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QFT = fixed points + flows
• special points in landscape = fixed points

• connected by renormalization group flows

• can think of any QFT as starting at fixed point 
and flowing in a particular direction 

• captures intuition

• universality

• relevant vs. irrelevant

Hamiltonian truncation solidifies this conceptual picture



Punchline

• Hamiltonian truncation = non-perturbative 
method for computing observables in strongly 
coupled QFTs 

• effective field theory = powerful tool for 
compensating for ignorance 

• effective field theory techniques drastically 
improve convergence in Hamiltonian 
truncation calculations
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H = H0 + V

can’t diagonalize full              truncate!H
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Htrunc(   )
• discretize            finite volume

• truncate            separate Hamiltonian

• diagonalize             spectrum (finite volume)

H =

Hamiltonian truncation in practice
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(e.g. fixed point)

interaction 
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H0 | i⟩ = Ei | i⟩

Ei ≤ Emax
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• perturbation theory doesn’t converge (asymptotic series)

• discrete basis             harmonic oscillator

• diagonalize!
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Example: anharmonic oscillator
H0 =

1
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1
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x2 V = λx4

• diagonalize             eigenvalues: 3
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Example: anharmonic oscillator
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Lots of advantages

• can plug in any Hamiltonian (vs. lattice formulation)

• any value of coupling

• don’t need extra symmetry (conformal, supersymmetry, etc.)

• if you have symmetry, can preserve it (e.g. chiral gauge theory, supersymmetry)

• direct access to dynamics (i∂tΨ = HΨ)
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+
Hcorr(   )H =

Htrunc(   )

Just one potential issue

• Hilbert space grows exponentially with Emax

• add corrections to account for effects from states 
outside truncated Hilbert space (“integrate out”)
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• similar approaches:  Feverati et al ’06, Hogervorst et al ’14, Elias-Miro et al ’17, …
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• don’t need to know everything to say something interesting

Effective field theory

• capture relevant physics with simplest possible model

• able to systematically add corrections to account for high energy effects

• match onto low energy theory (choose process)
• separation of scales 
• consistent power counting 
• written in terms of local operators

hallmarks

Construct EFT:

ℒ = ℒ(0) + ∑
m,n

cm,n

Λn
UV

𝒪m,n
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∞
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0

fundamental theory: 
UV

IR

H = H0 + V

Heff = Htrunc + Hcorr

ΛUV = Emax

effective theory: {
scale of “new physics”:
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What to match?

H |Ψi⟩ = ℰi |Ψi⟩ ℰi = Ei + ℰ1i + ℰ2i + ⋯

Heff = H0 + H1 + H2 + ⋯

full theory: 

effective theory: 

ℰni = 𝒪(Vn)

Hn = 𝒪(Vn)
Htrunc Hcorr

H0 | i⟩ = Ei | i⟩

Cohen, KF, Houtz, Luty, arXiv: 2110.08273

spectrum?

eigenvectors?

only fixes diagonal elementsℰ1i = ⟨i |H1 | i⟩ = ⟨i |V | i⟩

⟨Ψf | i⟩ ⟨ f |H1 | i⟩ = ⟨ f |V | i⟩ uniquely fixes   Heff
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Example Theory 1: 2D λϕ4

ℒ =
1
2

(∂ϕ)2 −
1
2

m2ϕ2 −
λ
4!

ϕ4

H0 = ∑
k

ωk a†
k ak, ωk = m2 + k2/R2V ∼ λ (a + a†)4

ϕ(x, t) = ϕ(x + 2πR, t)

Cohen, KF, Houtz, Luty, arXiv: 2110.08273



Example Theory 1: 2D λϕ4

• strongly relevant interaction 

•  ( ) symmetry broken at strong coupling = phase transition 

• in universality class of Ising Model: good check

ℤ2 ϕ → − ϕ

ℒ =
1
2

(∂ϕ)2 −
1
2

m2ϕ2 −
λ
4!

ϕ4

H0 = ∑
k

ωk a†
k ak, ωk = m2 + k2/R2V ∼ λ (a + a†)4

ϕ(x, t) = ϕ(x + 2πR, t)

Cohen, KF, Houtz, Luty, arXiv: 2110.08273



Power Counting for 2D λϕ4

[λ] = 2, [ϕ] = 0

Hn ≃
λn

E2n−2
max ∫ dx (dimensionless)

H2 ≃
λ2

E2
max ∫ dx (ϕ2 + ϕ4 + 𝒪 ( Ef

Emax
, R−1

Emax ))
H3 ≃

λ3

E4
max ∫ dx (dimensionless)

Cohen, KF, Houtz, Luty, arXiv: 2110.08273



Power Counting for 2D λϕ4

[λ] = 2, [ϕ] = 0

Hn ≃
λn

E2n−2
max ∫ dx (dimensionless)

H2 ≃
λ2

E2
max ∫ dx (ϕ2 + ϕ4 + 𝒪 ( Ef

Emax
, R−1

Emax ))
H3 ≃

λ3

E4
max ∫ dx (dimensionless)

What we expect:

• error  for raw truncation 

• error  after including corrections 

• phase transition: 

•   symmetry breaking at critical coupling 

• 2D Ising model

∼ 1/E2
max

∼ 1/E3
max

ℤ2

Cohen, KF, Houtz, Luty, arXiv: 2110.08273
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Scaling raw vs. improved 

∼ 1/E2
max ∼ 1/E3

max

without EFT with EFT

Cohen, KF, Houtz, Luty, arXiv: 2110.08273
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What about 4D QCD?

+ gAμJμ + g∂A3 + g2A4

+ mq̄q (Nf − 3)

• marginal (convergence unknown) 

• not gauge-invariant

QCD

free quarks, gluons

Banks-Zaks (e.g. , )SU(3) Nf = 16

• relevant (convergence under control) 

• gauge-invariant
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First step: 2D Gross-Neveu

+ g(ψ̄ψ)2

• marginal

Gross-Neveu

free fermion free fermion, scalar
QCD

Free qua
Baa

in progress with Rachel Houtz, Francesco Riva and Dorian Wenzel



First step: 2D Gross-Neveu

+ g(ψ̄ψ)2
+ yϕψ̄ψ + M2ϕ2

• marginal

Gross-Neveu

• relevantfree fermion free fermion, scalar

Simpler testing ground on way to QCD

QCD

Free qua
Baa

in progress with Rachel Houtz, Francesco Riva and Dorian Wenzel
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Example Theory 2: 2D Yukawa

• now with real UV divergences at  

• regulate with local counterterms 

• expect finite after including  (DeLouche et al ‘23) 

• charge conjugation symmetry

𝒪(y2)

H2

ℒ =
1
2

(∂ϕ)2 −
1
2

m2
ϕϕ2 + ψ̄(iγμ∂μ − mψ)ψ + yϕψ̄ψ

ψ(x, t) = ψ(x + 2πR, t)

ϕ(x, t) = ϕ(x + 2πR, t)H0 V

in progress with Dorian Wenzel



Power Counting for 2D Yukawa

[y] = 1, [ϕ] = 0, [ψ] = 1/2

H2 ≃ y2 ∫ dx (ln(Emax) + ϕ2 ln(Emax) +
1

Emax
ψ̄ψ +

H0

Emax
ϕ2 + ⋯)

H3 ≃
y3

Emax ∫ dx ( 1
Emax

ϕψ̄ψ + ⋯)
H4 ≃

y4

E2
max ∫ dx (1 + ϕ2 +

1
Emax

ψ̄ψ + ⋯)

in progress with Dorian Wenzel



Power Counting for 2D Yukawa

[y] = 1, [ϕ] = 0, [ψ] = 1/2

H2 ≃ y2 ∫ dx (ln(Emax) + ϕ2 ln(Emax) +
1

Emax
ψ̄ψ +

H0

Emax
ϕ2 + ⋯)

H3 ≃
y3

Emax ∫ dx ( 1
Emax

ϕψ̄ψ + ⋯)

What we expect:

• diverge like  with no correction 

• error  including local 
counterterms 

• error  after including 
corrections

ln(Emax)

∼ 1/Emax

∼ 1/E2
maxH4 ≃

y4

E2
max ∫ dx (1 + ϕ2 +

1
Emax

ψ̄ψ + ⋯)

in progress with Dorian Wenzel
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Summary

• Hamiltonian truncation = non-perturbative method for 
computing observables in strongly coupled QFTs 

• effective field theory = powerful tool for compensating 
for ignorance 

• effective field theory techniques systematically 
improve convergence in Hamiltonian truncation 
calculations 

• crucial for higher dimensions, more complex theories



Future directions
• improve this method (next order, include more UV divergences) 

• work in progress with Rachel Houtz 

• look at new observables (Wilson loops, entanglement entropy, energy correlators) 

• finite volume S-matrix, work in progress with Carl Beadle, Francesco Riva, Matthew Walters 

• move to higher dimensions 

• include new fields (gauge bosons) 

• curved spacetime (cosmology, S-matrix) 

• connection to other non-perturbative methods 

• … you tell me!

