ d2phpT , of n-hadron systems whose relative momenta lie within
the integration volume V .

A potential point of confusion with this notation is that it may appear that an integral over phpT corresponds
to an integral over the physical external momentum in the full cross section. However, this is not the case because
the parton frame changes as the parton momentum changes. Thus, the cross section remains di↵erential in the
physically observed momentum d3phT after integrals over phpT. Integrals over phpT are actually over the internal
parton momentum, so it is perhaps easier conceptually to think of it as an integral over ⇠kHT.

Note that the factor of ⇠ on the left side of Eq. (79) is necessary for the definition to match the factorization in
Eq. (69).

2

II. THE DEFINITION

The standard definition of a “bare” quark ↵
d(0),h/j(z,pT) is (e.g., Eq. (12.35) of [9]):

d(0),h/j(z,pT) hj, k1|j, k2i

⌘
P

X
hj, k1|h, X, outihh, X, out|j, k2i

2z(2⇡)3�2✏
. (1)

d(0),h/j(z,pT) ⇠
X

X

hquark|h, X, outihh, X, out|quark0i (2)

hquark|quark0i =
X

X

hquark|X, outihX, out|quark0i = 0 (3)

hquark|hadroni = 0 (4)

Here, |j, k1i and |j, k2i are initial quark states with flavor
j, which are obtained by applying a light-front creation
operator to the vacuum. We define light-front variables
by k

± = (k0 ±k
z)/

p
2, and a two dimensional transverse

momentum. The initial quark states have given values of
k

�
1 and k

�
2 , and transverse momenta (with the transverse

momenta taken to zero later). The variable z is the frac-
tional minus component of the quark momentum carried
by the observed final state hadron h, p

� = zk
�, and pT is

its transverse momentum. The out-states are |h, X, outi
with h labeling the measured particle species and the
sum/integral over X representing a complete sum over
all other contributions to the final state. Because states
of definite momentum are non-normalizable, we work in-

directly to get a number density, which entails the factor
hj, k1|j, k2i on the left of Eq. (1).

We start by considering nongauge theories, so we have
omitted from Eq. (1) the color factor in the correspond-
ing equation for QCD given in [9]. We require that the
theory be renormalizable and, to show the contrast with
QCD, we require it to contain elementary Dirac fields
that we call quarks, with at least one flavor. The defini-
tion is stated in 4� 2✏ dimensions to anticipate the exis-
tence of ultraviolet divergences that need to be regulated
and renormalized. Equation (1) actually defines a bare
transverse-momentum-dependent ↵. The bare collinear
↵ is obtained by integrating over all pT. It can be re-
expressed in the more familiar form,

d(0),h/j(z) ⌘
Z

d2�2✏pT d(0),h/j(z,pT)

=
TrD
4

X

X

z
1�2✏

Z
dx

+

2⇡
e
ik

�
x
+

�
�h0| (0)

j
(x/2) |h, X, outihh, X, out| (0)

j
(�x/2) |0i (5)

with the fields separated in the +-direction. Some of the
manipulations needed to give Eq. (5) are just to deal with
the fact that partonic states with definite k

� and kT are
not normalizable, so the definition of probability den-
sities in terms of quantum mechanical states is obtained
indirectly. In addition, there is a Lorentz transformation,
to take the transverse momentum of the hadron to zero
while preserving the minus-components of momenta.

Finally, we define |j, ki = b
†
k,j

|0i, where b
†
k,j

is a light-

front creation operator. It is obtained from an expansion
of the Fourier transform of the good components of the
quark field on a light-front, and obeys anticommutation
relations

n
bk,↵, b

†
l,↵0

o
= (2⇡)32k

�
�
�
k

� � l
��
�
(2) (kT � lT) .

(6)
In terms of the quark field of a specific flavor, the bk↵

hk|k0i
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Insert number density operator 



3

Wµ⌫
DY =

X

f

|Hf (Q;µ/Q)|µ⌫

⇥
Z

d2k1T d2k2T Ff/P1
(x1,k1T ;µ; ⇣1) Ff/P2

(x2,k2T ;µ; ⇣2) �
(2)(k1T + k2T � qT )

+ Y (qT , Q)

+O
✓✓

⇤

Q

◆a◆

F̃f/P1
(x1,bT ;µ, ⇣1) =

Z
d2kT e�ikT ·bT Ff/P1

(x1,kT ;µ, ⇣F )

K̃(bT ;µ) =

Z
d2kT e�ikT ·bT K(kT ;µ)

@

@ ln
p
⇣F

Ff/P1
(x1,kT ;µ, ⇣F ) =

Z
d2qT K(qT ;µ)Ff/P1

(x1,kT � qT ;µ, ⇣F )

d

d lnµ
K(kT ;µ) = ��K(g(µ)) �(kT )

d

d lnµ
Ff/P1

(x1,kT ;µ, ⇣F ) = �F (g(µ); ⇣F /µ
2)Ff/P1

(x1,kT ;µ, ⇣F )

k⇤(kT ) ⌘ k̂T

q
k2min + k2T

µ⇤(kT ) ⌘ C1k⇤

↵s(µ⇤(kT ))
kT!0
= ↵s(C1kmin)

b⇤(bT) ⌘
bTp

1 + b2T /b
2
max

µ⇤(bT ) = C1/b⇤

↵s(µ⇤(bT ))
bT!1
= ↵s(C1/bmax)

d�

dqT · · ·

P1 P2

k1 ⌘ k k2 ⌘ q � k

q + k (34)
k
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3

Cross sections
3

Our purpose over the next few sections is to retrace the steps for arriving at the collinear factorization formula,

d3ph

2Eh(2⇡)3
=

X Z 1

z

d⇠

⇠2

✓
2Ek̂(2⇡)3

d�̂

d3k̂

◆
d(⇠; µ) + O

✓
⇤2

zQ2

◆
, (5)

starting from the unfactorized cross section, with

dY =
d3ph1

2Eph1
(2⇡)3

d3ph2

2Eph2
(2⇡)3

⇥ · · · ⇥ d3phn

2Ephn
(2⇡)3

. (6)

This is Eq.(12.13) of Ref. [19] generalized to the case of an n-hadron. Here, k̂ is the 3-momentum of a fragmenting
parton and ⇠ is the light-cone momentum fraction

⇠ = p+
h /k+

in a hadron frame (see below for a review of frames) and

z = 2ph · q/q2

. 2Ek̂(2⇡)3 d�̂
d3k̂

is the semi-inclusive cross section at the partonic level for producing a parton with momentum k̂, and
d(⇠, {ph}) is a fragmentation function for a system of n hadrons (an n-hadron) carrying a fraction ⇠ of the partons
momentum. The {ph} symbolizes dependence on all of the n hadron momenta,

{ph} ⌘ {ph1 , ph2 , . . . , phn
} . (7)

The “power suppressed” terms in Eq. (5) vanish like powers of ⇤2/Q2 as Q ! 1, where ⇤ is a generic small mass
like ⇤QCD or a small hadron mass. The |SIAregion on the left side of Eq. (5) will be kept as a reminder that the
expansion only applies only in a specific kinematical region for the observed final state hadrons, namely fixed nonzero
momentum fractions and fixed M2

h as Q ! 1.
In the special case of a single observed hadron (n = 1),

dY ! d3ph

2Ep(2⇡)3
, and d(⇠, {ph}) ! d(⇠) , (8)

with d(⇠) being the definition of a single hadron fragmentation function.
General derivations of Eq. (5) in QCD are well-established (see chapter 12 of [19] and references therein) for the

single hadron case, and most steps carry over without modification to the case of an observed n-hadron. The task of
this paper amounts only to examining whether any modifications might be necessary to account for the kinematics of
an n-particle phase space. Therefore, we will use the following simplifying assumptions to streamline the discussion:

1. For the purposes of this paper, it will be enough to work with non-gauge theories and to consider a theory of
quarks that carry only one color and one flavor. We will take all quarks to have unit fractional charge eq = 1.

2. We will consider only the leading regions that contribute to the semi-inclusive cross section at zeroth order in
the hard part. That is, a massless, on-shell quark-antiquark pair is produced with a single parton fragmenting
into an n-hadron. (See Fig. 1 below.)

3. We will assume that there is only one flavor, h, of hadron in the final state, whose mass is m.

4. All expressions will be given in exactly four dimensions rather than with dimensional regularization made
explicit.

5. When we encounter ultraviolet divergent transverse momentum integrals, we will assume that regulators have
been applied, but we will not indicate it explicitly in the notation. We will suppress explicit dependence on
auxiliary variables like the renormalization group scale µ except in places where it is necessary for the discussion.

These are reflected in our expression of Eq. (5), e.g., in the lacks of sums over parton flavor. Once the main issues
related to kinematical approximations have been clarified, the extension to full QCD will be obvious, based on existing
derivations.
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where we have also multiplied and divided by k̂+
H k̂�

2 to put the overall factor in a more recognizable form. The
separation into factors in Eq. (67) is shown diagrammatically in Fig. 2.

Up to the standard issues related to renormalization, the last factor in parenthesis is 1. By very general arguments,
the complete sum and integral over final states in J2(k̃2) is insensitive to infrared contributions, so here we may
demonstrate by calculating its lowest order massless perturbative approximation. The spin-summed lowest order
subgraph is J2(k̃2) = /̃k2(2⇡)�+(k̃2

2) so

Z
dk̃⇤+

2

2⇡
Tr


��

2
J2(k̃2)

�
!

Z
dk̃⇤+

2 Tr


��

2
/̃k2

�
�+(k̃2

2) = 1 . (68)

So,

Wµ⌫
SI =

Z 1

zn

d⇠
1

2Q2
�(1 � zn/⇠)Tr

h
/̂k�µ/̂k2�

⌫
i ✓Z

dk�
H d2kHT

2⇠(2⇡)4
Tr


�+

2
J1(k̃, {ph})

�◆
+ power suppressed

=

Z 1

zn

d⇠

⇠2

1

2Q2
�(1 � zn/⇠)Tr

h
/̂k�µ/̂k2�

⌫
i ✓

⇠2

Z
dk�

H d2kHT

2⇠(2⇡)4
Tr


�+

2
J1(k̃, {ph})

�◆
+ power suppressed . (69)

Here, we have also replaced zn in the expression for k̃ by a generic momentum fraction ⇠, which we then set to ⇠ = zn

by inserting a �-function.

3

Wµ⌫
DY =

X

f

|Hf (Q; µ/Q)|µ⌫

⇥
Z

d2
k1T d2

k2T Ff/P1
(x1,k1T ; µ; ⇣1) Ff/P2

(x2,k2T ; µ; ⇣2) �(2)(k1T + k2T � qT )

+ Y (qT , Q)

+ O
✓✓

⇤

Q

◆a◆

F̃f/P1
(x1,bT ; µ, ⇣1) =

Z
d2

kT e�ikT ·bT Ff/P1
(x1,kT ; µ, ⇣F )

K̃(bT ; µ) =

Z
d2

kT e�ikT ·bT K(kT ; µ)

�

� ln
p

⇣F
Ff/P1

(x1,kT ; µ, ⇣F ) =

Z
d2

qT K(qT ; µ) Ff/P1
(x1,kT � qT ; µ, ⇣F )

d

d ln µ
K(kT ; µ) = ��K(g(µ)) �(kT )

d

d ln µ
Ff/P1

(x1,kT ; µ, ⇣F ) = �F (g(µ); ⇣F /µ2) Ff/P1
(x1,kT ; µ, ⇣F )

k⇤(kT ) ⌘ k̂T

�
k2

min + k2
T

µ⇤(kT ) ⌘ C1k⇤

↵s(µ⇤(kT ))
kT �0

= ↵s(C1kmin)

b⇤(bT) ⌘ bT�
1 + b2

T /b2
max

µ⇤(bT ) = C1/b⇤

↵s(µ⇤(bT ))
bT ��

= ↵s(C1/bmax)

d�

dqT · · ·

P1 P2

k1 ⌘ k k2 ⌘ q � k

q + k (34)
k̂

<latexit sha1_base64="i+bNNvTaz/AtbvwJ3+vdB+BzUIQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120y7ZbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3A2q4FIq3UKDk3VRzGgeSd4LobuZ3nrg2IlGPOEm5H9OREqFgFK3U6Y8p5tF0UKm6NXcOskq8glShQHNQ+eoPE5bFXCGT1Jie56bo51SjYJJPy/3M8JSyiI54z1JFY278fH7ulJxbZUjCRNtSSObq74mcxsZM4sB2xhTHZtmbif95vQzDGz8XKs2QK7ZYFGaSYEJmv5Oh0JyhnFhCmRb2VsLGVFOGNqGyDcFbfnmVtOs177JWf7iqNm6LOEpwCmdwAR5cQwPuoQktYBDBM7zCm5M6L86787FoXXOKmRP4A+fzB53Jj8A=</latexit>

k̂2<latexit sha1_base64="jAWAR+l2CEdlJvT6R93FVWKKOI4=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ie0oWy2m3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUkS8iQIl7ySaUxVI3g7GtzO//cS1EXH0gJOE+4oOIxEKRtFKj70RxWw87df65Ypbdecgq8TLSQVyNPrlr94gZqniETJJjel6boJ+RjUKJvm01EsNTygb0yHvWhpRxY2fzQ+ekjOrDEgYa1sRkrn6eyKjypiJCmynojgyy95M/M/rphhe+5mIkhR5xBaLwlQSjMnsezIQmjOUE0so08LeStiIasrQZlSyIXjLL6+SVq3qXVRr95eV+k0eRxFO4BTOwYMrqMMdNKAJDBQ8wyu8Odp5cd6dj0VrwclnjuEPnM8fydWQZQ==</latexit>

FIG. 3: Zeroth order contribution to cWSI(ẑ)
µ⌫

.

To identify the final factorized structure, it is necessary to calculate the zeroth order contribution to the partonic
cWµ⌫

SI (ẑ) from Eq. (21) and shown graphically in Fig. 3. It is,

cWSI(ẑ)µ⌫ =
1

4⇡

Z
d4k̂2

(2⇡)4
Tr

h
/̂k�µ/̂k2�

⌫
i
(2⇡)4�(4)(q � k̂ � k̂2)(2⇡)�+(k̂2

2)

=
1

2Q2
Tr

h
/̂k�µ/̂k2�

⌫
i
�(1 � zn/⇠) . (70)

Then Eq. (69) becomes

Wµ⌫
SI |SIA region =

Z 1

zn

d⇠

⇠2
cWSI(zn/⇠)µ⌫ d(⇠, {ph}) + power suppressed , (71)

if we are able (see Sec. V below) to make the identification

d(⇠, {ph}) = ⇠2

Z
dk�

H d2kHT

2⇠(2⇡)4
Tr


�+

2
J1(k̃, {ph})

�
. (72)

From Eqs. (38)–(40),

F1 =
1

z
d(⇠, {ph}) . (73)

F2 = � 2

z2
d(⇠, {ph}) . (74)

+ · · ·
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bound states. That is, we replace the hadronic state
space E by

E ⌦ B, (11)

where B is the space of bound states for the Wilson line.
Correspondingly there is a modified momentum operator,
with corresponding consequences for the sum rules for ↵s.

Let H be the set of kinds of normal hadrons, and B be
the set of bound states of the Wilson line. We propose
that the momentum operator should be modified from
the one given in Eq. (8) to

Pµ = Pµ

H
+ Pµ

B
, (12)

where

Pµ

H
⌘

X

h2H

Z 1

0

dp
�

2p�

Z
d2�2✏pT

(2⇡)3�2✏
a

†
h,p,outp

µ
ah,p,out , (13)

Pµ

B
⌘

X

b2B

Z 1

0

dp
�

2p�

Z
d2�2✏pT

(2⇡)3�2✏
a

†
b,p,outp

µ
ab,p,out . (14)

The conflict about the initial state with quark quan-
tum numbers relies on the theory being QCD-like, with
color confinement. So we should expect similar issues to
arise in QED in low space-time dimensions (1+1, 2+1),
where the classical Coulomb potential rises linearly or
logarithmically with distance. In contrast, QED in 3 + 1
dimensions does not have electron confinement, so that
electrons do appear as possible final-state particles. Even
so, the definition of an electron ↵ in QED still needs a
Wilson line going out to infinity, for which bound states
can exist. So some version of the QCD issues does arise
there, probably only in a minor way. — Add reference(s)
to complications in defining particle states in QED. —

Once we have modified the momentum operator, we
get a corresponding modified form for the momentum
sum rule, compared with Eq. (9):

X

h2H

Z 1

0
dz z dh/j(z) = 1 �

X

b2B

Z 1

0
dz z db/j(z) . (15)

The left-hand side is the same quantity as before, and
corresponds to the ↵s that can be inferred from scattering
data, with their purely hadronic final-state particles. The
second term on the right-hand side represents a deficit
with respect to the standard value. To the extent that the
parts of the final-state with a particle of quark quantum
numbers give a term that is a delta function at z = 0,
which is the natural expectation, the deficit term is zero,
because of the explicit factor of z in the integrand.

Observe that in a non-confining theory, the term with
final-state particles of quark quantum numbers is not re-
stricted to z = 0; indeed it can in part give a term pro-
portional to �(z � 1), as in perturbative calculations in
model QFTs. Then the set H should be defined to in-
clude such terms, and the set B is to be restricted to
bound states with the Wilson line.

The situation changes for the flavor sum rules, such
as were formulated in [1]. For the charge sum rule, our
modified derivation gives.

X

h

Qh

Z 1

0
dz dh/j(z) = Qj (16)

X

h2H

Qh

Z 1

0
dz dh/j(z) = Qj �

X

b2B

Qb

Z 1

0
dz db/j(z) .

(17)
A �(z) term for db/j(z) no longer gives zero, and we
can no longer expect the original formulation [1] of the
sum rule to be necessarily accurate. A closer and non-
perturbative analysis of the dynamics is needed to get a
prediction for the right-hand side; this we can do with
the aid of the string model, to a useful approximation.

For the total hadron number sum rule [3], we similarly
have

X

h

Z 1

0
dz dh/j(z) = hNi (18)

X

h2H

Z 1

0
dz dh/j(z) = hNi �

X

b2B

Z 1

0
dz db/j(z) , (19)

where hNi is the average multiplicity of all final states
produced by the fragmenting quark, including those with
nonhadronic quantum numbers.4

In the Appendix, we illustrate how the the sum rules
apply in a renormalizable nongauge theory. The exam-
ples there indicate the importance of keeping terms with
final-state particles that have quark quantum numbers.

V. INTERPRETATION IN QCD

The nature of the final state in a quark ↵ in QCD
is illustrated by the strong-model account of hadroniza-
tion in e

+
e
�-annihilation. We present this as a quali-

tative perturbative schema and approximation in Fig. 1,
as in the paper by Casher, Kogut and Susskind [10]. At
center-of-mass energy Q, an electron and positron anni-
hilate over a short distance scale 1/Q to make an out-
going quark-antiquark pair. A color field between them,
that ends up as a flux tube, is created by gluon emis-
sion. Quark-antiquark pairs are generated in the flux

4 It is a slight abuse of language to refer to Eq. (19) as a “sum rule”
since the multiplicity associated with a single ↵ is not a known
measurable or conserved quantity. Moreover, its exact numerical
value depends on an arbitrary choice of renormalization scheme
or of a cut-o↵. We will continue to call it the “hadron number
sum rule,” however, to remain consistent with existing literature,
where identities like Eq. (19) guide interpretations.
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X

X

|h, X, outihh, X, out| ⌘
X

X

a
†
h,p,out|X, outihX, out|ah,p,out

= a
†
h,p,outah,p,out , (6)

so that, for example, Eq. (3) is equivalent to

d(0),h/j(z) =
TrD
4

z
1�2✏

Z
dx

+

2⇡
e
ik

�
x
+

�
�⇥

⇥ h0| (0)
j

(x/2) a
†
h,p,outah,p,out 

(0)
j

(�x/2) |0i. (7)

In terms of a
†
h,p,out and ah,p,out, the operators for com-

ponents of momentum are

Pµ =
X

h

Z 1

0

dp
�

2p�

Z
d2�2✏pT

(2⇡)3�2✏
a

†
h,p,outp

µ
ah,p,out , (8)

where the sum over h is over all species and spin states
of stable particle. We substitute this into the matrix
element hj, k1|P�|j, k2i, which equals k

�
1 hj, k1|j, k2i, and

then apply Eq. (6) to get an integral over z and pT of
the right-hand side of Eq. (1). This gives the momentum
sum rule

X

h

Z 1

0
dz z dh/j(z) = 1 , (9)

for each quark flavor j.
The remaining nontrivial step is to show that Eq. (9)

is preserved after renormalization. It is well known that
this works for standard renormalization schemes like MS,
so from here forward we will drop “(0)” subscripts in
equations like Eq. (9) and assume that renormalization
has been implemented.

IV. THE FINAL STATES

The above sum rule derivation relies, for its validity,
on the use of a complete set of basis states |X, outi whose
sum/integral obeys

X

X

|X, outihX, out| = b1 (10)

1 We emphasize the need to make clear conceptual and notational
distinctions between the (o↵-shell) light-front creation operators
and those for on-shell asymptotic final-state particles, and simi-
larly for the states they create. The issue is particularly acute in a
theory without quark confinement, where one finds a non-trivial
↵ for a quark to a quark, as we will illustrate calculationally in
the Appendix. Such a concept is paradoxical if the use of two
di↵erent types of quark state is not made explicit.

where b1 is the unit operator on the physical state space
E .2 The derivation also relies on the sum over h in
Eq. (3), etc, being over all kinds of possible stable single-
particle states, such that the momentum operators obey
Eq. (8).

Now all observed final-state particles in QCD have in-
teger baryon number and electric charge. But the initial
state b

†|0i in a quark ↵ has quark quantum numbers, no-
tably fractional electric charge, and so is orthogonal to
all purely hadronic final states. This appears to give zero
for the matrix elements in Eq. (3) and hence for the ↵s.

The paradox does not arise in a non-gauge theory:
There, we can apply a locally smeared quark field to
the vacuum to create a normal physical state with quark
quantum numbers. By general principles of QFT, there
must be final states of quark quantum numbers, and
hence at least one stable particle (bound or not) of the
appropriate quantum numbers, including electric charge.

But in a gauge theory, local quark fields are not gauge-
invariant physical operators. Applied to the vacuum,
they do not give an unambiguously physical state. In-
stead, the field used to define the ↵ of a quark is multi-
plied by a Wilson line, which goes out to infinity in an
appropriate light-like or almost light-like direction.3 A
Wilson line is e↵ectively a source of color charge, so a
Wilson line going out to infinity changes the nature of
the possible final-state particles. In a confining theory
like QCD, we must have, in addition to normal hadrons,
states that are bound to the Wilson line. For a quark ↵,
the Wilson line is in a color anti-triplet representation.
So we can have a meson-like state with a quark bound
to the Wilson line in a color-singlet configuration. Other
possibilities include an antibaryon-like state of two anti-
quarks bound to the Wilson line, again in a color-singlet
configuration. Since the Wilson line has a rapidity with
respect to the fragmenting quark that is infinite, or at
least large, we can expect the bound states to be at a
fractional momentum z that is zero, or close to zero.

We therefore extend the normal QCD state space E ,
with its Fock basis of out states, to include these extra

2 The non-vacuum part of the space is then stratified in a one-
particle inclusive form as in Eq. (3), with h being summed over
all possible kinds of single-particle state, including a spin sum.

3 Note that when one treats transverse-momentum dependent ↵s
there are some complications associated with the details of the
Wilson line — see [9] and references therein. — Add some refer-
ences here! — These complications do not a↵ect the basic ideas
being explained here.
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II. THE DEFINITION

The standard definition of a “bare” quark ↵
d(0),h/j(z,pT) is (e.g., Eq. (12.35) of [9]):

d(0),h/j(z,pT) hj, k1|j, k2i

⌘
P

X
hj, k1|h, X, outihh, X, out|j, k2i

2z(2⇡)3�2✏
. (1)

d(0),h/j(z,pT) ⇠
X

X

hquark|h, X, outihh, X, out|quark0i (2)

hquark|quark0i =
X

X

hquark|X, outihX, out|quark0i = 0 (3)

hquark|hadroni = 0 (4)

Here, |j, k1i and |j, k2i are initial quark states with flavor
j, which are obtained by applying a light-front creation
operator to the vacuum. We define light-front variables
by k

± = (k0 ±k
z)/

p
2, and a two dimensional transverse

momentum. The initial quark states have given values of
k

�
1 and k

�
2 , and transverse momenta (with the transverse

momenta taken to zero later). The variable z is the frac-
tional minus component of the quark momentum carried
by the observed final state hadron h, p

� = zk
�, and pT is

its transverse momentum. The out-states are |h, X, outi
with h labeling the measured particle species and the
sum/integral over X representing a complete sum over
all other contributions to the final state. Because states
of definite momentum are non-normalizable, we work in-

directly to get a number density, which entails the factor
hj, k1|j, k2i on the left of Eq. (1).

