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Topics:

J.M. Chen, TH & B. Tweedie, arXiv:1611.00788; 
TH, Y. Ma & K. Xie, arXiv:2007.14300; 2103.09844
  

• EW physics @ high energies
• Splitting functions, EW showering 
• EWSB and Goldstone bosons
• Splittings in the broken phase: Ultra collinear
• EW evolution beyond the leading log
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EW Physics at Higher Energies
Some numerology:

GFE
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� ⇠

✓
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⇠ 10�8,

✓
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MW

◆2

⇠ 104 !

as power corrections:
• Like QCD: higher-twist terms 𝛬2

QCD/Q2. 
• Unlike QCD: perturbatively defined!

(1).
E

v
:

à sensitive to HE/UV physics.✏µL(p) ⇠
pµ

MW

v/E

v/E, mt/E, MW /E ! 0!

à massless theory; EW symmetry restored!

v

E
:

v (250 GeV)

10 TeV
⇡ ⇤QCD (300 MeV)

10 GeV
<latexit sha1_base64="9eedIKH/CAnHaIHVgZCg7Jc82tA="></latexit>

(2).

At E>>v ,
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(3).

At scale Q:

The top quark at the a 10-TeV pCM Collider would be 
as “massless” as b-quark was at the Tevatron.

à Top quark PDF? 6 active flavors?
Daswon, Ismail, I. Low (2014); TH, Sayre, Westhoff (2015).

For � = 20%� 30%, ↵s ⇠ 0.08,

Q = (25� 110)mt ) (4� 20) TeV.

↵s

⇡
CF ln

Q2

m2
t

⇠ �

Q ⇡ mt · exp(
⇡�

2↵sCF
)

Some numerology:
<latexit sha1_base64="zUIW17t43zNXYP4+8FmCFrOBX6s="></latexit> mt
10 TeV ⇠ mb

200 GeV
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(4). EW logarithms

At scale Q :

“Color factors” :
CA

CF
=

2N2

N2 � 1
) (

9

4
)N=3 and (

8

3
)N=2.

SU(2) versus SU(3):
Gauge boson splitting 

↵2

⇡
Cw ln2

Q2

M2
W

⇠ �

Q ⇡ MW · exp( ⇡�

4↵2Cw
)

1
2

For � = 50%, ↵2 ⇠ 0.035,

Q ⇡ 30MW ) 2.5 TeV.

J. Chiu, A. Manohar et al., 2005; 
Manohar, Bauer et al. (SCET);
M. Chiesa et al., PRL (2013); 
T. Becher et al., 1305.4202;
Bauer, Ferland, 1601.07190;

• Virtual Sudakov suppression; 
• Real emission enhancement.

Bryan Webber, EW Corrections at HE 2nd FCC Workshop, Jan 2018

Electroweak logarithms

• Electroweak logs get large at high energy

• Virtual corrections exponentiate as Sudakov factor

14

The	numerical	effect	of	EW	Sudakov	logarithms	becomes	
large	at	high	energies

5
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(Bryan Webber)

Some numerology:
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Figure 1. Schematic process involving a collinear splitting A ! B + C.

the cross section can be expressed in a factorized form

d�X,BC ' d�X,A ⇥ dPA!B+C , (2.1)

where P is the splitting function for A ! B+C. A given splitting can also act as the “hard”

process for later splittings, building up jets. The factorization of collinear splittings applies

similarly for initial-state particles, leading to the picture of parton distribution functions

(PDFs) for an initial state parton B (or C)

d�AB0!CX ' dPA!B+C ⇥ d�BB0!X , (2.2)

We will discuss this situation in the next section.

Integrating out the azimuthal orientation of the B +C system, the splitting kinemat-

ics are usually parametrized with two variables: a dimensionful scale and a dimensionless

energy-sharing variable z. The parton shower or DGLAP equations are constructed by

using the dimensionful scale as an evolution variable, though the choice is not unique.

Common choices include the transverse momentum kT of B or C relative to A’s three-

momentum vector, the virtuality of the o↵-shell leg (A for final-state showering, B or C for

initial-state showering), the energy-weighted opening angle of the split, or the renormal-

ization scale within dimensional regularization. We will mainly use kT -ordering in what

follows, though we will also discuss some results with virtuality-ordering. The energy-

sharing variable z (z̄ ⌘ 1 � z) is commonly taken to be the energy fraction of A taken

up by B (C). Alternately, z is sometimes defined as the lightcone momentum fraction,

z ⌘ (EB +~pB · p̂A)/(EA + |~pA|). Here, in practice we will use the three-momentum fraction

z ⌘
|~pB|

|~pB| + |~pC |
, (2.3)

which generally spans from zero to one, even in a massive shower. In the relativistic regime,

where the collinear factorization is strictly valid, all of these definitions are equivalent.1

1There is unavoidably some frame-dependence to this setup, as there is in all parton showers that are

defined strictly using collinear approximations. A more complete treatment would exhibit manifest Lorentz-
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The splitting kinematics then become

EB ⇡ zEA, EC ⇡ z̄EA, kT ⇡ zz̄EA✓BC , (2.4)

where ✓BC is the (small) angle between B and C.

In the simplest cases, generalizing the splitting function calculations to account for

masses is straightforward:

dPA!B+C(z, k
2
T ) '

1

16⇡2

zz̄|M(split)
|
2

(k2
T
+ zm̄2 + z̄m2 � zz̄m2

A
)2

F(z, k2T ;EA) dz dk
2
T . (2.5)

Here, M
(split) is the A ! B + C splitting matrix-element, which can be computed from

the corresponding amputated 1 ! 2 Feynman diagrams with on-shell polarization vectors

(modulo gauge ambiguities, which we discuss later). This may or may not be spin-averaged,

depending on how much information is to be kept in the shower. We have also employed the

shorthandm ⌘ mB for the mass of the first daughter particle (with energy/momentum frac-

tion z), and m̄ ⌘ mC for the mass of the second daughter particle (with energy/momentum

fraction z̄). The additional function F collects phase space factors that become relevant

in the nonrelativistic limit:

COMPUTE ME! (2.6)

In some cases where interference can be important, discussed below, the final identity of

a daughter might not be immediately known. In those cases, we default to choosing the

smallest possible mass value, namely zero in the case of a mixed �/Z state, or mZ in the

case of a mixed h/Zlong state. This allows the broadest possible splitting phase space.

On dimensional grounds, |M
(split)

|
2 goes like either k2

T
or some combination of the

various m2’s. The splitting functions thus typically scale like dk2
T
/k2

T
. There are also

mass-dependent terms like m2dk2
T
/k4

T
, that leads to the so-called ultra collinear behavior.

However, the integrated splitting rate at a given z becomes asymptotically finite at high

energies, proportional to dimensionless combinations of couplings and masses, with the

vast majority of the rate concentrated near the kT cuto↵. This e↵ectively acts as a kind of

threshold correction at the end of the shower. In either case, the remaining z dependence

after integrating over kT can be either dz/z or dz⇥(regular). The former yields additional

soft logarithms (again, formally regulated by the particle masses), and appears only in

splittings where B or C is a gauge boson.

2.2 Evolution equations

The splitting functions defined in the previous section are related to the perturbative

prediction for the initial state radiation (ISR) and thus the parton distribution functions

invariance and control of the low-momentum region, at the expense of more complicated book-keeping of

the global event structure, by using superpositions of di↵erent 2 ! 3 dipole splittings. Extending our

treatment in this manner is in principle straightforward, but beyond the scope of the present work.
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Figure 1: Schematic processes involving a collinear splitting A → B + C in either the

final state (left) or initial state (right).

broken phase, where we introduce the Goldstone Equivalence Gauge. Section 5 explores

some of the consequences of electroweak showering in final-state and initial-state splitting

processes, including interleaving into QCD showers. We summarize and conclude in Sec-

tion 6. Appendices give supplementary details of Goldstone Equivalence Gauge and the

corresponding Feynman rules in practical calculations.

2 Showering Preliminaries and Novel Features with EWSB

We first summarize the general formalism for the splitting functions and evolution equations

with massive particles that forms the basis for the rest of the presentation. We then lay

out some other novel features due to EWSB.

2.1 Splitting formalism

Let us consider a generic “hard” process nominally containing a particle A in the final

state, slightly off-shell and subsequently splitting to B and C, as depicted in Fig. 1. In the

limit where the daughters B and C are both approximately collinear to the parent particle

A, the cross section can be expressed in a factorized form [2]

dσX,BC " dσX,A × dPA→B+C , (2.1)

where P is the splitting function for A→ B+C. A given splitting can also act as the “hard”

process for later splittings, building up jets. The factorization of collinear splittings applies

similarly for initial-state particles, leading to the picture of parton distribution functions

(PDFs) for an initial state parton B (or C)

dσAB′→CX " dPA→B+C × dσBB′→X . (2.2)

We will discuss this situation in the next subsection.

Integrating out the azimuthal orientation of the B+C system, the splitting kinematics

are parametrized with two variables: a dimensionful scale (usually chosen to be approxi-

mately collinear boost-invariant) and a dimensionless energy-sharing variable z. Common

choices for the dimensionful variable are the daughter transverse momentum kT relative to

– 5 –

the splitting axis, the virtuality Q of the off-shell particle in the process, and variations pro-

portional to the daughters’ energy-weighted opening angle θEA. Our descriptions here will

mainly use kT , as this makes more obvious the collinear phase space effects in the presence

of masses. For our numerical results in Section 5, we switch to virtuality, which allows for

a simpler matching onto resonances. Mapping between between any of these different scale

choices is however straightforward. The energy-sharing variable z (z̄ ≡ 1− z) is commonly

taken to be the energy fraction of A taken up by B (C). The splitting kinematics takes

the form

EB ≈ zEA, EC ≈ z̄EA, kT ≈ zz̄EAθ . (2.3)

When considering splittings involving massive or highly off-shell particles, various possible

definitions of z exist which exhibit different non-relativistic limits. Besides strict energy

fraction, a common choice is the light-cone momentum fraction, z ≡ (EB +"kB · k̂A)/(EA+

|"kA|). Our specific implementation in Section 5 uses the three-momentum fraction z ≡
|"kB |/(|"kB | + |"kC |), (Tao) ("p to "k all changed, to be consistent throughout the

paper, including Appendix D, below Eq.D2...) which makes phase space suppression

in the non-relativistic limit somewhat more obvious. However, in the relativistic regime,

where the collinear factorization is strictly valid, all of these definitions are equivalent, and

we do not presently make a further distinction.1

In the simplest cases, generalizing the collinear splitting function calculations to ac-

count for masses is straightforward. Up to the non-universal and convention-dependent

factors that come into play in the non-relativistic limit, the splitting functions can be

expressed as
dPA→B+C

dz dk2T
$

1

16π2

zz̄ |M(split)|2

(k2T + z̄m2
B + zm2

C − zz̄m2
A)

2
. (2.4)

Here, M(split) is the A → B + C splitting matrix-element, which can be computed from

the corresponding amputated 1→ 2 Feynman diagrams with on-shell polarization vectors

(modulo gauge ambiguities, which we discuss later). This may or may not be spin-averaged,

depending on how much information is to be kept in the shower. Depending upon the

kinematics, the mass-dependent factors in the denominator act to either effectively cut

off collinear divergences at small kT or, in final-state showers, to possibly transition the

system into a resonance region. In cases where interference between different mass eigen-

states can be important, this basic framework must be further generalized. Resonance and

interference effects are introduced in Section 2.3.