Sfi = ⟨Ψf |Ψi⟩ ?



Landscape of quantum field theory



Landscape of quantum field theory



Landscape of quantum field theory



Landscape of quantum field theory



Landscape of quantum field theory



Thank You!



Old paper

Brooks, Frautschi 1983
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Higher Excited States
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Backup: Higher coupling  ΔE2
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Example Theory 1: 2D λϕ4
⟨ f |H2 | i⟩ =

>

∑
α≠i

⟨ f |V |α⟩⟨α |V | i⟩
Ef − Eα

∼ λ2 ∑
k,k′￼

Θ(Ef − ω1 + ωk + ωk′￼
+ ω1−k−k′￼

− Emax)
ωk ωk′￼ω1−k−k′￼(ω1 − ωk − ωk′￼− ω1−k−k′￼)

∼ λ2 ∑
k,k′￼

Θ(ωk + ωk′￼
+ ωk+k′￼

− Emax)
ωk ωk′￼ωk+k′￼(−ωk − ωk′￼− ωk+k′￼) ∫ dx ϕ2

ωi > 0

Cohen, KF, Houtz, Luty, arXiv: 2110.08273
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⟨ f |H2 | i⟩ =

>
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α≠i

⟨ f |V |α⟩⟨α |V | i⟩
Ef − Eα

∼ λ2 ∑
k,k′￼

Θ(Ef − ω1 + ωk + ωk′￼
+ ω1−k−k′￼

− Emax)
ωk ωk′￼ω1−k−k′￼(ω1 − ωk − ωk′￼− ω1−k−k′￼)

∼ λ2 ∑
k,k′￼

Θ(ωk + ωk′￼
+ ωk+k′￼

− Emax)
ωk ωk′￼ωk+k′￼(−ωk − ωk′￼− ωk+k′￼) ∫ dx ϕ2

fund − eff

∼ λ2 ∑
5,6

Θ(Eα − Emax)
ω5 ω6 (ω3 + ω4 − ω5 − ω6)
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<latexit sha1_base64="NVBzdvnEhdS6B70NYtzgKfEG1gs=">AAABdHicZY5NS8NAEIYn9avGr+jVSzCInsJGRS8eCl48VjBtoQ1ls52WpZvdsLsRSsgv8Ko/zr/iyRhzUPvCwMM7M/CkueDGEvLhdDY2t7Z3urvu3v7B4ZHnHg+MKjTDmCmh9CilBgWXGFtuBY5yjTRLBQ7T5cP3fviC2nAln+0qxySjC8nnnFFbV083Uy8gIWnir0PUQgBt+lMvncwUKzKUlglqzDgiuU1Kqi1nAit3UhjMKVvSBY5rlDRDk5SNaOWf183Mnytdj7R+0/7+KEVhV5VbS0X/FdZhcBVGt+F10Ltv5bpwCmdwCRHcQQ8eoQ8xMEB4hTd4h0/Hdy5+DjtO+3ECf+KQL12KX6U=</latexit>
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<latexit sha1_base64="PNzLzn4/WGaxxxvRFWAbQu4FH2s=">AAABeHicZY7LSsNAFIZP6q3GW9Slm2AQdVOS1svGRcGNyxZMW2hDmUxPy9DJTJiZCCXkCdzqw/kqrowxC7U/HPj4zznwxSln2vj+h9XY2Nza3mnu2nv7B4dHzvHJQMtMUQyp5FKNYqKRM4GhYYbjKFVIkpjjMF4+fu+HL6g0k+LZrFKMErIQbM4oMWXVv506nt/yq7jrENTgQZ3e1IknM0mzBIWhnGg9DvzURDlRhlGOhT3JNKaELskCxyUKkqCO8kq0cC/KZubOpSpHGLdqf3/kPDOrwi6lgv8K6zBot4K7Vqd/43Ufar0mnME5XEEA99CFJ+hBCBQQXuEN3uHTcq1L6/rntGHVP6fwJ1b7CwnOYGA=</latexit>
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<latexit sha1_base64="VsI0GidW1B8oMdSCoHyPfkFiML0=">AAABeHicZY7LSsNAFIbP1FuNt6hLN8Eg6iYkrdSNi4Ibly3YC7ShTKanZegkE2YmQgl5Arf6cL6KK2PMQu0PBz7+cw58USq4Nr7/QRpb2zu7e8196+Dw6PjEPj0bapkphgMmhVTjiGoUPMGB4UbgOFVI40jgKFo9fu9HL6g0l8mzWacYxnSZ8AVn1JRVvzOzXd/zqzibENTgQp3ezI6mc8myGBPDBNV6EvipCXOqDGcCC2uaaUwpW9ElTkpMaIw6zCvRwrkqm7mzkKqcxDhV+/sjF5lZF1YpFfxX2IRhyws6Xrt/53Yfar0mXMAl3EAA99CFJ+jBABggvMIbvMMnccg1uf05bZD65xz+hLS+AAriYGE=</latexit>
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ωi > 0

Cohen, KF, Houtz, Luty, arXiv: 2110.08273
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<latexit sha1_base64="PNzLzn4/WGaxxxvRFWAbQu4FH2s=">AAABeHicZY7LSsNAFIZP6q3GW9Slm2AQdVOS1svGRcGNyxZMW2hDmUxPy9DJTJiZCCXkCdzqw/kqrowxC7U/HPj4zznwxSln2vj+h9XY2Nza3mnu2nv7B4dHzvHJQMtMUQyp5FKNYqKRM4GhYYbjKFVIkpjjMF4+fu+HL6g0k+LZrFKMErIQbM4oMWXVv506nt/yq7jrENTgQZ3e1IknM0mzBIWhnGg9DvzURDlRhlGOhT3JNKaELskCxyUKkqCO8kq0cC/KZubOpSpHGLdqf3/kPDOrwi6lgv8K6zBot4K7Vqd/43Ufar0mnME5XEEA99CFJ+hBCBQQXuEN3uHTcq1L6/rntGHVP6fwJ1b7CwnOYGA=</latexit>

5

<latexit sha1_base64="1oUxHiks092i3PCfbEZlQvcDBu8=">AAABeHicZY5NS8NAEIZn61eNX1GPXoJB1EtIqujFQ8GLxxZMW2hD2WynZelmN2Q3Qgn5BV71x/lXPBljDmpfGHh4ZwaeOBVcG9//IK2Nza3tnfautbd/cHhkH58MtMozhiFTQmWjmGoUXGJouBE4SjOkSSxwGC8fv/fDF8w0V/LZrFKMErqQfM4ZNVXVD6a263t+HWcdggZcaNKb2vFkplieoDRMUK3HgZ+aqKCZ4UxgaU1yjSllS7rAcYWSJqijohYtnYuqmTlzlVUjjVO3vz8KkZtVaVVSwX+FdRh0vODOu+nfut2HRq8NZ3AOVxDAPXThCXoQAgOEV3iDd/gkDrkk1z+nLdL8nMKfkM4XBX5gXA==</latexit>