We start by considering nongauge theories, so we have
omitted from Eq. (1) the color factor in the correspond-
ing equation for QCD given in [9]. We require that the
theory be renormalizable and, to show the contrast with
QCD, we require it to contain elementary Dirac fields
that we call quarks, with at least one flavor. The defini-
tion is stated in 4� 2✏ dimensions to anticipate the exis-
tence of ultraviolet divergences that need to be regulated
and renormalized. Equation (1) actually defines a bare
transverse-momentum-dependent ↵. The bare collinear
↵ is obtained by integrating over all pT. It can be re-
expressed in the more familiar form,
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with the fields separated in the +-direction. Some of the
manipulations needed to give Eq. (5) are just to deal with
the fact that partonic states with definite k

� and kT are
not normalizable, so the definition of probability den-
sities in terms of quantum mechanical states is obtained
indirectly. In addition, there is a Lorentz transformation,
to take the transverse momentum of the hadron to zero
while preserving the minus-components of momenta.

Finally, we define |j, ki = b
†
k,j

|0i, where b
†
k,j

is a light-

front creation operator. It is obtained from an expansion
of the Fourier transform of the good components of the
quark field on a light-front, and obeys anticommutation
relations
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In terms of the quark field of a specific flavor, the bk↵
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bound states. That is, we replace the hadronic state
space E by

E ⌦ B, (11)

where B is the space of bound states for the Wilson line.
Correspondingly there is a modified momentum operator,
with corresponding consequences for the sum rules for ↵s.

Let H be the set of kinds of normal hadrons, and B be
the set of bound states of the Wilson line. We propose
that the momentum operator should be modified from
the one given in Eq. (8) to

Pµ = Pµ

H
+ Pµ

B
, (12)

where

Pµ

H
⌘

X

h2H

Z 1

0

dp
�

2p�

Z
d2�2✏pT

(2⇡)3�2✏
a

†
h,p,outp

µ
ah,p,out , (13)

Pµ
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b2B

Z 1
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dp
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2p�

Z
d2�2✏pT

(2⇡)3�2✏
a

†
b,p,outp

µ
ab,p,out . (14)

The conflict about the initial state with quark quan-
tum numbers relies on the theory being QCD-like, with
color confinement. So we should expect similar issues to
arise in QED in low space-time dimensions (1+1, 2+1),
where the classical Coulomb potential rises linearly or
logarithmically with distance. In contrast, QED in 3 + 1
dimensions does not have electron confinement, so that
electrons do appear as possible final-state particles. Even
so, the definition of an electron ↵ in QED still needs a
Wilson line going out to infinity, for which bound states
can exist. So some version of the QCD issues does arise
there, probably only in a minor way. — Add reference(s)
to complications in defining particle states in QED. —

Once we have modified the momentum operator, we
get a corresponding modified form for the momentum
sum rule, compared with Eq. (9):

X

h2H

Z 1

0
dz z dh/j(z) = 1 �

X

b2B

Z 1

0
dz z db/j(z) . (15)

The left-hand side is the same quantity as before, and
corresponds to the ↵s that can be inferred from scattering
data, with their purely hadronic final-state particles. The
second term on the right-hand side represents a deficit
with respect to the standard value. To the extent that the
parts of the final-state with a particle of quark quantum
numbers give a term that is a delta function at z = 0,
which is the natural expectation, the deficit term is zero,
because of the explicit factor of z in the integrand.

Observe that in a non-confining theory, the term with
final-state particles of quark quantum numbers is not re-
stricted to z = 0; indeed it can in part give a term pro-
portional to �(z � 1), as in perturbative calculations in
model QFTs. Then the set H should be defined to in-
clude such terms, and the set B is to be restricted to
bound states with the Wilson line.

The situation changes for the flavor sum rules, such
as were formulated in [1]. For the charge sum rule, our
modified derivation gives.

X

h

Qh

Z 1

0
dz dh/j(z) = Qj (16)
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Qh

Z 1

0
dz dh/j(z) = Qj �

X

b2B

Qb

Z 1

0
dz db/j(z) .

(17)
A �(z) term for db/j(z) no longer gives zero, and we
can no longer expect the original formulation [1] of the
sum rule to be necessarily accurate. A closer and non-
perturbative analysis of the dynamics is needed to get a
prediction for the right-hand side; this we can do with
the aid of the string model, to a useful approximation.

For the total hadron number sum rule [3], we similarly
have

X

h

Z 1

0
dz dh/j(z) = hNi (18)

X

h2H

Z 1

0
dz dh/j(z) = hNi �

X

b2B

Z 1

0
dz db/j(z) , (19)

where hNi is the average multiplicity of all final states
produced by the fragmenting quark, including those with
nonhadronic quantum numbers.4

In the Appendix, we illustrate how the the sum rules
apply in a renormalizable nongauge theory. The exam-
ples there indicate the importance of keeping terms with
final-state particles that have quark quantum numbers.

V. INTERPRETATION IN QCD

The nature of the final state in a quark ↵ in QCD
is illustrated by the strong-model account of hadroniza-
tion in e

+
e
�-annihilation. We present this as a quali-

tative perturbative schema and approximation in Fig. 1,
as in the paper by Casher, Kogut and Susskind [10]. At
center-of-mass energy Q, an electron and positron anni-
hilate over a short distance scale 1/Q to make an out-
going quark-antiquark pair. A color field between them,
that ends up as a flux tube, is created by gluon emis-
sion. Quark-antiquark pairs are generated in the flux

4 It is a slight abuse of language to refer to Eq. (19) as a “sum rule”
since the multiplicity associated with a single ↵ is not a known
measurable or conserved quantity. Moreover, its exact numerical
value depends on an arbitrary choice of renormalization scheme
or of a cut-o↵. We will continue to call it the “hadron number
sum rule,” however, to remain consistent with existing literature,
where identities like Eq. (19) guide interpretations.
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X

X

|h, X, outihh, X, out| ⌘
X

X

a
†
h,p,out|X, outihX, out|ah,p,out

= a
†
h,p,outah,p,out , (6)

so that, for example, Eq. (3) is equivalent to

d(0),h/j(z) =
TrD
4

z
1�2✏

Z
dx

+

2⇡
e
ik

�
x
+

�
�⇥

⇥ h0| (0)
j

(x/2) a
†
h,p,outah,p,out 

(0)
j

(�x/2) |0i. (7)

In terms of a
†
h,p,out and ah,p,out, the operators for com-

ponents of momentum are

Pµ =
X

h

Z 1

0

dp
�

2p�

Z
d2�2✏pT

(2⇡)3�2✏
a

†
h,p,outp

µ
ah,p,out , (8)

where the sum over h is over all species and spin states
of stable particle. We substitute this into the matrix
element hj, k1|P�|j, k2i, which equals k

�
1 hj, k1|j, k2i, and

then apply Eq. (6) to get an integral over z and pT of
the right-hand side of Eq. (1). This gives the momentum
sum rule

X

h

Z 1

0
dz z dh/j(z) = 1 , (9)

for each quark flavor j.
The remaining nontrivial step is to show that Eq. (9)

is preserved after renormalization. It is well known that
this works for standard renormalization schemes like MS,
so from here forward we will drop “(0)” subscripts in
equations like Eq. (9) and assume that renormalization
has been implemented.

IV. THE FINAL STATES

The above sum rule derivation relies, for its validity,
on the use of a complete set of basis states |X, outi whose
sum/integral obeys

X

X

|X, outihX, out| = b1 (10)

1 We emphasize the need to make clear conceptual and notational
distinctions between the (o↵-shell) light-front creation operators
and those for on-shell asymptotic final-state particles, and simi-
larly for the states they create. The issue is particularly acute in a
theory without quark confinement, where one finds a non-trivial
↵ for a quark to a quark, as we will illustrate calculationally in
the Appendix. Such a concept is paradoxical if the use of two
di↵erent types of quark state is not made explicit.

where b1 is the unit operator on the physical state space
E .2 The derivation also relies on the sum over h in
Eq. (3), etc, being over all kinds of possible stable single-
particle states, such that the momentum operators obey
Eq. (8).

Now all observed final-state particles in QCD have in-
teger baryon number and electric charge. But the initial
state b

†|0i in a quark ↵ has quark quantum numbers, no-
tably fractional electric charge, and so is orthogonal to
all purely hadronic final states. This appears to give zero
for the matrix elements in Eq. (3) and hence for the ↵s.

The paradox does not arise in a non-gauge theory:
There, we can apply a locally smeared quark field to
the vacuum to create a normal physical state with quark
quantum numbers. By general principles of QFT, there
must be final states of quark quantum numbers, and
hence at least one stable particle (bound or not) of the
appropriate quantum numbers, including electric charge.

But in a gauge theory, local quark fields are not gauge-
invariant physical operators. Applied to the vacuum,
they do not give an unambiguously physical state. In-
stead, the field used to define the ↵ of a quark is multi-
plied by a Wilson line, which goes out to infinity in an
appropriate light-like or almost light-like direction.3 A
Wilson line is e↵ectively a source of color charge, so a
Wilson line going out to infinity changes the nature of
the possible final-state particles. In a confining theory
like QCD, we must have, in addition to normal hadrons,
states that are bound to the Wilson line. For a quark ↵,
the Wilson line is in a color anti-triplet representation.
So we can have a meson-like state with a quark bound
to the Wilson line in a color-singlet configuration. Other
possibilities include an antibaryon-like state of two anti-
quarks bound to the Wilson line, again in a color-singlet
configuration. Since the Wilson line has a rapidity with
respect to the fragmenting quark that is infinite, or at
least large, we can expect the bound states to be at a
fractional momentum z that is zero, or close to zero.

We therefore extend the normal QCD state space E ,
with its Fock basis of out states, to include these extra

2 The non-vacuum part of the space is then stratified in a one-
particle inclusive form as in Eq. (3), with h being summed over
all possible kinds of single-particle state, including a spin sum.

3 Note that when one treats transverse-momentum dependent ↵s
there are some complications associated with the details of the
Wilson line — see [9] and references therein. — Add some refer-
ences here! — These complications do not a↵ect the basic ideas
being explained here.
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II. THE DEFINITION

The standard definition of a “bare” quark ↵
d(0),h/j(z,pT) is (e.g., Eq. (12.35) of [9]):

d(0),h/j(z,pT) hj, k1|j, k2i

⌘
P

X
hj, k1|h, X, outihh, X, out|j, k2i

2z(2⇡)3�2✏
. (1)

d(0),h/j(z,pT) ⇠
X

X

hquark|h, X, outihh, X, out|quark0i (2)

hquark|quark0i =
X

X

hquark|X, outihX, out|quark0i = 0 (3)

hquark|hadroni = 0 (4)

Here, |j, k1i and |j, k2i are initial quark states with flavor
j, which are obtained by applying a light-front creation
operator to the vacuum. We define light-front variables
by k

± = (k0 ±k
z)/

p
2, and a two dimensional transverse

momentum. The initial quark states have given values of
k

�
1 and k

�
2 , and transverse momenta (with the transverse

momenta taken to zero later). The variable z is the frac-
tional minus component of the quark momentum carried
by the observed final state hadron h, p

� = zk
�, and pT is

its transverse momentum. The out-states are |h, X, outi
with h labeling the measured particle species and the
sum/integral over X representing a complete sum over
all other contributions to the final state. Because states
of definite momentum are non-normalizable, we work in-

directly to get a number density, which entails the factor
hj, k1|j, k2i on the left of Eq. (1).

We start by considering nongauge theories, so we have
omitted from Eq. (1) the color factor in the correspond-
ing equation for QCD given in [9]. We require that the
theory be renormalizable and, to show the contrast with
QCD, we require it to contain elementary Dirac fields
that we call quarks, with at least one flavor. The defini-
tion is stated in 4� 2✏ dimensions to anticipate the exis-
tence of ultraviolet divergences that need to be regulated
and renormalized. Equation (1) actually defines a bare
transverse-momentum-dependent ↵. The bare collinear
↵ is obtained by integrating over all pT. It can be re-
expressed in the more familiar form,

d(0),h/j(z) ⌘
Z

d2�2✏pT d(0),h/j(z,pT)

=
TrD
4

X

X

z
1�2✏

Z
dx

+

2⇡
e
ik

�
x
+

�
�h0| (0)

j
(x/2) |h, X, outihh, X, out| (0)

j
(�x/2) |0i (5)

with the fields separated in the +-direction. Some of the
manipulations needed to give Eq. (5) are just to deal with
the fact that partonic states with definite k

� and kT are
not normalizable, so the definition of probability den-
sities in terms of quantum mechanical states is obtained
indirectly. In addition, there is a Lorentz transformation,
to take the transverse momentum of the hadron to zero
while preserving the minus-components of momenta.

Finally, we define |j, ki = b
†
k,j

|0i, where b
†
k,j

is a light-

front creation operator. It is obtained from an expansion
of the Fourier transform of the good components of the
quark field on a light-front, and obeys anticommutation
relations

n
bk,↵, b

†
l,↵0

o
= (2⇡)32k

�
�
�
k

� � l
��
�
(2) (kT � lT) .

(6)
In terms of the quark field of a specific flavor, the bk↵

Sum rules:

X

h

Z
dz1dz2 dh1h2/j(z1, z2) = hN(N � 1)i
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with the fields separated in the +-direction. Some of the
manipulations needed to give Eq. (3) are just to deal with
the fact that partonic states with definite k

� and kT are
not normalizable, so the definition of probability den-

sities in terms of quantum mechanical states is obtained
indirectly. In addition, there is a Lorentz transformation,
to take the transverse momentum of the hadron to zero
while preserving the minus-components of momenta.

Finally, we define |j, ki = b
†
k,j

|0i, where b
†
k,j

is a light-
front creation operator. It is obtained from an expansion
of the Fourier transform of the good components of the
quark field on a light-front, and obeys anticommutation
relations
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(4)
In terms of the quark field of a specific flavor, the bk↵

operator, for example, is

bk,↵(x+) =

Z
dx

+ d2xT e
ik

�
x
+�ikT·xT ūk,↵�

�
 (x) . (5)

See, for example, Sec. 6.6 of [9] for a more detailed review
of light-cone quantization. Our reason for discussing it
here is to emphasize that there are two di↵erent types
of particle state involved in ↵s: those like the fragment-
ing quark states |j, ki, and those for stable particles in
the final states at large time scales, with correspondingly
di↵erent operators to create them.

III. SUM RULES

Now we briefly review the essential steps in the deriva-
tion of the momentum sum rule for ↵s. For a more com-
plete treatment see Sec. 5.4 of [1].

We start with the following expression for the single
inclusive final state sum in terms of creation and annihi-

6
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where the sum over h is over all species and spin states
of stable particle. We substitute this into the matrix
element hj, k1|P�|j, k2i, which equals k
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then apply Eq. (6) to get an integral over z and pT of
the right-hand side of Eq. (1). This gives the momentum
sum rule
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for each quark flavor j.
The remaining nontrivial step is to show that Eq. (9)

is preserved after renormalization. It is well known that
this works for standard renormalization schemes like MS,
so from here forward we will drop “(0)” subscripts in
equations like Eq. (9) and assume that renormalization
has been implemented.

IV. THE FINAL STATES

The above sum rule derivation relies, for its validity,
on the use of a complete set of basis states |X, outi whose
sum/integral obeys

X

X

|X, outihX, out| = b1 (10)

1 We emphasize the need to make clear conceptual and notational
distinctions between the (o↵-shell) light-front creation operators
and those for on-shell asymptotic final-state particles, and simi-
larly for the states they create. The issue is particularly acute in a
theory without quark confinement, where one finds a non-trivial
↵ for a quark to a quark, as we will illustrate calculationally in
the Appendix. Such a concept is paradoxical if the use of two
di↵erent types of quark state is not made explicit.

where b1 is the unit operator on the physical state space
E .2 The derivation also relies on the sum over h in
Eq. (3), etc, being over all kinds of possible stable single-
particle states, such that the momentum operators obey
Eq. (8).

Now all observed final-state particles in QCD have in-
teger baryon number and electric charge. But the initial
state b

†|0i in a quark ↵ has quark quantum numbers, no-
tably fractional electric charge, and so is orthogonal to
all purely hadronic final states. This appears to give zero
for the matrix elements in Eq. (3) and hence for the ↵s.

The paradox does not arise in a non-gauge theory:
There, we can apply a locally smeared quark field to
the vacuum to create a normal physical state with quark
quantum numbers. By general principles of QFT, there
must be final states of quark quantum numbers, and
hence at least one stable particle (bound or not) of the
appropriate quantum numbers, including electric charge.

But in a gauge theory, local quark fields are not gauge-
invariant physical operators. Applied to the vacuum,
they do not give an unambiguously physical state. In-
stead, the field used to define the ↵ of a quark is multi-
plied by a Wilson line, which goes out to infinity in an
appropriate light-like or almost light-like direction.3 A
Wilson line is e↵ectively a source of color charge, so a
Wilson line going out to infinity changes the nature of
the possible final-state particles. In a confining theory
like QCD, we must have, in addition to normal hadrons,
states that are bound to the Wilson line. For a quark ↵,
the Wilson line is in a color anti-triplet representation.
So we can have a meson-like state with a quark bound
to the Wilson line in a color-singlet configuration. Other
possibilities include an antibaryon-like state of two anti-
quarks bound to the Wilson line, again in a color-singlet
configuration. Since the Wilson line has a rapidity with
respect to the fragmenting quark that is infinite, or at
least large, we can expect the bound states to be at a
fractional momentum z that is zero, or close to zero.

We therefore extend the normal QCD state space E ,
with its Fock basis of out states, to include these extra

2 The non-vacuum part of the space is then stratified in a one-
particle inclusive form as in Eq. (3), with h being summed over
all possible kinds of single-particle state, including a spin sum.

3 Note that when one treats transverse-momentum dependent ↵s
there are some complications associated with the details of the
Wilson line — see [9] and references therein. — Add some refer-
ences here! — These complications do not a↵ect the basic ideas
being explained here.
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operator, for example, is

bk,↵(x+) =

Z
dx

+ d2xT e
ik

�
x
+�ikT·xT ūk,↵�

�
 (x) . (7)

See, for example, Sec. 6.6 of [9] for a more detailed review
of light-cone quantization. Our reason for discussing it
here is to emphasize that there are two di↵erent types
of particle state involved in ↵s: those like the fragment-
ing quark states |j, ki, and those for stable particles in
the final states at large time scales, with correspondingly
di↵erent operators to create them.

III. SUM RULES

Now we briefly review the essential steps in the deriva-
tion of the momentum sum rule for ↵s. For a more com-
plete treatment see Sec. 5.4 of [1].

We start with the following expression for the single
inclusive final state sum in terms of creation and annihi-
lation operators for out-particles: 1
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In terms of a
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ponents of momentum are
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where the sum over h is over all species and spin states
of stable particle. We substitute this into the matrix
element hj, k1|P�|j, k2i, which equals k

�
1 hj, k1|j, k2i, and

then apply Eq. (8) to get an integral over z and pT of
the right-hand side of Eq. (1). This gives the momentum
sum rule

X

h
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0
dz z dh/j(z) = 1 , (11)

for each quark flavor j.
The remaining nontrivial step is to show that Eq. (11)

is preserved after renormalization. It is well known that
this works for standard renormalization schemes like MS,
so from here forward we will drop “(0)” subscripts in
equations like Eq. (11) and assume that renormalization
has been implemented.

1 We emphasize the need to make clear conceptual and notational
distinctions between the (o↵-shell) light-front creation operators
and those for on-shell asymptotic final-state particles, and simi-
larly for the states they create. The issue is particularly acute in a
theory without quark confinement, where one finds a non-trivial
↵ for a quark to a quark, as we will illustrate calculationally in
the Appendix. Such a concept is paradoxical if the use of two
di↵erent types of quark state is not made explicit.
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The above sum rule derivation relies, for its validity,
on the use of a complete set of basis states |X, outi whose
sum/integral obeys

X
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|X, outihX, out| = b1 (12)

where b1 is the unit operator on the physical state space
E .2 The derivation also relies on the sum over h in
Eq. (5), etc, being over all kinds of possible stable single-
particle states, such that the momentum operators obey
Eq. (10).

Now all observed final-state particles in QCD have in-
teger baryon number and electric charge. But the initial
state b

†|0i in a quark ↵ has quark quantum numbers, no-
tably fractional electric charge, and so is orthogonal to
all purely hadronic final states. This appears to give zero
for the matrix elements in Eq. (5) and hence for the ↵s.

The paradox does not arise in a non-gauge theory:
There, we can apply a locally smeared quark field to
the vacuum to create a normal physical state with quark
quantum numbers. By general principles of QFT, there
must be final states of quark quantum numbers, and
hence at least one stable particle (bound or not) of the
appropriate quantum numbers, including electric charge.

But in a gauge theory, local quark fields are not gauge-
invariant physical operators. Applied to the vacuum,
they do not give an unambiguously physical state. In-
stead, the field used to define the ↵ of a quark is multi-
plied by a Wilson line, which goes out to infinity in an

2 The non-vacuum part of the space is then stratified in a one-
particle inclusive form as in Eq. (5), with h being summed over
all possible kinds of single-particle state, including a spin sum.
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Here, |j, k1i and |j, k2i are initial quark states with flavor
j, which are obtained by applying a light-front creation
operator to the vacuum. We define light-front variables
by k

± = (k0 ±k
z)/

p
2, and a two dimensional transverse

momentum. The initial quark states have given values of
k

�
1 and k

�
2 , and transverse momenta (with the transverse

momenta taken to zero later). The variable z is the frac-
tional minus component of the quark momentum carried
by the observed final state hadron h, p

� = zk
�, and pT is

its transverse momentum. The out-states are |h, X, outi
with h labeling the measured particle species and the
sum/integral over X representing a complete sum over
all other contributions to the final state. Because states
of definite momentum are non-normalizable, we work in-
directly to get a number density, which entails the factor
hj, k1|j, k2i on the left of Eq. (1).

We start by considering nongauge theories, so we have
omitted from Eq. (1) the color factor in the correspond-
ing equation for QCD given in [9]. We require that the
theory be renormalizable and, to show the contrast with
QCD, we require it to contain elementary Dirac fields
that we call quarks, with at least one flavor. The defini-
tion is stated in 4� 2✏ dimensions to anticipate the exis-
tence of ultraviolet divergences that need to be regulated
and renormalized. Equation (1) actually defines a bare
transverse-momentum-dependent ↵. The bare collinear
↵ is obtained by integrating over all pT. It can be re-
expressed in the more familiar form,
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with the fields separated in the +-direction. Some of the
manipulations needed to give Eq. (2) are just to deal with
the fact that partonic states with definite k

� and kT are
not normalizable, so the definition of probability den-
sities in terms of quantum mechanical states is obtained
indirectly. In addition, there is a Lorentz transformation,
to take the transverse momentum of the hadron to zero
while preserving the minus-components of momenta.

Finally, we define |j, ki = b
†
k,j

|0i, where b
†
k,j

is a light-
front creation operator. It is obtained from an expansion
of the Fourier transform of the good components of the
quark field on a light-front, and obeys anticommutation
relations
n

bk,↵, b
†
l,↵0

o
= (2⇡)32k
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In terms of the quark field of a specific flavor, the bk↵

operator, for example, is

bk,↵(x+) =

Z
dx

+ d2xT e
ik
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x
+�ikT·xT ūk,↵�

�
 (x) . (4)

See, for example, Sec. 6.6 of [9] for a more detailed review
of light-cone quantization. Our reason for discussing it
here is to emphasize that there are two di↵erent types
of particle state involved in ↵s: those like the fragment-
ing quark states |j, ki, and those for stable particles in
the final states at large time scales, with correspondingly
di↵erent operators to create them.

III. SUM RULES

Now we briefly review the essential steps in the deriva-
tion of the momentum sum rule for ↵s. For a more com-
plete treatment see Sec. 5.4 of [1].

We start with the following expression for the single
inclusive final state sum in terms of creation and annihi-
lation operators for out-particles: 1
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In terms of a
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ponents of momentum are
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where the sum over h is over all species and spin states
of stable particle. We substitute this into the matrix
element hj, k1|P�|j, k2i, which equals k

�
1 hj, k1|j, k2i, and

then apply Eq. (5) to get an integral over z and pT of
the right-hand side of Eq. (1). This gives the momentum
sum rule

X

h

Z 1

0
dz z d(0),h/j(z) = 1 , (8)

for each quark flavor j.

1 We emphasize the need to make clear conceptual and notational
distinctions between the (o↵-shell) light-front creation operators
and those for on-shell asymptotic final-state particles, and simi-
larly for the states they create. The issue is particularly acute in a
theory without quark confinement, where one finds a non-trivial
↵ for a quark to a quark, as we will illustrate calculationally in
the Appendix. Such a concept is paradoxical if the use of two
di↵erent types of quark state is not made explicit.
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j, which are obtained by applying a light-front creation
operator to the vacuum. We define light-front variables
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2, and a two dimensional transverse
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tional minus component of the quark momentum carried
by the observed final state hadron h, p

� = zk
�, and pT is

its transverse momentum. The out-states are |h, X, outi
with h labeling the measured particle species and the
sum/integral over X representing a complete sum over
all other contributions to the final state. Because states
of definite momentum are non-normalizable, we work in-
directly to get a number density, which entails the factor
hj, k1|j, k2i on the left of Eq. (1).