On dimensional grounds, |M(split)|2 goes like either k2T or some combination of the

various m2’s. Conventional splitting functions typically scale like dk2T /k
2
T , which is exhib-

ited by all of the gauge and Yukawa splittings of the massless unbroken electroweak theory,

as to be shown in Section 3. There can also be mass-dependent splitting matrix elements

1There is unavoidably some frame-dependence to this setup, as there is in all parton showers that are

defined strictly using collinear approximations. A more complete treatment would exhibit manifest Lorentz-

invariance and control of the low-momentum region, at the expense of more complicated book-keeping of

the global event structure, by using superpositions of different 2 → 3 dipole splittings. Extending our

treatment in this manner is in principle straightforward, but beyond the scope of the present work.

– 6 –

• On the dimensional ground: |Msplit|2 ⇠ k2T or m2

• For the factorization formalism to be valid:
     infra-red safe & leading behavior 

Ciafaloni et al., hep-ph/0004071, 0007096; J.M. Chen, TH & B. 
Tweedie, arXiv:1611.00788; C. Bauer, Ferland, B. Webber et al., 
arXiv:1703.08562; 1808.08831; A. Manohar et al., 1803.06347.

Splitting: the dominant phenomena
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e.g.: fermion splitting:

Start from the unbroken phase – all massless.

Infrared & collinear 
singularities (Pgq)

Collinear singularity,
Chirality-flip, Yukawa

⇐ ⇐ ⇐ ⇒

1

8π2

1

k2T

(

1 + z̄2

z

)

1

8π2

1

k2T

(z

2

)

→ VT f (′)
s [BW ]0T fs H0(∗) f-s or φ± f ′

-s

fs=L,R g2V (Q
V
fs)

2 g1g2YfsT
3
fs y2

f
(′)
R

Table 1: Chiral fermion splitting functions dP/dz dk2T in the massless limit, with z (z̄ ≡
1 − z) labeling the energy fraction of the first (second) produced particle. The fermion

helicity is labelled by s. Double-arrows in Feynman diagrams indicate example fermion

helicity flows. Prime indicates isospin partner (u′s = ds, etc, independent of s). Yukawa

couplings are labelled by the participating RH-helicity fermion. The state H0∗ is the “anti-

H0”, produced when the RH fermion is down-type and in the initial-state, or up-type in

the final-state. Processes with B0 and W 0 implicitly represent the respective diagonal

terms in the neutral gauge boson’s density matrix, whereas [BW ]0 indicates either of the

off-diagonal terms (see text). Anti-fermion splittings are obtained by CP conjugation. The

conventions for the couplings are given in C.1.

⇐

⇒

1

8π2

1

k2T

(

(1− zz̄)2

zz̄

)

1

8π2

1

k2T

(

z2 + z̄2

2

)

1

8π2

1

k2T
(zz̄)

→ WT WT fs f̄
(′)
-s φ+ φ− or H0 H0∗ φ+ H0∗ or φ− H0

VT 2g22 (V=W 0,±) Nfg2V (Q
V
fs
)2 1

4g
2
V

1
2g

2
2

[BW ]0T 0 Nfg1g2YfsT
3
fs

1
2g1g2T

3
φ+,H0 0

Table 2: Transverse vector boson splitting functions dP/dz dk2T in the massless limit,

where allowed by electric charge flow. Nf is a color multiplicity factor (Nf = 1 for leptons,

Nf = 3 for quarks). Other conventions as in Table 1.

⇐

⇐

1

8π2

1

k2T

(

2z̄

z

)

1

8π2

1

k2T

(

1

2

)

→ V 0
T H [BW ]0T H W±

T H ′ uR ū(′)R d̄L d(′)L or ēL e(′)L

H = φ+,H0 1
4g

2
V

1
2g1g2T

3
φ+,H0

1
2g

2
2 3y2u Nd,ey2d,e

Table 3: Scalar splitting functions dP/dz dk2T in the massless limit via gauge couplings

and Yukawa couplings. The symbol H in the column headings represents the appropriate

state φ+,H0 for the given splitting, and H ′ represents the SU(2)L isospin partner (e.g.,

H0′ = φ+). Anti-particle splittings are obtained by CP conjugation. Other conventions as

in Tables 1 and 2.
– 15 –

Chiral fermions: fs, gauge bosons: B,W0,W±;  

In particular, only one specific linear combination of γ/ZT states participates in the high-

rate nonabelian splittings to W±
T W∓

T . While collapse onto mass eigenstates is required

to obtain well-defined hard event kinematics, a simple remedy here would be to supply

for these particles their production density matrices, using some appropriately-mapped

massless kinematics.

3 Splitting Functions in Unbroken SU(2)L × U(1)Y

Before working out the complete set of electroweak splitting functions in the broken phase,

it is important to first consider a conceptual limit with an unbroken SU(2)L × U(1)Y
gauge symmetry with massless gauge bosons and fermions, supplemented by a massless

complex scalar doublet field H without a VEV. This last ingredient is the would-be Higgs

doublet. This simplified treatment in the unbroken phase is not only useful to develop some

intuition, but also captures the leading high-kT collinear splitting behavior of the broken

SM electroweak sector. Some aspects of electroweak collinear splitting and evolution at

this level have been discussed, e.g., in [38].

Anticipating electroweak symmetry breaking, we adopt the electric charge basis in weak

isospin space. The corresponding SU(2)L bosons are W± and W 0, and the hypercharge

gauge boson we denote as B0. Gauge boson helicities are purely transverse (T ), and are

averaged.8 For the scalar doublet, we decompose as

H =

(

H+

H0

)

=

(

φ+

1√
2
(h− iφ0)

)

, (3.1)

where φ±,φ0 will later become the electroweak Goldstone bosons and h the Higgs boson.

However, at this stage, we will keep the neutral bosons h and φ0 bundled into the complex

scalar H0, as they are produced and showered together coherently.9 We denote a generic

fermion of a given helicity by fs with s = L,R (or equivalently s = ∓). We do not always

specify the explicit isospin components of f at this stage, but implicitly work in the usual

(u, d)/(ν, e) basis. Isospin-flips (including RH-chiral isospin where appropriate) will be

indicated by a prime, e.g. u′ = d. Effects of flavor mixing are ignored.

The U(1)Y and SU(2)L gauge couplings are respectively taken to be g1 ≈ 0.36 and

g2 ≈ 0.65 (evaluated near the weak scale), and for compactness we often represent a generic

8While the gauge helicity averaging is not strictly necessary, especially given that we will later make a

distinction between transverse and longitudinal polarizations, it does simplify our presentation. We also

do not incorporate azimuthal interference effects, though this would be straightforward in analogy with

QCD [5].
9We have expanded the neutral scalar field as H0 ∝ h − iφ0, adopting a phase convention such that h

and φ0 fields create/annihilate their respective one-particle states with trivial phases, and H0 annihilates

the one-particle state |H0〉 ∝ |h〉 + i|φ0〉. Treating h and φ0 as independent showering particles would be

analogous to adopting a Majorana basis instead of a Dirac basis for the fermions in QED or QCD. An

incoherent parton shower set up in such a basis would not properly model the flow of fermion number and

electric charge. Analogously, H0 and H0∗ particles carry conserved charges that we choose to explicitly

track through the shower. This leads to correlations between spins and electric charges within asymptotic

states.
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The Higgs:

The SM EW sector:

Unitary gauge:

Ciafaloni et al., 
Hep-ph/0505047.

EW Splitting functions



SM in the unbroken phase
e.g.: Gauge boson splitting:

9

Infrared & 
collinear (Pgg)

Collinear (Pqg) Collinear (new)

Interference (BW0) 
must be included!

⇐ ⇐ ⇐ ⇒

1

8π2

1

k2T

(

1 + z̄2

z

)

1

8π2

1

k2T

(z

2

)

→ VT f (′)
s [BW ]0T fs H0(∗) f-s or φ± f ′

-s

fs=L,R g2V (Q
V
fs)

2 g1g2YfsT
3
fs y2

f
(′)
R

Table 1: Chiral fermion splitting functions dP/dz dk2T in the massless limit, with z (z̄ ≡
1 − z) labeling the energy fraction of the first (second) produced particle. The fermion

helicity is labelled by s. Double-arrows in Feynman diagrams indicate example fermion

helicity flows. Prime indicates isospin partner (u′s = ds, etc, independent of s). Yukawa

couplings are labelled by the participating RH-helicity fermion. The state H0∗ is the “anti-

H0”, produced when the RH fermion is down-type and in the initial-state, or up-type in

the final-state. Processes with B0 and W 0 implicitly represent the respective diagonal

terms in the neutral gauge boson’s density matrix, whereas [BW ]0 indicates either of the

off-diagonal terms (see text). Anti-fermion splittings are obtained by CP conjugation. The

conventions for the couplings are given in C.1.

⇐

⇒

1

8π2

1

k2T

(

(1− zz̄)2

zz̄

)

1

8π2

1

k2T

(

z2 + z̄2

2

)

1

8π2

1

k2T
(zz̄)

→ WT WT fs f̄
(′)
-s φ+ φ− or H0 H0∗ φ+ H0∗ or φ− H0

VT 2g22 (V=W 0,±) Nfg2V (Q
V
fs
)2 1

4g
2
V

1
2g

2
2

[BW ]0T 0 Nfg1g2YfsT
3
fs

1
2g1g2T

3
φ+,H0 0

Table 2: Transverse vector boson splitting functions dP/dz dk2T in the massless limit,

where allowed by electric charge flow. Nf is a color multiplicity factor (Nf = 1 for leptons,

Nf = 3 for quarks). Other conventions as in Table 1.

⇐

⇐

1

8π2

1

k2T

(

2z̄

z

)

1

8π2

1

k2T

(

1

2

)

→ V 0
T H [BW ]0T H W±

T H ′ uR ū(′)R d̄L d(′)L or ēL e(′)L

H = φ+,H0 1
4g

2
V

1
2g1g2T

3
φ+,H0

1
2g

2
2 3y2u Nd,ey2d,e

Table 3: Scalar splitting functions dP/dz dk2T in the massless limit via gauge couplings

and Yukawa couplings. The symbol H in the column headings represents the appropriate

state φ+,H0 for the given splitting, and H ′ represents the SU(2)L isospin partner (e.g.,

H0′ = φ+). Anti-particle splittings are obtained by CP conjugation. Other conventions as

in Tables 1 and 2.
– 15 –

EW Splitting functions
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A Multiboson Factory

W W                       σ=770 pb

W W W                   σ=2 pb

W W Z                    σ=1.6 pb

W W W W               σ=15 fb

W W W Z                σ=20 fb

....