1

<latexit sha1_base64="JDtOuA+ZgOOb1BWKVl4X2+0CaNc=">AAABeHicZY7LSsNAFIbP1FuNt6hLN8Eg6iYkUXTjouDGZQv2Am0ok+lpGTqZCZmJUEKewK0+nK/iyhizUPvDgY//nANfnAquje9/kNbG5tb2TnvX2ts/ODyyj08GWuUZwz5TQmWjmGoUXGLfcCNwlGZIk1jgMF4+fu+HL5hpruSzWaUYJXQh+ZwzaqqqF05t1/f8Os46BA240KQ7tePJTLE8QWmYoFqPAz81UUEzw5nA0prkGlPKlnSB4wolTVBHRS1aOhdVM3PmKqtGGqduf38UIjer0qqkgv8K6zAIveDOu+ndup2HRq8NZ3AOVxDAPXTgCbrQBwYIr/AG7/BJHHJJrn9OW6T5OYU/IeEXBpJgXQ==</latexit>

2

<latexit sha1_base64="T94WZEgUndYKmixSvv/0wdzqDXo=">AAABeHicZY7LSsNAFIbP1FuNl0ZdugkGUTchaUU3LgpuXLZgL9CGMpmelqGTTJiZCCXkCdzqw/kqrowxC7U/HPj4zznwRang2vj+B2lsbe/s7jX3rYPDo+OWfXI61DJTDAdMCqnGEdUoeIIDw43AcaqQxpHAUbR6/N6PXlBpLpNns04xjOky4QvOqCmrfmdmu77nV3E2IajBhTq9mR1N55JlMSaGCar1JPBTE+ZUGc4EFtY005hStqJLnJSY0Bh1mFeihXNZNnNnIVU5iXGq9vdHLjKzLqxSKvivsAnDthfceZ3+rdt9qPWacA4XcA0B3EMXnqAHA2CA8Apv8A6fxCFX5ObntEHqnzP4E9L+AgemYF4=</latexit>

3

<latexit sha1_base64="NVBzdvnEhdS6B70NYtzgKfEG1gs=">AAABdHicZY5NS8NAEIYn9avGr+jVSzCInsJGRS8eCl48VjBtoQ1ls52WpZvdsLsRSsgv8Ko/zr/iyRhzUPvCwMM7M/CkueDGEvLhdDY2t7Z3urvu3v7B4ZHnHg+MKjTDmCmh9CilBgWXGFtuBY5yjTRLBQ7T5cP3fviC2nAln+0qxySjC8nnnFFbV083Uy8gIWnir0PUQgBt+lMvncwUKzKUlglqzDgiuU1Kqi1nAit3UhjMKVvSBY5rlDRDk5SNaOWf183Mnytdj7R+0/7+KEVhV5VbS0X/FdZhcBVGt+F10Ltv5bpwCmdwCRHcQQ8eoQ8xMEB4hTd4h0/Hdy5+DjtO+3ECf+KQL12KX6U=</latexit>

4

Eα = Ef − (ω3 + ω4 − ω5 − ω6)

ωi > 0

Cohen, KF, Houtz, Luty, arXiv: 2110.08273



Example Theory 1: 2D λϕ4
⟨ f |H2 | i⟩ =

>

∑
α≠i

⟨ f |V |α⟩⟨α |V | i⟩
Ef − Eα

∼ λ2 ∑
k,k′￼

Θ(Ef − ω1 + ωk + ωk′￼
+ ω1−k−k′￼

− Emax)
ωk ωk′￼ω1−k−k′￼(ω1 − ωk − ωk′￼− ω1−k−k′￼)

∼ λ2 ∑
k,k′￼

Θ(ωk + ωk′￼
+ ωk+k′￼

− Emax)
ωk ωk′￼ωk+k′￼(−ωk − ωk′￼− ωk+k′￼) ∫ dx ϕ2

fund − eff

∼ λ2 ∑
5,6

Θ(Eα − Emax)
ω5 ω6 (ω3 + ω4 − ω5 − ω6)

<latexit sha1_base64="1oUxHiks092i3PCfbEZlQvcDBu8=">AAABeHicZY5NS8NAEIZn61eNX1GPXoJB1EtIqujFQ8GLxxZMW2hD2WynZelmN2Q3Qgn5BV71x/lXPBljDmpfGHh4ZwaeOBVcG9//IK2Nza3tnfautbd/cHhkH58MtMozhiFTQmWjmGoUXGJouBE4SjOkSSxwGC8fv/fDF8w0V/LZrFKMErqQfM4ZNVXVD6a263t+HWcdggZcaNKb2vFkplieoDRMUK3HgZ+aqKCZ4UxgaU1yjSllS7rAcYWSJqijohYtnYuqmTlzlVUjjVO3vz8KkZtVaVVSwX+FdRh0vODOu+nfut2HRq8NZ3AOVxDAPXThCXoQAgOEV3iDd/gkDrkk1z+nLdL8nMKfkM4XBX5gXA==</latexit>

1
<latexit sha1_base64="JDtOuA+ZgOOb1BWKVl4X2+0CaNc=">AAABeHicZY7LSsNAFIbP1FuNt6hLN8Eg6iYkUXTjouDGZQv2Am0ok+lpGTqZCZmJUEKewK0+nK/iyhizUPvDgY//nANfnAquje9/kNbG5tb2TnvX2ts/ODyyj08GWuUZwz5TQmWjmGoUXGLfcCNwlGZIk1jgMF4+fu+HL5hpruSzWaUYJXQh+ZwzaqqqF05t1/f8Os46BA240KQ7tePJTLE8QWmYoFqPAz81UUEzw5nA0prkGlPKlnSB4wolTVBHRS1aOhdVM3PmKqtGGqduf38UIjer0qqkgv8K6zAIveDOu+ndup2HRq8NZ3AOVxDAPXTgCbrQBwYIr/AG7/BJHHJJrn9OW6T5OYU/IeEXBpJgXQ==</latexit>

2

<latexit sha1_base64="T94WZEgUndYKmixSvv/0wdzqDXo=">AAABeHicZY7LSsNAFIbP1FuNl0ZdugkGUTchaUU3LgpuXLZgL9CGMpmelqGTTJiZCCXkCdzqw/kqrowxC7U/HPj4zznwRang2vj+B2lsbe/s7jX3rYPDo+OWfXI61DJTDAdMCqnGEdUoeIIDw43AcaqQxpHAUbR6/N6PXlBpLpNns04xjOky4QvOqCmrfmdmu77nV3E2IajBhTq9mR1N55JlMSaGCar1JPBTE+ZUGc4EFtY005hStqJLnJSY0Bh1mFeihXNZNnNnIVU5iXGq9vdHLjKzLqxSKvivsAnDthfceZ3+rdt9qPWacA4XcA0B3EMXnqAHA2CA8Apv8A6fxCFX5ObntEHqnzP4E9L+AgemYF4=</latexit>

3
<latexit sha1_base64="NVBzdvnEhdS6B70NYtzgKfEG1gs=">AAABdHicZY5NS8NAEIYn9avGr+jVSzCInsJGRS8eCl48VjBtoQ1ls52WpZvdsLsRSsgv8Ko/zr/iyRhzUPvCwMM7M/CkueDGEvLhdDY2t7Z3urvu3v7B4ZHnHg+MKjTDmCmh9CilBgWXGFtuBY5yjTRLBQ7T5cP3fviC2nAln+0qxySjC8nnnFFbV083Uy8gIWnir0PUQgBt+lMvncwUKzKUlglqzDgiuU1Kqi1nAit3UhjMKVvSBY5rlDRDk5SNaOWf183Mnytdj7R+0/7+KEVhV5VbS0X/FdZhcBVGt+F10Ltv5bpwCmdwCRHcQQ8eoQ8xMEB4hTd4h0/Hdy5+DjtO+3ECf+KQL12KX6U=</latexit>