We start by considering nongauge theories, so we have
omitted from Eq. (1) the color factor in the correspond-
ing equation for QCD given in [9]. We require that the
theory be renormalizable and, to show the contrast with
QCD, we require it to contain elementary Dirac fields
that we call quarks, with at least one flavor. The defini-
tion is stated in 4� 2✏ dimensions to anticipate the exis-
tence of ultraviolet divergences that need to be regulated
and renormalized. Equation (1) actually defines a bare
transverse-momentum-dependent ↵. The bare collinear
↵ is obtained by integrating over all pT. It can be re-
expressed in the more familiar form,
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with the fields separated in the +-direction. Some of the
manipulations needed to give Eq. (2) are just to deal with
the fact that partonic states with definite k

� and kT are
not normalizable, so the definition of probability den-
sities in terms of quantum mechanical states is obtained
indirectly. In addition, there is a Lorentz transformation,
to take the transverse momentum of the hadron to zero
while preserving the minus-components of momenta.

Finally, we define |j, ki = b
†
k,j

|0i, where b
†
k,j

is a light-
front creation operator. It is obtained from an expansion
of the Fourier transform of the good components of the
quark field on a light-front, and obeys anticommutation
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In terms of the quark field of a specific flavor, the bk↵

operator, for example, is
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+ d2xT e
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See, for example, Sec. 6.6 of [9] for a more detailed review
of light-cone quantization. Our reason for discussing it
here is to emphasize that there are two di↵erent types
of particle state involved in ↵s: those like the fragment-
ing quark states |j, ki, and those for stable particles in
the final states at large time scales, with correspondingly
di↵erent operators to create them.

III. SUM RULES

Now we briefly review the essential steps in the deriva-
tion of the momentum sum rule for ↵s. For a more com-
plete treatment see Sec. 5.4 of [1].

We start with the following expression for the single
inclusive final state sum in terms of creation and annihi-
lation operators for out-particles: 1
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where the sum over h is over all species and spin states
of stable particle. We substitute this into the matrix
element hj, k1|P�|j, k2i, which equals k
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1 hj, k1|j, k2i, and

then apply Eq. (5) to get an integral over z and pT of
the right-hand side of Eq. (1). This gives the momentum
sum rule
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dz z d(0),h/j(z) = 1 , (8)

for each quark flavor j.

1 We emphasize the need to make clear conceptual and notational
distinctions between the (o↵-shell) light-front creation operators
and those for on-shell asymptotic final-state particles, and simi-
larly for the states they create. The issue is particularly acute in a
theory without quark confinement, where one finds a non-trivial
↵ for a quark to a quark, as we will illustrate calculationally in
the Appendix. Such a concept is paradoxical if the use of two
di↵erent types of quark state is not made explicit.
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Here, |j, k1i and |j, k2i are initial quark states with flavor
j, which are obtained by applying a light-front creation
operator to the vacuum. We define light-front variables
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2, and a two dimensional transverse
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momenta taken to zero later). The variable z is the frac-
tional minus component of the quark momentum carried
by the observed final state hadron h, p

� = zk
�, and pT is

its transverse momentum. The out-states are |h, X, outi
with h labeling the measured particle species and the
sum/integral over X representing a complete sum over
all other contributions to the final state. Because states
of definite momentum are non-normalizable, we work in-
directly to get a number density, which entails the factor
hj, k1|j, k2i on the left of Eq. (1).

We start by considering nongauge theories, so we have
omitted from Eq. (1) the color factor in the correspond-
ing equation for QCD given in [9]. We require that the
theory be renormalizable and, to show the contrast with
QCD, we require it to contain elementary Dirac fields
that we call quarks, with at least one flavor. The defini-
tion is stated in 4� 2✏ dimensions to anticipate the exis-
tence of ultraviolet divergences that need to be regulated
and renormalized. Equation (1) actually defines a bare
transverse-momentum-dependent ↵. The bare collinear
↵ is obtained by integrating over all pT. It can be re-
expressed in the more familiar form,
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with the fields separated in the +-direction. Some of the
manipulations needed to give Eq. (2) are just to deal with
the fact that partonic states with definite k

� and kT are
not normalizable, so the definition of probability den-
sities in terms of quantum mechanical states is obtained
indirectly. In addition, there is a Lorentz transformation,
to take the transverse momentum of the hadron to zero
while preserving the minus-components of momenta.

Finally, we define |j, ki = b
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|0i, where b
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of the Fourier transform of the good components of the
quark field on a light-front, and obeys anticommutation
relations
n

bk,↵, b
†
l,↵0

o
= (2⇡)32k

�
�
�
k

� � l
��
�
(2) (kT � lT) �↵↵0 .

(3)
In terms of the quark field of a specific flavor, the bk↵

operator, for example, is

bk,↵(x+) =

Z
dx

+ d2xT e
ik

�
x
+�ikT·xT ūk,↵�
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See, for example, Sec. 6.6 of [9] for a more detailed review
of light-cone quantization. Our reason for discussing it
here is to emphasize that there are two di↵erent types
of particle state involved in ↵s: those like the fragment-
ing quark states |j, ki, and those for stable particles in
the final states at large time scales, with correspondingly
di↵erent operators to create them.

III. SUM RULES

Now we briefly review the essential steps in the deriva-
tion of the momentum sum rule for ↵s. For a more com-
plete treatment see Sec. 5.4 of [1].

We start with the following expression for the single
inclusive final state sum in terms of creation and annihi-
lation operators for out-particles: 1
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where the sum over h is over all species and spin states
of stable particle. We substitute this into the matrix
element hj, k1|P�|j, k2i, which equals k
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1 hj, k1|j, k2i, and

then apply Eq. (5) to get an integral over z and pT of
the right-hand side of Eq. (1). This gives the momentum
sum rule
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for each quark flavor j.

1 We emphasize the need to make clear conceptual and notational
distinctions between the (o↵-shell) light-front creation operators
and those for on-shell asymptotic final-state particles, and simi-
larly for the states they create. The issue is particularly acute in a
theory without quark confinement, where one finds a non-trivial
↵ for a quark to a quark, as we will illustrate calculationally in
the Appendix. Such a concept is paradoxical if the use of two
di↵erent types of quark state is not made explicit.
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• Scalar Yukawa theory:
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Eq. (17) shows that the momentum sum rule in Eq. (17) is satisfied, and it appears as
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To match the formula in QCD, with its deficit term that involves final-state particles with quark quantum numbers,
we have put the quark term on the right-hand side.

The sum rules are only satisfied here if the contribution of an on-shell final-state quark to the ↵ is included.
Note that if this term were dropped from the right-hand side of Eq. (A7), not only would the momentum sum rule
be violated, but the amount of the violation would depend on the evolution scale µ. An important part of this
contribution is from large z, as in the delta-function terms in Eq. (A2). Therefore, in this theory, the quark term is
an important contribution to the measurable hadronization of a quark-induced jet. In terms of our notation for QCD,
quark particles would be included in the set we denoted by H, and there would be no orphan particles to put in the
set B.

The hadron number sum rule in Eq. (25) becomes, using Eq. (A4),
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#
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If the coupling is negligible, the left side of Eq. (A8) vanishes and the sum rule is just hNi = 1, i.e. the final state is
always just a single quark.
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Appendix A: Calculations in non-gauge model

To make the sum rules in Eqs. (17)–(22) less abstract,
it is instructive to validate them in a renormalizable non-
gauge theory. We will use a real scalar Yukawa theory
with one flavor of Dirac fermion “quark” and one pion.
Both fields will have nonzero masses, but we will set the
masses equal to simplify calculations, mquark = m⇡ = m.
We will consider the case of a single quark flavor j. Nor-
mal Feynman graph calculations give the pion-in-quark
↵ from the definition in Eq. (8) in MS renormalization at
lowest nontrivial order,

d⇡/j(z; µ) =

k
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where a�(µ) is a coupling constant and µ is the usual MS scale from dimensional regularization. The term with a
final-state quark is, to the same order,

dqj/j(z; µ)

=k
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Taking the zeroth and first moments gives
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Equation (A3) demonstrates that the quark number sum rule in Eq. (24) is indeed satisfied. Noting that the pion has
zero charge, Eq. (A3) also confirms the charge sum rule in Eq. (20). Finally, substituting Eq. (A5) and Eq. (A6) into
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Appendix A: Calculations in non-gauge model

To make the sum rules in Eqs. (17)–(22) less abstract,
it is instructive to validate them in a renormalizable non-
gauge theory. We will use a real scalar Yukawa theory
with one flavor of Dirac fermion “quark” and one pion.
Both fields will have nonzero masses, but we will set the
masses equal to simplify calculations, mquark = m⇡ = m.
We will consider the case of a single quark flavor j. Nor-
mal Feynman graph calculations give the pion-in-quark
↵ from the definition in Eq. (8) in MS renormalization at
lowest nontrivial order,

d⇡/j(z; µ) =
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where a�(µ) is a coupling constant and µ is the usual MS scale from dimensional regularization. The term with a
final-state quark is, to the same order,

dqj/j(z; µ)
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Taking the zeroth and first moments gives
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Equation (A3) demonstrates that the quark number sum rule in Eq. (24) is indeed satisfied. Noting that the pion has
zero charge, Eq. (A3) also confirms the charge sum rule in Eq. (20). Finally, substituting Eq. (A5) and Eq. (A6) into

Dirac “quark” Scalar “pion”

Quark-in-quark fragmentation function

Pion-in-quark fragmentation function
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Eq. (17) shows that the momentum sum rule in Eq. (17) is satisfied, and it appears as
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To match the formula in QCD, with its deficit term that involves final-state particles with quark quantum numbers,
we have put the quark term on the right-hand side.

The sum rules are only satisfied here if the contribution of an on-shell final-state quark to the ↵ is included.
Note that if this term were dropped from the right-hand side of Eq. (A7), not only would the momentum sum rule
be violated, but the amount of the violation would depend on the evolution scale µ. An important part of this
contribution is from large z, as in the delta-function terms in Eq. (A2). Therefore, in this theory, the quark term is
an important contribution to the measurable hadronization of a quark-induced jet. In terms of our notation for QCD,
quark particles would be included in the set we denoted by H, and there would be no orphan particles to put in the
set B.

The hadron number sum rule in Eq. (25) becomes, using Eq. (A4),

a�(µ)
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p
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2
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m

#
= hNi � 1 . (A8)

If the coupling is negligible, the left side of Eq. (A8) vanishes and the sum rule is just hNi = 1, i.e. the final state is
always just a single quark.
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Appendix A: Calculations in non-gauge model

To make the sum rules in Eqs. (17)–(22) less abstract,
it is instructive to validate them in a renormalizable non-
gauge theory. We will use a real scalar Yukawa theory
with one flavor of Dirac fermion “quark” and one pion.
Both fields will have nonzero masses, but we will set the
masses equal to simplify calculations, mquark = m⇡ = m.
We will consider the case of a single quark flavor j. Nor-
mal Feynman graph calculations give the pion-in-quark
↵ from the definition in Eq. (8) in MS renormalization at
lowest nontrivial order,

d⇡/j(z; µ) =

k
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where a�(µ) is a coupling constant and µ is the usual MS scale from dimensional regularization. The term with a
final-state quark is, to the same order,

dqj/j(z; µ)

=k
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Taking the zeroth and first moments gives
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Equation (A3) demonstrates that the quark number sum rule in Eq. (24) is indeed satisfied. Noting that the pion has
zero charge, Eq. (A3) also confirms the charge sum rule in Eq. (20). Finally, substituting Eq. (A5) and Eq. (A6) into
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Appendix A: Calculations in non-gauge model

To make the sum rules in Eqs. (17)–(22) less abstract,
it is instructive to validate them in a renormalizable non-
gauge theory. We will use a real scalar Yukawa theory
with one flavor of Dirac fermion “quark” and one pion.
Both fields will have nonzero masses, but we will set the
masses equal to simplify calculations, mquark = m⇡ = m.
We will consider the case of a single quark flavor j. Nor-
mal Feynman graph calculations give the pion-in-quark
↵ from the definition in Eq. (8) in MS renormalization at
lowest nontrivial order,

d⇡/j(z; µ) =
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where a�(µ) is a coupling constant and µ is the usual MS scale from dimensional regularization. The term with a
final-state quark is, to the same order,

dqj/j(z; µ)

=k
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Taking the zeroth and first moments gives
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Equation (A3) demonstrates that the quark number sum rule in Eq. (24) is indeed satisfied. Noting that the pion has
zero charge, Eq. (A3) also confirms the charge sum rule in Eq. (20). Finally, substituting Eq. (A5) and Eq. (A6) into

Dirac “quark” Scalar “pion”

Quark-in-quark fragmentation function

Pion-in-quark fragmentation function
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Appendix A: Calculations in non-gauge model

To make the sum rules in Eqs. (17)–(22) less abstract,
it is instructive to validate them in a renormalizable non-
gauge theory. We will use a real scalar Yukawa theory
with one flavor of Dirac fermion “quark” and one pion.
Both fields will have nonzero masses, but we will set the
masses equal to simplify calculations, mquark = m⇡ = m.
We will consider the case of a single quark flavor j. Nor-
mal Feynman graph calculations give the pion-in-quark
↵ from the definition in Eq. (8) in MS renormalization at
lowest nontrivial order,

d⇡/j(z; µ) =
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where a�(µ) is a coupling constant and µ is the usual MS scale from dimensional regularization. The term with a
final-state quark is, to the same order,

dqj/j(z; µ)
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Taking the zeroth and first moments gives
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Equation (A3) demonstrates that the quark number sum rule in Eq. (24) is indeed satisfied. Noting that the pion has
zero charge, Eq. (A3) also confirms the charge sum rule in Eq. (20). Finally, substituting Eq. (A5) and Eq. (A6) into
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Appendix A: Calculations in non-gauge model

To make the sum rules in Eqs. (17)–(22) less abstract,
it is instructive to validate them in a renormalizable non-
gauge theory. We will use a real scalar Yukawa theory
with one flavor of Dirac fermion “quark” and one pion.
Both fields will have nonzero masses, but we will set the
masses equal to simplify calculations, mquark = m⇡ = m.
We will consider the case of a single quark flavor j. Nor-
mal Feynman graph calculations give the pion-in-quark
↵ from the definition in Eq. (8) in MS renormalization at
lowest nontrivial order,

d⇡/j(z; µ) =

k
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where a�(µ) is a coupling constant and µ is the usual MS scale from dimensional regularization. The term with a
final-state quark is, to the same order,

dqj/j(z; µ)

=k
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Taking the zeroth and first moments gives
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Equation (A3) demonstrates that the quark number sum rule in Eq. (24) is indeed satisfied. Noting that the pion has
zero charge, Eq. (A3) also confirms the charge sum rule in Eq. (20). Finally, substituting Eq. (A5) and Eq. (A6) into

3

X

X

|h, X, outihh, X, out| ⌘
X

X

a
†
h,p,out|X, outihX, out|ah,p,out

= a
†
h,p,outah,p,out , (6)

so that, for example, Eq. (3) is equivalent to

d(0),h/j(z) =
TrD
4

z
1�2✏

Z
dx

+

2⇡
e
ik

�
x
+

�
�⇥

⇥ h0| (0)
j

(x/2) a
†
h,p,outah,p,out 

(0)
j

(�x/2) |0i. (7)

In terms of a
†
h,p,out and ah,p,out, the operators for com-

ponents of momentum are

Pµ =
X

h

Z 1

0

dp
�

2p�

Z
d2�2✏pT

(2⇡)3�2✏
a

†
h,p,outp

µ
ah,p,out , (8)

where the sum over h is over all species and spin states
of stable particle. We substitute this into the matrix
element hj, k1|P�|j, k2i, which equals k

�
1 hj, k1|j, k2i, and

then apply Eq. (6) to get an integral over z and pT of
the right-hand side of Eq. (1). This gives the momentum
sum rule

X

h

Z 1

0
dz z dh/j(z) = 1 , (9)

for each quark flavor j.
The remaining nontrivial step is to show that Eq. (9)

is preserved after renormalization. It is well known that
this works for standard renormalization schemes like MS,
so from here forward we will drop “(0)” subscripts in
equations like Eq. (9) and assume that renormalization
has been implemented.

IV. THE FINAL STATES

The above sum rule derivation relies, for its validity,
on the use of a complete set of basis states |X, outi whose
sum/integral obeys

X

X

|X, outihX, out| = b1 (10)

1 We emphasize the need to make clear conceptual and notational
distinctions between the (o↵-shell) light-front creation operators
and those for on-shell asymptotic final-state particles, and simi-
larly for the states they create. The issue is particularly acute in a
theory without quark confinement, where one finds a non-trivial
↵ for a quark to a quark, as we will illustrate calculationally in
the Appendix. Such a concept is paradoxical if the use of two
di↵erent types of quark state is not made explicit.

where b1 is the unit operator on the physical state space
E .2 The derivation also relies on the sum over h in
Eq. (3), etc, being over all kinds of possible stable single-
particle states, such that the momentum operators obey
Eq. (8).

Now all observed final-state particles in QCD have in-
teger baryon number and electric charge. But the initial
state b

†|0i in a quark ↵ has quark quantum numbers, no-
tably fractional electric charge, and so is orthogonal to
all purely hadronic final states. This appears to give zero
for the matrix elements in Eq. (3) and hence for the ↵s.

The paradox does not arise in a non-gauge theory:
There, we can apply a locally smeared quark field to
the vacuum to create a normal physical state with quark
quantum numbers. By general principles of QFT, there
must be final states of quark quantum numbers, and
hence at least one stable particle (bound or not) of the
appropriate quantum numbers, including electric charge.

But in a gauge theory, local quark fields are not gauge-
invariant physical operators. Applied to the vacuum,
they do not give an unambiguously physical state. In-
stead, the field used to define the ↵ of a quark is multi-
plied by a Wilson line, which goes out to infinity in an
appropriate light-like or almost light-like direction.3 A
Wilson line is e↵ectively a source of color charge, so a
Wilson line going out to infinity changes the nature of
the possible final-state particles. In a confining theory
like QCD, we must have, in addition to normal hadrons,
states that are bound to the Wilson line. For a quark ↵,
the Wilson line is in a color anti-triplet representation.
So we can have a meson-like state with a quark bound
to the Wilson line in a color-singlet configuration. Other
possibilities include an antibaryon-like state of two anti-
quarks bound to the Wilson line, again in a color-singlet
configuration. Since the Wilson line has a rapidity with
respect to the fragmenting quark that is infinite, or at
least large, we can expect the bound states to be at a
fractional momentum z that is zero, or close to zero.

We therefore extend the normal QCD state space E ,
with its Fock basis of out states, to include these extra

2 The non-vacuum part of the space is then stratified in a one-
particle inclusive form as in Eq. (3), with h being summed over
all possible kinds of single-particle state, including a spin sum.

3 Note that when one treats transverse-momentum dependent ↵s
there are some complications associated with the details of the
Wilson line — see [9] and references therein. — Add some refer-
ences here! — These complications do not a↵ect the basic ideas
being explained here.
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bound states. That is, we replace the hadronic state
space E by

E ⌦ B, (11)

where B is the space of bound states for the Wilson line.
Correspondingly there is a modified momentum operator,
with corresponding consequences for the sum rules for ↵s.

Let H be the set of kinds of normal hadrons, and B be
the set of bound states of the Wilson line. We propose
that the momentum operator should be modified from
the one given in Eq. (8) to

Pµ = Pµ

H
+ Pµ

B
, (12)

where

Pµ
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⌘
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h2H

Z 1

0

dp
�
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†
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µ
ab,p,out . (14)

The conflict about the initial state with quark quan-
tum numbers relies on the theory being QCD-like, with
color confinement. So we should expect similar issues to
arise in QED in low space-time dimensions (1+1, 2+1),
where the classical Coulomb potential rises linearly or
logarithmically with distance. In contrast, QED in 3 + 1
dimensions does not have electron confinement, so that
electrons do appear as possible final-state particles. Even
so, the definition of an electron ↵ in QED still needs a
Wilson line going out to infinity, for which bound states
can exist. So some version of the QCD issues does arise
there, probably only in a minor way. — Add reference(s)
to complications in defining particle states in QED. —

Once we have modified the momentum operator, we
get a corresponding modified form for the momentum
sum rule, compared with Eq. (9):

X

h2H

Z 1

0
dz z dh/j(z) = 1 �

X

b2B

Z 1

0
dz z db/j(z) . (15)

The left-hand side is the same quantity as before, and
corresponds to the ↵s that can be inferred from scattering
data, with their purely hadronic final-state particles. The
second term on the right-hand side represents a deficit
with respect to the standard value. To the extent that the
parts of the final-state with a particle of quark quantum
numbers give a term that is a delta function at z = 0,
which is the natural expectation, the deficit term is zero,
because of the explicit factor of z in the integrand.

Observe that in a non-confining theory, the term with
final-state particles of quark quantum numbers is not re-
stricted to z = 0; indeed it can in part give a term pro-
portional to �(z � 1), as in perturbative calculations in
model QFTs. Then the set H should be defined to in-
clude such terms, and the set B is to be restricted to
bound states with the Wilson line.

The situation changes for the flavor sum rules, such
as were formulated in [1]. For the charge sum rule, our
modified derivation gives.

X

h

Qh

Z 1

0
dz dh/j(z) = Qj (16)

X
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0
dz dh/j(z) = Qj �

X

b2B

Qb

Z 1

0
dz db/j(z) .

(17)
A �(z) term for db/j(z) no longer gives zero, and we
can no longer expect the original formulation [1] of the
sum rule to be necessarily accurate. A closer and non-
perturbative analysis of the dynamics is needed to get a
prediction for the right-hand side; this we can do with
the aid of the string model, to a useful approximation.

For the total hadron number sum rule [3], we similarly
have

X

h

Z 1

0
dz dh/j(z) = hNi (18)

X

h2H

Z 1

0
dz dh/j(z) = hNi �

X

b2B

Z 1

0
dz db/j(z) , (19)

where hNi is the average multiplicity of all final states
produced by the fragmenting quark, including those with
nonhadronic quantum numbers.4

In the Appendix, we illustrate how the the sum rules
apply in a renormalizable nongauge theory. The exam-
ples there indicate the importance of keeping terms with
final-state particles that have quark quantum numbers.

V. INTERPRETATION IN QCD

The nature of the final state in a quark ↵ in QCD
is illustrated by the strong-model account of hadroniza-
tion in e

+
e
�-annihilation. We present this as a quali-

tative perturbative schema and approximation in Fig. 1,
as in the paper by Casher, Kogut and Susskind [10]. At
center-of-mass energy Q, an electron and positron anni-
hilate over a short distance scale 1/Q to make an out-
going quark-antiquark pair. A color field between them,
that ends up as a flux tube, is created by gluon emis-
sion. Quark-antiquark pairs are generated in the flux

4 It is a slight abuse of language to refer to Eq. (19) as a “sum rule”
since the multiplicity associated with a single ↵ is not a known
measurable or conserved quantity. Moreover, its exact numerical
value depends on an arbitrary choice of renormalization scheme
or of a cut-o↵. We will continue to call it the “hadron number
sum rule,” however, to remain consistent with existing literature,
where identities like Eq. (19) guide interpretations.
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where B is the space of bound states for the Wilson line.
Correspondingly there is a modified momentum operator,
with corresponding consequences for the sum rules for ↵s.

Let H be the set of kinds of normal hadrons, and B be
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the one given in Eq. (8) to
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The conflict about the initial state with quark quan-
tum numbers relies on the theory being QCD-like, with
color confinement. So we should expect similar issues to
arise in QED in low space-time dimensions (1+1, 2+1),
where the classical Coulomb potential rises linearly or
logarithmically with distance. In contrast, QED in 3 + 1
dimensions does not have electron confinement, so that
electrons do appear as possible final-state particles. Even
so, the definition of an electron ↵ in QED still needs a
Wilson line going out to infinity, for which bound states
can exist. So some version of the QCD issues does arise
there, probably only in a minor way. — Add reference(s)
to complications in defining particle states in QED. —

Once we have modified the momentum operator, we
get a corresponding modified form for the momentum
sum rule, compared with Eq. (9):
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X

b2B

Z 1

0
dz z db/j(z) . (15)

The left-hand side is the same quantity as before, and
corresponds to the ↵s that can be inferred from scattering
data, with their purely hadronic final-state particles. The
second term on the right-hand side represents a deficit
with respect to the standard value. To the extent that the
parts of the final-state with a particle of quark quantum
numbers give a term that is a delta function at z = 0,
which is the natural expectation, the deficit term is zero,
because of the explicit factor of z in the integrand.

Observe that in a non-confining theory, the term with
final-state particles of quark quantum numbers is not re-
stricted to z = 0; indeed it can in part give a term pro-
portional to �(z � 1), as in perturbative calculations in
model QFTs. Then the set H should be defined to in-
clude such terms, and the set B is to be restricted to
bound states with the Wilson line.

The situation changes for the flavor sum rules, such
as were formulated in [1]. For the charge sum rule, our
modified derivation gives.
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(17)
A �(z) term for db/j(z) no longer gives zero, and we
can no longer expect the original formulation [1] of the
sum rule to be necessarily accurate. A closer and non-
perturbative analysis of the dynamics is needed to get a
prediction for the right-hand side; this we can do with
the aid of the string model, to a useful approximation.