A t  100 TeV:

ManganoEach W costs you a factor 
of ~ 1/100 (EW coupling)

M. Mangano

Diagramatic calculations
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Figure 5: The rates for multiple final-state W/Z emissions at 10 TeV, clustering all

particles into R = π/2 anti-kT jets, initiated by (a) dL and (b) W+
T . For the dL-initiated

showers, comparisons are made with a simpler shower that includes only q → V q splittings

(neglecting the V → V V splittings), with and without back-reaction corrections, as well as

with the PYTHIA q → V q weak shower. For the WT -initiated showers (true “weak jets”),

comparisons are made with/without back-reaction corrections and with/without angular

vetoing. Secondary splittings V → f f̄ are neglected in all cases for simplicity. (QCD

showering is not incorporated.)

indicated in Table XXXXXXXXX, these rates are even higher, about 20% for the first

emission. We also highlight here some of the ambiguities in modeling weak FSR given

nontrivial phase space and coherence effects. As pointed out in Section 2.3.1, secondary

emissions can experience large suppression effects due to back-reactions on their parent

splittings, which are particularly obvious in showers that involve massive particles. From

experience with QCD showers, it is also known that coherence effects in emission amplitudes

lead to effective color-screening and approximate angular-ordering of nested emissions. To

test this, we have also implemented a strict angular-ordering veto in our shower simulation,

similar to PYTHIA. The result, visible in Fig. 5(b), is that both the back-reaction correction

and the angular ordering can have an O(1) effect at high multiplicity rates compared

to unrestricted emission, but that the two effects come with sizable overlap. Splittings

with large opening angles tend to exhibit large back-reaction effects, and vice-versa. This

observation provides some evidence that modeling of the high-multiplicity region might be

made to quickly converge, though more study is required.

One immediate application of pure nonabelian “weak jets” would be studies of the

phenomenology of multi-TeV spin-2 resonances, which can decay to a pair of transverse

W -bosons. For a 20 TeV resonance, the probability of at least one weak FSR emission is

more than 40%.
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Figure 5: Normalized rates versus the number of multiple final-state W/Z emissions with

a 10 TeV initial state particle, (a) dL-initiated showers for q → V q and V → V V splittings

with full EW FSR (solid histogram), q → V q splitting only (long-dashed), and q → V q

without back-reaction correction (short-dashed). Output from PYTHIA q → V q weak shower

is also included for comparison (dotted histogram). (b) WT -initiated showers for fully

constrained FSR (solid histogram), compared with various stages of approximations as

labeled.

evolution Fig. 4(d), including as well important contributions such as V → f f̄ . Exclusive

W±Z(q/g) events are selected as including exactly one each of “on-shell” W and Z, defined

as lying within 10Γ of their pole mass, and we allow for multiple photon emissions. While

the distribution looks similar to that at fixed-order, the overall rates in the collinear regions

are reduced by several tens of percent due to the Sudakov corrections.

While formally any secondary parton splittings involve rate penalties of O(αW ), they

become progressively more log-enhanced at high energies. This is again in close analogy to

QCD. However, unlike in QCD, individual weak splittings in arbitrarily soft/collinear limits

are in principle both observable and subject to perturbative modeling. Figure 5 shows the

predicted number of W/Z generated from showering off a highly energetic particle with

E = 10 TeV. In this calculation, we keep the weak bosons stable and include only the

splittings f → V f and V → V V . QCD showering is also turned off. We construct “weak

jets” by clustering particles with the anti-kT algorithm [87] with R = π/2, and count the

contained W/Z bosons. In Fig. 5(a), we show the results for a left-handed chiral fermion

(dL). Roughly speaking, we see that the emission of each additional gauge boson comes

with an O(10%) suppression factor, which can be compared to the naive (not log-enhanced)

O(1%) suppression typical of adding gauge bosons to lower-energy processes. The solid

histogram shows the total rate and the long-dashed histogram indicates the rate with non-

Abelian gauge splittings turned off. The difference indicates the large contribution from

the gauge boson self-interaction beyond the first emission. As a cross-check, we include as

– 32 –

W radiation costs ~ 1/10 
EW gauge bosons from splitting@Fcc-hh
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WZj at FCC, 10 ab−1, pT(j) > 3 TeV
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Figure 4: Event population for exclusive WZ + j production with pT (j) ≥ 3 TeV at

a 100 TeV proton collider, with 10 ab−1 integrated luminosity. Events are represented

in the plane of 2pT (W )/HT versus ∆R(W,Z). (a) 2 → 3 fixed-order WZj production

generated with MadGraph; (b) 2→ 2 Wj and Zj production dressed with fixed-order weak

FSR splitting functions; (c) 2 → 2 dressed with the PYTHIA weak shower, including only

q → V q splittings; (d) 2→ 2 dressed with the full weak FSR shower, including all collinear

final-state Sudakov effects. See text for more details on generation. (QCD showering is

not incorporated.)

is concentrated along a curved band at low ∆R(W,Z) and with enhancements at low/high

relative HT . A second clear concentration of events occurs at ∆R(W,Z) # π and near-

maximal relative HT . A third, more subtle concentration is visible at ∆R(W,Z) # π and

low relative HT . These three populations respectively represent W (q/g) production with a
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Figure 4: Event population for exclusive WZ + j production with pT (j) ≥ 3 TeV at

a 100 TeV proton collider, with 10 ab−1 integrated luminosity. Events are represented

in the plane of 2pT (W )/HT versus ∆R(W,Z). (a) 2 → 3 fixed-order WZj production

generated with MadGraph; (b) 2→ 2 Wj and Zj production dressed with fixed-order weak

FSR splitting functions; (c) 2 → 2 dressed with the PYTHIA weak shower, including only

q → V q splittings; (d) 2→ 2 dressed with the full weak FSR shower, including all collinear

final-state Sudakov effects. See text for more details on generation. (QCD showering is

not incorporated.)

is concentrated along a curved band at low ∆R(W,Z) and with enhancements at low/high

relative HT . A second clear concentration of events occurs at ∆R(W,Z) # π and near-

maximal relative HT . A third, more subtle concentration is visible at ∆R(W,Z) # π and

low relative HT . These three populations respectively represent W (q/g) production with a
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Figure 4: Event population for exclusive WZ + j production with pT (j) ≥ 3 TeV at

a 100 TeV proton collider, with 10 ab−1 integrated luminosity. Events are represented

in the plane of 2pT (W )/HT versus ∆R(W,Z). (a) 2 → 3 fixed-order WZj production

generated with MadGraph; (b) 2→ 2 Wj and Zj production dressed with fixed-order weak

FSR splitting functions; (c) 2 → 2 dressed with the PYTHIA weak shower, including only

q → V q splittings; (d) 2→ 2 dressed with the full weak FSR shower, including all collinear

final-state Sudakov effects. See text for more details on generation. (QCD showering is

not incorporated.)

is concentrated along a curved band at low ∆R(W,Z) and with enhancements at low/high

relative HT . A second clear concentration of events occurs at ∆R(W,Z) # π and near-

maximal relative HT . A third, more subtle concentration is visible at ∆R(W,Z) # π and

low relative HT . These three populations respectively represent W (q/g) production with a
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Lack of
3-V splitting

We reach good 
agreement

MadGraph 2à3 fixed order

WZ+1 jet @ FCC: 100 TeV

P. Richardson et al., arXiv:2108.10817
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“Scalarization” to implement the Goldstone-boson 
Equivalence Theorem (GET): 

EW Symmetry breaking & 
Goldstone-boson Equivalence 

Theorem (GET): 

At high energies E>>MW, the longitudinally polarized gauge bosons 
behave like the corresponding Goldstone bosons. (They remember 
their origin!)

Lee, Quigg, Thacker (1977); Chanowitz, Gailard (1984);
Y.-P. Yao, C.-P. Yuan (1988); J. Bagger, C. Schmidt (1990) …

✏(k)µ
L =

E

mW
(�W , k̂) ⇡ kµ

mW
+ O(MW/E)



(a). Unitarity at higher energies:

13

SU(2) x U(1) @ E & The Higgs

Chanowitz, Furman, Hinchliffe

Bad high-energy
behavior cancelled

by: 
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SU(2) x U(1) @ E & The Higgs

Chanowitz, Furman, Hinchliffe

Bad high-energy
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by: 
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b ∝ mtE
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gHtt gHWW

✏(k)µ
L =

E

mW
(�W , k̂) ⇡ kµ

mW

/ E2

v2

/ mtmH

v2

A “light Higgs” fixes it:

bad high-energy behavior!

D. Dicus & V. Mathur (1973);
Lee, Quigg, Thacker (1977).
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VL contributions dominant at high energies:

Then, massless fermion splitting 
                           f à f VL 
would be zero, in accordance with GET for
                           f à f φ    (yf à 0).

✏(k)µ
L =

E

mW
(�W , k̂) ⇡ kµ

mW

(b). Puzzle of massless fermion radiation

GET ignored the EWSB effects at the order MW/E
(higher twist effects)



At colliding energies E >> MW, 

15

Pq!qVT = (g2
V + g2

A)
↵2

2⇡

1 + (1� x)2

x
ln

Q2

⇤2

Pq!qVL = (g2
V + g2

A)
↵2

⇡

1� x

x

Corrections to GET
1st example: “Effective W-Approximation”

• Vector boson fusion observed at the LHC
           WW, ZZàh  & W+W+ scattering

G. Kane, W. Repko, W. Rolnick (1984); 
S. Dawson (1985); Chanowitz & Gailard (1984)

• f à f WL,  f ZL do not vanish; no collinear-log! 
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New fermion splitting:

Chirality conserving:
Non-zero for massless f

Chirality flipping: 
~mf

v2

k2
T

dk2
T

k2
T

⇠ (1� v2

Q2
)

VL is of IR, h no IR

The PDFs for WL thus don’t run at leading log
à A broken gauge
à “Bjorken scaling” restored, 
àor higher-twist effects like 𝛬2

QCD/Q2.