4

<latexit sha1_base64="PNzLzn4/WGaxxxvRFWAbQu4FH2s=">AAABeHicZY7LSsNAFIZP6q3GW9Slm2AQdVOS1svGRcGNyxZMW2hDmUxPy9DJTJiZCCXkCdzqw/kqrowxC7U/HPj4zznwxSln2vj+h9XY2Nza3mnu2nv7B4dHzvHJQMtMUQyp5FKNYqKRM4GhYYbjKFVIkpjjMF4+fu+HL6g0k+LZrFKMErIQbM4oMWXVv506nt/yq7jrENTgQZ3e1IknM0mzBIWhnGg9DvzURDlRhlGOhT3JNKaELskCxyUKkqCO8kq0cC/KZubOpSpHGLdqf3/kPDOrwi6lgv8K6zBot4K7Vqd/43Ufar0mnME5XEEA99CFJ+hBCBQQXuEN3uHTcq1L6/rntGHVP6fwJ1b7CwnOYGA=</latexit>

5

<latexit sha1_base64="VsI0GidW1B8oMdSCoHyPfkFiML0=">AAABeHicZY7LSsNAFIbP1FuNt6hLN8Eg6iYkrdSNi4Ibly3YC7ShTKanZegkE2YmQgl5Arf6cL6KK2PMQu0PBz7+cw58USq4Nr7/QRpb2zu7e8196+Dw6PjEPj0bapkphgMmhVTjiGoUPMGB4UbgOFVI40jgKFo9fu9HL6g0l8mzWacYxnSZ8AVn1JRVvzOzXd/zqzibENTgQp3ezI6mc8myGBPDBNV6EvipCXOqDGcCC2uaaUwpW9ElTkpMaIw6zCvRwrkqm7mzkKqcxDhV+/sjF5lZF1YpFfxX2IRhyws6Xrt/53Yfar0mXMAl3EAA99CFJ+jBABggvMIbvMMnccg1uf05bZD65xz+hLS+AAriYGE=</latexit>

6

fund − eff

∼ λ2 ∑
5,6

Θ(Eα − Emax)
ω5 ω6 (−ω1 − ω2 − ω5 − ω6)

<latexit sha1_base64="VsI0GidW1B8oMdSCoHyPfkFiML0=">AAABeHicZY7LSsNAFIbP1FuNt6hLN8Eg6iYkrdSNi4Ibly3YC7ShTKanZegkE2YmQgl5Arf6cL6KK2PMQu0PBz7+cw58USq4Nr7/QRpb2zu7e8196+Dw6PjEPj0bapkphgMmhVTjiGoUPMGB4UbgOFVI40jgKFo9fu9HL6g0l8mzWacYxnSZ8AVn1JRVvzOzXd/zqzibENTgQp3ezI6mc8myGBPDBNV6EvipCXOqDGcCC2uaaUwpW9ElTkpMaIw6zCvRwrkqm7mzkKqcxDhV+/sjF5lZF1YpFfxX2IRhyws6Xrt/53Yfar0mXMAl3EAA99CFJ+jBABggvMIbvMMnccg1uf05bZD65xz+hLS+AAriYGE=</latexit>

6
<latexit sha1_base64="PNzLzn4/WGaxxxvRFWAbQu4FH2s=">AAABeHicZY7LSsNAFIZP6q3GW9Slm2AQdVOS1svGRcGNyxZMW2hDmUxPy9DJTJiZCCXkCdzqw/kqrowxC7U/HPj4zznwxSln2vj+h9XY2Nza3mnu2nv7B4dHzvHJQMtMUQyp5FKNYqKRM4GhYYbjKFVIkpjjMF4+fu+HL6g0k+LZrFKMErIQbM4oMWXVv506nt/yq7jrENTgQZ3e1IknM0mzBIWhnGg9DvzURDlRhlGOhT3JNKaELskCxyUKkqCO8kq0cC/KZubOpSpHGLdqf3/kPDOrwi6lgv8K6zBot4K7Vqd/43Ufar0mnME5XEEA99CFJ+hBCBQQXuEN3uHTcq1L6/rntGHVP6fwJ1b7CwnOYGA=</latexit>

5

<latexit sha1_base64="1oUxHiks092i3PCfbEZlQvcDBu8=">AAABeHicZY5NS8NAEIZn61eNX1GPXoJB1EtIqujFQ8GLxxZMW2hD2WynZelmN2Q3Qgn5BV71x/lXPBljDmpfGHh4ZwaeOBVcG9//IK2Nza3tnfautbd/cHhkH58MtMozhiFTQmWjmGoUXGJouBE4SjOkSSxwGC8fv/fDF8w0V/LZrFKMErqQfM4ZNVXVD6a263t+HWcdggZcaNKb2vFkplieoDRMUK3HgZ+aqKCZ4UxgaU1yjSllS7rAcYWSJqijohYtnYuqmTlzlVUjjVO3vz8KkZtVaVVSwX+FdRh0vODOu+nfut2HRq8NZ3AOVxDAPXThCXoQAgOEV3iDd/gkDrkk1z+nLdL8nMKfkM4XBX5gXA==</latexit>

1

<latexit sha1_base64="JDtOuA+ZgOOb1BWKVl4X2+0CaNc=">AAABeHicZY7LSsNAFIbP1FuNt6hLN8Eg6iYkUXTjouDGZQv2Am0ok+lpGTqZCZmJUEKewK0+nK/iyhizUPvDgY//nANfnAquje9/kNbG5tb2TnvX2ts/ODyyj08GWuUZwz5TQmWjmGoUXGLfcCNwlGZIk1jgMF4+fu+HL5hpruSzWaUYJXQh+ZwzaqqqF05t1/f8Os46BA240KQ7tePJTLE8QWmYoFqPAz81UUEzw5nA0prkGlPKlnSB4wolTVBHRS1aOhdVM3PmKqtGGqduf38UIjer0qqkgv8K6zAIveDOu+ndup2HRq8NZ3AOVxDAPXTgCbrQBwYIr/AG7/BJHHJJrn9OW6T5OYU/IeEXBpJgXQ==</latexit>

2

<latexit sha1_base64="T94WZEgUndYKmixSvv/0wdzqDXo=">AAABeHicZY7LSsNAFIbP1FuNl0ZdugkGUTchaUU3LgpuXLZgL9CGMpmelqGTTJiZCCXkCdzqw/kqrowxC7U/HPj4zznwRang2vj+B2lsbe/s7jX3rYPDo+OWfXI61DJTDAdMCqnGEdUoeIIDw43AcaqQxpHAUbR6/N6PXlBpLpNns04xjOky4QvOqCmrfmdmu77nV3E2IajBhTq9mR1N55JlMSaGCar1JPBTE+ZUGc4EFtY005hStqJLnJSY0Bh1mFeihXNZNnNnIVU5iXGq9vdHLjKzLqxSKvivsAnDthfceZ3+rdt9qPWacA4XcA0B3EMXnqAHA2CA8Apv8A6fxCFX5ObntEHqnzP4E9L+AgemYF4=</latexit>

3

<latexit sha1_base64="NVBzdvnEhdS6B70NYtzgKfEG1gs=">AAABdHicZY5NS8NAEIYn9avGr+jVSzCInsJGRS8eCl48VjBtoQ1ls52WpZvdsLsRSsgv8Ko/zr/iyRhzUPvCwMM7M/CkueDGEvLhdDY2t7Z3urvu3v7B4ZHnHg+MKjTDmCmh9CilBgWXGFtuBY5yjTRLBQ7T5cP3fviC2nAln+0qxySjC8nnnFFbV083Uy8gIWnir0PUQgBt+lMvncwUKzKUlglqzDgiuU1Kqi1nAit3UhjMKVvSBY5rlDRDk5SNaOWf183Mnytdj7R+0/7+KEVhV5VbS0X/FdZhcBVGt+F10Ltv5bpwCmdwCRHcQQ8eoQ8xMEB4hTd4h0/Hdy5+DjtO+3ECf+KQL12KX6U=</latexit>

4

Eα = Ef − (−ω1 − ω2 − ω5 − ω6)

Eα = Ef − (ω3 + ω4 − ω5 − ω6)