For the total hadron number sum rule [3], we similarly
have

X
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Z 1
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X
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Z 1

0
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X
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where hNi is the average multiplicity of all final states
produced by the fragmenting quark, including those with
nonhadronic quantum numbers.4

In the Appendix, we illustrate how the the sum rules
apply in a renormalizable nongauge theory. The exam-
ples there indicate the importance of keeping terms with
final-state particles that have quark quantum numbers.

V. INTERPRETATION IN QCD

The nature of the final state in a quark ↵ in QCD
is illustrated by the strong-model account of hadroniza-
tion in e

+
e
�-annihilation. We present this as a quali-

tative perturbative schema and approximation in Fig. 1,
as in the paper by Casher, Kogut and Susskind [10]. At
center-of-mass energy Q, an electron and positron anni-
hilate over a short distance scale 1/Q to make an out-
going quark-antiquark pair. A color field between them,
that ends up as a flux tube, is created by gluon emis-
sion. Quark-antiquark pairs are generated in the flux

4 It is a slight abuse of language to refer to Eq. (19) as a “sum rule”
since the multiplicity associated with a single ↵ is not a known
measurable or conserved quantity. Moreover, its exact numerical
value depends on an arbitrary choice of renormalization scheme
or of a cut-o↵. We will continue to call it the “hadron number
sum rule,” however, to remain consistent with existing literature,
where identities like Eq. (19) guide interpretations.
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Appendix A: Calculations in non-gauge model

To make the sum rules in Eqs. (17)–(22) less abstract,
it is instructive to validate them in a renormalizable non-
gauge theory. We will use a real scalar Yukawa theory
with one flavor of Dirac fermion “quark” and one pion.
Both fields will have nonzero masses, but we will set the
masses equal to simplify calculations, mquark = m⇡ = m.
We will consider the case of a single quark flavor j. Nor-
mal Feynman graph calculations give the pion-in-quark
↵ from the definition in Eq. (8) in MS renormalization at
lowest nontrivial order,

d⇡/j(z; µ) =

k
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where a�(µ) is a coupling constant and µ is the usual MS scale from dimensional regularization. The term with a
final-state quark is, to the same order,

dqj/j(z; µ)

=k
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Taking the zeroth and first moments gives
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Equation (A3) demonstrates that the quark number sum rule in Eq. (24) is indeed satisfied. Noting that the pion has
zero charge, Eq. (A3) also confirms the charge sum rule in Eq. (20). Finally, substituting Eq. (A5) and Eq. (A6) into
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Appendix A: Calculations in non-gauge model

To make the sum rules in Eqs. (17)–(22) less abstract,
it is instructive to validate them in a renormalizable non-
gauge theory. We will use a real scalar Yukawa theory
with one flavor of Dirac fermion “quark” and one pion.
Both fields will have nonzero masses, but we will set the
masses equal to simplify calculations, mquark = m⇡ = m.
We will consider the case of a single quark flavor j. Nor-
mal Feynman graph calculations give the pion-in-quark
↵ from the definition in Eq. (8) in MS renormalization at
lowest nontrivial order,

d⇡/j(z; µ) =

k
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where a�(µ) is a coupling constant and µ is the usual MS scale from dimensional regularization. The term with a
final-state quark is, to the same order,

dqj/j(z; µ)
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Taking the zeroth and first moments gives
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Equation (A3) demonstrates that the quark number sum rule in Eq. (24) is indeed satisfied. Noting that the pion has
zero charge, Eq. (A3) also confirms the charge sum rule in Eq. (20). Finally, substituting Eq. (A5) and Eq. (A6) into

3

X

X

|h, X, outihh, X, out| ⌘
X

X

a
†
h,p,out|X, outihX, out|ah,p,out

= a
†
h,p,outah,p,out , (6)

so that, for example, Eq. (3) is equivalent to

d(0),h/j(z) =
TrD
4

z
1�2✏

Z
dx

+

2⇡
e
ik

�
x
+

�
�⇥

⇥ h0| (0)
j

(x/2) a
†
h,p,outah,p,out 

(0)
j

(�x/2) |0i. (7)

In terms of a
†
h,p,out and ah,p,out, the operators for com-

ponents of momentum are

Pµ =
X

h

Z 1

0

dp
�

2p�

Z
d2�2✏pT

(2⇡)3�2✏
a

†
h,p,outp

µ
ah,p,out , (8)

where the sum over h is over all species and spin states
of stable particle. We substitute this into the matrix
element hj, k1|P�|j, k2i, which equals k

�
1 hj, k1|j, k2i, and

then apply Eq. (6) to get an integral over z and pT of
the right-hand side of Eq. (1). This gives the momentum
sum rule

X

h

Z 1

0
dz z dh/j(z) = 1 , (9)

for each quark flavor j.
The remaining nontrivial step is to show that Eq. (9)

is preserved after renormalization. It is well known that
this works for standard renormalization schemes like MS,
so from here forward we will drop “(0)” subscripts in
equations like Eq. (9) and assume that renormalization
has been implemented.

IV. THE FINAL STATES

The above sum rule derivation relies, for its validity,
on the use of a complete set of basis states |X, outi whose
sum/integral obeys

X

X

|X, outihX, out| = b1 (10)

1 We emphasize the need to make clear conceptual and notational
distinctions between the (o↵-shell) light-front creation operators
and those for on-shell asymptotic final-state particles, and simi-
larly for the states they create. The issue is particularly acute in a
theory without quark confinement, where one finds a non-trivial
↵ for a quark to a quark, as we will illustrate calculationally in
the Appendix. Such a concept is paradoxical if the use of two
di↵erent types of quark state is not made explicit.

where b1 is the unit operator on the physical state space
E .2 The derivation also relies on the sum over h in
Eq. (3), etc, being over all kinds of possible stable single-
particle states, such that the momentum operators obey
Eq. (8).

Now all observed final-state particles in QCD have in-
teger baryon number and electric charge. But the initial
state b

†|0i in a quark ↵ has quark quantum numbers, no-
tably fractional electric charge, and so is orthogonal to
all purely hadronic final states. This appears to give zero
for the matrix elements in Eq. (3) and hence for the ↵s.

The paradox does not arise in a non-gauge theory:
There, we can apply a locally smeared quark field to
the vacuum to create a normal physical state with quark
quantum numbers. By general principles of QFT, there
must be final states of quark quantum numbers, and
hence at least one stable particle (bound or not) of the
appropriate quantum numbers, including electric charge.

But in a gauge theory, local quark fields are not gauge-
invariant physical operators. Applied to the vacuum,
they do not give an unambiguously physical state. In-
stead, the field used to define the ↵ of a quark is multi-
plied by a Wilson line, which goes out to infinity in an
appropriate light-like or almost light-like direction.3 A
Wilson line is e↵ectively a source of color charge, so a
Wilson line going out to infinity changes the nature of
the possible final-state particles. In a confining theory
like QCD, we must have, in addition to normal hadrons,
states that are bound to the Wilson line. For a quark ↵,
the Wilson line is in a color anti-triplet representation.
So we can have a meson-like state with a quark bound
to the Wilson line in a color-singlet configuration. Other
possibilities include an antibaryon-like state of two anti-
quarks bound to the Wilson line, again in a color-singlet
configuration. Since the Wilson line has a rapidity with
respect to the fragmenting quark that is infinite, or at
least large, we can expect the bound states to be at a
fractional momentum z that is zero, or close to zero.

We therefore extend the normal QCD state space E ,
with its Fock basis of out states, to include these extra

2 The non-vacuum part of the space is then stratified in a one-
particle inclusive form as in Eq. (3), with h being summed over
all possible kinds of single-particle state, including a spin sum.

3 Note that when one treats transverse-momentum dependent ↵s
there are some complications associated with the details of the
Wilson line — see [9] and references therein. — Add some refer-
ences here! — These complications do not a↵ect the basic ideas
being explained here.

4

bound states. That is, we replace the hadronic state
space E by

E ⌦ B, (11)

where B is the space of bound states for the Wilson line.
Correspondingly there is a modified momentum operator,
with corresponding consequences for the sum rules for ↵s.

Let H be the set of kinds of normal hadrons, and B be
the set of bound states of the Wilson line. We propose
that the momentum operator should be modified from
the one given in Eq. (8) to

Pµ = Pµ

H
+ Pµ

B
, (12)

where

Pµ

H
⌘

X

h2H

Z 1

0

dp
�

2p�

Z
d2�2✏pT

(2⇡)3�2✏
a

†
h,p,outp

µ
ah,p,out , (13)

Pµ

B
⌘

X

b2B

Z 1

0

dp
�

2p�

Z
d2�2✏pT

(2⇡)3�2✏
a

†
b,p,outp

µ
ab,p,out . (14)

The conflict about the initial state with quark quan-
tum numbers relies on the theory being QCD-like, with
color confinement. So we should expect similar issues to
arise in QED in low space-time dimensions (1+1, 2+1),
where the classical Coulomb potential rises linearly or
logarithmically with distance. In contrast, QED in 3 + 1
dimensions does not have electron confinement, so that
electrons do appear as possible final-state particles. Even
so, the definition of an electron ↵ in QED still needs a
Wilson line going out to infinity, for which bound states
can exist. So some version of the QCD issues does arise
there, probably only in a minor way. — Add reference(s)
to complications in defining particle states in QED. —

Once we have modified the momentum operator, we
get a corresponding modified form for the momentum
sum rule, compared with Eq. (9):

X

h2H

Z 1

0
dz z dh/j(z) = 1 �

X

b2B

Z 1

0
dz z db/j(z) . (15)

The left-hand side is the same quantity as before, and
corresponds to the ↵s that can be inferred from scattering
data, with their purely hadronic final-state particles. The
second term on the right-hand side represents a deficit
with respect to the standard value. To the extent that the
parts of the final-state with a particle of quark quantum
numbers give a term that is a delta function at z = 0,
which is the natural expectation, the deficit term is zero,
because of the explicit factor of z in the integrand.

Observe that in a non-confining theory, the term with
final-state particles of quark quantum numbers is not re-
stricted to z = 0; indeed it can in part give a term pro-
portional to �(z � 1), as in perturbative calculations in
model QFTs. Then the set H should be defined to in-
clude such terms, and the set B is to be restricted to
bound states with the Wilson line.

The situation changes for the flavor sum rules, such
as were formulated in [1]. For the charge sum rule, our
modified derivation gives.

X

h

Qh

Z 1

0
dz dh/j(z) = Qj (16)

X

h2H

Qh

Z 1

0
dz dh/j(z) = Qj �

X

b2B

Qb

Z 1

0
dz db/j(z) .

(17)
A �(z) term for db/j(z) no longer gives zero, and we
can no longer expect the original formulation [1] of the
sum rule to be necessarily accurate. A closer and non-
perturbative analysis of the dynamics is needed to get a
prediction for the right-hand side; this we can do with
the aid of the string model, to a useful approximation.

For the total hadron number sum rule [3], we similarly
have

X

h

Z 1

0
dz dh/j(z) = hNi (18)

X

h2H

Z 1

0
dz dh/j(z) = hNi �

X

b2B

Z 1

0
dz db/j(z) , (19)

where hNi is the average multiplicity of all final states
produced by the fragmenting quark, including those with
nonhadronic quantum numbers.4

In the Appendix, we illustrate how the the sum rules
apply in a renormalizable nongauge theory. The exam-
ples there indicate the importance of keeping terms with
final-state particles that have quark quantum numbers.

V. INTERPRETATION IN QCD

The nature of the final state in a quark ↵ in QCD
is illustrated by the strong-model account of hadroniza-
tion in e

+
e
�-annihilation. We present this as a quali-

tative perturbative schema and approximation in Fig. 1,
as in the paper by Casher, Kogut and Susskind [10]. At
center-of-mass energy Q, an electron and positron anni-
hilate over a short distance scale 1/Q to make an out-
going quark-antiquark pair. A color field between them,
that ends up as a flux tube, is created by gluon emis-
sion. Quark-antiquark pairs are generated in the flux

4 It is a slight abuse of language to refer to Eq. (19) as a “sum rule”
since the multiplicity associated with a single ↵ is not a known
measurable or conserved quantity. Moreover, its exact numerical
value depends on an arbitrary choice of renormalization scheme
or of a cut-o↵. We will continue to call it the “hadron number
sum rule,” however, to remain consistent with existing literature,
where identities like Eq. (19) guide interpretations.
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bound states. That is, we replace the hadronic state
space E by

E ⌦ B, (11)

where B is the space of bound states for the Wilson line.
Correspondingly there is a modified momentum operator,
with corresponding consequences for the sum rules for ↵s.

Let H be the set of kinds of normal hadrons, and B be
the set of bound states of the Wilson line. We propose
that the momentum operator should be modified from
the one given in Eq. (8) to

Pµ = Pµ

H
+ Pµ

B
, (12)

where

Pµ

H
⌘

X

h2H

Z 1

0

dp
�

2p�

Z
d2�2✏pT

(2⇡)3�2✏
a

†
h,p,outp

µ
ah,p,out , (13)
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⌘

X

b2B

Z 1

0

dp
�

2p�

Z
d2�2✏pT

(2⇡)3�2✏
a

†
b,p,outp

µ
ab,p,out . (14)

The conflict about the initial state with quark quan-
tum numbers relies on the theory being QCD-like, with
color confinement. So we should expect similar issues to
arise in QED in low space-time dimensions (1+1, 2+1),
where the classical Coulomb potential rises linearly or
logarithmically with distance. In contrast, QED in 3 + 1
dimensions does not have electron confinement, so that
electrons do appear as possible final-state particles. Even
so, the definition of an electron ↵ in QED still needs a
Wilson line going out to infinity, for which bound states
can exist. So some version of the QCD issues does arise
there, probably only in a minor way. — Add reference(s)
to complications in defining particle states in QED. —

Once we have modified the momentum operator, we
get a corresponding modified form for the momentum
sum rule, compared with Eq. (9):

X

h2H

Z 1

0
dz z dh/j(z) = 1 �

X

b2B

Z 1

0
dz z db/j(z) . (15)

The left-hand side is the same quantity as before, and
corresponds to the ↵s that can be inferred from scattering
data, with their purely hadronic final-state particles. The
second term on the right-hand side represents a deficit
with respect to the standard value. To the extent that the
parts of the final-state with a particle of quark quantum
numbers give a term that is a delta function at z = 0,
which is the natural expectation, the deficit term is zero,
because of the explicit factor of z in the integrand.

Observe that in a non-confining theory, the term with
final-state particles of quark quantum numbers is not re-
stricted to z = 0; indeed it can in part give a term pro-
portional to �(z � 1), as in perturbative calculations in
model QFTs. Then the set H should be defined to in-
clude such terms, and the set B is to be restricted to
bound states with the Wilson line.

The situation changes for the flavor sum rules, such
as were formulated in [1]. For the charge sum rule, our
modified derivation gives.

X

h

Qh

Z 1

0
dz dh/j(z) = Qj (16)

X

h2H

Qh

Z 1

0
dz dh/j(z) = Qj �

X

b2B

Qb

Z 1

0
dz db/j(z) .

(17)
A �(z) term for db/j(z) no longer gives zero, and we
can no longer expect the original formulation [1] of the
sum rule to be necessarily accurate. A closer and non-
perturbative analysis of the dynamics is needed to get a
prediction for the right-hand side; this we can do with
the aid of the string model, to a useful approximation.

For the total hadron number sum rule [3], we similarly
have

X

h

Z 1

0
dz dh/j(z) = hNi (18)

X

h2H

Z 1

0
dz dh/j(z) = hNi �

X

b2B

Z 1

0
dz db/j(z) , (19)

where hNi is the average multiplicity of all final states
produced by the fragmenting quark, including those with
nonhadronic quantum numbers.4

In the Appendix, we illustrate how the the sum rules
apply in a renormalizable nongauge theory. The exam-
ples there indicate the importance of keeping terms with
final-state particles that have quark quantum numbers.

V. INTERPRETATION IN QCD

The nature of the final state in a quark ↵ in QCD
is illustrated by the strong-model account of hadroniza-
tion in e

+
e
�-annihilation. We present this as a quali-

tative perturbative schema and approximation in Fig. 1,
as in the paper by Casher, Kogut and Susskind [10]. At
center-of-mass energy Q, an electron and positron anni-
hilate over a short distance scale 1/Q to make an out-
going quark-antiquark pair. A color field between them,
that ends up as a flux tube, is created by gluon emis-
sion. Quark-antiquark pairs are generated in the flux

4 It is a slight abuse of language to refer to Eq. (19) as a “sum rule”
since the multiplicity associated with a single ↵ is not a known
measurable or conserved quantity. Moreover, its exact numerical
value depends on an arbitrary choice of renormalization scheme
or of a cut-o↵. We will continue to call it the “hadron number
sum rule,” however, to remain consistent with existing literature,
where identities like Eq. (19) guide interpretations.
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II. THE DEFINITION

The standard definition of a “bare” quark ↵
d(0),h/j(z,pT) is (e.g., Eq. (12.35) of [9]):

d(0),h/j(z,pT) hj, k1|j, k2i

⌘
P

X
hj, k1|h, X, outihh, X, out|j, k2i

2z(2⇡)3�2✏
. (1)

d(0),h/j(z,pT) ⇠
X

X

hquark|h, X, outihh, X, out|quark0i (2)

hquark|quark0i =
X

X

hquark|X, outihX, out|quark0i = 0 (3)

Here, |j, k1i and |j, k2i are initial quark states with flavor
j, which are obtained by applying a light-front creation
operator to the vacuum. We define light-front variables
by k

± = (k0 ±k
z)/

p
2, and a two dimensional transverse

momentum. The initial quark states have given values of
k

�
1 and k

�
2 , and transverse momenta (with the transverse

momenta taken to zero later). The variable z is the frac-
tional minus component of the quark momentum carried
by the observed final state hadron h, p

� = zk
�, and pT is

its transverse momentum. The out-states are |h, X, outi
with h labeling the measured particle species and the
sum/integral over X representing a complete sum over
all other contributions to the final state. Because states
of definite momentum are non-normalizable, we work in-
directly to get a number density, which entails the factor
hj, k1|j, k2i on the left of Eq. (1).

We start by considering nongauge theories, so we have
omitted from Eq. (1) the color factor in the correspond-
ing equation for QCD given in [9]. We require that the
theory be renormalizable and, to show the contrast with
QCD, we require it to contain elementary Dirac fields
that we call quarks, with at least one flavor. The defini-
tion is stated in 4� 2✏ dimensions to anticipate the exis-
tence of ultraviolet divergences that need to be regulated
and renormalized. Equation (1) actually defines a bare
transverse-momentum-dependent ↵. The bare collinear
↵ is obtained by integrating over all pT. It can be re-
expressed in the more familiar form,

d(0),h/j(z) ⌘
Z

d2�2✏pT d(0),h/j(z,pT)

=
TrD
4

X

X

z
1�2✏

Z
dx

+

2⇡
e
ik

�
x
+

�
�⇥

⇥ h0| (0)
j

(x/2) |h, X, outihh, X, out| (0)
j

(�x/2) |0i ,

(4)

with the fields separated in the +-direction. Some of the
manipulations needed to give Eq. (4) are just to deal with
the fact that partonic states with definite k

� and kT are
not normalizable, so the definition of probability den-
sities in terms of quantum mechanical states is obtained
indirectly. In addition, there is a Lorentz transformation,
to take the transverse momentum of the hadron to zero
while preserving the minus-components of momenta.

Finally, we define |j, ki = b
†
k,j

|0i, where b
†
k,j

is a light-
front creation operator. It is obtained from an expansion
of the Fourier transform of the good components of the
quark field on a light-front, and obeys anticommutation
relations

n
bk,↵, b

†
l,↵0

o
= (2⇡)32k

�
�
�
k

� � l
��
�
(2) (kT � lT) .

(5)
In terms of the quark field of a specific flavor, the bk↵

operator, for example, is

bk,↵(x+) =

Z
dx

+ d2xT e
ik

�
x
+�ikT·xT ūk,↵�

�
 (x) . (6)

See, for example, Sec. 6.6 of [9] for a more detailed review
of light-cone quantization. Our reason for discussing it
here is to emphasize that there are two di↵erent types
of particle state involved in ↵s: those like the fragment-
ing quark states |j, ki, and those for stable particles in
the final states at large time scales, with correspondingly
di↵erent operators to create them.

III. SUM RULES

Now we briefly review the essential steps in the deriva-
tion of the momentum sum rule for ↵s. For a more com-
plete treatment see Sec. 5.4 of [1].

A paradox in the definitions?
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with h labeling the measured particle species and the
sum/integral over X representing a complete sum over
all other contributions to the final state. Because states
of definite momentum are non-normalizable, we work in-
directly to get a number density, which entails the factor
hj, k1|j, k2i on the left of Eq. (1).

We start by considering nongauge theories, so we have
omitted from Eq. (1) the color factor in the correspond-
ing equation for QCD given in [9]. We require that the
theory be renormalizable and, to show the contrast with
QCD, we require it to contain elementary Dirac fields
that we call quarks, with at least one flavor. The defini-
tion is stated in 4� 2✏ dimensions to anticipate the exis-
tence of ultraviolet divergences that need to be regulated
and renormalized. Equation (1) actually defines a bare
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manipulations needed to give Eq. (5) are just to deal with
the fact that partonic states with definite k

� and kT are
not normalizable, so the definition of probability den-
sities in terms of quantum mechanical states is obtained
indirectly. In addition, there is a Lorentz transformation,
to take the transverse momentum of the hadron to zero
while preserving the minus-components of momenta.

Finally, we define |j, ki = b
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|0i, where b
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See, for example, Sec. 6.6 of [9] for a more detailed review
of light-cone quantization. Our reason for discussing it
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isting phenomenology is the role of sum rules in guiding
the formulation of new types of ↵s and establish their
interpretation. For example, specific definitions for di-
hadron ↵s and even n-hadron ↵s were proposed in [6]
according to a requirement that they satisfy extended
versions of the hadron number sum rule. There, the prob-
lems discussed in this paper are exacerbated because the
n-hadron ↵s occupy a larger part of the final state phase
space, and therefore adding or removing a single particle
has a larger impact. Likewise, [17, 18] suggests relating
↵ sum rules to the dynamical generation of quark masses
and jet functions. In [5, 19], momentum sum rules are
derived that involve first taking transverse moments of
transverse momentum dependent ↵s. For these types of
sum rules, the orphan quark problem is compounded by
ultraviolet divergent transverse momentum integrals. Fi-
nally, the sum rules for fracture functions [20, 21] su↵er
from the same complication as ↵s. In all the of above
applications, a careful look at the issues discussed in this
paper is warranted.

Models used in Monte Carlo event generators
(e.g.,Refs. [22–24]) could potentially provide frameworks
for clarifying what is needed. There, one is forced to deal
directly with descriptions of complete final states. For ex-
ample, in Ref. [25], the authors find that their model only
preserves the momentum sum rule exactly in the limit of

infinite final state cascades.
Finally, we propose that understanding the nonper-

turbative features of the orphan quark ↵s through their
operator definitions will help to clarify the connection be-
tween ↵s and full descriptions of the final state hadroniza-
tion process, and that this may help with the develop-
ment of applications like those listed above.

 (y)|0i !  (y)WL[1, y; n]|0i (31)
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appropriate light-like or almost light-like direction.3 A
Wilson line is e↵ectively a source of color charge, so a
Wilson line going out to infinity changes the nature of
the possible final-state particles. In a confining theory
like QCD, we must have, in addition to normal hadrons,
states that are bound to the Wilson line. For a quark ↵,
the Wilson line is in a color anti-triplet representation.
So we can have a meson-like state with a quark bound
to the Wilson line in a color-singlet configuration. Other
possibilities include an antibaryon-like state of two anti-
quarks bound to the Wilson line, again in a color-singlet
configuration. Since the Wilson line has a rapidity with
respect to the fragmenting quark that is infinite, or at
least large, we can expect the bound states to be at a
fractional momentum z that is zero, or close to zero.

We therefore extend the normal QCD state space E ,
with its Fock basis of out states, to include these extra
bound states. That is, we replace the hadronic state
space E by

E ! E ⌦ B, (13)

where B is the space of bound states for the Wilson line.
Correspondingly there is a modified momentum operator,
with corresponding consequences for the sum rules for ↵s.

Let H be the set of kinds of normal hadrons, and B be
the set of bound states of the Wilson line. We propose
that the momentum operator should be modified from
the one given in Eq. (10) to

Pµ = Pµ

H
+ Pµ

B
, (14)

where

Pµ

H
⌘

X

h2H

Z 1

0

dp
�

2p�

Z
d2�2✏pT

(2⇡)3�2✏
a

†
h,p,outp

µ
ah,p,out , (15)

Pµ

B
⌘

X

b2B

Z 1

0

dp
�

2p�

Z
d2�2✏pT

(2⇡)3�2✏
a

†
b,p,outp

µ
ab,p,out . (16)

The conflict about the initial state with quark quan-
tum numbers relies on the theory being QCD-like, with
color confinement. So we should expect similar issues to
arise in QED in low space-time dimensions (1+1, 2+1),
where the classical Coulomb potential rises linearly or
logarithmically with distance. In contrast, QED in 3 + 1
dimensions does not have electron confinement, so that
electrons do appear as possible final-state particles. Even
so, the definition of an electron ↵ in QED still needs a
Wilson line going out to infinity, for which bound states
can exist. So some version of the QCD issues does arise
there, probably only in a minor way. — Add reference(s)
to complications in defining particle states in QED. —

3 Note that when one treats transverse-momentum dependent ↵s
there are some complications associated with the details of the
Wilson line — see [9] and references therein. — Add some refer-
ences here! — These complications do not a↵ect the basic ideas
being explained here.