⇐
⇐

φ/VL

⇐
⇐

h

⇐
⇒

1

16π2

v2

k̃4T

(

1

z

)

1

16π2

v2

k̃4T

1

16π2

v2

k̃4T

→ VL f (′)
s (V "=γ) h fs VT f (′)

-s

fs=L

(

IVf (y2f z̄ − y2
f(′))z −QV

fL
g2V z̄

)2 1
4y

4
fz(1 + z̄)2 g2V z

(

QV
fR

yf z̄ −QV
fL
yf(′)

)2

fs=R

(

IVf yfyf(′)z2 −QV
fR

g2V z̄
)2 1

4y
4
fz(1 + z̄)2 g2V z

(

QV
fL
yf z̄ −QV

fR
yf(′)

)2

Table 4: Ultra-collinear fermion splitting functions dP/dz dk2T in the broken phase. Wavy

lines represent transverse gauge bosons, while the longitudinals/Goldstones and Higgs

bosons are represented by dashed lines. The k̃4T symbol is defined in Eq. (4.6). The

IVf symbol is a shorthand for the “charge” of a fermion in its Yukawa coupling to the eaten

Goldstone boson, or equivalently the fermion’s axial charge under the vector V . These

are normalized to approximately follow the weak isospin couplings, but are defined inde-

pendently of the fermion’s helicity: IZu = 1/2, IZd/e = −1/2, IW±

u = IW
±

d/e = 1/
√
2. Other

conventions are given in Appendix B.

4.2.2 Ultra-collinear broken-phase splitting functions

The remaining task is to compute all of the ultra-collinear splitting functions, proportional

to the EWSB scale like in Eq. (4.1). Generalizing the standard massless-fermion f →WLf ′

calculation [19–21], we include the splittings involving arbitrary particles in the SM. The

electroweak VEV (v), to which all of these splitting functions are proportionate, has been

explicitly extracted, as well as universal numerical factors, the kinematic factor k̃4T as

in Eq. (4.6) or Eq. (4.7), and the leading soft singularity structure (1/z, 1/z̄, or 1/zz̄).

These are obtained quite straightforwardly in GEG, where individual 1→ 2 ultra-collinear

matrix elements all scale manifestly as g2v, y2fv, or gyfv. See Appendix B for some explicit

examples.

We present these “purely broken” splitting functions in Tables 4−6, using similar logic

as in Section 3, though now working exclusively in mass basis for the neutral bosons.

Unlike conventional collinear splittings, ultra-collinear splittings do not lead to collinear

logarithms. Instead, integrating the emissions at a fixed value of z yields a rate that

asymptotes to a fixed value as the input energy increases. However, they are also unlike

ordinary finite perturbative corrections, in that they are highly collinear-beamed, and

subject to maximally large Sudakov effects from the conventional parton showering that

can occur at higher emission scales.

Ultra-collinear emissions of longitudinal gauge bosons, when formed by replacing a

transverse boson in any conventional gauge emission by a longitudinal boson, retain soft-

singular behavior∼ 1/z. (Within GEG, the 1/z factors within the splitting matrix elements

become regulated to 2EW /(EW + kW ).) Fully integrating over emission phase space, these

still lead to single-logarithmic divergences at high energy. This result might seem at odds

– 24 –

EW Splitting functions 
in the broken phase
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Splitting in the Broken Gauge
New gauge boson splitting in 3-WL

v2

k2
T

dk2
T

k2
T

⇠ (1� v2

Q2
)

φ/VL

φ/VL

1

16π2

v2

k̃4T

(

1

zz̄

)

→W+
L W−

L ZL W±

L /ZL

W±

L 0 1
16g

4
2

(

(z̄ − z)(2 + zz̄)− t2W z̄(1 + z̄)
)2

h 1
4

(

g22(1− zz̄)− λhzz̄
)2 1

8

(

g2Z(1 − zz̄)− λhzz̄
)2

ZL
1
16g

4
2

(

(z̄ − z)(2 + zz̄ − t2W zz̄)
)2

0

[hZL]
i
8g

2
2

(

g22(1− zz̄)− λhzz̄
)

(z̄ − z)
(

2 + zz̄ − t2W zz̄
)

0

h

φ/VL

h

h

1

16π2

v2

k̃4T
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1

z̄

)

1

16π2

v2

k̃4T

→ hW±

L /ZL h h

W±

L
1
4z
(

g22(1 − zz̄) + λhz̄
)2

0

h 0 9
8λ

2
hzz̄

ZL
1
4z
(

g2Z(1− zz̄) + λhz̄
)2

0

[hZL] 0 0

⇐

⇒

1

16π2

v2

k̃4T

1

16π2

v2

k̃4T

→ γT W±

T ZT W±

T /ZT W+
T W−

T fs f
(′)
-s

W±

L 2e2g22z
3z̄ 1

2c
2
W g42zz̄

(

(z̄ − z) + t2W
)2 0

s=L : 1
2

(

y2f z̄ + y2f ′z − g22zz̄
)2

s=R : 1
2y

2
fy

2
f ′

h 0 1
4g

4
Zzz̄

1
2g

4
2zz̄

1
4y

4
f (z̄ − z)2

ZL 0 0 1
2g

4
2zz̄ (z̄ − z)2

(

IZf y2f −QZ
fs
g2Zzz̄

)2

[hZL] 0 0 − i
2g

4
2zz̄ (z̄ − z) (−1)s i

2y
2
f (z̄ − z)

(

IZf y2f −QZ
fs
g2Zzz̄

)

Table 6: Ultra-collinear longitudinal vector boson and Higgs boson splitting functions

dP/dz dk2T . The Higgs quartic coupling λh is normalized such that m2
h = λhv2/2. For the

off-diagonal incoming [hZL], the k̃4T symbol stands for (k2T + z̄m2
B + zm2

C − zz̄m2
h) · (k2T +

z̄m2
B + zm2

C − zz̄m2
Z). Other conventions are as in Tables 4, 5 and in Appendix C.

– 25 –

Vector boson VL is of IR.

h has no IR.
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“Ultra collinear behavior”
     New characteristics with the mass:
kT

2 > mW
2, it shuts off;

kT
2 < mW

2, flattens out!
v2

k2
T

dk2
T

k2
T

⇠ (1� v2

Q2
)

• Kinematic basis for 
     “forward jet-tagging, central jet-vetoing” !
• The PDFs for WL: no log(Q2/M2).
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Figure 6: Normalized invariant mass distribution initiated by a 10 TeV polarized top

quark with EW shower (a) for tL → Wb (top curve), tR → Wb (middle curve) and a

fixed-width Breit-Wigner for unpolarized top decay without shower (lower curve); (b) for

tR → htL/ZLtL, ZT tR (upper curves) and to htR, ZLtR (lower curves), respectively.

M(Wb) " mt. It is very important to appreciate the difference, for example since one must

properly model the properties of off-shell top quarks in searching for new physics [90–95]

associated with the top quark as well as the Higgs sector.

Top quarks may also radiate Higgs bosons and, analogously, longitudinal Z bosons.

Both of these Yukawa-showering processes occur with similar rates off of left-handed and

right-handed tops, and grow single-logarithmically with energy. In Fig. 6(b), we present a

10 TeV right-handed top quark splitting via the EW shower. The rates for tR → htL and

to ZLtL are governed by the Yukawa coupling and essentially the same, due to the GET.

The channel tR → ZT tR, shown for reference, is via the gauge coupling of nearly pure B0,

which is rather small. The other two channels tR → htR, ZLtR are helicity-conserving

scalar emissions and are of the ultra-collinear nature. The integrated splitting rates for

all the above channels are of similar size: P(tR → htL) " P(tR → ZLtL) ≈ 7.2 × 10−3,

P(tR → htR) and P(tR → ZT tR) ≈ 4.5× 10−3, and P(tR → ZLtR) ≈ 2.3× 10−3. Notably,

the rates for the ultra-collinear processes are concentrated toward smaller virtualities (and

correspondingly smaller kT s). Though the total splitting rate represented in Fig. 6(b) is

only a few percent, the fact that top quarks are produced through strong interactions can

lead to significant numbers of showered events at a hadron collider. On the other hand,

the splitting rates to a Higgs boson are in sharp contrast to the much smaller rate for an

on-shell top quark decay to a Higgs boson in the Standard Model [96], of the order 10−9.

In considering to determine the top-quark Yukawa coupling in the processes tt̄h/tt̄Z

at higher energies [97], those qualitative features shown here should be informative in such

analyses.
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Figure 6: Normalized invariant mass distribution initiated by a 10 TeV polarized top

quark with EW shower (a) for tL → Wb (top curve), tR → Wb (middle curve) and a

fixed-width Breit-Wigner for unpolarized top decay without shower (lower curve); (b) for

tR → htL/ZLtL, ZT tR (upper curves) and to htR, ZLtR (lower curves), respectively.

M(Wb) " mt. It is very important to appreciate the difference, for example since one must

properly model the properties of off-shell top quarks in searching for new physics [90–95]

associated with the top quark as well as the Higgs sector.

Top quarks may also radiate Higgs bosons and, analogously, longitudinal Z bosons.

Both of these Yukawa-showering processes occur with similar rates off of left-handed and

right-handed tops, and grow single-logarithmically with energy. In Fig. 6(b), we present a

10 TeV right-handed top quark splitting via the EW shower. The rates for tR → htL and

to ZLtL are governed by the Yukawa coupling and essentially the same, due to the GET.

The channel tR → ZT tR, shown for reference, is via the gauge coupling of nearly pure B0,

which is rather small. The other two channels tR → htR, ZLtR are helicity-conserving

scalar emissions and are of the ultra-collinear nature. The integrated splitting rates for

all the above channels are of similar size: P(tR → htL) " P(tR → ZLtL) ≈ 7.2 × 10−3,

P(tR → htR) and P(tR → ZT tR) ≈ 4.5× 10−3, and P(tR → ZLtR) ≈ 2.3× 10−3. Notably,

the rates for the ultra-collinear processes are concentrated toward smaller virtualities (and

correspondingly smaller kT s). Though the total splitting rate represented in Fig. 6(b) is

only a few percent, the fact that top quarks are produced through strong interactions can

lead to significant numbers of showered events at a hadron collider. On the other hand,

the splitting rates to a Higgs boson are in sharp contrast to the much smaller rate for an

on-shell top quark decay to a Higgs boson in the Standard Model [96], of the order 10−9.

In considering to determine the top-quark Yukawa coupling in the processes tt̄h/tt̄Z

at higher energies [97], those qualitative features shown here should be informative in such

analyses.
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gauge couplings 

• Non-Abelian gauge spliting larger than fermion splitting!
• Collinear splittings larger than perturbative radiation! 

Process ≈ P(E) P(1 TeV) P(10 TeV)

q → VT q(′) (CL+IR) (3× 10−3)
[

log E
mW

]2
3% 7%

q → VLq(′) (UC+IR) (2× 10−3) log E
mW

0.8% 1.1%

tR → W+
L bL (CL) (8× 10−3) log E

mW
2% 4%

tR → W+
T bL (UC) (6× 10−3) 0.6% 0.6%

VT → VTVT (CL+IR) (0.015)
[

log E
mW

]2
8% 36%

VT → VLVT (UC+IR) (0.014) log E
mW

3% 7%

VT → f f̄ (CL) (0.02) log E
mW

5% 10%

VL → VTh (CL+IR) (2× 10−3)
[

log E
mW

]2
1% 4%

VL → VLh (UC+IR) (2× 10−3) log E
mW

0.4% 1%

Table 7: Representative electroweak splitting behaviors and integrated fixed-order split-

ting probabilities for an illustrative set of processes at two parent energies E = 1, 10 TeV.