ωi > 0

Cohen, KF, Houtz, Luty, arXiv: 2110.08273



Example Theory 1: 2D λϕ4
⟨ f |H2 | i⟩ =

>

∑
α≠i

⟨ f |V |α⟩⟨α |V | i⟩
Ef − Eα

∼ λ2 ∑
k,k′￼

Θ(Ef − ω1 + ωk + ωk′￼
+ ω1−k−k′￼

− Emax)
ωk ωk′￼ω1−k−k′￼(ω1 − ωk − ωk′￼− ω1−k−k′￼)

∼ λ2 ∑
k,k′￼

Θ(ωk + ωk′￼
+ ωk+k′￼

− Emax)
ωk ωk′￼ωk+k′￼(−ωk − ωk′￼− ωk+k′￼) ∫ dx ϕ2

fund − eff

∼ λ2 ∑
5,6

Θ(Eα − Emax)
ω5 ω6 (ω3 + ω4 − ω5 − ω6)

<latexit sha1_base64="1oUxHiks092i3PCfbEZlQvcDBu8=">AAABeHicZY5NS8NAEIZn61eNX1GPXoJB1EtIqujFQ8GLxxZMW2hD2WynZelmN2Q3Qgn5BV71x/lXPBljDmpfGHh4ZwaeOBVcG9//IK2Nza3tnfautbd/cHhkH58MtMozhiFTQmWjmGoUXGJouBE4SjOkSSxwGC8fv/fDF8w0V/LZrFKMErqQfM4ZNVXVD6a263t+HWcdggZcaNKb2vFkplieoDRMUK3HgZ+aqKCZ4UxgaU1yjSllS7rAcYWSJqijohYtnYuqmTlzlVUjjVO3vz8KkZtVaVVSwX+FdRh0vODOu+nfut2HRq8NZ3AOVxDAPXThCXoQAgOEV3iDd/gkDrkk1z+nLdL8nMKfkM4XBX5gXA==</latexit>

1
<latexit sha1_base64="JDtOuA+ZgOOb1BWKVl4X2+0CaNc=">AAABeHicZY7LSsNAFIbP1FuNt6hLN8Eg6iYkUXTjouDGZQv2Am0ok+lpGTqZCZmJUEKewK0+nK/iyhizUPvDgY//nANfnAquje9/kNbG5tb2TnvX2ts/ODyyj08GWuUZwz5TQmWjmGoUXGLfcCNwlGZIk1jgMF4+fu+HL5hpruSzWaUYJXQh+ZwzaqqqF05t1/f8Os46BA240KQ7tePJTLE8QWmYoFqPAz81UUEzw5nA0prkGlPKlnSB4wolTVBHRS1aOhdVM3PmKqtGGqduf38UIjer0qqkgv8K6zAIveDOu+ndup2HRq8NZ3AOVxDAPXTgCbrQBwYIr/AG7/BJHHJJrn9OW6T5OYU/IeEXBpJgXQ==</latexit>

2

<latexit sha1_base64="T94WZEgUndYKmixSvv/0wdzqDXo=">AAABeHicZY7LSsNAFIbP1FuNl0ZdugkGUTchaUU3LgpuXLZgL9CGMpmelqGTTJiZCCXkCdzqw/kqrowxC7U/HPj4zznwRang2vj+B2lsbe/s7jX3rYPDo+OWfXI61DJTDAdMCqnGEdUoeIIDw43AcaqQxpHAUbR6/N6PXlBpLpNns04xjOky4QvOqCmrfmdmu77nV3E2IajBhTq9mR1N55JlMSaGCar1JPBTE+ZUGc4EFtY005hStqJLnJSY0Bh1mFeihXNZNnNnIVU5iXGq9vdHLjKzLqxSKvivsAnDthfceZ3+rdt9qPWacA4XcA0B3EMXnqAHA2CA8Apv8A6fxCFX5ObntEHqnzP4E9L+AgemYF4=</latexit>

3
<latexit sha1_base64="NVBzdvnEhdS6B70NYtzgKfEG1gs=">AAABdHicZY5NS8NAEIYn9avGr+jVSzCInsJGRS8eCl48VjBtoQ1ls52WpZvdsLsRSsgv8Ko/zr/iyRhzUPvCwMM7M/CkueDGEvLhdDY2t7Z3urvu3v7B4ZHnHg+MKjTDmCmh9CilBgWXGFtuBY5yjTRLBQ7T5cP3fviC2nAln+0qxySjC8nnnFFbV083Uy8gIWnir0PUQgBt+lMvncwUKzKUlglqzDgiuU1Kqi1nAit3UhjMKVvSBY5rlDRDk5SNaOWf183Mnytdj7R+0/7+KEVhV5VbS0X/FdZhcBVGt+F10Ltv5bpwCmdwCRHcQQ8eoQ8xMEB4hTd4h0/Hdy5+DjtO+3ECf+KQL12KX6U=</latexit>

4

<latexit sha1_base64="PNzLzn4/WGaxxxvRFWAbQu4FH2s=">AAABeHicZY7LSsNAFIZP6q3GW9Slm2AQdVOS1svGRcGNyxZMW2hDmUxPy9DJTJiZCCXkCdzqw/kqrowxC7U/HPj4zznwxSln2vj+h9XY2Nza3mnu2nv7B4dHzvHJQMtMUQyp5FKNYqKRM4GhYYbjKFVIkpjjMF4+fu+HL6g0k+LZrFKMErIQbM4oMWXVv506nt/yq7jrENTgQZ3e1IknM0mzBIWhnGg9DvzURDlRhlGOhT3JNKaELskCxyUKkqCO8kq0cC/KZubOpSpHGLdqf3/kPDOrwi6lgv8K6zBot4K7Vqd/43Ufar0mnME5XEEA99CFJ+hBCBQQXuEN3uHTcq1L6/rntGHVP6fwJ1b7CwnOYGA=</latexit>

5

<latexit sha1_base64="VsI0GidW1B8oMdSCoHyPfkFiML0=">AAABeHicZY7LSsNAFIbP1FuNt6hLN8Eg6iYkrdSNi4Ibly3YC7ShTKanZegkE2YmQgl5Arf6cL6KK2PMQu0PBz7+cw58USq4Nr7/QRpb2zu7e8196+Dw6PjEPj0bapkphgMmhVTjiGoUPMGB4UbgOFVI40jgKFo9fu9HL6g0l8mzWacYxnSZ8AVn1JRVvzOzXd/zqzibENTgQp3ezI6mc8myGBPDBNV6EvipCXOqDGcCC2uaaUwpW9ElTkpMaIw6zCvRwrkqm7mzkKqcxDhV+/sjF5lZF1YpFfxX2IRhyws6Xrt/53Yfar0mXMAl3EAA99CFJ+jBABggvMIbvMMnccg1uf05bZD65xz+hLS+AAriYGE=</latexit>

6

fund − eff

∼ λ2 ∑
5,6

Θ(Eα − Emax)
ω5 ω6 (−ω1 − ω2 − ω5 − ω6)

<latexit sha1_base64="VsI0GidW1B8oMdSCoHyPfkFiML0=">AAABeHicZY7LSsNAFIbP1FuNt6hLN8Eg6iYkrdSNi4Ibly3YC7ShTKanZegkE2YmQgl5Arf6cL6KK2PMQu0PBz7+cw58USq4Nr7/QRpb2zu7e8196+Dw6PjEPj0bapkphgMmhVTjiGoUPMGB4UbgOFVI40jgKFo9fu9HL6g0l8mzWacYxnSZ8AVn1JRVvzOzXd/zqzibENTgQp3ezI6mc8myGBPDBNV6EvipCXOqDGcCC2uaaUwpW9ElTkpMaIw6zCvRwrkqm7mzkKqcxDhV+/sjF5lZF1YpFfxX2IRhyws6Xrt/53Yfar0mXMAl3EAA99CFJ+jBABggvMIbvMMnccg1uf05bZD65xz+hLS+AAriYGE=</latexit>