Once we have modified the momentum operator, we
get a corresponding modified form for the momentum
sum rule, compared with Eq. (11):

X

h2H

Z 1

0
dz z dh/j(z) = 1 �

X

b2B

Z 1

0
dz z db/j(z) . (17)

The left-hand side is the same quantity as before, and
corresponds to the ↵s that can be inferred from scattering
data, with their purely hadronic final-state particles. The
second term on the right-hand side represents a deficit
with respect to the standard value. To the extent that the
parts of the final-state with a particle of quark quantum
numbers give a term that is a delta function at z = 0,
which is the natural expectation, the deficit term is zero,
because of the explicit factor of z in the integrand.

Observe that in a non-confining theory, the term with
final-state particles of quark quantum numbers is not re-
stricted to z = 0; indeed it can in part give a term pro-
portional to �(z � 1), as in perturbative calculations in
model QFTs. Then the set H should be defined to in-
clude such terms, and the set B is to be restricted to
bound states with the Wilson line.

The situation changes for the flavor sum rules, such
as were formulated in [1]. For the charge sum rule, our
modified derivation gives.

X

h

Qh

Z 1

0
dz dh/j(z) = Qj (18)

X

h

Qh

Z 1

0
dz dh/j(z) = Qj (19)

X

h2H

Qh

Z 1

0
dz dh/j(z) = Qj �

X

b2B

Qb

Z 1

0
dz db/j(z) .

(20)
A �(z) term for db/j(z) no longer gives zero, and we
can no longer expect the original formulation [1] of the
sum rule to be necessarily accurate. A closer and non-
perturbative analysis of the dynamics is needed to get a
prediction for the right-hand side; this we can do with
the aid of the string model, to a useful approximation.

For the total hadron number sum rule [3], we similarly
have

X

h

Z 1

0
dz dh/j(z) = hNi (21)

X

h2H

Z 1

0
dz dh/j(z) = hNi �

X

b2B

Z 1

0
dz db/j(z) , (22)

where hNi is the average multiplicity of all final states
produced by the fragmenting quark, including those with

Normal hadronic Fock space Space of quark-Wilson bound states



2

II. THE DEFINITION

The standard definition of a “bare” quark ↵
d(0),h/j(z,pT) is (e.g., Eq. (12.35) of [9]):

d(0),h/j(z,pT) hj, k1|j, k2i

⌘
P

X
hj, k1|h, X, outihh, X, out|j, k2i

2z(2⇡)3�2✏
. (1)

d(0),h/j(z,pT) ⇠
X

X

hquark|h, X, outihh, X, out|quark0i (2)

hquark|quark0i =
X

X

hquark|X, outihX, out|quark0i = 0 (3)

Here, |j, k1i and |j, k2i are initial quark states with flavor
j, which are obtained by applying a light-front creation
operator to the vacuum. We define light-front variables
by k

± = (k0 ±k
z)/

p
2, and a two dimensional transverse

momentum. The initial quark states have given values of
k

�
1 and k

�
2 , and transverse momenta (with the transverse

momenta taken to zero later). The variable z is the frac-
tional minus component of the quark momentum carried
by the observed final state hadron h, p

� = zk
�, and pT is

its transverse momentum. The out-states are |h, X, outi
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all other contributions to the final state. Because states
of definite momentum are non-normalizable, we work in-
directly to get a number density, which entails the factor
hj, k1|j, k2i on the left of Eq. (1).

We start by considering nongauge theories, so we have
omitted from Eq. (1) the color factor in the correspond-
ing equation for QCD given in [9]. We require that the
theory be renormalizable and, to show the contrast with
QCD, we require it to contain elementary Dirac fields
that we call quarks, with at least one flavor. The defini-
tion is stated in 4� 2✏ dimensions to anticipate the exis-
tence of ultraviolet divergences that need to be regulated
and renormalized. Equation (1) actually defines a bare
transverse-momentum-dependent ↵. The bare collinear
↵ is obtained by integrating over all pT. It can be re-
expressed in the more familiar form,

d(0),h/j(z) ⌘
Z

d2�2✏pT d(0),h/j(z,pT)

=
TrD
4
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�
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�
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⇥ h0| (0)
j

(x/2) |h, X, outihh, X, out| (0)
j

(�x/2) |0i ,

(4)

with the fields separated in the +-direction. Some of the
manipulations needed to give Eq. (4) are just to deal with
the fact that partonic states with definite k

� and kT are
not normalizable, so the definition of probability den-
sities in terms of quantum mechanical states is obtained
indirectly. In addition, there is a Lorentz transformation,
to take the transverse momentum of the hadron to zero
while preserving the minus-components of momenta.

Finally, we define |j, ki = b
†
k,j

|0i, where b
†
k,j

is a light-
front creation operator. It is obtained from an expansion
of the Fourier transform of the good components of the
quark field on a light-front, and obeys anticommutation
relations

n
bk,↵, b

†
l,↵0

o
= (2⇡)32k

�
�
�
k

� � l
��
�
(2) (kT � lT) .

(5)
In terms of the quark field of a specific flavor, the bk↵

operator, for example, is

bk,↵(x+) =

Z
dx

+ d2xT e
ik

�
x
+�ikT·xT ūk,↵�

�
 (x) . (6)

See, for example, Sec. 6.6 of [9] for a more detailed review
of light-cone quantization. Our reason for discussing it
here is to emphasize that there are two di↵erent types
of particle state involved in ↵s: those like the fragment-
ing quark states |j, ki, and those for stable particles in
the final states at large time scales, with correspondingly
di↵erent operators to create them.

III. SUM RULES

Now we briefly review the essential steps in the deriva-
tion of the momentum sum rule for ↵s. For a more com-
plete treatment see Sec. 5.4 of [1].

A paradox in the definitions?
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• Are FFs zero?
 

• Non-gauge theories: Fields directly correspond to asymptoGc physical states
 

• In QCD/QED: Local fields are not gauge invariant – they do not create unambiguously 
physical parGcle states
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–  Wilson line is a source of color charge
–  AsymptoGc states must include quark – Wilson line bound state

𝑇 → ∞ Asympto>c 
hadronic states

2

II. THE DEFINITION

The standard definition of a “bare” quark ↵
d(0),h/j(z,pT) is (e.g., Eq. (12.35) of [9]):

d(0),h/j(z,pT) hj, k1|j, k2i

⌘
P

X
hj, k1|h, X, outihh, X, out|j, k2i

2z(2⇡)3�2✏
. (1)

d(0),h/j(z,pT) ⇠
X

X

hquark|h, X, outihh, X, out|quark0i (2)

hquark|quark0i =
X

X

hquark|X, outihX, out|quark0i = 0 (3)

hquark|hadroni = 0 (4)

Here, |j, k1i and |j, k2i are initial quark states with flavor
j, which are obtained by applying a light-front creation
operator to the vacuum. We define light-front variables
by k

± = (k0 ±k
z)/

p
2, and a two dimensional transverse

momentum. The initial quark states have given values of
k

�
1 and k

�
2 , and transverse momenta (with the transverse
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with h labeling the measured particle species and the
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We start by considering nongauge theories, so we have
omitted from Eq. (1) the color factor in the correspond-
ing equation for QCD given in [9]. We require that the
theory be renormalizable and, to show the contrast with
QCD, we require it to contain elementary Dirac fields
that we call quarks, with at least one flavor. The defini-
tion is stated in 4� 2✏ dimensions to anticipate the exis-
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and renormalized. Equation (1) actually defines a bare
transverse-momentum-dependent ↵. The bare collinear
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manipulations needed to give Eq. (5) are just to deal with
the fact that partonic states with definite k

� and kT are
not normalizable, so the definition of probability den-
sities in terms of quantum mechanical states is obtained
indirectly. In addition, there is a Lorentz transformation,
to take the transverse momentum of the hadron to zero
while preserving the minus-components of momenta.

Finally, we define |j, ki = b
†
k,j

|0i, where b
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of light-cone quantization. Our reason for discussing it
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isting phenomenology is the role of sum rules in guiding
the formulation of new types of ↵s and establish their
interpretation. For example, specific definitions for di-
hadron ↵s and even n-hadron ↵s were proposed in [6]
according to a requirement that they satisfy extended
versions of the hadron number sum rule. There, the prob-
lems discussed in this paper are exacerbated because the
n-hadron ↵s occupy a larger part of the final state phase
space, and therefore adding or removing a single particle
has a larger impact. Likewise, [17, 18] suggests relating
↵ sum rules to the dynamical generation of quark masses
and jet functions. In [5, 19], momentum sum rules are
derived that involve first taking transverse moments of
transverse momentum dependent ↵s. For these types of
sum rules, the orphan quark problem is compounded by
ultraviolet divergent transverse momentum integrals. Fi-
nally, the sum rules for fracture functions [20, 21] su↵er
from the same complication as ↵s. In all the of above
applications, a careful look at the issues discussed in this
paper is warranted.

Models used in Monte Carlo event generators
(e.g.,Refs. [22–24]) could potentially provide frameworks
for clarifying what is needed. There, one is forced to deal
directly with descriptions of complete final states. For ex-
ample, in Ref. [25], the authors find that their model only
preserves the momentum sum rule exactly in the limit of

infinite final state cascades.
Finally, we propose that understanding the nonper-

turbative features of the orphan quark ↵s through their
operator definitions will help to clarify the connection be-
tween ↵s and full descriptions of the final state hadroniza-
tion process, and that this may help with the develop-
ment of applications like those listed above.

 (y)|0i !  (y)WL[1, y; n]|0i (31)
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appropriate light-like or almost light-like direction.3 A
Wilson line is e↵ectively a source of color charge, so a
Wilson line going out to infinity changes the nature of
the possible final-state particles. In a confining theory
like QCD, we must have, in addition to normal hadrons,
states that are bound to the Wilson line. For a quark ↵,
the Wilson line is in a color anti-triplet representation.
So we can have a meson-like state with a quark bound
to the Wilson line in a color-singlet configuration. Other
possibilities include an antibaryon-like state of two anti-
quarks bound to the Wilson line, again in a color-singlet
configuration. Since the Wilson line has a rapidity with
respect to the fragmenting quark that is infinite, or at
least large, we can expect the bound states to be at a
fractional momentum z that is zero, or close to zero.

We therefore extend the normal QCD state space E ,
with its Fock basis of out states, to include these extra
bound states. That is, we replace the hadronic state
space E by

E ! E ⌦ B, (13)

where B is the space of bound states for the Wilson line.
Correspondingly there is a modified momentum operator,
with corresponding consequences for the sum rules for ↵s.

Let H be the set of kinds of normal hadrons, and B be
the set of bound states of the Wilson line. We propose
that the momentum operator should be modified from
the one given in Eq. (10) to

Pµ = Pµ

H
+ Pµ

B
, (14)

where

Pµ

H
⌘

X

h2H

Z 1

0

dp
�

2p�

Z
d2�2✏pT

(2⇡)3�2✏
a

†
h,p,outp

µ
ah,p,out , (15)

Pµ

B
⌘

X

b2B

Z 1

0

dp
�

2p�

Z
d2�2✏pT

(2⇡)3�2✏
a

†
b,p,outp

µ
ab,p,out . (16)

The conflict about the initial state with quark quan-
tum numbers relies on the theory being QCD-like, with
color confinement. So we should expect similar issues to
arise in QED in low space-time dimensions (1+1, 2+1),
where the classical Coulomb potential rises linearly or
logarithmically with distance. In contrast, QED in 3 + 1
dimensions does not have electron confinement, so that
electrons do appear as possible final-state particles. Even
so, the definition of an electron ↵ in QED still needs a
Wilson line going out to infinity, for which bound states
can exist. So some version of the QCD issues does arise
there, probably only in a minor way. — Add reference(s)
to complications in defining particle states in QED. —

3 Note that when one treats transverse-momentum dependent ↵s
there are some complications associated with the details of the
Wilson line — see [9] and references therein. — Add some refer-
ences here! — These complications do not a↵ect the basic ideas
being explained here.

Once we have modified the momentum operator, we
get a corresponding modified form for the momentum
sum rule, compared with Eq. (11):

X

h2H

Z 1

0
dz z dh/j(z) = 1 �

X

b2B

Z 1

0
dz z db/j(z) . (17)

The left-hand side is the same quantity as before, and
corresponds to the ↵s that can be inferred from scattering
data, with their purely hadronic final-state particles. The
second term on the right-hand side represents a deficit
with respect to the standard value. To the extent that the
parts of the final-state with a particle of quark quantum
numbers give a term that is a delta function at z = 0,
which is the natural expectation, the deficit term is zero,
because of the explicit factor of z in the integrand.

Observe that in a non-confining theory, the term with
final-state particles of quark quantum numbers is not re-
stricted to z = 0; indeed it can in part give a term pro-
portional to �(z � 1), as in perturbative calculations in
model QFTs. Then the set H should be defined to in-
clude such terms, and the set B is to be restricted to
bound states with the Wilson line.

The situation changes for the flavor sum rules, such
as were formulated in [1]. For the charge sum rule, our
modified derivation gives.

X

h

Qh

Z 1

0
dz dh/j(z) = Qj (18)

X

h

Qh

Z 1

0
dz dh/j(z) = Qj (19)

X

h2H

Qh

Z 1

0
dz dh/j(z) = Qj �

X

b2B

Qb

Z 1

0
dz db/j(z) .

(20)
A �(z) term for db/j(z) no longer gives zero, and we
can no longer expect the original formulation [1] of the
sum rule to be necessarily accurate. A closer and non-
perturbative analysis of the dynamics is needed to get a
prediction for the right-hand side; this we can do with
the aid of the string model, to a useful approximation.

For the total hadron number sum rule [3], we similarly
have

X

h

Z 1

0
dz dh/j(z) = hNi (21)

X

h2H

Z 1

0
dz dh/j(z) = hNi �

X

b2B

Z 1

0
dz db/j(z) , (22)

where hNi is the average multiplicity of all final states
produced by the fragmenting quark, including those with

Normal hadronic Fock space Space of quark-Wilson bound states
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II. THE DEFINITION

The standard definition of a “bare” quark ↵
d(0),h/j(z,pT) is (e.g., Eq. (12.35) of [9]):

d(0),h/j(z,pT) hj, k1|j, k2i

⌘
P

X
hj, k1|h, X, outihh, X, out|j, k2i

2z(2⇡)3�2✏
. (1)

d(0),h/j(z,pT) ⇠
X

X

hquark|h, X, outihh, X, out|quark0i (2)

hquark|quark0i =
X

X

hquark|X, outihX, out|quark0i = 0 (3)

Here, |j, k1i and |j, k2i are initial quark states with flavor
j, which are obtained by applying a light-front creation
operator to the vacuum. We define light-front variables
by k

± = (k0 ±k
z)/

p
2, and a two dimensional transverse

momentum. The initial quark states have given values of
k

�
1 and k

�
2 , and transverse momenta (with the transverse

momenta taken to zero later). The variable z is the frac-
tional minus component of the quark momentum carried
by the observed final state hadron h, p

� = zk
�, and pT is

its transverse momentum. The out-states are |h, X, outi
with h labeling the measured particle species and the
sum/integral over X representing a complete sum over
all other contributions to the final state. Because states
of definite momentum are non-normalizable, we work in-
directly to get a number density, which entails the factor
hj, k1|j, k2i on the left of Eq. (1).

We start by considering nongauge theories, so we have
omitted from Eq. (1) the color factor in the correspond-
ing equation for QCD given in [9]. We require that the
theory be renormalizable and, to show the contrast with
QCD, we require it to contain elementary Dirac fields
that we call quarks, with at least one flavor. The defini-
tion is stated in 4� 2✏ dimensions to anticipate the exis-
tence of ultraviolet divergences that need to be regulated
and renormalized. Equation (1) actually defines a bare
transverse-momentum-dependent ↵. The bare collinear
↵ is obtained by integrating over all pT. It can be re-
expressed in the more familiar form,

d(0),h/j(z) ⌘
Z

d2�2✏pT d(0),h/j(z,pT)

=
TrD
4

X

X

z
1�2✏

Z
dx

+

2⇡
e
ik

�
x
+

�
�⇥

⇥ h0| (0)
j

(x/2) |h, X, outihh, X, out| (0)
j

(�x/2) |0i ,

(4)

with the fields separated in the +-direction. Some of the
manipulations needed to give Eq. (4) are just to deal with
the fact that partonic states with definite k

� and kT are
not normalizable, so the definition of probability den-
sities in terms of quantum mechanical states is obtained
indirectly. In addition, there is a Lorentz transformation,
to take the transverse momentum of the hadron to zero
while preserving the minus-components of momenta.

Finally, we define |j, ki = b
†
k,j

|0i, where b
†
k,j

is a light-
front creation operator. It is obtained from an expansion
of the Fourier transform of the good components of the
quark field on a light-front, and obeys anticommutation
relations

n
bk,↵, b

†
l,↵0

o
= (2⇡)32k

�
�
�
k

� � l
��
�
(2) (kT � lT) .

(5)
In terms of the quark field of a specific flavor, the bk↵

operator, for example, is

bk,↵(x+) =

Z
dx

+ d2xT e
ik

�
x
+�ikT·xT ūk,↵�

�
 (x) . (6)

See, for example, Sec. 6.6 of [9] for a more detailed review
of light-cone quantization. Our reason for discussing it
here is to emphasize that there are two di↵erent types
of particle state involved in ↵s: those like the fragment-
ing quark states |j, ki, and those for stable particles in
the final states at large time scales, with correspondingly
di↵erent operators to create them.

III. SUM RULES

Now we briefly review the essential steps in the deriva-
tion of the momentum sum rule for ↵s. For a more com-
plete treatment see Sec. 5.4 of [1].

A paradox in the definitions?
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• Non-gauge theories: Fields directly correspond to asymptotic physical states
 

• In QCD/QED: Local fields are not gauge invariant – they do not create unambiguously 
physical particle states

–  
–  Wilson line is a source of color charge
–  Asymptotic states must include a kind of “quark/Wilson line bound state”
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with h labeling the measured particle species and the
sum/integral over X representing a complete sum over
all other contributions to the final state. Because states
of definite momentum are non-normalizable, we work in-
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omitted from Eq. (1) the color factor in the correspond-
ing equation for QCD given in [9]. We require that the
theory be renormalizable and, to show the contrast with
QCD, we require it to contain elementary Dirac fields
that we call quarks, with at least one flavor. The defini-
tion is stated in 4� 2✏ dimensions to anticipate the exis-
tence of ultraviolet divergences that need to be regulated
and renormalized. Equation (1) actually defines a bare
transverse-momentum-dependent ↵. The bare collinear
↵ is obtained by integrating over all pT. It can be re-

expressed in the more familiar form,

d(0),h/j(z) ⌘
Z

d2�2✏pT d(0),h/j(z,pT)

=
TrD
4

X

X

z
1�2✏

Z
dx

+

2⇡
e
ik

�
x
+

�
�⇥

⇥ h0| (0)
j

(x/2) |h, X, outihh, X, out| (0)
j

(�x/2) |0i ,

(5)
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manipulations needed to give Eq. (5) are just to deal with
the fact that partonic states with definite k

� and kT are
not normalizable, so the definition of probability den-
sities in terms of quantum mechanical states is obtained
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hadron ↵s and even n-hadron ↵s were proposed in [6]
according to a requirement that they satisfy extended
versions of the hadron number sum rule. There, the prob-
lems discussed in this paper are exacerbated because the
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space, and therefore adding or removing a single particle
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and jet functions. In [5, 19], momentum sum rules are
derived that involve first taking transverse moments of
transverse momentum dependent ↵s. For these types of
sum rules, the orphan quark problem is compounded by
ultraviolet divergent transverse momentum integrals. Fi-
nally, the sum rules for fracture functions [20, 21] su↵er
from the same complication as ↵s. In all the of above
applications, a careful look at the issues discussed in this
paper is warranted.

Models used in Monte Carlo event generators
(e.g.,Refs. [22–24]) could potentially provide frameworks
for clarifying what is needed. There, one is forced to deal
directly with descriptions of complete final states. For ex-
ample, in Ref. [25], the authors find that their model only
preserves the momentum sum rule exactly in the limit of

infinite final state cascades.
Finally, we propose that understanding the nonper-

turbative features of the orphan quark ↵s through their
operator definitions will help to clarify the connection be-
tween ↵s and full descriptions of the final state hadroniza-
tion process, and that this may help with the develop-
ment of applications like those listed above.

 (y)|0i !  (y)WL[1, y; n]|0i (31)
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appropriate light-like or almost light-like direction.3 A
Wilson line is e↵ectively a source of color charge, so a
Wilson line going out to infinity changes the nature of
the possible final-state particles. In a confining theory
like QCD, we must have, in addition to normal hadrons,
states that are bound to the Wilson line. For a quark ↵,
the Wilson line is in a color anti-triplet representation.
So we can have a meson-like state with a quark bound
to the Wilson line in a color-singlet configuration. Other
possibilities include an antibaryon-like state of two anti-
quarks bound to the Wilson line, again in a color-singlet
configuration. Since the Wilson line has a rapidity with
respect to the fragmenting quark that is infinite, or at
least large, we can expect the bound states to be at a
fractional momentum z that is zero, or close to zero.

We therefore extend the normal QCD state space E ,
with its Fock basis of out states, to include these extra
bound states. That is, we replace the hadronic state
space E by

E ! E ⌦ B, (13)

where B is the space of bound states for the Wilson line.
Correspondingly there is a modified momentum operator,
with corresponding consequences for the sum rules for ↵s.

Let H be the set of kinds of normal hadrons, and B be
the set of bound states of the Wilson line. We propose
that the momentum operator should be modified from
the one given in Eq. (10) to

Pµ = Pµ

H
+ Pµ

B
, (14)

where

Pµ

H
⌘

X

h2H

Z 1

0

dp
�

2p�

Z
d2�2✏pT

(2⇡)3�2✏
a

†
h,p,outp

µ
ah,p,out , (15)

Pµ

B
⌘

X

b2B

Z 1

0

dp
�

2p�

Z
d2�2✏pT

(2⇡)3�2✏
a

†
b,p,outp

µ
ab,p,out . (16)

The conflict about the initial state with quark quan-
tum numbers relies on the theory being QCD-like, with
color confinement. So we should expect similar issues to
arise in QED in low space-time dimensions (1+1, 2+1),
where the classical Coulomb potential rises linearly or
logarithmically with distance. In contrast, QED in 3 + 1
dimensions does not have electron confinement, so that
electrons do appear as possible final-state particles. Even
so, the definition of an electron ↵ in QED still needs a
Wilson line going out to infinity, for which bound states
can exist. So some version of the QCD issues does arise
there, probably only in a minor way. — Add reference(s)
to complications in defining particle states in QED. —

3 Note that when one treats transverse-momentum dependent ↵s
there are some complications associated with the details of the
Wilson line — see [9] and references therein. — Add some refer-
ences here! — These complications do not a↵ect the basic ideas
being explained here.

Once we have modified the momentum operator, we
get a corresponding modified form for the momentum
sum rule, compared with Eq. (11):

X

h2H

Z 1

0
dz z dh/j(z) = 1 �

X

b2B

Z 1

0
dz z db/j(z) . (17)

The left-hand side is the same quantity as before, and
corresponds to the ↵s that can be inferred from scattering
data, with their purely hadronic final-state particles. The
second term on the right-hand side represents a deficit
with respect to the standard value. To the extent that the
parts of the final-state with a particle of quark quantum
numbers give a term that is a delta function at z = 0,
which is the natural expectation, the deficit term is zero,
because of the explicit factor of z in the integrand.

Observe that in a non-confining theory, the term with
final-state particles of quark quantum numbers is not re-
stricted to z = 0; indeed it can in part give a term pro-
portional to �(z � 1), as in perturbative calculations in
model QFTs. Then the set H should be defined to in-
clude such terms, and the set B is to be restricted to
bound states with the Wilson line.

The situation changes for the flavor sum rules, such
as were formulated in [1]. For the charge sum rule, our
modified derivation gives.

X

h

Qh

Z 1

0
dz dh/j(z) = Qj (18)

X

h

Qh

Z 1

0
dz dh/j(z) = Qj (19)

X

h2H

Qh

Z 1

0
dz dh/j(z) = Qj �

X

b2B

Qb

Z 1

0
dz db/j(z) .

(20)
A �(z) term for db/j(z) no longer gives zero, and we
can no longer expect the original formulation [1] of the
sum rule to be necessarily accurate. A closer and non-
perturbative analysis of the dynamics is needed to get a
prediction for the right-hand side; this we can do with
the aid of the string model, to a useful approximation.