The symbols in the parentheses denote the collinear (CL), infrared (IR), and ultra-collinear

(UC) behaviors, respectively.

but not negligible.

We next present our numerical results for various exclusive splitting phenomena, paying

special attention to the novelties that arise in the EW shower.

5.1 Electroweak effects in PDFs

We first revisit the classic calculation of weak boson PDFs within proton beams [19, 20].

The basic physical picture has been dramatically confirmed with the observation of the

Higgs boson signal via vector boson fusion at the LHC [22]. It is anticipated that at energies

in the multi-TeV regime, the total production cross section for a vector boson fusion process

V1V2 → X can be evaluated by convoluting the partonic production cross sections over the

gauge boson PDFs, originated from the quark parton splittings q → W±q′, q → γ/Zq.16

A useful intermediate object in this calculation is the parton-parton luminosity, consisting

of the convolutions of the PDFs from each proton. We write the cross section in terms of

the parton luminosity of gauge boson collisions as

σPP (V1V2 → X) =

∫ τhigh

τlow

dτ
dLV1V2

dτ
σ̂(V1V2 → X̂τ ) , (5.1)

16It should be noted that a formal factorization proof for electroweak processes in hadronic collisions is

thus far lacking. For instance, it is not presently demonstrated whether contributions from gauge boson

exchanges between the two incoming partons are factorizable. Nonetheless, we expect that the factorized

PDF approach should furnish a reliable and useful calculation tool at very high energies at leading order,

as indicated by simple scaling arguments [78, 79].
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à non-cancelled sub-leading log(Q2/Mw
2)

     Bloch-Nordsieck theorem violation!
à Need sufficiently inclusive processes & infrared 
safe-observables

Incomplete cancellation for non-inclusive process in SU(2):
SU(2) “color” (e,𝝂) distinguishable, unlike QCD!

should decouple from the collinear evolution. In practice, the residual soft divergence in

the splitting function can be arbitrarily regulated and the regulator taken to zero, with

no additional information required about the other beam/target particle nor the detailed

form of the scattering process. The resulting DGLAP evolution also remains well-defined,

with the balancing real and virtual soft divergences integrated over without accumulating

additional bare logarithms. The standard method of “hiding” the irrelevant soft structure

of the splitting functions while maintaining unitarity is to define them using the plus-

prescription.

As noted above, this standard approach to initial-state factorization extends to color-

averaged evolution in general non-abelian theories, such as QCD, at least up to next-to-

leading order (two-loop) in the evolution equations. However, if we do not average-out

the non-abelian charges, the approach fails already at leading order because some of the

“balancing” soft-collinear real and virtual corrections are distributed between different

color channels, and we apparently find ourselves in trouble.

3 Soft Evolution with “Bare Color”

3.1 Implications of Bloch-Norsieck violation

3.1.1 Problems in DGLAP evolution at NLL

Suppose now that we wanted to formulate evolution rules that are exclusive in non-abelian

charges, as we are forced to do in EW theory. What specifically goes wrong?

In the color-averaged case, well-behaved unitary evolution is simple to establish because

the real gauge splitting processes and their corresponding virtual corrections effectively do

not change the particle identity in the soft limit. Color-averaged quarks transition into

color-averaged quarks, and so on. An arbitrary soft regulator prescription such as the

plus-prescription is adequate to match up the reals and virtuals, and to give well-defined

splitting rates when integrated over the soft emission region. But consider instead a left-

handed electron in pure SU(2)L theory, which may undergo splittings eL → νLW− and

eL → eLW 0, or a neutrino which may undergo νL → eLW+ and νL → νLW 0.5 In the

region z " 1, we would find the real corrections organized as

dPν←e = dPe←ν ∼
(T±)2

1− z
=

(

1/
√
2
)2

1− z

dPe←e = dPν←ν ∼
(

T 3
)2

1− z
=

(1/2)2

1− z
(3.1)

and the virtual corrections are organized as

dVν←e = dVe←ν = 0

dVe←e = dVν←ν ∼ −
∫

dz
C2(2)

1− z
= −

∫

dz
3/4

1− z
. (3.2)

5The restricted chirality does not affect the argument, nor does the presence or absence of the hypercharge

gauge group U(1)Y .
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EW Evolution beyond Leading Log

+
e−(p) e−(zp) e−(p) e−(p)

γ((1− z)p)
γ

Figure 1: The real/virtual duality at the space of momentum fraction z.

utilizing the unitarity condition. (Often, the δ-function virtual piece is absorbed into

the definition of P (z).) This is one of the most basic forms of a DGLAP evolution equation

[XXX refs]. In this toy example (which does not include γ → e−e+ splittings), unitarity

guarantees that
∫

dx fe(x, µ) = 1 for any value of µ. Notably, unlike in the fixed-order

calculation, we no longer encounter any bare collinear logarithms associated with the initial

state. They have successfully been resummed into the nonperturbative object fe. We may

think of this as representing an effective ensemble of incoming beam particles resolved at

scale µ, sourced by the collinear showering of the original electron. Having established the

entire running history of fe up to the hard process scale, we may then input the uncorrected

hard partonic cross sections, and explicitly unfold the exclusive initial-state and final-state

radiative corrections via parton showering, running the scale back down to µ = 0. (See,

e.g., [XXXXX PYTHIA manual, etc].)

The generalizations of this formalism to multiple colliding beams/targets and multiple

particle species within the PDFs are straightforward. In particular, for an e−e+ collider

(denoting the latter as ē in subscripts) we could write the portion of the cross section

initiated by electrons/positrons from within “beams 1 and 2” as

σ ⊃
∫

dx1 dx2 f
(1)
e (x1, µ) f

(2)
ē (x2, µ) σ̂eē(x1, x2, µ) , (2.12)

and the total cross section as

σ =
∑

i1,i2

∫

dx1 dx2 f
(1)
i1

(x1, µ) f
(2)
i2

(x2, µ) σ̂i1i2(x1, x2, µ) , (2.13)

with i1, i2 running over e, ē, γ (now allowing as well for γ → e−e+ splittings). DGLAP

evolution is formulated independently for each beam, with multi-species form

dfi
d logµ

(x, µ) =
α

π

∑

j

∫ 1

x

dz

z



Pi←j(z) − δijδ(1− z)
∑

j′

∫

dz′ Pj′←i(z
′)



 fj
(x

z
, µ
)

.

(2.14)

We may also generalize to incoming hadron beams as usual, where the truly asymptotic

form of the PDFs at µ = 0 cannot be defined by analytic means in terms of partons, but it

can be parametrized via measurement at nonzero µ and subsequently evolved in the same

manner, up to power-suppressed corrections of O(ΛQCD/µ).

The soft divergence within gauge splittings like e→ eγ, visible in Pe←e(z) as z → 1 in

this example, is worth some additional comment. As noted above, soft photon exchanges
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EW PDFs at a muon collider:
“partons” dynamically generated

Initially, the “valence parton”:

�/Z

µ+ ⌫̄µ

e� e�

W+

(a)s

e� e�

µ+ ⌫̄µ

�/Z

W+

W+

(b)t

e�

e�

Z

µ+
W+

⌫̄µ

⌫̄µ

(c)u

e�
⌫e

e�

W�

W+

µ+ ⌫̄µ

(d)di-W

FIG. 1: Tree-level Feynman diagrams for e
�
µ
+

! e
�
⌫̄µW

+. The s, t, u-channels are labelled in
terms of the factorized 2 ! 2 partonic process �(Z)µ+

! W
+
⌫̄µ.

lations for the hard scattering process. We will customarily denote it by Q2 for the rest of
the presentation.

At the leading order, we identify the initial conditions as
f`(⇠,m

2
`
) = �(1� ⇠), f�(⇠,m

2
`
). (4)

Those lead to QED parton distribution functions given by Eq. (2) with the replacement of
the fixed energy to a dynamical scale E ! Q.

The next-to-leading-log (NLL) resummation for QED parton distribution functions have
been worked out recently [37, 38]. (Keping: discuss a bit more on the QED PEF
formalism...)

III. ANATOMICAL STUDIES

In order to gain some insight for the e↵ectiveness of the EPA and the QED PDF, we
choose to study an idealistic process for the sake of illustration

e�µ+
! e�⌫̄µW

+, (5)
with the tree-level Feynman diagrams in the SM depicted in Fig. 1. This process allows
us to avoid the s-channel annihilation as in e+e� or µ+µ� collisions, and to focus on the
collinear splitting behavior via the �/Z neutral currents. Furthermore, if we choose to work
with the right-handed electron beam e�

R
, the W -exchange diagram in Fig. 1(d) vanishes, so

that we can e↵ectively study the factorization of the 2 ! 2 sub-process
�(Z) µ+

! W+⌫̄µ. (6)
We denote the center-of-momentum (c.m.) energy squared as s = (pe + pµ)2, and the
subprocess c.m. energy squared ŝ = (xpe + pµ)2 = xs. The momentum transfer is t =
(pe � p0

e
)2 ⌘ �q2, which should be the characteristic scale for the factorization. Naively,

the photon-mediated processes in Figs. 1(a) and 1(b) dominate the cross section from the
collinear enhancement ⇠ 1/q2, and theW/Z-mediated processes are suppressed by ⇠ q2/M2

W

at moderate energies.

A. E↵ective photon approximation

In Figure 2, we compare the EPA results with the full leading order (LO) calculation for
the total cross sections versus the c.m. energy

p
s for various choices of the scale Q2. Our

5

2

Those processes take over the annihilation channels at
higher energies

p
s ⇡ 2.5, 4.5, 11 TeV for W+

W
�
, tt̄ and

tt̄H production, respectively, as shown in Fig. 1 by the
rising solid curves labelled by EPA. At

p
s ⇡ 30 TeV, the

production rate for �� ! tt̄ is higher by two orders of
magnitude than that for µ+

µ
�
! tt̄ annihilation.

However, this description becomes inadequate at some
high scales. First, at high energies E � m`, the collinear
logarithm (↵/2⇡) ln (E2

/m
2
`) may be sizeable and needs

to be resummed for reliable predictions. This leads to
the QED analogue of the Dokshitzer-Gribov-Lipatov-
Altarelli-Parisi (DGLAP) equations [9–11], the concept
of QED parton distribution functions (PDFs) for the pho-
ton and charged fermions [12–14]. To estimate the re-
summation e↵ects, we plot the cross sections with the
leading-order �-PDF with a scale Q =

p
ŝ/2, where

p
ŝ

is the �� c.m. energy. As shown in Fig. 1 by the dashed
rising curves below those of EPA, we see that the rates
are lowered as expected, and could be smaller by about
a factor of two at 30 TeV.