6
<latexit sha1_base64="PNzLzn4/WGaxxxvRFWAbQu4FH2s=">AAABeHicZY7LSsNAFIZP6q3GW9Slm2AQdVOS1svGRcGNyxZMW2hDmUxPy9DJTJiZCCXkCdzqw/kqrowxC7U/HPj4zznwxSln2vj+h9XY2Nza3mnu2nv7B4dHzvHJQMtMUQyp5FKNYqKRM4GhYYbjKFVIkpjjMF4+fu+HL6g0k+LZrFKMErIQbM4oMWXVv506nt/yq7jrENTgQZ3e1IknM0mzBIWhnGg9DvzURDlRhlGOhT3JNKaELskCxyUKkqCO8kq0cC/KZubOpSpHGLdqf3/kPDOrwi6lgv8K6zBot4K7Vqd/43Ufar0mnME5XEEA99CFJ+hBCBQQXuEN3uHTcq1L6/rntGHVP6fwJ1b7CwnOYGA=</latexit>

5

<latexit sha1_base64="1oUxHiks092i3PCfbEZlQvcDBu8=">AAABeHicZY5NS8NAEIZn61eNX1GPXoJB1EtIqujFQ8GLxxZMW2hD2WynZelmN2Q3Qgn5BV71x/lXPBljDmpfGHh4ZwaeOBVcG9//IK2Nza3tnfautbd/cHhkH58MtMozhiFTQmWjmGoUXGJouBE4SjOkSSxwGC8fv/fDF8w0V/LZrFKMErqQfM4ZNVXVD6a263t+HWcdggZcaNKb2vFkplieoDRMUK3HgZ+aqKCZ4UxgaU1yjSllS7rAcYWSJqijohYtnYuqmTlzlVUjjVO3vz8KkZtVaVVSwX+FdRh0vODOu+nfut2HRq8NZ3AOVxDAPXThCXoQAgOEV3iDd/gkDrkk1z+nLdL8nMKfkM4XBX5gXA==</latexit>

1

<latexit sha1_base64="JDtOuA+ZgOOb1BWKVl4X2+0CaNc=">AAABeHicZY7LSsNAFIbP1FuNt6hLN8Eg6iYkUXTjouDGZQv2Am0ok+lpGTqZCZmJUEKewK0+nK/iyhizUPvDgY//nANfnAquje9/kNbG5tb2TnvX2ts/ODyyj08GWuUZwz5TQmWjmGoUXGLfcCNwlGZIk1jgMF4+fu+HL5hpruSzWaUYJXQh+ZwzaqqqF05t1/f8Os46BA240KQ7tePJTLE8QWmYoFqPAz81UUEzw5nA0prkGlPKlnSB4wolTVBHRS1aOhdVM3PmKqtGGqduf38UIjer0qqkgv8K6zAIveDOu+ndup2HRq8NZ3AOVxDAPXTgCbrQBwYIr/AG7/BJHHJJrn9OW6T5OYU/IeEXBpJgXQ==</latexit>

2

<latexit sha1_base64="T94WZEgUndYKmixSvv/0wdzqDXo=">AAABeHicZY7LSsNAFIbP1FuNl0ZdugkGUTchaUU3LgpuXLZgL9CGMpmelqGTTJiZCCXkCdzqw/kqrowxC7U/HPj4zznwRang2vj+B2lsbe/s7jX3rYPDo+OWfXI61DJTDAdMCqnGEdUoeIIDw43AcaqQxpHAUbR6/N6PXlBpLpNns04xjOky4QvOqCmrfmdmu77nV3E2IajBhTq9mR1N55JlMSaGCar1JPBTE+ZUGc4EFtY005hStqJLnJSY0Bh1mFeihXNZNnNnIVU5iXGq9vdHLjKzLqxSKvivsAnDthfceZ3+rdt9qPWacA4XcA0B3EMXnqAHA2CA8Apv8A6fxCFX5ObntEHqnzP4E9L+AgemYF4=</latexit>

3

<latexit sha1_base64="NVBzdvnEhdS6B70NYtzgKfEG1gs=">AAABdHicZY5NS8NAEIYn9avGr+jVSzCInsJGRS8eCl48VjBtoQ1ls52WpZvdsLsRSsgv8Ko/zr/iyRhzUPvCwMM7M/CkueDGEvLhdDY2t7Z3urvu3v7B4ZHnHg+MKjTDmCmh9CilBgWXGFtuBY5yjTRLBQ7T5cP3fviC2nAln+0qxySjC8nnnFFbV083Uy8gIWnir0PUQgBt+lMvncwUKzKUlglqzDgiuU1Kqi1nAit3UhjMKVvSBY5rlDRDk5SNaOWf183Mnytdj7R+0/7+KEVhV5VbS0X/FdZhcBVGt+F10Ltv5bpwCmdwCRHcQQ8eoQ8xMEB4hTd4h0/Hdy5+DjtO+3ECf+KQL12KX6U=</latexit>

4

Eα = Ef − (−ω1 − ω2 − ω5 − ω6)

Eα = Ef − (ω3 + ω4 − ω5 − ω6)

ωi > 0

Cohen, KF, Houtz, Luty, arXiv: 2110.08273



Example Theory 1: 2D λϕ4
⟨ f |H2 | i⟩ =

>

∑
α≠i

⟨ f |V |α⟩⟨α |V | i⟩
Ef − Eα

∼ λ2 ∑
k,k′￼

Θ(Ef − ω1 + ωk + ωk′￼
+ ω1−k−k′￼

− Emax)
ωk ωk′￼ω1−k−k′￼(ω1 − ωk − ωk′￼− ω1−k−k′￼)

local approximation

∼ λ2 ∑
k,k′￼

Θ(ωk + ωk′￼
+ ωk+k′￼

− Emax)
ωk ωk′￼ωk+k′￼(−ωk − ωk′￼− ωk+k′￼) ∫ dx ϕ2

ω1,2,3,4 ≲ Ei, f ≪ Emax
fund − eff

∼ λ2 ∑
5,6

Θ(Eα − Emax)
ω5 ω6 (ω3 + ω4 − ω5 − ω6)

<latexit sha1_base64="1oUxHiks092i3PCfbEZlQvcDBu8=">AAABeHicZY5NS8NAEIZn61eNX1GPXoJB1EtIqujFQ8GLxxZMW2hD2WynZelmN2Q3Qgn5BV71x/lXPBljDmpfGHh4ZwaeOBVcG9//IK2Nza3tnfautbd/cHhkH58MtMozhiFTQmWjmGoUXGJouBE4SjOkSSxwGC8fv/fDF8w0V/LZrFKMErqQfM4ZNVXVD6a263t+HWcdggZcaNKb2vFkplieoDRMUK3HgZ+aqKCZ4UxgaU1yjSllS7rAcYWSJqijohYtnYuqmTlzlVUjjVO3vz8KkZtVaVVSwX+FdRh0vODOu+nfut2HRq8NZ3AOVxDAPXThCXoQAgOEV3iDd/gkDrkk1z+nLdL8nMKfkM4XBX5gXA==</latexit>

1
<latexit sha1_base64="JDtOuA+ZgOOb1BWKVl4X2+0CaNc=">AAABeHicZY7LSsNAFIbP1FuNt6hLN8Eg6iYkUXTjouDGZQv2Am0ok+lpGTqZCZmJUEKewK0+nK/iyhizUPvDgY//nANfnAquje9/kNbG5tb2TnvX2ts/ODyyj08GWuUZwz5TQmWjmGoUXGLfcCNwlGZIk1jgMF4+fu+HL5hpruSzWaUYJXQh+ZwzaqqqF05t1/f8Os46BA240KQ7tePJTLE8QWmYoFqPAz81UUEzw5nA0prkGlPKlnSB4wolTVBHRS1aOhdVM3PmKqtGGqduf38UIjer0qqkgv8K6zAIveDOu+ndup2HRq8NZ3AOVxDAPXTgCbrQBwYIr/AG7/BJHHJJrn9OW6T5OYU/IeEXBpJgXQ==</latexit>

