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KEY MESSAGE

-

Can evaluate six-point Feynman integrals at
high precision within a few minutes by
solving their canonical DEs.

~

Double-Box Pentagon-Triangle Hexagon-Bubble

Ap-Dyz4t



AVRAY> S 3

Measurements of observables for many LHC processes are now
available at 1% precision

On theory side, one bottleneck are reliable and fast evaluations of
two-loop Feynman integrals



TWO-LOOP FEYNMAN INTEGRALS %

« State-of-the-art: two-loop five-point Feynman integrals (five on-shell legs,
four on-shell + one off-shell leg, one or two massive propagtors)

[cf. talk by Kraus]

* Very little is known about two-loop six-point processes in general theories
 Phenomenologically interesting: 4-jet production @ LHC

* Theoretically interesting:
* Analytic structure of QCD function space

* Wilson loops with Lagrangian insertion



If canonical form,
M-B=¢-dA

AVRAY> S 3

Solve IBP identities: 7 = B - [ ]

[ Boundary values J

Special functions / Numerical
Integration / Series Expansion

)
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A - ' . . /——“‘“*b
t Take derivatives 0, J |
L dl=M-]I j o |
i — L\ Solve IBP identities: / = B - | j
k Have DE: dl =M - B - I j

| If canonical form, )
L M-B=¢€¢-dA |

/

Lerte A= 2 ¢;log VViJ L\ Boundary values ]

l"l Special functions / Numerical
Integration / Series Expansion




PLANAR TWO-LOOP SIX-POINT INTEGRAL FAMILIES %

Double-Pentagon Pentagon-Box Hexagon-Box
AN
5 (+ 251) Ml 3 (+ 114) Ml 1 (+202) MI
Double-Box Pentagon-Triangle Hexagon-Bubble
7 (+ 59) M 1 (+43) Ml 1(+31) Ml

+ subsector integrals



PLANAR TWO-LOOP SIX-POINT INTEGRAL FAMILIES %

Double-Pentagon Pentagon-Box Hexagon-Box
AN
5 (+ 251) MI 3 (+ 114) Mi 1 (+ 202) MI
Double-Box Pentagon-Triangle Hexagon-Bubble
In 2403.19742!
7 (+59) MI 1 (+ 43) M 1(+ 31) Mi

+ subsector integrals



NOTATION AND KINEMATICS

dd0_2€lldd0_2€lz 1

in@=2) DY DY

Ido[al, « o 6113] — ezeYE'[

D=1} D,=(;+p), ..., D= +1L)

External momenta:




NOTATION AND KINEMATICS %

e ForD

ot > 4, nine independent Mandelstam invariants

V= {812, $23,534, S45, S56, S61, S123, S234, 8345}

sij= P +p5)%  sijr = (0i +pj + pr)°
« For D, =4, Gram determinant constraint

0 = G(py, Py, 3P4 P5) = det(p; - D)) 1<i,j<5

= 51553534556 + (86 terms)
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[ Take derivatives 0,

! If canonical form,

L M-B=c-dA 5

Write A=Y clog W -
L rite ZCZ OgWJ L Boundary values )

| Special functions / Numerical J
\

| Integration / Series Expansion




INTEGRATION VIA DIFFERENTIATION %

« Can get value of a function by integrating its first derivatives along some path!

1) Integration by parts (IBP): family is spanned by finite number of basis elements

—_— -

I“ld] = C - Imaster
’\__/ finite basis

2) Derivatives of an integral land in the same family!




INTEGRATION VIA DIFFERENTIATION %

« Can get value of a function by integrating its first derivatives along some path!