For the total hadron number sum rule [3], we similarly
have

X

h

Z 1

0
dz dh/j(z) = hNi (21)

X

h2H

Z 1

0
dz dh/j(z) = hNi �

X

b2B

Z 1

0
dz db/j(z) , (22)

where hNi is the average multiplicity of all final states
produced by the fragmenting quark, including those with

Normal hadronic Fock space Space of quark-Wilson bound states
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• At least one “orphan” (an0)quark is always le8 over
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𝑒,𝑒- → ℎ. + ℎ/ + 𝑋
Fast nega>ve rapidity Fast posi>ve rapidity• Must match FFs onto 

full process in region of 
unclassifiable  ≈ 0 
rapidity hadrons

• Split unclassifiable 
hadron(s) & insert zero 
rapidity Wilson lines 

• Slow hadrons lie outside 
the region relevant to the 
factorization theorem 
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FIG. 2. A schematic picture of an allowed final state in a cal-
culation of the quark ↵s. Hadrons are labeled by H1 through
H3. These belong in the set of particles labeled H in the text.
A final orphan quark with very small z, labeled by a red dot,
always remains. It is part of the set of states labeled B.
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FIG. 3. Like Fig. 2 but with a baryon in the final state,
represented by the oval. The result now has a pair of orphan
antiquarks.

u versus d).
In Fig. 2, only mesons are shown in the final

state. More complex arrangements with multiple left-
over quarks and antiquarks can arise to give, for example,
baryons in the final state, as in Fig. 3.

Note that the quantitative description of the hadron
distribution by a fragmentation function should only be
accurate for the faster hadrons, and the just-mentioned
split is at the lowest end of the z range for which frag-
mentation is relevant. Given a process at some energy,
we can choose a Q-dependent value zmin, below which
we do not attempt to describe hadron distributions by a
fragmentation function of a given parton. This implies
that at a given value of Q, the portion of the integrals in
the sum rules in the range 0 < z < zmin is not accessible
to experimental measurements. This range decreases ap-
proximately like 1/Q as Q gets large. The orphan quark
or antiquarks at low z carry quantum numbers that are
able to leak out of the valid factorization region z > zmin.
Thus, we will call the db/j(z) that appear in the correc-
tion terms for sum rules like Eqs. (15)–(16) the “deficit”
↵s.

We can also apply the string model to the actual ↵
we defined, that includes a Wilson line. This is shown in
Fig. 4. The string model indicates that the orphan quark
should simply combine with the Wilson line, and make
a bound state, as we proposed earlier. The bound state
appears at low z in a region where an ↵ is not intended to
be accurate as a description of a real process. In contrast,
the top part of Fig. 4, for the faster hadrons, matches
the corresponding part of Fig. 1 for the physical process.

p
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FIG. 4. A graph contributing to the calculation of a quark-
to-quark ↵. The observed hadron is in the thick-dashed black
oval. The zig-zag line at the bottom is an orphan quark bind-
ing to the Wilson line.

The bound state of the orphan quark has no need to
correspond to any simple observable.

The simplest way to match ↵s to the full process is
to implement the afore-mentioned split at central rapid-
ity by replacing the orphan quark by a bound state to a
Wilson line that has zero rapidity in the overall center-
of-mass frame. In Fig. 1, this would correspond to an
insertion of a time-like Wilson line, with rapidity zero,
between the central orphan quark and antiquark. That
would match the definition of a transverse-momentum-
dependent ↵ by Collins and Soper – see Eq. (5.1) of
Ref. [1] – with its use of an axial gauge and dependence
on an auxiliary vector n. In contrast, for an integrated ↵,
the Wilson line is of infinite rapidity (opposite to that of
the jet). Given the physical picture just discussed, that
would appear at first sight to include too much of the fi-
nal state. However, this problem is resolved by a careful
analysis of the definitions in the context of a factorization
proof, as in [9]. First, transverse-momentum dependent
↵s are defined, and include “soft factors” defined in pre-
cisely such a way as to compensate incorrect treatment
and overcounting of emission at low rapidity. When one
makes the transition to integrated ↵s, the soft factors
give unity, because of an exact cancellation between real
and virtual emission. This type of cancellation between
graphs with di↵erent kinds of final states highlights the
importance of the level of inclusivity in determining the
validity of a particular factorization formula.

VI. IMPLICATIONS FOR SUM RULES

Determining the orphan quark ↵s requires information
from nonperturbative QCD, and a careful treatment is
beyond the scope of this paper. However, general phys-
ical considerations lead to some reasonable conjectures
that may be useful points of departure for more sophis-
ticated treatments in the future.

The Wilson line that needs to be included with each
field in Eq. (2) is in the light-like plus direction, opposite
the nearly light-like minus momentum of the hadronizing
quark. It carries the memory of the oppositely moving
antiquark (and its associated orphan partons) that ap-
peared in the full process before factorization. It has
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• Proposal: Take the operator defini3ons of “deficit fragmenta3on 
func3ons” seriously

• Momentum operator becomes
Pµ = Pµ

H
+ Pµ

B
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The remaining nontrivial step is to show that Eq. (8)
is preserved after renormalization. It is well known that
this works for standard renormalization schemes like MS,
so from here forward we will drop “(0)” subscripts in
equations like Eq. (8) and assume that renormalization
has been implemented.

IV. THE FINAL STATES

The above sum rule derivation relies, for its validity,
on the use of a complete set of basis states |X, outi whose
sum/integral obeys

X

X

|X, outihX, out| = b1 (9)

where b1 is the unit operator on the physical state space
E .2 The derivation also relies on the sum over h in
Eq. (2), etc, being over all kinds of possible stable single-
particle states, such that the momentum operators obey
Eq. (7).

Now all observed final-state particles in QCD have in-
teger baryon number and electric charge. But the initial
state b

†|0i in a quark ↵ has quark quantum numbers, no-
tably fractional electric charge, and so is orthogonal to
all purely hadronic final states. This appears to give zero
for the matrix elements in Eq. (2) and hence for the ↵s.

The paradox does not arise in a non-gauge theory:
There, we can apply a locally smeared quark field to
the vacuum to create a normal physical state with quark
quantum numbers. By general principles of QFT, there
must be final states of quark quantum numbers, and
hence at least one stable particle (bound or not) of the
appropriate quantum numbers, including electric charge.

But in a gauge theory, local quark fields are not gauge-
invariant physical operators. Applied to the vacuum,
they do not give an unambiguously physical state. In-
stead, the field used to define the ↵ of a quark is multi-
plied by a Wilson line, which goes out to infinity in an
appropriate light-like or almost light-like direction.3 A
Wilson line is e↵ectively a source of color charge, so a
Wilson line going out to infinity changes the nature of
the possible final-state particles. In a confining theory
like QCD, we must have, in addition to normal hadrons,
states that are bound to the Wilson line. For a quark ↵,
the Wilson line is in a color anti-triplet representation.
So we can have a meson-like state with a quark bound
to the Wilson line in a color-singlet configuration. Other

2 The non-vacuum part of the space is then stratified in a one-
particle inclusive form as in Eq. (2), with h being summed over
all possible kinds of single-particle state, including a spin sum.

3 Note that when one treats transverse-momentum dependent ↵s
there are some complications associated with the details of the
Wilson line — see Ch. 13 of [9] and references therein. These
complications do not a↵ect the basic ideas being explained here.

possibilities include an antibaryon-like state of two anti-
quarks bound to the Wilson line, again in a color-singlet
configuration. Since the Wilson line has a rapidity with
respect to the fragmenting quark that is infinite, or at
least large, we can expect the bound states to be at a
fractional momentum z that is zero, or close to zero.

We therefore extend the normal QCD state space E ,
with its Fock basis of out states, to include these extra
bound states. That is, we replace the hadronic state
space E by

E ⌦ B, (10)

where B is the space of bound states for the Wilson line.
Correspondingly there is a modified momentum operator,
with corresponding consequences for the sum rules for ↵s.

Let H be the set of kinds of normal hadrons, and B be
the set of bound states of the Wilson line. We propose
that the momentum operator should be modified from
the one given in Eq. (7) to

Pµ = Pµ

H
+ Pµ

B
, (11)

where

Pµ

H
⌘

X

h2H

Z 1

0

dp
�

2p�

Z
d2�2✏pT

(2⇡)3�2✏
a

†
h,p,outp

µ
ah,p,out , (12)

Pµ

B
⌘

X

b2B

Z 1

0

dp
�

2p�

Z
d2�2✏pT

(2⇡)3�2✏
a

†
b,p,outp

µ
ab,p,out . (13)

The conflict about the initial state with quark quan-
tum numbers relies on the theory being QCD-like, with
color confinement. So we should expect similar issues to
arise in QED in low space-time dimensions (1+1, 2+1),
where the classical Coulomb potential rises linearly or
logarithmically with distance. In contrast, QED in 3 + 1
dimensions does not have electron confinement, so that
electrons do appear as possible final-state particles. Even
so, the definition of an electron ↵ in QED still needs a
Wilson line going out to infinity, for which bound states
can exist.4 So some version of the QCD issues does arise
there, probably only in a minor way.

Once we have modified the momentum operator, we
get a corresponding modified form for the momentum
sum rule, compared with Eq. (8):

X

h2H

Z 1

0
dz z dh/j(z) = 1 �

X

b2B

Z 1

0
dz z db/j(z) . (14)

The left-hand side is the same quantity as before, and
corresponds to the ↵s that can be inferred from scattering
data, with their purely hadronic final-state particles. The

4 The need for a Wilson line is likely to be related to the compli-
cations in defining states of charged particles in QED — for a
review, see Ref. [10].
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FIG. 2. A schematic picture of an allowed final state in a cal-
culation of the quark ↵s. Hadrons are labeled by H1 through
H3. These belong in the set of particles labeled H in the text.
A final orphan quark with very small z, labeled by a red dot,
always remains. It is part of the set of states labeled B.
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FIG. 3. Like Fig. 2 but with a baryon in the final state,
represented by the oval. The result now has a pair of orphan
antiquarks.

u versus d).
In Fig. 2, only mesons are shown in the final

state. More complex arrangements with multiple left-
over quarks and antiquarks can arise to give, for example,
baryons in the final state, as in Fig. 3.

Note that the quantitative description of the hadron
distribution by a fragmentation function should only be
accurate for the faster hadrons, and the just-mentioned
split is at the lowest end of the z range for which frag-
mentation is relevant. Given a process at some energy,
we can choose a Q-dependent value zmin, below which
we do not attempt to describe hadron distributions by a
fragmentation function of a given parton. This implies
that at a given value of Q, the portion of the integrals in
the sum rules in the range 0 < z < zmin is not accessible
to experimental measurements. This range decreases ap-
proximately like 1/Q as Q gets large. The orphan quark
or antiquarks at low z carry quantum numbers that are
able to leak out of the valid factorization region z > zmin.
Thus, we will call the db/j(z) that appear in the correc-
tion terms for sum rules like Eqs. (15)–(16) the “deficit”
↵s.

We can also apply the string model to the actual ↵
we defined, that includes a Wilson line. This is shown in
Fig. 4. The string model indicates that the orphan quark
should simply combine with the Wilson line, and make
a bound state, as we proposed earlier. The bound state
appears at low z in a region where an ↵ is not intended to
be accurate as a description of a real process. In contrast,
the top part of Fig. 4, for the faster hadrons, matches
the corresponding part of Fig. 1 for the physical process.

p
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FIG. 4. A graph contributing to the calculation of a quark-
to-quark ↵. The observed hadron is in the thick-dashed black
oval. The zig-zag line at the bottom is an orphan quark bind-
ing to the Wilson line.

The bound state of the orphan quark has no need to
correspond to any simple observable.

The simplest way to match ↵s to the full process is
to implement the afore-mentioned split at central rapid-
ity by replacing the orphan quark by a bound state to a
Wilson line that has zero rapidity in the overall center-
of-mass frame. In Fig. 1, this would correspond to an
insertion of a time-like Wilson line, with rapidity zero,
between the central orphan quark and antiquark. That
would match the definition of a transverse-momentum-
dependent ↵ by Collins and Soper – see Eq. (5.1) of
Ref. [1] – with its use of an axial gauge and dependence
on an auxiliary vector n. In contrast, for an integrated ↵,
the Wilson line is of infinite rapidity (opposite to that of
the jet). Given the physical picture just discussed, that
would appear at first sight to include too much of the fi-
nal state. However, this problem is resolved by a careful
analysis of the definitions in the context of a factorization
proof, as in [9]. First, transverse-momentum dependent
↵s are defined, and include “soft factors” defined in pre-
cisely such a way as to compensate incorrect treatment
and overcounting of emission at low rapidity. When one
makes the transition to integrated ↵s, the soft factors
give unity, because of an exact cancellation between real
and virtual emission. This type of cancellation between
graphs with di↵erent kinds of final states highlights the
importance of the level of inclusivity in determining the
validity of a particular factorization formula.

VI. IMPLICATIONS FOR SUM RULES

Determining the orphan quark ↵s requires information
from nonperturbative QCD, and a careful treatment is
beyond the scope of this paper. However, general phys-
ical considerations lead to some reasonable conjectures
that may be useful points of departure for more sophis-
ticated treatments in the future.

The Wilson line that needs to be included with each
field in Eq. (2) is in the light-like plus direction, opposite
the nearly light-like minus momentum of the hadronizing
quark. It carries the memory of the oppositely moving
antiquark (and its associated orphan partons) that ap-
peared in the full process before factorization. It has
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The remaining nontrivial step is to show that Eq. (8)
is preserved after renormalization. It is well known that
this works for standard renormalization schemes like MS,
so from here forward we will drop “(0)” subscripts in
equations like Eq. (8) and assume that renormalization
has been implemented.

IV. THE FINAL STATES

The above sum rule derivation relies, for its validity,
on the use of a complete set of basis states |X, outi whose
sum/integral obeys

X

X

|X, outihX, out| = b1 (9)

where b1 is the unit operator on the physical state space
E .2 The derivation also relies on the sum over h in
Eq. (2), etc, being over all kinds of possible stable single-
particle states, such that the momentum operators obey
Eq. (7).

Now all observed final-state particles in QCD have in-
teger baryon number and electric charge. But the initial
state b

†|0i in a quark ↵ has quark quantum numbers, no-
tably fractional electric charge, and so is orthogonal to
all purely hadronic final states. This appears to give zero
for the matrix elements in Eq. (2) and hence for the ↵s.

The paradox does not arise in a non-gauge theory:
There, we can apply a locally smeared quark field to
the vacuum to create a normal physical state with quark
quantum numbers. By general principles of QFT, there
must be final states of quark quantum numbers, and
hence at least one stable particle (bound or not) of the
appropriate quantum numbers, including electric charge.

But in a gauge theory, local quark fields are not gauge-
invariant physical operators. Applied to the vacuum,
they do not give an unambiguously physical state. In-
stead, the field used to define the ↵ of a quark is multi-
plied by a Wilson line, which goes out to infinity in an
appropriate light-like or almost light-like direction.3 A
Wilson line is e↵ectively a source of color charge, so a
Wilson line going out to infinity changes the nature of
the possible final-state particles. In a confining theory
like QCD, we must have, in addition to normal hadrons,
states that are bound to the Wilson line. For a quark ↵,
the Wilson line is in a color anti-triplet representation.
So we can have a meson-like state with a quark bound
to the Wilson line in a color-singlet configuration. Other

2 The non-vacuum part of the space is then stratified in a one-
particle inclusive form as in Eq. (2), with h being summed over
all possible kinds of single-particle state, including a spin sum.

3 Note that when one treats transverse-momentum dependent ↵s
there are some complications associated with the details of the
Wilson line — see Ch. 13 of [9] and references therein. These
complications do not a↵ect the basic ideas being explained here.

possibilities include an antibaryon-like state of two anti-
quarks bound to the Wilson line, again in a color-singlet
configuration. Since the Wilson line has a rapidity with
respect to the fragmenting quark that is infinite, or at
least large, we can expect the bound states to be at a
fractional momentum z that is zero, or close to zero.

We therefore extend the normal QCD state space E ,
with its Fock basis of out states, to include these extra
bound states. That is, we replace the hadronic state
space E by

E ⌦ B, (10)

where B is the space of bound states for the Wilson line.
Correspondingly there is a modified momentum operator,
with corresponding consequences for the sum rules for ↵s.

Let H be the set of kinds of normal hadrons, and B be
the set of bound states of the Wilson line. We propose
that the momentum operator should be modified from
the one given in Eq. (7) to

Pµ = Pµ

H
+ Pµ

B
, (11)

where

Pµ

H
⌘

X

h2H

Z 1

0

dp
�

2p�

Z
d2�2✏pT

(2⇡)3�2✏
a

†
h,p,outp

µ
ah,p,out , (12)

Pµ

B
⌘

X

b2B

Z 1

0

dp
�

2p�

Z
d2�2✏pT

(2⇡)3�2✏
a

†
b,p,outp

µ
ab,p,out . (13)

The conflict about the initial state with quark quan-
tum numbers relies on the theory being QCD-like, with
color confinement. So we should expect similar issues to
arise in QED in low space-time dimensions (1+1, 2+1),
where the classical Coulomb potential rises linearly or
logarithmically with distance. In contrast, QED in 3 + 1
dimensions does not have electron confinement, so that
electrons do appear as possible final-state particles. Even
so, the definition of an electron ↵ in QED still needs a
Wilson line going out to infinity, for which bound states
can exist.4 So some version of the QCD issues does arise
there, probably only in a minor way.

Once we have modified the momentum operator, we
get a corresponding modified form for the momentum
sum rule, compared with Eq. (8):

X

h2H

Z 1

0
dz z dh/j(z) = 1 �

X

b2B

Z 1

0
dz z db/j(z) . (14)

The left-hand side is the same quantity as before, and
corresponds to the ↵s that can be inferred from scattering
data, with their purely hadronic final-state particles. The

4 The need for a Wilson line is likely to be related to the compli-
cations in defining states of charged particles in QED — for a
review, see Ref. [10].

4

second term on the right-hand side represents a deficit
with respect to the standard value. To the extent that the
parts of the final-state with a particle of quark quantum
numbers give a term that is a delta function at z = 0,
which is the natural expectation, the deficit term is zero,
because of the explicit factor of z in the integrand.

Observe that in a non-confining theory, the term with
final-state particles of quark quantum numbers is not re-
stricted to z = 0; indeed it can in part give a term pro-
portional to �(z � 1), as in perturbative calculations in
model QFTs. Then the set H should be defined to in-
clude such terms, and the set B is to be restricted to
bound states with the Wilson line.

The situation changes for the flavor sum rules, such
as were formulated in [1]. For the charge sum rule, our
modified derivation gives.

X

h2H

Qh

Z 1

0
dz dh/j(z) = Qj �

X

b2B

Qb

Z 1

0
dz db/j(z) .

(15)
A �(z) term for db/j(z) no longer gives zero, and we
can no longer expect the original formulation [1] of the
sum rule to be necessarily accurate. A closer and non-
perturbative analysis of the dynamics is needed to get a
prediction for the right-hand side; this we can do with
the aid of the string model, to a useful approximation.

For the total hadron number sum rule [3], we similarly
have

X

h2H

Z 1

0
dz dh/j(z) = hNi �

X

b2B

Z 1

0
dz db/j(z) , (16)

where hNi is the average multiplicity of all final states
produced by the fragmenting quark, including those with
nonhadronic quantum numbers.5

In the Appendix, we illustrate how the the sum rules
apply in a renormalizable nongauge theory. The exam-
ples there indicate the importance of keeping terms with
final-state particles that have quark quantum numbers.

V. INTERPRETATION IN QCD

The nature of the final state in a quark ↵ in QCD
is illustrated by the strong-model account of hadroniza-
tion in e

+
e
�-annihilation. We present this as a quali-

tative perturbative schema and approximation in Fig. 1,
as in the paper by Casher, Kogut and Susskind [11]. At

5 It is a slight abuse of language to refer to Eq. (16) as a “sum rule”
since the multiplicity associated with a single ↵ is not a known
measurable or conserved quantity. Moreover, its exact numerical
value depends on an arbitrary choice of renormalization scheme
or of a cut-o↵. We will continue to call it the “hadron number
sum rule,” however, to remain consistent with existing literature,
where identities like Eq. (16) guide interpretations.
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FIG. 1. A schematic picture of the production of a final state
in the process e+e� ! hadrons. Hadrons on the left hand side
move with large negative rapidity, and those on the right hand
side move with large positive rapidity. To split the figure into
two ↵s like Fig. 2 with quark number 1, the central boxed
hadron must be split into an orphan quark and an orphan
antiquark.

center-of-mass energy Q, an electron and positron anni-
hilate over a short distance scale 1/Q to make an out-
going quark-antiquark pair. A color field between them,
that ends up as a flux tube, is created by gluon emis-
sion. Quark-antiquark pairs are generated in the flux
tube, and recombine into color-singlet mesons. In space-
time, the meson production is roughly localized around a
space-like hyperbola. The slowest mesons, of low center-
of-mass rapidity, are formed first, and the fastest, high
rapidity, mesons are formed on a long time-dilated scale.
The result is a two jet structure, with each jet created
from one or other of the quark and antiquark. Between
the leading particles in each jet, mesons fill in the rapid-
ity region with an approximately uniform distribution in
rapidity.

The quark generating a jet preferentially ends up in
the leading particle in its jet, with a corresponding bias
in the leading particle’s charge. For example, the lead-
ing particle in a u-quark jet is more often a ⇡

+ than a
⇡

�. But there is, at the same time, no hadron of the
fractional charge of the u-quark. This contrasts with
the situation in the simple, low-order model in the Ap-
pendix, of fragmentation in a non-gauge model. In that
model, the dominant leading particle in the fragmenta-
tion of a quark-analog is exactly an on-shell particle of
quark quantum numbers.

The distribution of hadrons in each jet is given by the
corresponding fragmentation function. One can propose
splitting the final state in Fig. 1 between the two jets.
For symmetry, this split is in the middle of the box la-
belled “orphans”, thereby leading to a left-over quark or
antiquark in each part, which we call an orphan quark or
antiquark. This is illustrated in Fig. 2. In this approxi-
mation, whether the orphan is a quark or an antiquark
is fully determined by the corresponding property of the
jet-initiating parton. This gives a long-range correlation,
given that the orphan is at low momentum. But no such
correlation applies to which flavor the orphan has (e.g.,

4

second term on the right-hand side represents a deficit
with respect to the standard value. To the extent that the
parts of the final-state with a particle of quark quantum
numbers give a term that is a delta function at z = 0,
which is the natural expectation, the deficit term is zero,
because of the explicit factor of z in the integrand.

Observe that in a non-confining theory, the term with
final-state particles of quark quantum numbers is not re-
stricted to z = 0; indeed it can in part give a term pro-
portional to �(z � 1), as in perturbative calculations in
model QFTs. Then the set H should be defined to in-
clude such terms, and the set B is to be restricted to
bound states with the Wilson line.

The situation changes for the flavor sum rules, such
as were formulated in [1]. For the charge sum rule, our
modified derivation gives.
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(15)
A �(z) term for db/j(z) no longer gives zero, and we
can no longer expect the original formulation [1] of the
sum rule to be necessarily accurate. A closer and non-
perturbative analysis of the dynamics is needed to get a
prediction for the right-hand side; this we can do with
the aid of the string model, to a useful approximation.

For the total hadron number sum rule [3], we similarly
have
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where hNi is the average multiplicity of all final states
produced by the fragmenting quark, including those with
nonhadronic quantum numbers.5

In the Appendix, we illustrate how the the sum rules
apply in a renormalizable nongauge theory. The exam-
ples there indicate the importance of keeping terms with
final-state particles that have quark quantum numbers.

V. INTERPRETATION IN QCD

The nature of the final state in a quark ↵ in QCD
is illustrated by the strong-model account of hadroniza-
tion in e

+
e
�-annihilation. We present this as a quali-

tative perturbative schema and approximation in Fig. 1,
as in the paper by Casher, Kogut and Susskind [11]. At

5 It is a slight abuse of language to refer to Eq. (16) as a “sum rule”
since the multiplicity associated with a single ↵ is not a known
measurable or conserved quantity. Moreover, its exact numerical
value depends on an arbitrary choice of renormalization scheme
or of a cut-o↵. We will continue to call it the “hadron number
sum rule,” however, to remain consistent with existing literature,
where identities like Eq. (16) guide interpretations.
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FIG. 1. A schematic picture of the production of a final state
in the process e+e� ! hadrons. Hadrons on the left hand side
move with large negative rapidity, and those on the right hand
side move with large positive rapidity. To split the figure into
two ↵s like Fig. 2 with quark number 1, the central boxed
hadron must be split into an orphan quark and an orphan
antiquark.

center-of-mass energy Q, an electron and positron anni-
hilate over a short distance scale 1/Q to make an out-
going quark-antiquark pair. A color field between them,
that ends up as a flux tube, is created by gluon emis-
sion. Quark-antiquark pairs are generated in the flux
tube, and recombine into color-singlet mesons. In space-
time, the meson production is roughly localized around a
space-like hyperbola. The slowest mesons, of low center-
of-mass rapidity, are formed first, and the fastest, high
rapidity, mesons are formed on a long time-dilated scale.
The result is a two jet structure, with each jet created
from one or other of the quark and antiquark. Between
the leading particles in each jet, mesons fill in the rapid-
ity region with an approximately uniform distribution in
rapidity.