2

<latexit sha1_base64="T94WZEgUndYKmixSvv/0wdzqDXo=">AAABeHicZY7LSsNAFIbP1FuNl0ZdugkGUTchaUU3LgpuXLZgL9CGMpmelqGTTJiZCCXkCdzqw/kqrowxC7U/HPj4zznwRang2vj+B2lsbe/s7jX3rYPDo+OWfXI61DJTDAdMCqnGEdUoeIIDw43AcaqQxpHAUbR6/N6PXlBpLpNns04xjOky4QvOqCmrfmdmu77nV3E2IajBhTq9mR1N55JlMSaGCar1JPBTE+ZUGc4EFtY005hStqJLnJSY0Bh1mFeihXNZNnNnIVU5iXGq9vdHLjKzLqxSKvivsAnDthfceZ3+rdt9qPWacA4XcA0B3EMXnqAHA2CA8Apv8A6fxCFX5ObntEHqnzP4E9L+AgemYF4=</latexit>

3
<latexit sha1_base64="NVBzdvnEhdS6B70NYtzgKfEG1gs=">AAABdHicZY5NS8NAEIYn9avGr+jVSzCInsJGRS8eCl48VjBtoQ1ls52WpZvdsLsRSsgv8Ko/zr/iyRhzUPvCwMM7M/CkueDGEvLhdDY2t7Z3urvu3v7B4ZHnHg+MKjTDmCmh9CilBgWXGFtuBY5yjTRLBQ7T5cP3fviC2nAln+0qxySjC8nnnFFbV083Uy8gIWnir0PUQgBt+lMvncwUKzKUlglqzDgiuU1Kqi1nAit3UhjMKVvSBY5rlDRDk5SNaOWf183Mnytdj7R+0/7+KEVhV5VbS0X/FdZhcBVGt+F10Ltv5bpwCmdwCRHcQQ8eoQ8xMEB4hTd4h0/Hdy5+DjtO+3ECf+KQL12KX6U=</latexit>

4

<latexit sha1_base64="PNzLzn4/WGaxxxvRFWAbQu4FH2s=">AAABeHicZY7LSsNAFIZP6q3GW9Slm2AQdVOS1svGRcGNyxZMW2hDmUxPy9DJTJiZCCXkCdzqw/kqrowxC7U/HPj4zznwxSln2vj+h9XY2Nza3mnu2nv7B4dHzvHJQMtMUQyp5FKNYqKRM4GhYYbjKFVIkpjjMF4+fu+HL6g0k+LZrFKMErIQbM4oMWXVv506nt/yq7jrENTgQZ3e1IknM0mzBIWhnGg9DvzURDlRhlGOhT3JNKaELskCxyUKkqCO8kq0cC/KZubOpSpHGLdqf3/kPDOrwi6lgv8K6zBot4K7Vqd/43Ufar0mnME5XEEA99CFJ+hBCBQQXuEN3uHTcq1L6/rntGHVP6fwJ1b7CwnOYGA=</latexit>

5

<latexit sha1_base64="VsI0GidW1B8oMdSCoHyPfkFiML0=">AAABeHicZY7LSsNAFIbP1FuNt6hLN8Eg6iYkrdSNi4Ibly3YC7ShTKanZegkE2YmQgl5Arf6cL6KK2PMQu0PBz7+cw58USq4Nr7/QRpb2zu7e8196+Dw6PjEPj0bapkphgMmhVTjiGoUPMGB4UbgOFVI40jgKFo9fu9HL6g0l8mzWacYxnSZ8AVn1JRVvzOzXd/zqzibENTgQp3ezI6mc8myGBPDBNV6EvipCXOqDGcCC2uaaUwpW9ElTkpMaIw6zCvRwrkqm7mzkKqcxDhV+/sjF5lZF1YpFfxX2IRhyws6Xrt/53Yfar0mXMAl3EAA99CFJ+jBABggvMIbvMMnccg1uf05bZD65xz+hLS+AAriYGE=</latexit>

6

fund − eff

∼ λ2 ∑
5,6

Θ(Eα − Emax)
ω5 ω6 (−ω1 − ω2 − ω5 − ω6)

<latexit sha1_base64="VsI0GidW1B8oMdSCoHyPfkFiML0=">AAABeHicZY7LSsNAFIbP1FuNt6hLN8Eg6iYkrdSNi4Ibly3YC7ShTKanZegkE2YmQgl5Arf6cL6KK2PMQu0PBz7+cw58USq4Nr7/QRpb2zu7e8196+Dw6PjEPj0bapkphgMmhVTjiGoUPMGB4UbgOFVI40jgKFo9fu9HL6g0l8mzWacYxnSZ8AVn1JRVvzOzXd/zqzibENTgQp3ezI6mc8myGBPDBNV6EvipCXOqDGcCC2uaaUwpW9ElTkpMaIw6zCvRwrkqm7mzkKqcxDhV+/sjF5lZF1YpFfxX2IRhyws6Xrt/53Yfar0mXMAl3EAA99CFJ+jBABggvMIbvMMnccg1uf05bZD65xz+hLS+AAriYGE=</latexit>

6
<latexit sha1_base64="PNzLzn4/WGaxxxvRFWAbQu4FH2s=">AAABeHicZY7LSsNAFIZP6q3GW9Slm2AQdVOS1svGRcGNyxZMW2hDmUxPy9DJTJiZCCXkCdzqw/kqrowxC7U/HPj4zznwxSln2vj+h9XY2Nza3mnu2nv7B4dHzvHJQMtMUQyp5FKNYqKRM4GhYYbjKFVIkpjjMF4+fu+HL6g0k+LZrFKMErIQbM4oMWXVv506nt/yq7jrENTgQZ3e1IknM0mzBIWhnGg9DvzURDlRhlGOhT3JNKaELskCxyUKkqCO8kq0cC/KZubOpSpHGLdqf3/kPDOrwi6lgv8K6zBot4K7Vqd/43Ufar0mnME5XEEA99CFJ+hBCBQQXuEN3uHTcq1L6/rntGHVP6fwJ1b7CwnOYGA=</latexit>

5

<latexit sha1_base64="1oUxHiks092i3PCfbEZlQvcDBu8=">AAABeHicZY5NS8NAEIZn61eNX1GPXoJB1EtIqujFQ8GLxxZMW2hD2WynZelmN2Q3Qgn5BV71x/lXPBljDmpfGHh4ZwaeOBVcG9//IK2Nza3tnfautbd/cHhkH58MtMozhiFTQmWjmGoUXGJouBE4SjOkSSxwGC8fv/fDF8w0V/LZrFKMErqQfM4ZNVXVD6a263t+HWcdggZcaNKb2vFkplieoDRMUK3HgZ+aqKCZ4UxgaU1yjSllS7rAcYWSJqijohYtnYuqmTlzlVUjjVO3vz8KkZtVaVVSwX+FdRh0vODOu+nfut2HRq8NZ3AOVxDAPXThCXoQAgOEV3iDd/gkDrkk1z+nLdL8nMKfkM4XBX5gXA==</latexit>

1

<latexit sha1_base64="JDtOuA+ZgOOb1BWKVl4X2+0CaNc=">AAABeHicZY7LSsNAFIbP1FuNt6hLN8Eg6iYkUXTjouDGZQv2Am0ok+lpGTqZCZmJUEKewK0+nK/iyhizUPvDgY//nANfnAquje9/kNbG5tb2TnvX2ts/ODyyj08GWuUZwz5TQmWjmGoUXGLfcCNwlGZIk1jgMF4+fu+HL5hpruSzWaUYJXQh+ZwzaqqqF05t1/f8Os46BA240KQ7tePJTLE8QWmYoFqPAz81UUEzw5nA0prkGlPKlnSB4wolTVBHRS1aOhdVM3PmKqtGGqduf38UIjer0qqkgv8K6zAIveDOu+ndup2HRq8NZ3AOVxDAPXTgCbrQBwYIr/AG7/BJHHJJrn9OW6T5OYU/IeEXBpJgXQ==</latexit>