1) Integration by parts (IBP): family is spanned by finite number of basis elements

—_— -

I“ld] = C - Imaster
’\__/ finite basis

2) Derivatives of an integral land in the same family!

dImaster = dM(e. V) - Imaster

d= ) dyad,




\L Pick an integral family / ] %
| 7 7 Byt

l? Take derivatives avl- j //—_\ l;

L
‘L dl =M - j | |
)

A~

i ——— fL Solve IBP identities: / = B - |

fk Have DE:dl =M -B - I ]

If canonical form, ] )

M-B=¢€¢-dA

L Boundary values )

| —

" Special functions / Numerical
k Integration / Series Expansion




A CANONICAL BASIS %

We are looking for a canonical basis:

dIcan = € dA®) - Iean

Form of A:
¥ N [etters
dA = Z ¢, dlog(W,)
k

\.. rational constant matrices
Alphabet: A={W,W,, .., Wy}

10



HOW TO CONSTRUCT UT INTEGRALS? %

There is no (efficient) algorithmic way at two loops.

However, we can recycle one-loop insights to some extent...

11



INGREDIENT 1: N-GONS IN N DIMENSIONS %

« At one loop, know how to construct UT integrals for arbitrary # of points:
2

2 @ = LS, - (UT function), o =LS,_; - (UT function)
1

T : n-1

INGREDIENT 2: DIMENSION-SHIFT IDENTITIES

* Obvious from Schwinger Parametrization:

[ del...dxkx”_l%_D/z exp(—F/U) = [dxl...dxkx”_l?l%_(D+2)/2 exp(—F /)

- E.g. 4 —2e¢ = o2 4 |6-2¢| 4 [6-2:¢ 4 |6-2¢

12



HOW TO CONSTRUCT UT INTEGRALS? %

Pentagon-Triangle Hexagon-Bubble

26 226 Are UT integrals! %
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HOW TO CONSTRUCT UT INTEGRALS? %

Pentagon-Triangle Hexagon-Bubble
' |
26 226 Are UT integrals! %
Double-Box

4-2¢ | 4-2¢ % But need 6 more...
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HOW TO CONSTRUCT UT INTEGRALS? %

Pentagon-Triangle Hexagon-Bubble
2 226 Are UT integrals! M
Double-Box
Found 6 more by using Gram determinants
4-2 | 4-2e % with loop momenta as numerators and
insisting on definite parity behavior.

13



DIFFERENTIAL EQUATION BLOCKS IN CANONICAL

FORM
Lap
It
Iy |— ¢ q
[Sub

L

dl = edAl

_

Lap
Lot
Iy
I sub

14
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Six-particle blocks
on maximal cuts

Five-particle integrals
with one off-shell leg

[Henn, AM, Miczajka,
Peraro, Xu, Zhang '24]

Off-diagonal blocks



SPEED UP CALCULATION BY WORKING OVER

FINITE FIELD
)

Analytical: High cost of
time and memory!

!

Evaluate over finite field and
reconstruct rational functions
only at the end!

O(?7?7?) - O(40h per entry)

AVRAY> S 3

[von Manteuffel,
Schabinger '15]

We use FiniteFlow
[Peraro ’19]
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SPEED UP CALCULATION BY WORKING OVER %
FINITE FIELD -

If we know alphabet
{log W;} a priori:

!

Only have to fit the rational [Abreu, Page,
entries of the matrices c; Zeng "19]

O(years) — O(hours)

15



TWO-LOOP ALPHABET LETTERS

How to find the alphabet A = {W}?

« Study of singularities of Feynman integrals: Landau analysis

* Predicts the components of the Landau variety, i.e.
the algebraic variety in kinematic space on which
singularities may lie

16

recent progress:



TWO-LOOP ALPHABET LETTERS

« Study of singularities of Feynman integrals: Landau analysis

* Predicts the components of the Landau variety, i.e.