More importantly, as pointed out in Refs. [15–17] and
explored in details [18], at scales Q

2
� M

2
Z , the SM

gauge symmetry SU(2)L⌦U(1)Y is e↵ectively restored.
Consequently, the four EW gauge bosons (W±,3

, B) in
the SM must be taken into account all together coher-
ently with B-W 3 mixing and interference. The fermion
interactions are chiral and the couplings and states evolve
according to the SM unbroken gauge symmetry. One
needs to invoke the picture of electroweak parton distri-
bution functions (EW PDFs) [19–21] dynamically gener-
ated by the electroweak and Yukawa interactions. The
longitudinally polarized gauge bosons capture the rem-
nants of the EW symmetry breaking. The e↵ects are gov-
erned by power corrections of the order M2

Z/Q
2 [22, 23],

a measure of the Goldstone-Boson Equivalence violation
[15, 24], analogous to higher-twist e↵ects in QCD.

II. Electroweak Parton Distribution Functions
Below the EW scale Q < MZ , the e↵ects of the SU(2)L
gauge bosons are suppressed by g

2
/M

2
Z . The gauge bo-

son radiation o↵ a charged lepton beam (`± = e
±
, µ

±)
is essentially purely electromagnetic. At the EW scale
and above, all electroweak states in the unbroken SM are
dynamically activated. The massless states involved at
the leading order are

`R, `L, ⌫L and B,W
±,3

. (4)

We will not include the Higgs sector in the initial state
partons since the Yukawa couplings to e, µ are not rele-
vant for the current consideration. However, we must in-
clude the e↵ects of longitudinally polarized gauge bosons
characterized by power corrections of the order M2

Z/Q
2.

Denote an EW PDF as fi(x,Q2) with i labelling a par-
ticle with an energy fraction x at a factorization scale Q.
The EW PDFs evolve according to the full EW DGLAP
equations [16, 25]

dfi
d lnQ2

=
X

I

↵I

2⇡

X

j

P
I
i,j ⌦ fj , (5)

Q µ �, Z, �Z W
±

⌫ `sea q g

MZ 97.9 2.06 0 0 0.028 0.035 0.0062
3 TeV 91.5 3.61 1.10 3.59 0.069 0.13 0.019
5 TeV 89.9 3.82 1.24 4.82 0.077 0.16 0.022

TABLE I. Momentum fractions (%) carried by various parton
species. The sea leptons include `sea = µ̄+

P
i 6=µ(`i +

¯̀
i) and

⌫ =
P

i(⌫i + ⌫̄i). The quark components include all the 6
flavors.

where I specifies the gauge group, and the P
I
ij are the

splitting functions for j ! i. The complete list of the
EW splitting functions for the SM chiral states are avail-
able in Refs. [15, 16, 20]. The initial condition for a
lepton beam is f`(x,m2

`) ⇡ �(1 � x) + O(↵) and it
evolves as ln

�
Q

2
/m

2
`

�
. At the electroweak scale, the

matching conditions are f�(x,M2
Z) 6= 0, fZ(x,M2

Z) =
0, f�Z(x,M2

Z) = 0, with a general relation

0

@
fB
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1
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0
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A ,

where sW = sin ✓W is the weak mixing angle. The mixed
PDF f�Z (or fBW 3) represents a mix state and is impor-
tant to account for the interference between the diagrams
involving �/Z (or B/W

3) [15, 16, 19]. Chiral couplings
and their RGE running are fully taken into account in-
cluding the correlation between the polarized PDFs and
the corresponding polarized scattering amplitudes. With
one-loop virtual corrections, our results are accurate at
the leading-log (LL) order. In Fig. 2(a), we present EW
PDFs for the states in Eq. (4) for ` = µ with a scale
Q =3 TeV and 5 TeV. For completeness, we have also in-
cluded the quarks q =

Pt
i=d(qi+ q̄i) and gluons from the

higher-order splittings. We give the averaged momen-
tum fractions hxfii =

R
xfi(x)dx carried by various par-

ton species in Table I. The two scale choices lead to less
than 20% di↵erence for the EW PDFs. As expected, the
fermionic states sharply peak at x ⇡ 1, while the bosonic
states peak at x ⇡ 0, reflecting the infrared behavior. It
is noted that there is an enhanced rate at small x for
the fermions, deviating from the leading order behavior
⇠ 1/(1�x). This is from the soft �⇤

/Z
⇤
/W

⇤ splitting at
higher orders. Owing to the large flux of photons at low
scales, the neutral EW PDFs are largest. Unlike all the
other EW PDFs that scale logarithmically with Q, the
longitudinal gauge bosons (WL, ZL) do not scale with Q

at the leading order [15, 16, 26] � an explicit example
for Bjorken-scaling restoration.

III. Cross sections for Semi-inclusive Processes in
µ
+
µ
� Collisions

We write the production cross section of an exclusive
final state F and the unspecified remnants X in terms
of the parton luminosity dLij/d⌧ and the corresponding

Leading order “sea parton”:
Beyond leading order with DGLAP evolution:
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scale µ are governed by the well-known DGLAP equations [12–15]
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P
I
i,j are the splitting functions for j ! i under the group I, and x is the energy fraction

carried by the daughter particle i. The QCD and QED splitting functions can be found in
textbooks [16, 17]. The complete splittings functions involving the EW gauge bosons and
chiral states are available in Refs. [9, 17, 18].

As discussed in Sec. I, the DGLAP equations in Eq. (2) run di↵erently in three regions of
the physical scales. The initial condition starts from the lepton mass, and the QED PDFs
(including the photon, charged leptons and quarks) run in terms of the QED gauge group.
Starting at µQCD, the QCD interaction begins to enter. The QCD and QED evolutions
run simultaneously until µEW, where the complete SM sector begins to evolve according to
EW⌦QCD. In such a way, we need two matchings, at µQCD and µEW, respectively.1 As the
QED and QCD gauge groups conserve the charge and parity symmetry, the PDFs below
µEW can be treated with no polarization, as long as the initial lepton beams is unpolarized.
As pointed out already in Ref. [10], the polarization plays an important role in the EW PDFs
above the EW scale, even for the unpolarized initial beams. Consequently, the photon and
gluon become polarized due to the fermion chiral interactions.

A. PDF evolution in QED and QCD

For the sake of illustration, we take the electron beam as an example. The presentation
is similarly applicable to the muon beam by recognizing a di↵erent mass. In solving the
QED and QCD DGLAP equations, it is customary to define the fermion PDFs in a basis of
gauge singlets and non-singlets. The singlet PDFs can be defined as
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), fU =
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(fui + fūi), fD =
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where the subscripts refer to the fermion flavors and we have excluded the top quark below
the EW scale. The DGLAP equations in Eq. (2), involving the photon and gluon, can be
written as 0
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1 In a realistic situation, one should perform a matching whenever crossing a heavy-flavor threshold, such as

at m⌧ ,mc,mb,mt. However, as long as the observables under consideration are not heavy-flavor sensitive

and the physical scale is well above their mass thresholds, the heavy flavors just behave similarly to the

light sea flavors that are all generated dynamically. Therefore, we treat them on the equal footing classified

by the thresholds µQCD and µEW.
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Those processes take over the annihilation channels at
higher energies

p
s ⇡ 2.5, 4.5, 11 TeV for W+

W
�
, tt̄ and

tt̄H production, respectively, as shown in Fig. 1 by the
rising solid curves labelled by EPA. At

p
s ⇡ 30 TeV, the

production rate for �� ! tt̄ is higher by two orders of
magnitude than that for µ+

µ
�
! tt̄ annihilation.

However, this description becomes inadequate at some
high scales. First, at high energies E � m`, the collinear
logarithm (↵/2⇡) ln (E2

/m
2
`) may be sizeable and needs

to be resummed for reliable predictions. This leads to
the QED analogue of the Dokshitzer-Gribov-Lipatov-
Altarelli-Parisi (DGLAP) equations [9–11], the concept
of QED parton distribution functions (PDFs) for the pho-
ton and charged fermions [12–14]. To estimate the re-
summation e↵ects, we plot the cross sections with the
leading-order �-PDF with a scale Q =

p
ŝ/2, where

p
ŝ

is the �� c.m. energy. As shown in Fig. 1 by the dashed
rising curves below those of EPA, we see that the rates
are lowered as expected, and could be smaller by about
a factor of two at 30 TeV.

More importantly, as pointed out in Refs. [15–17] and
explored in details [18], at scales Q

2
� M

2
Z , the SM

gauge symmetry SU(2)L⌦U(1)Y is e↵ectively restored.
Consequently, the four EW gauge bosons (W±,3

, B) in
the SM must be taken into account all together coher-
ently with B-W 3 mixing and interference. The fermion
interactions are chiral and the couplings and states evolve
according to the SM unbroken gauge symmetry. One
needs to invoke the picture of electroweak parton distri-
bution functions (EW PDFs) [19–21] dynamically gener-
ated by the electroweak and Yukawa interactions. The
longitudinally polarized gauge bosons capture the rem-
nants of the EW symmetry breaking. The e↵ects are gov-
erned by power corrections of the order M2

Z/Q
2 [22, 23],

a measure of the Goldstone-Boson Equivalence violation
[15, 24], analogous to higher-twist e↵ects in QCD.

II. Electroweak Parton Distribution Functions
Below the EW scale Q < MZ , the e↵ects of the SU(2)L
gauge bosons are suppressed by g

2
/M

2
Z . The gauge bo-

son radiation o↵ a charged lepton beam (`± = e
±
, µ

±)
is essentially purely electromagnetic. At the EW scale
and above, all electroweak states in the unbroken SM are
dynamically activated. The massless states involved at
the leading order are

`R, `L, ⌫L and B,W
±,3

. (4)

We will not include the Higgs sector in the initial state
partons since the Yukawa couplings to e, µ are not rele-
vant for the current consideration. However, we must in-
clude the e↵ects of longitudinally polarized gauge bosons
characterized by power corrections of the order M2

Z/Q
2.