The quark generating a jet preferentially ends up in
the leading particle in its jet, with a corresponding bias
in the leading particle’s charge. For example, the lead-
ing particle in a u-quark jet is more often a ⇡

+ than a
⇡

�. But there is, at the same time, no hadron of the
fractional charge of the u-quark. This contrasts with
the situation in the simple, low-order model in the Ap-
pendix, of fragmentation in a non-gauge model. In that
model, the dominant leading particle in the fragmenta-
tion of a quark-analog is exactly an on-shell particle of
quark quantum numbers.

The distribution of hadrons in each jet is given by the
corresponding fragmentation function. One can propose
splitting the final state in Fig. 1 between the two jets.
For symmetry, this split is in the middle of the box la-
belled “orphans”, thereby leading to a left-over quark or
antiquark in each part, which we call an orphan quark or
antiquark. This is illustrated in Fig. 2. In this approxi-
mation, whether the orphan is a quark or an antiquark
is fully determined by the corresponding property of the
jet-initiating parton. This gives a long-range correlation,
given that the orphan is at low momentum. But no such
correlation applies to which flavor the orphan has (e.g.,
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• Momentum sum rule is preserved if deficit ff is ∝ 𝛿(𝑧) .

• Other sum rules are not 

3

The remaining nontrivial step is to show that Eq. (8)
is preserved after renormalization. It is well known that
this works for standard renormalization schemes like MS,
so from here forward we will drop “(0)” subscripts in
equations like Eq. (8) and assume that renormalization
has been implemented.

IV. THE FINAL STATES

The above sum rule derivation relies, for its validity,
on the use of a complete set of basis states |X, outi whose
sum/integral obeys

X

X

|X, outihX, out| = b1 (9)

where b1 is the unit operator on the physical state space
E .2 The derivation also relies on the sum over h in
Eq. (2), etc, being over all kinds of possible stable single-
particle states, such that the momentum operators obey
Eq. (7).

Now all observed final-state particles in QCD have in-
teger baryon number and electric charge. But the initial
state b

†|0i in a quark ↵ has quark quantum numbers, no-
tably fractional electric charge, and so is orthogonal to
all purely hadronic final states. This appears to give zero
for the matrix elements in Eq. (2) and hence for the ↵s.

The paradox does not arise in a non-gauge theory:
There, we can apply a locally smeared quark field to
the vacuum to create a normal physical state with quark
quantum numbers. By general principles of QFT, there
must be final states of quark quantum numbers, and
hence at least one stable particle (bound or not) of the
appropriate quantum numbers, including electric charge.

But in a gauge theory, local quark fields are not gauge-
invariant physical operators. Applied to the vacuum,
they do not give an unambiguously physical state. In-
stead, the field used to define the ↵ of a quark is multi-
plied by a Wilson line, which goes out to infinity in an
appropriate light-like or almost light-like direction.3 A
Wilson line is e↵ectively a source of color charge, so a
Wilson line going out to infinity changes the nature of
the possible final-state particles. In a confining theory
like QCD, we must have, in addition to normal hadrons,
states that are bound to the Wilson line. For a quark ↵,
the Wilson line is in a color anti-triplet representation.
So we can have a meson-like state with a quark bound
to the Wilson line in a color-singlet configuration. Other

2 The non-vacuum part of the space is then stratified in a one-
particle inclusive form as in Eq. (2), with h being summed over
all possible kinds of single-particle state, including a spin sum.

3 Note that when one treats transverse-momentum dependent ↵s
there are some complications associated with the details of the
Wilson line — see Ch. 13 of [9] and references therein. These
complications do not a↵ect the basic ideas being explained here.

possibilities include an antibaryon-like state of two anti-
quarks bound to the Wilson line, again in a color-singlet
configuration. Since the Wilson line has a rapidity with
respect to the fragmenting quark that is infinite, or at
least large, we can expect the bound states to be at a
fractional momentum z that is zero, or close to zero.

We therefore extend the normal QCD state space E ,
with its Fock basis of out states, to include these extra
bound states. That is, we replace the hadronic state
space E by

E ⌦ B, (10)

where B is the space of bound states for the Wilson line.
Correspondingly there is a modified momentum operator,
with corresponding consequences for the sum rules for ↵s.

Let H be the set of kinds of normal hadrons, and B be
the set of bound states of the Wilson line. We propose
that the momentum operator should be modified from
the one given in Eq. (7) to

Pµ = Pµ

H
+ Pµ

B
, (11)

where
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X

h2H

Z 1

0

dp
�

2p�

Z
d2�2✏pT

(2⇡)3�2✏
a

†
h,p,outp

µ
ah,p,out , (12)
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X

b2B

Z 1
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dp
�

2p�

Z
d2�2✏pT

(2⇡)3�2✏
a

†
b,p,outp

µ
ab,p,out . (13)

The conflict about the initial state with quark quan-
tum numbers relies on the theory being QCD-like, with
color confinement. So we should expect similar issues to
arise in QED in low space-time dimensions (1+1, 2+1),
where the classical Coulomb potential rises linearly or
logarithmically with distance. In contrast, QED in 3 + 1
dimensions does not have electron confinement, so that
electrons do appear as possible final-state particles. Even
so, the definition of an electron ↵ in QED still needs a
Wilson line going out to infinity, for which bound states
can exist.4 So some version of the QCD issues does arise
there, probably only in a minor way.

Once we have modified the momentum operator, we
get a corresponding modified form for the momentum
sum rule, compared with Eq. (8):

X

h2H

Z 1

0
dz z dh/j(z) = 1 �

X

b2B

Z 1

0
dz z db/j(z) . (14)

The left-hand side is the same quantity as before, and
corresponds to the ↵s that can be inferred from scattering
data, with their purely hadronic final-state particles. The

4 The need for a Wilson line is likely to be related to the compli-
cations in defining states of charged particles in QED — for a
review, see Ref. [10].

4

second term on the right-hand side represents a deficit
with respect to the standard value. To the extent that the
parts of the final-state with a particle of quark quantum
numbers give a term that is a delta function at z = 0,
which is the natural expectation, the deficit term is zero,
because of the explicit factor of z in the integrand.

Observe that in a non-confining theory, the term with
final-state particles of quark quantum numbers is not re-
stricted to z = 0; indeed it can in part give a term pro-
portional to �(z � 1), as in perturbative calculations in
model QFTs. Then the set H should be defined to in-
clude such terms, and the set B is to be restricted to
bound states with the Wilson line.

The situation changes for the flavor sum rules, such
as were formulated in [1]. For the charge sum rule, our
modified derivation gives.

X

h2H

Qh

Z 1

0
dz dh/j(z) = Qj �

X

b2B

Qb

Z 1

0
dz db/j(z) .

(15)
A �(z) term for db/j(z) no longer gives zero, and we
can no longer expect the original formulation [1] of the
sum rule to be necessarily accurate. A closer and non-
perturbative analysis of the dynamics is needed to get a
prediction for the right-hand side; this we can do with
the aid of the string model, to a useful approximation.

For the total hadron number sum rule [3], we similarly
have

X

h2H

Z 1

0
dz dh/j(z) = hNi �

X

b2B

Z 1

0
dz db/j(z) , (16)

where hNi is the average multiplicity of all final states
produced by the fragmenting quark, including those with
nonhadronic quantum numbers.5

In the Appendix, we illustrate how the the sum rules
apply in a renormalizable nongauge theory. The exam-
ples there indicate the importance of keeping terms with
final-state particles that have quark quantum numbers.

V. INTERPRETATION IN QCD

The nature of the final state in a quark ↵ in QCD
is illustrated by the strong-model account of hadroniza-
tion in e

+
e
�-annihilation. We present this as a quali-

tative perturbative schema and approximation in Fig. 1,
as in the paper by Casher, Kogut and Susskind [11]. At

5 It is a slight abuse of language to refer to Eq. (16) as a “sum rule”
since the multiplicity associated with a single ↵ is not a known
measurable or conserved quantity. Moreover, its exact numerical
value depends on an arbitrary choice of renormalization scheme
or of a cut-o↵. We will continue to call it the “hadron number
sum rule,” however, to remain consistent with existing literature,
where identities like Eq. (16) guide interpretations.
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FIG. 1. A schematic picture of the production of a final state
in the process e+e� ! hadrons. Hadrons on the left hand side
move with large negative rapidity, and those on the right hand
side move with large positive rapidity. To split the figure into
two ↵s like Fig. 2 with quark number 1, the central boxed
hadron must be split into an orphan quark and an orphan
antiquark.

center-of-mass energy Q, an electron and positron anni-
hilate over a short distance scale 1/Q to make an out-
going quark-antiquark pair. A color field between them,
that ends up as a flux tube, is created by gluon emis-
sion. Quark-antiquark pairs are generated in the flux
tube, and recombine into color-singlet mesons. In space-
time, the meson production is roughly localized around a
space-like hyperbola. The slowest mesons, of low center-
of-mass rapidity, are formed first, and the fastest, high
rapidity, mesons are formed on a long time-dilated scale.
The result is a two jet structure, with each jet created
from one or other of the quark and antiquark. Between
the leading particles in each jet, mesons fill in the rapid-
ity region with an approximately uniform distribution in
rapidity.

The quark generating a jet preferentially ends up in
the leading particle in its jet, with a corresponding bias
in the leading particle’s charge. For example, the lead-
ing particle in a u-quark jet is more often a ⇡

+ than a
⇡

�. But there is, at the same time, no hadron of the
fractional charge of the u-quark. This contrasts with
the situation in the simple, low-order model in the Ap-
pendix, of fragmentation in a non-gauge model. In that
model, the dominant leading particle in the fragmenta-
tion of a quark-analog is exactly an on-shell particle of
quark quantum numbers.

The distribution of hadrons in each jet is given by the
corresponding fragmentation function. One can propose
splitting the final state in Fig. 1 between the two jets.
For symmetry, this split is in the middle of the box la-
belled “orphans”, thereby leading to a left-over quark or
antiquark in each part, which we call an orphan quark or
antiquark. This is illustrated in Fig. 2. In this approxi-
mation, whether the orphan is a quark or an antiquark
is fully determined by the corresponding property of the
jet-initiating parton. This gives a long-range correlation,
given that the orphan is at low momentum. But no such
correlation applies to which flavor the orphan has (e.g.,
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that ends up as a flux tube, is created by gluon emis-
sion. Quark-antiquark pairs are generated in the flux
tube, and recombine into color-singlet mesons. In space-
time, the meson production is roughly localized around a
space-like hyperbola. The slowest mesons, of low center-
of-mass rapidity, are formed first, and the fastest, high
rapidity, mesons are formed on a long time-dilated scale.
The result is a two jet structure, with each jet created
from one or other of the quark and antiquark. Between
the leading particles in each jet, mesons fill in the rapid-
ity region with an approximately uniform distribution in
rapidity.

The quark generating a jet preferentially ends up in
the leading particle in its jet, with a corresponding bias
in the leading particle’s charge. For example, the lead-
ing particle in a u-quark jet is more often a ⇡

+ than a
⇡

�. But there is, at the same time, no hadron of the
fractional charge of the u-quark. This contrasts with
the situation in the simple, low-order model in the Ap-
pendix, of fragmentation in a non-gauge model. In that
model, the dominant leading particle in the fragmenta-
tion of a quark-analog is exactly an on-shell particle of
quark quantum numbers.

The distribution of hadrons in each jet is given by the
corresponding fragmentation function. One can propose
splitting the final state in Fig. 1 between the two jets.
For symmetry, this split is in the middle of the box la-
belled “orphans”, thereby leading to a left-over quark or
antiquark in each part, which we call an orphan quark or
antiquark. This is illustrated in Fig. 2. In this approxi-
mation, whether the orphan is a quark or an antiquark
is fully determined by the corresponding property of the
jet-initiating parton. This gives a long-range correlation,
given that the orphan is at low momentum. But no such
correlation applies to which flavor the orphan has (e.g.,
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• FactorizaEon theorem applies to fixed 𝑧 and 𝑄/Λ → ∞

13

B. Interpretations

As with any relativistic quantum field that requires renormalization, an exactly literal probability density for finding
some definite number of particles cannot be defined in QCD. At least some of the basic conditions necessary to be
a true probability density will have to be violated, so it is more accurate to think of quasiprobability distributions.
However, in most (but not all) practical situations it is possible to treat objects like fragmentation functions as if
they are based on probability distributions in the sense that one may use them to construct expectation values. Also,
the structure of the factorization formula in Eq. (5) exactly matches parton model intuition, in which an elementary
partonic cross section is convoluted with a number density for producing an n-hadron in a given di↵erential region of
phase space.

The steps above confirming Eq. (5) with the standard n-hadron fragmentation function definition are the main
results of this paper. From here forward, we will only consider specific variable transformations in special caes of
n = 1 and n = 2. When discussing parton model interpretations below, we will use the phrase “naive” number density
to emphasize the usual limitations.

VI. SINGLE HADRON INCLUSIVE PRODUCTION

As a sanity check, we confirm that we recover the basic, known factorization formula for semi-inclusive single hadron
production. When specializing to n = 1, Eq. (71) becomes

Wµ⌫
SI |SIA region =

Z 1

zn

d⇠

⇠2
cWSI(z/⇠)µ⌫ d(⇠) + power suppressed . (87)

Substituting Eqs. (73)–(74) into Eq. (46) for the special case of n = 1 gives

d�

dz

����
SIA region

=
4⇡↵2

3Q2
d(z) + power suppressed = �0d(z) + power suppressed , (88)

which, after power suppressed errors are dropped, is the standard expression. Another way to write this is

1

�0

d�

dz
= d(z; Q) + O

✓
⇤2

zQ2

◆
+ O (↵s) . (89)

In the second equation, the power suppressed error term is written with the typical 1/z dependence shown explicitly.
Given the form of Eq. (89), it may be tempting to use the definition of the inclusive cross section to write

X

hadron types

Z 1

0
dz

1

�0

d�

dz
⇡

X

hadrons

Z 1

0
dz d(z; Q) = hNi (90)

with hNi being the total hadron multiplicity. But note that the error terms in Eq. (89) diverge in the integral over z
down to 0. At a minimum, a lower bound needs to be imposed on z such that z � ⇤2/Q2.

Thus, at a very crude parton model level, one may expect to find an approximate relation of the form

X

hadron types

Z 1

zmin

dz d(z; µ) ⇡ hNi(zmin, µ) (91)

where zmin is a cuto↵ much larger than O
�
⇤2/Q2

�
and we have restored the scale µ to reemphasize the presence of

a scale ambiguity on the right side.
The phase space is

dY =
d3ph

2Eph
(2⇡)3

. (92)

This matches what is used in Eq. (77), and the fragmentation function is the naive hadron density di↵erential in
the parton frame variables dz d2ph,pT. This is the standard fragmentation function. Note that even though we have
integrated over the parton transverse momentum kHT in the definition of the collinear fragmentation function, the
cross section is still di↵erential in the hadron transverse momentum.
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Our purpose over the next few sections is to retrace the steps for arriving at the collinear factorization formula,

d3ph

2Eh(2⇡)3
=

X Z 1

z

d⇠

⇠2

✓
2Ek̂(2⇡)3

d�̂

d3k̂

◆
d(⇠; µ) + O

✓
⇤2

zQ2

◆
, (5)

starting from the unfactorized cross section, with

dY =
d3ph1

2Eph1
(2⇡)3

d3ph2

2Eph2
(2⇡)3

⇥ · · · ⇥ d3phn

2Ephn
(2⇡)3

. (6)

This is Eq.(12.13) of Ref. [19] generalized to the case of an n-hadron. Here, k̂ is the 3-momentum of a fragmenting
parton and ⇠ is the light-cone momentum fraction

⇠ = p+
h /k+

in a hadron frame (see below for a review of frames) and

z = 2ph · q/q2

. 2Ek̂(2⇡)3 d�̂
d3k̂

is the semi-inclusive cross section at the partonic level for producing a parton with momentum k̂, and
d(⇠, {ph}) is a fragmentation function for a system of n hadrons (an n-hadron) carrying a fraction ⇠ of the partons
momentum. The {ph} symbolizes dependence on all of the n hadron momenta,

{ph} ⌘ {ph1 , ph2 , . . . , phn
} . (7)

The “power suppressed” terms in Eq. (5) vanish like powers of ⇤2/Q2 as Q ! 1, where ⇤ is a generic small mass
like ⇤QCD or a small hadron mass. The |SIAregion on the left side of Eq. (5) will be kept as a reminder that the
expansion only applies only in a specific kinematical region for the observed final state hadrons, namely fixed nonzero
momentum fractions and fixed M2

h as Q ! 1.
In the special case of a single observed hadron (n = 1),

dY ! d3ph

2Ep(2⇡)3
, and d(⇠, {ph}) ! d(⇠) , (8)

with d(⇠) being the definition of a single hadron fragmentation function.
General derivations of Eq. (5) in QCD are well-established (see chapter 12 of [19] and references therein) for the

single hadron case, and most steps carry over without modification to the case of an observed n-hadron. The task of
this paper amounts only to examining whether any modifications might be necessary to account for the kinematics of
an n-particle phase space. Therefore, we will use the following simplifying assumptions to streamline the discussion:

1. For the purposes of this paper, it will be enough to work with non-gauge theories and to consider a theory of
quarks that carry only one color and one flavor. We will take all quarks to have unit fractional charge eq = 1.

2. We will consider only the leading regions that contribute to the semi-inclusive cross section at zeroth order in
the hard part. That is, a massless, on-shell quark-antiquark pair is produced with a single parton fragmenting
into an n-hadron. (See Fig. 1 below.)

3. We will assume that there is only one flavor, h, of hadron in the final state, whose mass is m.

4. All expressions will be given in exactly four dimensions rather than with dimensional regularization made
explicit.

5. When we encounter ultraviolet divergent transverse momentum integrals, we will assume that regulators have
been applied, but we will not indicate it explicitly in the notation. We will suppress explicit dependence on
auxiliary variables like the renormalization group scale µ except in places where it is necessary for the discussion.

These are reflected in our expression of Eq. (5), e.g., in the lacks of sums over parton flavor. Once the main issues
related to kinematical approximations have been clarified, the extension to full QCD will be obvious, based on existing
derivations.
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• Are deficit ffs exactly localized at z = 0?

• Is there an impact on extrac3ons? 

–  Sum rules are preserved by DGLAP, but only if all ffs are included

• Can calcula3ng deficit fragmenta3on func3ons nonperturba3vely 
lead to insights about hadroniza3on?
 

d

d lnµ2
dh/j(z;µ) =

X

j0

Z 1

z

dz0

z0
dh/j0(z/z

0;µ)Pj0j(z
0)
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• Difficulties with combining evolution and sum rules 

• Recent tests &
extractions:

 

“This observation renders the energy sum rule (8) a delicate concept for perturbative QCD FFs and we 
believe it should not be considered within this theoretical framework unless the z → 0 behaviour of FFs 
is under better control.”

-S. Kretzer (2000), Phys.Rev.D 62 (2000) 054001  

J. Gao, et al 2401.02781 [hep-ph]
Simultaneous Determinaaon of Fragmentaaon 
Funcaons and Test on Momentum Sum Rule
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and a standard deviation of 1.43. The majority of the
subsets (132 out of 138) have SE values smaller than
2, indicating good agreement. The deviation of the his-
togram from the standard normal distribution suggests a
potential underestimation of experimental or theoretical
uncertainties by an average factor of 1.43. This moti-
vates a choice of tolerance of ��2 = 1.432 ⇡ 2 in our
determination of uncertainties of the FFs using the Hes-
sian method [49]. In conclusion, we arrive at a best fit
of the ⇡+, K+ and p FFs, along with 126 Hessian er-
ror FFs, two for each of the eigenvector directions. The
uncertainties of any observables can be calculated using
predictions from the 127 FFs and the asymmetric Hes-
sian formula [50].

Resulting FFs.– Our newly obtained NLO FFs are com-
pared to those from NNFF and DSS for u, d, s-quark and
gluon at Q = 5 GeV in Fig. 2. For simplicity, we only
show the FFs with positively and negatively charged par-
ticles summed over for a specific final state hadron. The
DSS fits have a limit of 0.05 in the momentum fraction,
with ⇡±, K± and p/p̄ results from DSS21 [51], DSS17 [52]
and DSS07 [11], respectively.

The NNFF sets used are NNFF1.0 [53]. The estimated
uncertainties of FFs are also shown for NNFFs and for
our fit. Reasonable agreement can be observed between
our results and DSS for FFs of u and d quarks to ⇡±,
and of u quark to K±. However, large discrepancies are
found for FFs to protons and for FFs of gluon to all three
charged hadrons. NNFFs generally exhibit larger uncer-
tainties and can even become negative in some kinematic
regions. Note NNFFs assume exact flavor symmetry in
parametrizations of FFs of constituent quarks to ⇡+ and
K+. In contrast, our results show an uncertainty of 3%,
4% and 8% for FFs of gluon to ⇡± at z = 0.05, 0.1 and
0.3, respectively, which are significantly improved com-
pared with NNFFs. The uncertainties are about 4%, 4%
and 7% for FFs of u-quark to ⇡±, K± and p/p̄ at z = 0.3.
The high precision of gluon FFs is mostly due to the data
of jet fragmentation at the LHC, as well as the data of
inclusive hadron production in pp collisions. Note that
all aforementioned analyses, including ours, utilize a zero-
mass scheme for heavy quarks, namely parametrizing FFs
for heavy quarks at their mass thresholds.

With the significant reduction of uncertainty of FFs
from the simultaneous global analysis, one should be able
to check the fundamental sum rules of FFs, including mo-
mentum sum rule, charge sum rule, and particle number
sum rule. These sum rules arise from the number density
interpretation of FFs and have been pointed out to be
problematic by Rogers and Collins in Ref.[9]. Therefore,
it is of critical importance to check from a data-driven
analysis whether these fundamental properties of FFs are
valid. That is especially the case for the momentum sum
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FIG. 2: Comparison of our NLO fragmentation functions
to those from NNFFs and DSS at Q = 5 GeV. The DSS fits
have a limit of 0.05 in the momentum fraction, with ⇡±, K±

and p/p̄ results from DSS21, DSS17 and DSS07, respectively.
The NNFF sets used are from NNFF1.0. The estimated un-
certainties of FFs are also shown for NNFFs and for our fit.
For ⇡± and p/p̄ the left (right) panel shows results for u and
d (s and g). For K± the left (right) panel shows results for u
and s (d and g).

rule,

X

h

Z 1

0
dzzDh

i (z,Q) = 1, (3)

due to the suppression of small-z contributions. The
above momentum sum rule, summed over all hadrons,
was approved for each specific flavor of quark and
gluon and remains to be valid for standard renormal-
ization scheme like MS as we used in our analysis.
We first calculate the total momentum fraction hzihi =R 1
zmin

dzzDh
i (z,Q) of parton i carried by hadron h for

zmin < z < 1 at initial scale Q = 5 GeV, where the
choice of the lower limit zmin is 0.01 for g, u and d quarks,
and 0.088 for s, c and b quarks, based on the kinematic
coverage of relevant data. Fragmentation of the latter
three quarks are only directly constrained by SIA data
at Z-pole. The final results of hzihi for light quarks and
gluon are shown in Table. II, where the central values and
uncertainties are calculated from our best-fit and Hes-
sian error FFs. It shows that the three charged hadrons
carry approximately 53% to 50% of the momentum of
u, d quarks and gluon. Our analysis reveals a prefer-
ence for larger FFs of s quark to ⇡±, with each carrying
about 16% of the total momentum of s quark, mainly
due to the influence of SIA data. One possible reason is
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• DifficulEes with combining evoluEon and sum rules 

• Recent tests &
extracEons:
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mom. g(z > 0.01) u(z > 0.01) d(z > 0.01) s(z > 0.088)
⇡+ 0.200+0.008

�0.008 0.262+0.017
�0.016 0.128+0.020

�0.019 0.161+0.013
�0.013

K+ 0.018+0.004
�0.003 0.058+0.005

�0.004 0.019+0.004
�0.004 0.015+0.002

�0.002

p 0.035+0.006
�0.005 0.044+0.004

�0.004 0.022+0.002
�0.002 0.015+0.002

�0.002

⇡� 0.200+0.008
�0.008 0.128+0.020

�0.019 0.299+0.054
�0.049 0.161+0.013

�0.013

K� 0.018+0.004
�0.003 0.019+0.004

�0.004 0.019+0.004
�0.004 0.205+0.014

�0.013

p̄ 0.035+0.006
�0.005 0.019+0.003

�0.003 0.019+0.003
�0.003 0.015+0.002

�0.002

Sum 0.507+0.014
�0.013 0.531+0.015

�0.013 0.506+0.042
�0.037 0.572+0.029

�0.028

TABLE II: Total momentum of the partons, including g, u,
d and s quarks, carried by various charged hadrons (⇡±, K±,
p and p̄) in the fragmentations. The central values and un-
certainties are calculated from our best fit and Hessian error
FFs at Q = 5 GeV. The last row is the sum of all charged
hadrons.

because the SIA measurements on spectrum of ⇡± also
include feed-down contributions from short-lived strange
hadrons [39].