How to find the alphabet A = {W}?

the algebraic variety in kinematic space on which
singularities may lie

Output of this analysis:

Y.
3

r

\ {\/Q} — {\//I(Slb 8345 S56)9 }

16

recent progress:

Aeven = {Slz, 5735 c o0y 812 — 51235 - - } 93 polynomial letters

21 square root letters



TWO-LOOP ALPHABET LETTERS %

« But we know from experience, that there are also “odd” letters:

_P-v0 . 0€l{o}uiog)
P4 /O P is polynomial in v,

Wodd

17



TWO-LOOP ALPHABET LETTERS %

« But we know from experience, that there are also “odd” letters:

~P—4/0 0 € {0} U{00)

W .= . e
odd ™ p | NG "® P is polynomial in v,

« Consistent with Landau analysis, if:

(P—+/0)(P++/0) = CHWfC W: € Apen

17



1) ANSATZ FOR THE POLYNOMIAL %
P = 0 + [T we ”

. e.g.fory/Q =r,,, i.e. adegree 3 ansatz, assume P has coefficients in
{=2,...,2}:

# P() ~ 5(9+§_1> ~ 1011

2) ANSATZ FOR THE PRODUCT

>\2 - e;
P(v)”=Q00() + CHWz / Number of degree one polynomials

2 48 48 47
# HWi’ = + +...~2-10’
: 6 4 1

18



REFINE THE PRODUCT ANSATZ! unpublished %

Assume that: P(¥)* = Q(¥) + W,(¥) - (...) for some particular letter W..

Then, for every ¥, € @ such that Wi(y,) = 0, it follows
0 iN”0

v/ O € Q.

Hence, we can filter through the even letters to find a reduced set for any given Q.

19



REFINE THE PRODUCT ANSATZ! unpublishec %

Assume that: P(¥)* = Q(¥) + W,(¥) - (...) for some particular letter W..

Then, for every ¥, € @ such that Wi(y,) = 0, it follows
0 iN”0

v/ O € Q.

Hence, we can filter through the even letters to find a reduced set for any given Q.

Example:

[51220

2 42 42 M 2
\/512 + 83 + S5 — 28519834 — 2515856 — 28348556 = \/(534 — 556)” € Q.

19



CONJECTURED 2-LOOP HEXAGON ALPHABET %

o Started with 93 even letters from subsectors and maximal cut

« Using the algorithm, we construct a total of 109 odd letters

« out of these, 94 of them have a single square root,
15 have two square roots

* 89 odd letters can be matched to known data from two-loop five-point
and one-loop six-point alphabets; 20 letters are completely new

Together with the 21 square roots, we find
an alphabet with 93+21+109=223 letters.

20



_ Pickanintegral family / J %
Byt

L Take derivatives 0, J / kbi
L dl =M -1 ]

o | . 1

| Solve IBP identities: I = B - | |

&/"‘M\ \ J
i s |

| HaveDE:d/=M B j

ﬁ If canonical form, ] |
| [ Boundary values )

L M-B=c-dA

Special functions / Numerical ]

Integration / Series Expansion

21



WHAT IT MEANS “TO CALCULATE AN INTEGRAL” %

« Usually: Express it in terms of known functions

« Here: it might be possible to express the result in terms of
Li4, Lip 2, but most likely inefficient for evaluations!

22



WHAT IT MEANS “TO CALCULATE AN INTEGRAL” > %
1 Torog=te

« Usually: Express it in terms of known functions j
« Here: it might be possible to express the result in terms of \
Li4, Lip 2, but most likely inefficient for evaluations!

-

Yo
* Instead, use one-fold integral representation along some path!

Step 1: Analytically solve the DE up to weight 2.
Step 2: Write weight 3, 4 solution as integrals over weight 2:

1
V@) = 1Y@y + | dt — - 1%()
Jo ot
-1
R R 0A -
[YE) = 1Y) + | dt — C)@)
J0

22



WHAT IT MEANS “TO CALCULATE AN INTEGRAL” > %
1 Torog=te

« Usually: Express it in terms of known functions j
« Here: it might be possible to express the result in terms of \
Li4, Lip 2, but most likely inefficient for evaluations!
Vo
* Instead, use one-fold integral representation along some path!
Step 1: Analytically solve the DE up to weight 2.
Step 2: Write weight 3, 4 solution as integrals over weight 2:
-1
V@) =19F) + | dt — - 19
Jo ot
.| 1 t
. o 0A - L 0A O0A -

22



WHAT IT MEANS “TO CALCULATE AN INTEGRAL” > %
1 Torog=te

Usually: Express it in terms of known functions j
Here: it might be possible to express the result in terms of \
Li4, Lip 2, but most likely inefficient for evaluations!