Denote an EW PDF as fi(x,Q2) with i labelling a par-
ticle with an energy fraction x at a factorization scale Q.
The EW PDFs evolve according to the full EW DGLAP
equations [16, 25]

dfi
d lnQ2

=
X

I

↵I

2⇡

X

j

P
I
i,j ⌦ fj , (5)

Q µ �, Z, �Z W
±

⌫ `sea q g

MZ 97.9 2.06 0 0 0.028 0.035 0.0062
3 TeV 91.5 3.61 1.10 3.59 0.069 0.13 0.019
5 TeV 89.9 3.82 1.24 4.82 0.077 0.16 0.022

TABLE I. Momentum fractions (%) carried by various parton
species. The sea leptons include `sea = µ̄+

P
i 6=µ(`i +

¯̀
i) and

⌫ =
P

i(⌫i + ⌫̄i). The quark components include all the 6
flavors.

where I specifies the gauge group, and the P
I
ij are the

splitting functions for j ! i. The complete list of the
EW splitting functions for the SM chiral states are avail-
able in Refs. [15, 16, 20]. The initial condition for a
lepton beam is f`(x,m2

`) ⇡ �(1 � x) + O(↵) and it
evolves as ln

�
Q

2
/m

2
`

�
. At the electroweak scale, the

matching conditions are f�(x,M2
Z) 6= 0, fZ(x,M2

Z) =
0, f�Z(x,M2

Z) = 0, with a general relation
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where sW = sin ✓W is the weak mixing angle. The mixed
PDF f�Z (or fBW 3) represents a mix state and is impor-
tant to account for the interference between the diagrams
involving �/Z (or B/W

3) [15, 16, 19]. Chiral couplings
and their RGE running are fully taken into account in-
cluding the correlation between the polarized PDFs and
the corresponding polarized scattering amplitudes. With
one-loop virtual corrections, our results are accurate at
the leading-log (LL) order. In Fig. 2(a), we present EW
PDFs for the states in Eq. (4) for ` = µ with a scale
Q =3 TeV and 5 TeV. For completeness, we have also in-
cluded the quarks q =

Pt
i=d(qi+ q̄i) and gluons from the

higher-order splittings. We give the averaged momen-
tum fractions hxfii =

R
xfi(x)dx carried by various par-

ton species in Table I. The two scale choices lead to less
than 20% di↵erence for the EW PDFs. As expected, the
fermionic states sharply peak at x ⇡ 1, while the bosonic
states peak at x ⇡ 0, reflecting the infrared behavior. It
is noted that there is an enhanced rate at small x for
the fermions, deviating from the leading order behavior
⇠ 1/(1�x). This is from the soft �⇤

/Z
⇤
/W

⇤ splitting at
higher orders. Owing to the large flux of photons at low
scales, the neutral EW PDFs are largest. Unlike all the
other EW PDFs that scale logarithmically with Q, the
longitudinal gauge bosons (WL, ZL) do not scale with Q

at the leading order [15, 16, 26] � an explicit example
for Bjorken-scaling restoration.

III. Cross sections for Semi-inclusive Processes in
µ
+
µ
� Collisions

We write the production cross section of an exclusive
final state F and the unspecified remnants X in terms
of the parton luminosity dLij/d⌧ and the corresponding

+ …

Take into account two scales:  𝛍QCD ~ 𝛬QCD ,  𝛍EW ~ v
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• EW PDFs at a muon collider:
“partons” dynamically generated
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Those processes take over the annihilation channels at
higher energies

p
s ⇡ 2.5, 4.5, 11 TeV for W+

W
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, tt̄ and

tt̄H production, respectively, as shown in Fig. 1 by the
rising solid curves labelled by EPA. At

p
s ⇡ 30 TeV, the

production rate for �� ! tt̄ is higher by two orders of
magnitude than that for µ+
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! tt̄ annihilation.

However, this description becomes inadequate at some
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to be resummed for reliable predictions. This leads to
the QED analogue of the Dokshitzer-Gribov-Lipatov-
Altarelli-Parisi (DGLAP) equations [9–11], the concept
of QED parton distribution functions (PDFs) for the pho-
ton and charged fermions [12–14]. To estimate the re-
summation e↵ects, we plot the cross sections with the
leading-order �-PDF with a scale Q =
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ŝ/2, where
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is the �� c.m. energy. As shown in Fig. 1 by the dashed
rising curves below those of EPA, we see that the rates
are lowered as expected, and could be smaller by about
a factor of two at 30 TeV.
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according to the SM unbroken gauge symmetry. One
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bution functions (EW PDFs) [19–21] dynamically gener-
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nants of the EW symmetry breaking. The e↵ects are gov-
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We will not include the Higgs sector in the initial state
partons since the Yukawa couplings to e, µ are not rele-
vant for the current consideration. However, we must in-
clude the e↵ects of longitudinally polarized gauge bosons
characterized by power corrections of the order M2
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Denote an EW PDF as fi(x,Q2) with i labelling a par-
ticle with an energy fraction x at a factorization scale Q.
The EW PDFs evolve according to the full EW DGLAP
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where sW = sin ✓W is the weak mixing angle. The mixed
PDF f�Z (or fBW 3) represents a mix state and is impor-
tant to account for the interference between the diagrams
involving �/Z (or B/W

3) [15, 16, 19]. Chiral couplings
and their RGE running are fully taken into account in-
cluding the correlation between the polarized PDFs and
the corresponding polarized scattering amplitudes. With
one-loop virtual corrections, our results are accurate at
the leading-log (LL) order. In Fig. 2(a), we present EW
PDFs for the states in Eq. (4) for ` = µ with a scale
Q =3 TeV and 5 TeV. For completeness, we have also in-
cluded the quarks q =

Pt
i=d(qi+ q̄i) and gluons from the

higher-order splittings. We give the averaged momen-
tum fractions hxfii =

R
xfi(x)dx carried by various par-

ton species in Table I. The two scale choices lead to less
than 20% di↵erence for the EW PDFs. As expected, the
fermionic states sharply peak at x ⇡ 1, while the bosonic
states peak at x ⇡ 0, reflecting the infrared behavior. It
is noted that there is an enhanced rate at small x for
the fermions, deviating from the leading order behavior
⇠ 1/(1�x). This is from the soft �⇤

/Z
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⇤ splitting at
higher orders. Owing to the large flux of photons at low
scales, the neutral EW PDFs are largest. Unlike all the
other EW PDFs that scale logarithmically with Q, the
longitudinal gauge bosons (WL, ZL) do not scale with Q

at the leading order [15, 16, 26] � an explicit example
for Bjorken-scaling restoration.
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Those processes take over the annihilation channels at
higher energies

p
s ⇡ 2.5, 4.5, 11 TeV for W+

W
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, tt̄ and

tt̄H production, respectively, as shown in Fig. 1 by the
rising solid curves labelled by EPA. At

p
s ⇡ 30 TeV, the

production rate for �� ! tt̄ is higher by two orders of
magnitude than that for µ+

µ
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! tt̄ annihilation.

However, this description becomes inadequate at some
high scales. First, at high energies E � m`, the collinear
logarithm (↵/2⇡) ln (E2
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`) may be sizeable and needs

to be resummed for reliable predictions. This leads to
the QED analogue of the Dokshitzer-Gribov-Lipatov-
Altarelli-Parisi (DGLAP) equations [9–11], the concept
of QED parton distribution functions (PDFs) for the pho-
ton and charged fermions [12–14]. To estimate the re-
summation e↵ects, we plot the cross sections with the
leading-order �-PDF with a scale Q =

p
ŝ/2, where

p
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is the �� c.m. energy. As shown in Fig. 1 by the dashed
rising curves below those of EPA, we see that the rates
are lowered as expected, and could be smaller by about
a factor of two at 30 TeV.

More importantly, as pointed out in Refs. [15–17] and
explored in details [18], at scales Q
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Z , the SM

gauge symmetry SU(2)L⌦U(1)Y is e↵ectively restored.
Consequently, the four EW gauge bosons (W±,3

, B) in
the SM must be taken into account all together coher-
ently with B-W 3 mixing and interference. The fermion
interactions are chiral and the couplings and states evolve
according to the SM unbroken gauge symmetry. One
needs to invoke the picture of electroweak parton distri-
bution functions (EW PDFs) [19–21] dynamically gener-
ated by the electroweak and Yukawa interactions. The
longitudinally polarized gauge bosons capture the rem-
nants of the EW symmetry breaking. The e↵ects are gov-
erned by power corrections of the order M2

Z/Q
2 [22, 23],

a measure of the Goldstone-Boson Equivalence violation
[15, 24], analogous to higher-twist e↵ects in QCD.

II. Electroweak Parton Distribution Functions
Below the EW scale Q < MZ , the e↵ects of the SU(2)L
gauge bosons are suppressed by g
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Z . The gauge bo-

son radiation o↵ a charged lepton beam (`± = e
±
, µ

±)
is essentially purely electromagnetic. At the EW scale
and above, all electroweak states in the unbroken SM are
dynamically activated. The massless states involved at
the leading order are

`R, `L, ⌫L and B,W
±,3

. (4)

We will not include the Higgs sector in the initial state
partons since the Yukawa couplings to e, µ are not rele-
vant for the current consideration. However, we must in-
clude the e↵ects of longitudinally polarized gauge bosons
characterized by power corrections of the order M2

Z/Q
2.

Denote an EW PDF as fi(x,Q2) with i labelling a par-
ticle with an energy fraction x at a factorization scale Q.
The EW PDFs evolve according to the full EW DGLAP
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lepton beam is f`(x,m2
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where sW = sin ✓W is the weak mixing angle. The mixed
PDF f�Z (or fBW 3) represents a mix state and is impor-
tant to account for the interference between the diagrams
involving �/Z (or B/W

3) [15, 16, 19]. Chiral couplings
and their RGE running are fully taken into account in-
cluding the correlation between the polarized PDFs and
the corresponding polarized scattering amplitudes. With
one-loop virtual corrections, our results are accurate at
the leading-log (LL) order. In Fig. 2(a), we present EW
PDFs for the states in Eq. (4) for ` = µ with a scale
Q =3 TeV and 5 TeV. For completeness, we have also in-
cluded the quarks q =

Pt
i=d(qi+ q̄i) and gluons from the

higher-order splittings. We give the averaged momen-
tum fractions hxfii =

R
xfi(x)dx carried by various par-

ton species in Table I. The two scale choices lead to less
than 20% di↵erence for the EW PDFs. As expected, the
fermionic states sharply peak at x ⇡ 1, while the bosonic
states peak at x ⇡ 0, reflecting the infrared behavior. It
is noted that there is an enhanced rate at small x for
the fermions, deviating from the leading order behavior
⇠ 1/(1�x). This is from the soft �⇤

/Z
⇤
/W

⇤ splitting at
higher orders. Owing to the large flux of photons at low
scales, the neutral EW PDFs are largest. Unlike all the
other EW PDFs that scale logarithmically with Q, the
longitudinal gauge bosons (WL, ZL) do not scale with Q

at the leading order [15, 16, 26] � an explicit example
for Bjorken-scaling restoration.

III. Cross sections for Semi-inclusive Processes in
µ
+
µ
� Collisions

We write the production cross section of an exclusive
final state F and the unspecified remnants X in terms
of the parton luminosity dLij/d⌧ and the corresponding
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Those processes take over the annihilation channels at
higher energies

p
s ⇡ 2.5, 4.5, 11 TeV for W+

W
�
, tt̄ and

tt̄H production, respectively, as shown in Fig. 1 by the
rising solid curves labelled by EPA. At

p
s ⇡ 30 TeV, the

production rate for �� ! tt̄ is higher by two orders of
magnitude than that for µ+

µ
�
! tt̄ annihilation.