The total momentum carried by di↵erent sets of
hadrons as functions of zmin for Q=5 (left) and 100 GeV
(right) are shown in Fig. 3. The vertical dashed lines
show the corresponding lower limit of z as constrained
by experimental data for g, u, d and s quark fragmenta-
tion. One can see from the top-left figure that hzihi=g,u,d
for light charged hadrons reach to a saturation region
within the current experimental coverage in contrast to
the strange quark. That can provide us a reliable test of
momentum sum rule for g, u and d quarks if the FFs to
neutral hadrons are also determined at similar precision
with future measurements. For now, as an exploratory
study, one can calculate ratios of energies carried by all
hadrons and by light charged hadrons as functions of
zmin using PYTHIA8 [54] for qq̄ and gg production in
e+e� collisions with a center of mass energy of 200 GeV.
Therefore, we can estimate total momentum carried by
all hadrons, as shown in the lower panel of Fig. 3, by ap-
plying the scaling factors derived from PYTHIA8. The
central values are slightly lower than 1 for u, d quarks and
gluon when extrapolated into small-zmin region. That
is consistent with the momentum sum rule considering
the shown uncertainty band and additional uncertainties
from the scaling factors not counted. For strange quark
the values can be well above 1 due to both the ambiguity
in experimental measurements mentioned earlier and the
limited kinematic coverage of data. We leave detailed
investigations of this anomaly for a future publication.
Conclusions.– In summary, we present a joint determi-
nation of FFs for charged hadrons from a global analy-
sis at NLO in QCD, including estimations of uncertain-
ties. Our analysis demonstrates good agreement between
our best-fit predictions and various measurements in SIA,
SIDIS and pp collisions. Our work introduces several ad-
vances including both a consistent simultaneous fitting
framework and new theoretical inputs. Notably, we have
included measurements on jet fragmentation at the LHC
into the global analysis, resulting in strong constraints
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FIG. 3: Total momentum of the partons, including g, u, d,
and s quarks, carried by charged hadrons (⇡±, K±, p and
p̄) in the fragmentations, as functions of zmin. The central
values and uncertainties are calculated from our best fit and
Hessian error FFs at Q = 5 GeV and 100 GeV. The green
(red) vertical lines indicate the kinematic coverage of relevant
data of constraints for g, d, u (s). In the lower panel, the
results are rescaled by ratios of energies carried by all hadrons
and by charged hadrons calculated from PYTHIA8 using qq̄
and gg production in e+e� collisions with a center of mass
energy of 200 GeV.

on the gluon FFs. Comparing our results with previous
determinations, we find significant di↵erences, especially
in the fragmentation to protons. Discrepancies are also
observed for FFs of non-constituent quarks and gluon to
charged pions. Additionally, we provide results on the
total momentum of partons carried by various charged
hadrons. Our results pave the way for future precision
studies of fragmentation and QCD at the LHC and the
upcoming electron-ion colliders.
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• Proposal: Start with gauge invariant 𝑞*𝑞 wave packet states
– Basis states:

– Wave packets:

–  Work with:

– Arrive at standard definiCon but with 

New restart: April 24, 2024, trying to construct an operator treatment

Early August

My goal is to express the operator definition of the ↵ in a way that makes the gauge invariance and the presence of

an extra quark explicit. I start by trying to construct an appropriate generalization of a wavepacket state for the

fragmenting quark. I am guided by the following requirements,

1. Instead of the

d(0),h/j(z,pT) hj, k1|j, k2i (1)

that one normally starts with in, e.g., (12.35) of [1], I want to replace the states |j, ki with new states that I

will define to include gauge invariant combinations of quark fields with the Wilson lines.

2. I want the new states to be normalized, to better understand the derivation of sum rules.

3. I want to be able to take a limit that gives back the normal definition with light-like or nearly light-like Wilson

lines.

First I use light cone quantization and define basis states

|k, s, wi ⌘ TrC

Z
dy+ d

2yT e�ik·yūsk�
� (w + L)WL[w + L, y] ̄(y)��usk|0i . (2)

Here, y and w are Minkowski space coordinates and k is a momentum. The Wilson line WL[w + L, y] points along

a straight path from y to w + L, where L is the endpoint of the Wilson line when w = 0. Ultimately, I will want to

take L to be light-like or nearly light-like and infinite length. Thus, I might parametrize it like

L =
�
l,�e�y,0

�
. (3)

and take l ! 1 at the end. The coordinate w has only transverse components,

w = (0, 0,wT) . (4)

So w + L is always space-like.

Now I use the states in Eq. (2) to define wavepacket states in a mixed representation

|F, g, li ⌘ g(w, l)

Z
dk� d

2kT

2k�(2⇡)3
F (k, l)|k, wi . (5)

The functions F (k, l) and g(w, l) are arbitrary but are defined to have certain properties: As l ! 1, F (k, l) becomes

sharply peaked around a specific light-like k and is normalized so that

Z
dk� d

2kT

(2⇡)3
|F (k, l)|2 = 1 . (6)

The function g(w, l) becomes infinitely peaked at wT = 0 as l ! 1. It is normalized such that

Z
dw+

d
2wT |g(w, l)|2 = 1 . (7)

Now I find that

lim
l!1

Z
dw+

d
2wT hF, g, l|F, g, li = 1 . (8)

So this is what I want to use to replace hj, k1|j, k2i when constructing an ↵. Now I can inject a complete sum of

hadronic states into Eq. (9),

X

X

lim
⌘,l!1

lim
�!0

Z
dw+

d
2wT hF, g(w), h|XihX|F, g(w), hi = 1 . (9)

1

New restart: April 24, 2024, trying to construct an operator treatment

Early August

My goal is to express the operator definition of the ↵ in a way that makes the gauge invariance and the presence of

an extra quark explicit. I start by trying to construct an appropriate generalization of a wavepacket state for the

fragmenting quark. I am guided by the following requirements,

1. Instead of the

d(0),h/j(z,pT) hj, k1|j, k2i (1)

that one normally starts with in, e.g., (12.35) of [1], I want to replace the states |j, ki with new states that I

will define to include gauge invariant combinations of quark fields with the Wilson lines.

2. I want the new states to be normalized, to better understand the derivation of sum rules.

3. I want to be able to take a limit that gives back the normal definition with light-like or nearly light-like Wilson

lines.

First I use light cone quantization and define basis states

|k, s, wi ⌘ TrC

Z
dy+ d

2yT e�ik·yūsk�
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� (w + L)WL[w + L, y] ̄(y)��usk|0i . (2)

Here, y and w are Minkowski space coordinates and k is a momentum. The Wilson line WL[w + L, y] points along

a straight path from y to w + L, where L is the endpoint of the Wilson line when w = 0. Ultimately, I will want to

take L to be light-like or nearly light-like and infinite length. Thus, I might parametrize it like

L =
�
l,�e�y,0

�
. (3)

and take l ! 1 at the end. The coordinate w has only transverse components,

w = (0, 0,wT) . (4)

So w + L is always space-like.

Now I use the states in Eq. (2) to define wavepacket states in a mixed representation

|F, g, li ⌘ g(w, l)

Z
dk� d

2kT

2k�(2⇡)3
F (k, l)|k, wi . (5)

The functions F (k, l) and g(w, l) are arbitrary but are defined to have certain properties: As l ! 1, F (k, l) becomes

sharply peaked around a specific light-like k and is normalized so that

Z
dk� d

2kT

(2⇡)3
|F (k, l)|2 = 1 . (6)

The function g(w, l) becomes infinitely peaked at wT = 0 as l ! 1. It is normalized such that

Z
dw+

d
2wT |g(w, l)|2 = 1 . (7)

Now I find that

lim
l!1

Z
dw+

d
2wT hF, g, l|F, g, li = 1 . (8)

So this is what I want to use to replace hj, k1|j, k2i when constructing an ↵. Now I can inject a complete sum of

hadronic states into Eq. (9),

X

X

lim
l!1

Z
dw+

d
2wT hF, g(w), h|XihX|F, g(w), hi = 1 . (9)

1

New restart: April 24, 2024, trying to construct an operator treatment

Early August

My goal is to express the operator definition of the ↵ in a way that makes the gauge invariance and the presence of

an extra quark explicit. I start by trying to construct an appropriate generalization of a wavepacket state for the

fragmenting quark. I am guided by the following requirements,

1. Instead of the

d(0),h/j(z,pT) hj, k1|j, k2i (1)

that one normally starts with in, e.g., (12.35) of [1], I want to replace the states |j, ki with new states that I

will define to include gauge invariant combinations of quark fields with the Wilson lines.

2. I want the new states to be normalized, to better understand the derivation of sum rules.

3. I want to be able to take a limit that gives back the normal definition with light-like or nearly light-like Wilson

lines.

First I use light cone quantization and define basis states

|k, s, wi ⌘ TrC

Z
dy+ d

2yT e�ik·yūsk�
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1

Then, in order to recover the more familiar structure of the matrix element, I can move the factors with  (w + L)
and  ̄(w + L) out of the hF, g(w), h| and |F, g(w), hi and into a redefinition of the X states. That is,

|XihX| !  ̄(w + L)��usk|XihX|ūsk�� (w + L) . (10)

Up to the overall integral over w, I can then recover the standard form of the definition of an ↵ by injecting a number

density operator and following the usual steps from there forward.

I still need to address issues with the lightcone divergences and the self-energy divergences in the Wilson line as the

length goes to infinity.
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• Dihadron fragmentation or n-hadron fragmentation

• Access to transversity, tensor charge, etc
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• FactorizaEon theorem applies to fixed 𝑧 and 𝑄/Λ → ∞
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B. Interpretations

As with any relativistic quantum field that requires renormalization, an exactly literal probability density for finding
some definite number of particles cannot be defined in QCD. At least some of the basic conditions necessary to be
a true probability density will have to be violated, so it is more accurate to think of quasiprobability distributions.
However, in most (but not all) practical situations it is possible to treat objects like fragmentation functions as if
they are based on probability distributions in the sense that one may use them to construct expectation values. Also,
the structure of the factorization formula in Eq. (5) exactly matches parton model intuition, in which an elementary
partonic cross section is convoluted with a number density for producing an n-hadron in a given di↵erential region of
phase space.

The steps above confirming Eq. (5) with the standard n-hadron fragmentation function definition are the main
results of this paper. From here forward, we will only consider specific variable transformations in special caes of
n = 1 and n = 2. When discussing parton model interpretations below, we will use the phrase “naive” number density
to emphasize the usual limitations.

VI. SINGLE HADRON INCLUSIVE PRODUCTION

As a sanity check, we confirm that we recover the basic, known factorization formula for semi-inclusive single hadron
production. When specializing to n = 1, Eq. (71) becomes

Wµ⌫
SI |SIA region =

Z 1

zn

d⇠

⇠2
cWSI(z/⇠)µ⌫ d(⇠) + power suppressed . (87)

Substituting Eqs. (73)–(74) into Eq. (46) for the special case of n = 1 gives

d�

dz

����
SIA region

=
4⇡↵2

3Q2
d(z) + power suppressed = �0d(z) + power suppressed , (88)

which, after power suppressed errors are dropped, is the standard expression. Another way to write this is

1

�0

d�

dz
= d(z; Q) + O

✓
⇤2

zQ2

◆
+ O (↵s) . (89)

In the second equation, the power suppressed error term is written with the typical 1/z dependence shown explicitly.
Given the form of Eq. (89), it may be tempting to use the definition of the inclusive cross section to write

X

hadron types

Z 1

0
dz

1

�0

d�

dz
⇡

X

hadrons

Z 1

0
dz d(z; Q) = hNi (90)

with hNi being the total hadron multiplicity. But note that the error terms in Eq. (89) diverge in the integral over z
down to 0. At a minimum, a lower bound needs to be imposed on z such that z � ⇤2/Q2.

Thus, at a very crude parton model level, one may expect to find an approximate relation of the form

X

hadron types

Z 1

zmin

dz d(z; µ) ⇡ hNi(zmin, µ) (91)

where zmin is a cuto↵ much larger than O
�
⇤2/Q2

�
and we have restored the scale µ to reemphasize the presence of

a scale ambiguity on the right side.
The phase space is

dY =
d3ph

2Eph
(2⇡)3

. (92)

This matches what is used in Eq. (77), and the fragmentation function is the naive hadron density di↵erential in
the parton frame variables dz d2ph,pT. This is the standard fragmentation function. Note that even though we have
integrated over the parton transverse momentum kHT in the definition of the collinear fragmentation function, the
cross section is still di↵erential in the hadron transverse momentum.
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Our purpose over the next few sections is to retrace the steps for arriving at the collinear factorization formula,

d3ph

2Eh(2⇡)3
=

X Z 1

z

d⇠

⇠2

✓
2Ek̂(2⇡)3

d�̂

d3k̂

◆
d(⇠; µ) + O

✓
⇤2

zQ2

◆
, (5)

starting from the unfactorized cross section, with

dY =
d3ph1

2Eph1
(2⇡)3

d3ph2

2Eph2
(2⇡)3

⇥ · · · ⇥ d3phn

2Ephn
(2⇡)3

. (6)

This is Eq.(12.13) of Ref. [19] generalized to the case of an n-hadron. Here, k̂ is the 3-momentum of a fragmenting
parton and ⇠ is the light-cone momentum fraction

⇠ = p+
h /k+

in a hadron frame (see below for a review of frames) and

z = 2ph · q/q2

. 2Ek̂(2⇡)3 d�̂
d3k̂

is the semi-inclusive cross section at the partonic level for producing a parton with momentum k̂, and
d(⇠, {ph}) is a fragmentation function for a system of n hadrons (an n-hadron) carrying a fraction ⇠ of the partons
momentum. The {ph} symbolizes dependence on all of the n hadron momenta,

{ph} ⌘ {ph1 , ph2 , . . . , phn
} . (7)

The “power suppressed” terms in Eq. (5) vanish like powers of ⇤2/Q2 as Q ! 1, where ⇤ is a generic small mass
like ⇤QCD or a small hadron mass. The |SIAregion on the left side of Eq. (5) will be kept as a reminder that the
expansion only applies only in a specific kinematical region for the observed final state hadrons, namely fixed nonzero
momentum fractions and fixed M2

h as Q ! 1.
In the special case of a single observed hadron (n = 1),

dY ! d3ph

2Ep(2⇡)3
, and d(⇠, {ph}) ! d(⇠) , (8)

with d(⇠) being the definition of a single hadron fragmentation function.
General derivations of Eq. (5) in QCD are well-established (see chapter 12 of [19] and references therein) for the

single hadron case, and most steps carry over without modification to the case of an observed n-hadron. The task of
this paper amounts only to examining whether any modifications might be necessary to account for the kinematics of
an n-particle phase space. Therefore, we will use the following simplifying assumptions to streamline the discussion:

1. For the purposes of this paper, it will be enough to work with non-gauge theories and to consider a theory of
quarks that carry only one color and one flavor. We will take all quarks to have unit fractional charge eq = 1.

2. We will consider only the leading regions that contribute to the semi-inclusive cross section at zeroth order in
the hard part. That is, a massless, on-shell quark-antiquark pair is produced with a single parton fragmenting
into an n-hadron. (See Fig. 1 below.)

3. We will assume that there is only one flavor, h, of hadron in the final state, whose mass is m.

4. All expressions will be given in exactly four dimensions rather than with dimensional regularization made
explicit.

5. When we encounter ultraviolet divergent transverse momentum integrals, we will assume that regulators have
been applied, but we will not indicate it explicitly in the notation. We will suppress explicit dependence on
auxiliary variables like the renormalization group scale µ except in places where it is necessary for the discussion.

These are reflected in our expression of Eq. (5), e.g., in the lacks of sums over parton flavor. Once the main issues
related to kinematical approximations have been clarified, the extension to full QCD will be obvious, based on existing
derivations.
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•

• “Parton Model” + # sum rule suggests a defini3on

• Paradox: Factoriza3on & renormaliza3on give

• Problem lies with applica3on of # sum rule
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d�

d3p1d
3p2

= �0
�

2
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a system of n hadrons in the final state with n not necessarily equal to 1,

d (⇠,phpT, {ph})

⌘ TrD
1

4⇠

XZ

X

Z
dx�

h d2xhT

(2⇡)3
eik+x�

h
�ikT·xhTh0|�+ (x/2)|ph1 , ph2 , . . . , phn

, Xihph1 , ph2 , . . . , phn
, X| (�x/2)|0i .

(81)

Translated into Feynman rules, this TMD fragmentation function is

d(⇠,phpT, {ph}) = C
Z

dk�
H

(2⇡)4
Tr

2

66664
�+
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The collinear version is obtained by integrating over the parton frame transverse momentum phpT,
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This recovers the factor in parentheses on the second line of Eq. (69). Thus, the operator definition matches Eq. (72).
In Eq. (84), we have inserted a µ2 on the integral as a reminder of the need to regulate the ultraviolet divergent
transverse momentum integral at a scale µ2.

Up to a careful treatment of renormalization, the definition in Eq. (80) gives the standard fragmentation function
definition that appears in the factorization in Eq. (69) and Eq. (71). When n = 1, The overall 2⇠(2⇡)3 on the left
side of Eq. (79) ensures that the d (⇠,phpT, {ph}) has the interpretation of a naive number density with respect to
d⇠ d2phpT of hadrons associated with the fragmenting quark.

For n > 1, it will be convenient later to change variables to write

dN

dY
=

✓
2p+

h (2⇡)3
d

dp+
h d2phT

◆ ✓
d

dY 0

◆

H

N (85)

where dY 0 is the phase space of the relative momenta of hadrons making up the n-hadron system. By expressing it
in hadron frame components, we eliminates its explicit dependence on ph. Then the set of factors and derivatives in
the first set of parentheses is just the usual Lorentz invariant phase space for the total momentum of the n-hadron.

The integral,
Z

V
dY 0 d

�
⇠, d2phpT , {ph}

�
(86)

is a naive number density, again with respect to d⇠ d2phpT , of n-hadron systems whose relative momenta lie within
the integration volume V .

A potential point of confusion with this notation is that it may appear that an integral over phpT corresponds
to an integral over the physical external momentum in the full cross section. However, this is not the case because
the parton frame changes as the parton momentum changes. Thus, the cross section remains di↵erential in the
physically observed momentum d3phT after integrals over phpT. Integrals over phpT are actually over the internal
parton momentum, so it is perhaps easier conceptually to think of it as an integral over ⇠kHT.

Note that the factor of ⇠ on the left side of Eq. (79) is necessary for the definition to match the factorization in
Eq. (69).
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a system of n hadrons in the final state with n not necessarily equal to 1,

d (⇠,phpT, {ph})

⌘ TrD
1

4⇠

XZ

X

Z
dx�

h d2xhT

(2⇡)3
eik+x�

h
�ikT·xhTh0|�+ (x/2)|ph1 , ph2 , . . . , phn

, Xihph1 , ph2 , . . . , phn
, X| (�x/2)|0i .

(81)

Translated into Feynman rules, this TMD fragmentation function is

d(⇠,phpT, {ph}) = C
Z

dk�
H

(2⇡)4
Tr
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d(⇠,phpT) =
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The collinear version is obtained by integrating over the parton frame transverse momentum phpT,

d (⇠, {ph}) ⌘ ⇠2
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dk�
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This recovers the factor in parentheses on the second line of Eq. (69). Thus, the operator definition matches Eq. (72).
In Eq. (84), we have inserted a µ2 on the integral as a reminder of the need to regulate the ultraviolet divergent
transverse momentum integral at a scale µ2.

Up to a careful treatment of renormalization, the definition in Eq. (80) gives the standard fragmentation function
definition that appears in the factorization in Eq. (69) and Eq. (71). When n = 1, The overall 2⇠(2⇡)3 on the left
side of Eq. (79) ensures that the d (⇠,phpT, {ph}) has the interpretation of a naive number density with respect to
d⇠ d2phpT of hadrons associated with the fragmenting quark.

For n > 1, it will be convenient later to change variables to write
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where dY 0 is the phase space of the relative momenta of hadrons making up the n-hadron system. By expressing it
in hadron frame components, we eliminates its explicit dependence on ph. Then the set of factors and derivatives in
the first set of parentheses is just the usual Lorentz invariant phase space for the total momentum of the n-hadron.

The integral,
Z

V
dY 0 d

�
⇠, d2phpT , {ph}

�
(86)

is a naive number density, again with respect to d⇠ d2phpT , of n-hadron systems whose relative momenta lie within
the integration volume V .

A potential point of confusion with this notation is that it may appear that an integral over phpT corresponds
to an integral over the physical external momentum in the full cross section. However, this is not the case because
the parton frame changes as the parton momentum changes. Thus, the cross section remains di↵erential in the
physically observed momentum d3phT after integrals over phpT. Integrals over phpT are actually over the internal
parton momentum, so it is perhaps easier conceptually to think of it as an integral over ⇠kHT.

Note that the factor of ⇠ on the left side of Eq. (79) is necessary for the definition to match the factorization in
Eq. (69).
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• Status of sum rules is more complicated but more interes3ng for 
fragmenta3on func3ons than for pdfs

• Relevant for precision tests and phenomenological extrac3ons 
of fragmenta3on func3ons

• Refining defini3ons: Possible avenues for understanding 
hadroniza3on?

• Overly literal applica3on of sum rules leads to conflic3ng results  
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•  Parton model derivation of momentum sum rule
–  Definition of inclusive cross section

– Parton model 

⟹

⟹
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• Experimentalists and theorists means something different by 
“inclusive!” 

• What does 1 = ∑$ 𝑋 𝑋 	really mean?

– Not included in (many) experimental SIDIS
 measurements:

– But included in DIS measurements 

eN ! e+N + ⇡
<latexit sha1_base64="+RMDV4mxJBFE6EO1jCdBnK4wDsk=">AAAB/nicbZDLSsNAFIYn9VbjLSqu3AwWQSiUpAq6LLpxJRXsBZpQJtOTdujkwsxEKKHgq7hxoYhbn8Odb+OkzUJbfxj4+M85zDm/n3AmlW1/G6WV1bX1jfKmubW9s7tn7R+0ZZwKCi0a81h0fSKBswhaiikO3UQACX0OHX98k9c7jyAki6MHNUnAC8kwYgGjRGmrbx0BvsOuijHgqqYqdhNmmn2rYtfsmfAyOAVUUKFm3/pyBzFNQ4gU5UTKnmMnysuIUIxymJpuKiEhdEyG0NMYkRCkl83Wn+JT7QxwEAv9IoVn7u+JjIRSTkJfd4ZEjeRiLTf/q/VSFVx5GYuSVEFE5x8FKcf63DwLPGACqOITDYQKpnfFdEQEoUonlofgLJ68DO16zTmv1e8vKo3rIo4yOkYn6Aw56BI10C1qohaiKEPP6BW9GU/Gi/FufMxbS0Yxc4j+yPj8AZAtkqU=</latexit>

eN ! e+ ⇢+X
<latexit sha1_base64="rNtOfWNr9SemNWXLp9WdcZ4u7IA=">AAAB/3icbVDLSsNAFJ3UV42vqODGzWARBKEkVdBl0Y0rqWAf0IQymd60QycPZiZCiV34K25cKOLW33Dn3zhps9DWA8MczrmXe+/xE86ksu1vo7S0vLK6Vl43Nza3tnes3b2WjFNBoUljHouOTyRwFkFTMcWhkwggoc+h7Y+uc7/9AEKyOLpX4wS8kAwiFjBKlJZ61gHgW+yqGAM+xa4YxvrrmGbPqthVewq8SJyCVFCBRs/6cvsxTUOIFOVEyq5jJ8rLiFCMcpiYbiohIXREBtDVNCIhSC+b7j/Bx1rp4yAW+kUKT9XfHRkJpRyHvq4MiRrKeS8X//O6qQouvYxFSaogorNBQcqxvjcPA/eZAKr4WBNCBdO7YjokglClI8tDcOZPXiStWtU5q9buziv1qyKOMjpER+gEOegC1dENaqAmougRPaNX9GY8GS/Gu/ExKy0ZRc8++gPj8wd3h5Mp</latexit>

??
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•  What if elastic pions are subtracted?

eN ! e+N + ⇡
<latexit sha1_base64="+RMDV4mxJBFE6EO1jCdBnK4wDsk=">AAAB/nicbZDLSsNAFIYn9VbjLSqu3AwWQSiUpAq6LLpxJRXsBZpQJtOTdujkwsxEKKHgq7hxoYhbn8Odb+OkzUJbfxj4+M85zDm/n3AmlW1/G6WV1bX1jfKmubW9s7tn7R+0ZZwKCi0a81h0fSKBswhaiikO3UQACX0OHX98k9c7jyAki6MHNUnAC8kwYgGjRGmrbx0BvsOuijHgqqYqdhNmmn2rYtfsmfAyOAVUUKFm3/pyBzFNQ4gU5UTKnmMnysuIUIxymJpuKiEhdEyG0NMYkRCkl83Wn+JT7QxwEAv9IoVn7u+JjIRSTkJfd4ZEjeRiLTf/q/VSFVx5GYuSVEFE5x8FKcf63DwLPGACqOITDYQKpnfFdEQEoUonlofgLJ68DO16zTmv1e8vKo3rIo4yOkYn6Aw56BI10C1qohaiKEPP6BW9GU/Gi/FufMxbS0Yxc4j+yPj8AZAtkqU=</latexit>



Other considerations

33

•  Parton model derivaCon of momentum sum rule
–  Defini4on of inclusive cross sec4on

– Parton model 

⟹

⟹

⟹

No elas>c pions 
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