-

Vo

Instead, use one-fold integral representation along some path!

Step 1: Analytically solve the DE up to weight 2.

Step 2: Write weight 3, 4 solution as integrals over weight 2:

I9G) = I9G,) +

[9F) = TYF,) +

1 0 Improves evaluation time

A
dt — - 1) from O(3 h) — O(7 min) cf. AMFlow
Jo ot @ 20 digits precision

o1

J0

dr (ﬁ TG + (A1) — A®D)) - A i@)(t))
ot ot

22



CONCLUSION & OUTLOOK %

 Most efficient technique: predict the alphabet & bootstrap the canonical DE

« Supplement with boundary conditions to set up one-fold integral
representations at weight 4

* Next steps: proceed with the remaining families

Double-Pentagon Pentagon-Box Hexagon-Box

* Analytic continuation to physical scattering region?

« What is the general structure of n-point 2-loop alphabets?

23
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UT INTEGRALS FOR THE DOUBLE BOX FAMILY

I, = €*N, x I, = ¢*N,; x ®
Numerators:
S12 Ih—ps Ds Dy P1+D
Ny = — 515545534 Ny = G < 2 o > e 6)
€1543 pl p5 p4 p3
1 €1245 L P P D5 Ps
N2 = — S12S45(ll +p5 +p6)2 N5 = - G l
4 G(py, P2 Ps» Ps) » P1 P> D5 Ds

€5126 P1 P2 Ps Pe 8 —Pe Pa D5

4#%7?#‘

¢ ] + 1 [ Pr P
Ny = -5 G ( 1 P1 P2 Ds p6> Ny = — [G <l : 1 2> +(l; = pp)°(l = ps = Ps)* (5103 + S345)]
>

_ Ag G<ll P1 P2 DPs4 P5>
G(p1,P2, P4 Ps) L, Py P, Py Ds

Ny



UT INTEGRALS FOR THE PENTATRI & HEXABUB %

Ipt = €4Npt X ]hb = €3th X
Numerators:

Nowy =
pt 32¢€1535

1 [ I +p)* [l
G < 1 P1 P2 P3 p5> th _ (l; + ps) G( 1 P1 P2 P3 P4>
LL P, P, P3 Ps 32€1234 L, Py P, P3 Ps



FIXING THE BOUNDARY VALUES %

'Euclidean region

« Analytic value of basis integrals at
a single point

vo={-1,-1,-1,-1,-1,—-1,-1,-1, -1}
* Absence of certain spurious

singularities and by matching to a
single sunrise integral

_— =
\<P v={-1,-1-2)2-1,-1-2)%-1,-(1-2)%,-1+z,—-1+z,—-1+z}

Y

1
A— Ajpe ={z,1 —z,2 — p,x — p} p:§(1—|—i\/§)



FIXING THE BOUNDARY VALUES %

+ Boundary values atvy = {—1,—1,...,— 1}:
I 1+7Z2 2+38§ 5 4 497T4+32Im[Li( )] ) e
= —e*+—Cae — €
db.1 6 3 216 3 AL

n° 34 77 ,
Idb,2 =1 +Z€2 + 75363 + < 360 + 20 Im[le(p)]> e*

7 4 _ »\ 4
Idb,6 = — % + glm[l_lz(p)] €

Idbs = Idb4 = ldbs = Idb7 = Ipt = Ihp =0