However, this description becomes inadequate at some
high scales. First, at high energies E � m`, the collinear
logarithm (↵/2⇡) ln (E2

/m
2
`) may be sizeable and needs

to be resummed for reliable predictions. This leads to
the QED analogue of the Dokshitzer-Gribov-Lipatov-
Altarelli-Parisi (DGLAP) equations [9–11], the concept
of QED parton distribution functions (PDFs) for the pho-
ton and charged fermions [12–14]. To estimate the re-
summation e↵ects, we plot the cross sections with the
leading-order �-PDF with a scale Q =

p
ŝ/2, where

p
ŝ

is the �� c.m. energy. As shown in Fig. 1 by the dashed
rising curves below those of EPA, we see that the rates
are lowered as expected, and could be smaller by about
a factor of two at 30 TeV.

More importantly, as pointed out in Refs. [15–17] and
explored in details [18], at scales Q

2
� M

2
Z , the SM

gauge symmetry SU(2)L⌦U(1)Y is e↵ectively restored.
Consequently, the four EW gauge bosons (W±,3

, B) in
the SM must be taken into account all together coher-
ently with B-W 3 mixing and interference. The fermion
interactions are chiral and the couplings and states evolve
according to the SM unbroken gauge symmetry. One
needs to invoke the picture of electroweak parton distri-
bution functions (EW PDFs) [19–21] dynamically gener-
ated by the electroweak and Yukawa interactions. The
longitudinally polarized gauge bosons capture the rem-
nants of the EW symmetry breaking. The e↵ects are gov-
erned by power corrections of the order M2

Z/Q
2 [22, 23],

a measure of the Goldstone-Boson Equivalence violation
[15, 24], analogous to higher-twist e↵ects in QCD.

II. Electroweak Parton Distribution Functions
Below the EW scale Q < MZ , the e↵ects of the SU(2)L
gauge bosons are suppressed by g

2
/M

2
Z . The gauge bo-

son radiation o↵ a charged lepton beam (`± = e
±
, µ

±)
is essentially purely electromagnetic. At the EW scale
and above, all electroweak states in the unbroken SM are
dynamically activated. The massless states involved at
the leading order are

`R, `L, ⌫L and B,W
±,3

. (4)

We will not include the Higgs sector in the initial state
partons since the Yukawa couplings to e, µ are not rele-
vant for the current consideration. However, we must in-
clude the e↵ects of longitudinally polarized gauge bosons
characterized by power corrections of the order M2

Z/Q
2.

Denote an EW PDF as fi(x,Q2) with i labelling a par-
ticle with an energy fraction x at a factorization scale Q.
The EW PDFs evolve according to the full EW DGLAP
equations [16, 25]

dfi
d lnQ2

=
X

I

↵I

2⇡

X

j

P
I
i,j ⌦ fj , (5)

Q µ �, Z, �Z W
±

⌫ `sea q g

MZ 97.9 2.06 0 0 0.028 0.035 0.0062
3 TeV 91.5 3.61 1.10 3.59 0.069 0.13 0.019
5 TeV 89.9 3.82 1.24 4.82 0.077 0.16 0.022

TABLE I. Momentum fractions (%) carried by various parton
species. The sea leptons include `sea = µ̄+

P
i 6=µ(`i +

¯̀
i) and

⌫ =
P

i(⌫i + ⌫̄i). The quark components include all the 6
flavors.
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able in Refs. [15, 16, 20]. The initial condition for a
lepton beam is f`(x,m2

`) ⇡ �(1 � x) + O(↵) and it
evolves as ln

�
Q

2
/m

2
`

�
. At the electroweak scale, the

matching conditions are f�(x,M2
Z) 6= 0, fZ(x,M2

Z) =
0, f�Z(x,M2

Z) = 0, with a general relation

0

@
fB

fW 3

fBW 3

1

A =

0

@
c
2
W s

2
W �cW sW

s
2
W c

2
W cW sW

2cW sW �2cW sW c
2
W � s

2
W

1

A

0

@
f�

fZ

f�Z

1

A ,

where sW = sin ✓W is the weak mixing angle. The mixed
PDF f�Z (or fBW 3) represents a mix state and is impor-
tant to account for the interference between the diagrams
involving �/Z (or B/W

3) [15, 16, 19]. Chiral couplings
and their RGE running are fully taken into account in-
cluding the correlation between the polarized PDFs and
the corresponding polarized scattering amplitudes. With
one-loop virtual corrections, our results are accurate at
the leading-log (LL) order. In Fig. 2(a), we present EW
PDFs for the states in Eq. (4) for ` = µ with a scale
Q =3 TeV and 5 TeV. For completeness, we have also in-
cluded the quarks q =

Pt
i=d(qi+ q̄i) and gluons from the

higher-order splittings. We give the averaged momen-
tum fractions hxfii =

R
xfi(x)dx carried by various par-

ton species in Table I. The two scale choices lead to less
than 20% di↵erence for the EW PDFs. As expected, the
fermionic states sharply peak at x ⇡ 1, while the bosonic
states peak at x ⇡ 0, reflecting the infrared behavior. It
is noted that there is an enhanced rate at small x for
the fermions, deviating from the leading order behavior
⇠ 1/(1�x). This is from the soft �⇤

/Z
⇤
/W

⇤ splitting at
higher orders. Owing to the large flux of photons at low
scales, the neutral EW PDFs are largest. Unlike all the
other EW PDFs that scale logarithmically with Q, the
longitudinal gauge bosons (WL, ZL) do not scale with Q

at the leading order [15, 16, 26] � an explicit example
for Bjorken-scaling restoration.

III. Cross sections for Semi-inclusive Processes in
µ
+
µ
� Collisions

We write the production cross section of an exclusive
final state F and the unspecified remnants X in terms
of the parton luminosity dLij/d⌧ and the corresponding

: the valance. : LO sea.
Quarks: NLO; gluons: NNLO.
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• “Semi-inclusive” processes
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• separable sub-processes:
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Partonic contributions

VBF

VBF

𝞵+𝞵-anni

𝞵+𝞵-anni

𝞵+𝞵- Collider:
“Buy one, get one free” 

Annihilation +VBF
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“Leptonic showering”

• With W/Z showers, all leptons/neutrino components exist!
• EW “jets”:  e.g., a HE 𝝂 à an observable jet!

J.M. Chen, TH & B. Tweedie, arXiv:1611.00788; 
TH, Ma, Xie, arXiv:2203.11129



Conclusions
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• EW splitting/showering will become an 
increasingly important part at higher energies.

• It still has technical & conceptual challenges 
at higher energies.

• Be prepared:
    Very high-energy W, Z, h, t may serve as  
    tools for the next discovery !
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Target Energy and Luminosity
arXiv:1901.06150 

Energy: 
For a striking Direct Exploration program, after HL-LHC*, energy should be 
close or above 10 TeV

At few TeV energy one can still exploit high partonic energy for a striking 
Indirect Exploration program, by High-Energy Precision

We can borrow CLIC physics case (see below)

*see arXiv:1910.11775 for HL-LHC and F.C. projections summary

Luminosity: 

Set by asking for 100K SM “hard” SM pair-production events.

Compatible with other projects (e.g. CLIC =   )

If much less, we could only bet on Direct Discoveries !

Could be reduced by running longer than 5yrs and > 1 I.P.

(3 TeV/10 TeV)2 6 ⋅ 1035

L ≳ 5 years
time

sμ

10 TeV

2

2 ⋅ 1035cm−2s−1

8

1 ab-1 /yr
Lumi-scaling scheme: 𝛔 L ~ const.

Current choices: 3, 10, 14(?) TeV @ FNAL 

European Strategy, arXiv:1910.11775; arXiv:1901.06150; arXiv:2007.15684.

Collider benchmark points: 

• Multi-TeV colliders:

• The Higgs factory:

7

Table 1: Main parameters of the proton driver muon facilities

Parameter Units Higgs Multi-TeV

CoM Energy TeV 0.126 1.5 3.0 6.0

Avg. Luminosity 10
34
cm

�2
s
�1

0.008 1.25 4.4 12

Beam Energy Spread % 0.004 0.1 0.1 0.1

Higgs Production/107 sec 13’500 37’500 200’000 820’000
Circumference km 0.3 2.5 4.5 6

No. of IP’s 1 2 2 2

Repetition Rate Hz 15 15 12 6

�
⇤
x,y cm 1.7 1 0.5 0.25

No. muons/bunch 10
12

4 2 2 2

Norm. Trans. Emittance, "TN µm-rad 200 25 25 25

Norm. Long. Emittance, "LN µm-rad 1.5 70 70 70

Bunch Length, �S cm 6.3 1 0.5 0.2
Proton Driver Power MW 4 4 4 1.6

Wall Plug Power MW 200 216 230 270

A schematic layout of a proton driven muon collider facility is sketched in Figure 2. The main
parameters of the enabled facilities are summarized in Table 1.

The functional elements of the muon beam generation and acceleration systems are:

– a proton driver producing a high-power multi-GeV, multi-MW bunched H
�
beam,

– a buncher made of an accumulator and a compressor that forms intense and short proton bunches,
– a pion production target in a heavily shielded enclosure able to withstand the high proton beam

power, which is inserted in a high field solenoid to capture the pions and guide them into a decay
channel,

– a front-end made of a solenoid decay channel equipped with RF cavities that captures the muons
longitudinally into a bunch train, and then applies a time-dependent acceleration that increases the
energy of the slower (low-energy) bunches and decreases the energy of the faster (high-energy)
bunches,

– an “initial” cooling channel that uses a moderate amount of ionization cooling to reduce the 6D
phase space occupied by the beam by a factor of 50 (5 in each transverse plane and 2 in the
longitudinal plane), so that it fits within the acceptance of the first acceleration stage. For high
luminosity collider applications, further ionization cooling stages are necessary to reduce the 6D
phase space occupied by the beam by up to five orders of magnitude,

– the beam is then accelerated by a series of fast acceleration stages such as Recirculating Linacs
Accelerators (RLA) or Fixed Field Alternating Gradient (FFAG) and Rapid Cycling Synchrotron
(RCS) to take the muon beams to the relevant energy before injection in the muon collider Ring.

3.2.2 R&D
The MAP R&D program (2011-2018) addressed many issues toward technical and design feasibility of
a muon based neutrino factory or collider [19] . Significant R&D progress, also summarized in [1], was
achieved.
Operation of RF Cavities in High Magnetic Fields Accelerating gradients in excess of 50 MV/m in a
3 T magnetic field have been demonstrated in the FNAL MuCool Test Area (MTA).
Initial and 6D Ionization Cooling Designs and pioneering demonstration Concepts were developed for
Initial Cooling, and 6D Cooling with RF cavities operating in vacuum (VCC), including a variant on this
design where the cavities were filled with gas used as discrete absorber (hybrid scheme), and a Helical

6

Ecm =mH ; L ~ 1 fb-1/yr 
𝜟Ecm ~ 5 MeV

High-Energy Muon Collider

Barger, Berger, Gunion, Han
 PRL 75, 1995; PR 1997