2

<latexit sha1_base64="T94WZEgUndYKmixSvv/0wdzqDXo=">AAABeHicZY7LSsNAFIbP1FuNl0ZdugkGUTchaUU3LgpuXLZgL9CGMpmelqGTTJiZCCXkCdzqw/kqrowxC7U/HPj4zznwRang2vj+B2lsbe/s7jX3rYPDo+OWfXI61DJTDAdMCqnGEdUoeIIDw43AcaqQxpHAUbR6/N6PXlBpLpNns04xjOky4QvOqCmrfmdmu77nV3E2IajBhTq9mR1N55JlMSaGCar1JPBTE+ZUGc4EFtY005hStqJLnJSY0Bh1mFeihXNZNnNnIVU5iXGq9vdHLjKzLqxSKvivsAnDthfceZ3+rdt9qPWacA4XcA0B3EMXnqAHA2CA8Apv8A6fxCFX5ObntEHqnzP4E9L+AgemYF4=</latexit>

3

<latexit sha1_base64="NVBzdvnEhdS6B70NYtzgKfEG1gs=">AAABdHicZY5NS8NAEIYn9avGr+jVSzCInsJGRS8eCl48VjBtoQ1ls52WpZvdsLsRSsgv8Ko/zr/iyRhzUPvCwMM7M/CkueDGEvLhdDY2t7Z3urvu3v7B4ZHnHg+MKjTDmCmh9CilBgWXGFtuBY5yjTRLBQ7T5cP3fviC2nAln+0qxySjC8nnnFFbV083Uy8gIWnir0PUQgBt+lMvncwUKzKUlglqzDgiuU1Kqi1nAit3UhjMKVvSBY5rlDRDk5SNaOWf183Mnytdj7R+0/7+KEVhV5VbS0X/FdZhcBVGt+F10Ltv5bpwCmdwCRHcQQ8eoQ8xMEB4hTd4h0/Hdy5+DjtO+3ECf+KQL12KX6U=</latexit>

4

Eα = Ef − (−ω1 − ω2 − ω5 − ω6)

Eα = Ef − (ω3 + ω4 − ω5 − ω6)

ωi > 0

Cohen, KF, Houtz, Luty, arXiv: 2110.08273



Example Theory 1: 2D λϕ4
⟨ f |H2 | i⟩ =

>

∑
α≠i

⟨ f |V |α⟩⟨α |V | i⟩
Ef − Eα

∼ λ2 ∑
k,k′￼

Θ(Ef − ω1 + ωk + ωk′￼
+ ω1−k−k′￼

− Emax)
ωk ωk′￼ω1−k−k′￼(ω1 − ωk − ωk′￼− ω1−k−k′￼)

local approximation

∼ λ2 ∑
k

Θ(2ωk − Emax)
ω2

k (−2ωk) ∫ dx ϕ4

∼ λ2 ∑
k,k′￼

Θ(ωk + ωk′￼
+ ωk+k′￼

− Emax)
ωk ωk′￼ωk+k′￼(−ωk − ωk′￼− ωk+k′￼) ∫ dx ϕ2

ω1,2,3,4 ≲ Ei, f ≪ Emax{fund − eff

∼ λ2 ∑
5,6

Θ(Eα − Emax)
ω5 ω6 (ω3 + ω4 − ω5 − ω6)

<latexit sha1_base64="1oUxHiks092i3PCfbEZlQvcDBu8=">AAABeHicZY5NS8NAEIZn61eNX1GPXoJB1EtIqujFQ8GLxxZMW2hD2WynZelmN2Q3Qgn5BV71x/lXPBljDmpfGHh4ZwaeOBVcG9//IK2Nza3tnfautbd/cHhkH58MtMozhiFTQmWjmGoUXGJouBE4SjOkSSxwGC8fv/fDF8w0V/LZrFKMErqQfM4ZNVXVD6a263t+HWcdggZcaNKb2vFkplieoDRMUK3HgZ+aqKCZ4UxgaU1yjSllS7rAcYWSJqijohYtnYuqmTlzlVUjjVO3vz8KkZtVaVVSwX+FdRh0vODOu+nfut2HRq8NZ3AOVxDAPXThCXoQAgOEV3iDd/gkDrkk1z+nLdL8nMKfkM4XBX5gXA==</latexit>

1
<latexit sha1_base64="JDtOuA+ZgOOb1BWKVl4X2+0CaNc=">AAABeHicZY7LSsNAFIbP1FuNt6hLN8Eg6iYkUXTjouDGZQv2Am0ok+lpGTqZCZmJUEKewK0+nK/iyhizUPvDgY//nANfnAquje9/kNbG5tb2TnvX2ts/ODyyj08GWuUZwz5TQmWjmGoUXGLfcCNwlGZIk1jgMF4+fu+HL5hpruSzWaUYJXQh+ZwzaqqqF05t1/f8Os46BA240KQ7tePJTLE8QWmYoFqPAz81UUEzw5nA0prkGlPKlnSB4wolTVBHRS1aOhdVM3PmKqtGGqduf38UIjer0qqkgv8K6zAIveDOu+ndup2HRq8NZ3AOVxDAPXTgCbrQBwYIr/AG7/BJHHJJrn9OW6T5OYU/IeEXBpJgXQ==</latexit>

2

<latexit sha1_base64="T94WZEgUndYKmixSvv/0wdzqDXo=">AAABeHicZY7LSsNAFIbP1FuNl0ZdugkGUTchaUU3LgpuXLZgL9CGMpmelqGTTJiZCCXkCdzqw/kqrowxC7U/HPj4zznwRang2vj+B2lsbe/s7jX3rYPDo+OWfXI61DJTDAdMCqnGEdUoeIIDw43AcaqQxpHAUbR6/N6PXlBpLpNns04xjOky4QvOqCmrfmdmu77nV3E2IajBhTq9mR1N55JlMSaGCar1JPBTE+ZUGc4EFtY005hStqJLnJSY0Bh1mFeihXNZNnNnIVU5iXGq9vdHLjKzLqxSKvivsAnDthfceZ3+rdt9qPWacA4XcA0B3EMXnqAHA2CA8Apv8A6fxCFX5ObntEHqnzP4E9L+AgemYF4=</latexit>

3
<latexit sha1_base64="NVBzdvnEhdS6B70NYtzgKfEG1gs=">AAABdHicZY5NS8NAEIYn9avGr+jVSzCInsJGRS8eCl48VjBtoQ1ls52WpZvdsLsRSsgv8Ko/zr/iyRhzUPvCwMM7M/CkueDGEvLhdDY2t7Z3urvu3v7B4ZHnHg+MKjTDmCmh9CilBgWXGFtuBY5yjTRLBQ7T5cP3fviC2nAln+0qxySjC8nnnFFbV083Uy8gIWnir0PUQgBt+lMvncwUKzKUlglqzDgiuU1Kqi1nAit3UhjMKVvSBY5rlDRDk5SNaOWf183Mnytdj7R+0/7+KEVhV5VbS0X/FdZhcBVGt+F10Ltv5bpwCmdwCRHcQQ8eoQ8xMEB4hTd4h0/Hdy5+DjtO+3ECf+KQL12KX6U=</latexit>

4

<latexit sha1_base64="PNzLzn4/WGaxxxvRFWAbQu4FH2s=">AAABeHicZY7LSsNAFIZP6q3GW9Slm2AQdVOS1svGRcGNyxZMW2hDmUxPy9DJTJiZCCXkCdzqw/kqrowxC7U/HPj4zznwxSln2vj+h9XY2Nza3mnu2nv7B4dHzvHJQMtMUQyp5FKNYqKRM4GhYYbjKFVIkpjjMF4+fu+HL6g0k+LZrFKMErIQbM4oMWXVv506nt/yq7jrENTgQZ3e1IknM0mzBIWhnGg9DvzURDlRhlGOhT3JNKaELskCxyUKkqCO8kq0cC/KZubOpSpHGLdqf3/kPDOrwi6lgv8K6zBot4K7Vqd/43Ufar0mnME5XEEA99CFJ+hBCBQQXuEN3uHTcq1L6/rntGHVP6fwJ1b7CwnOYGA=</latexit>

5
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fund − eff

∼ λ2 ∑
5,6

Θ(Eα − Emax)
ω5 ω6 (−ω1 − ω2 − ω5 − ω6)
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Eα = Ef − (−ω1 − ω2 − ω5 − ω6)

Eα = Ef − (ω3 + ω4 − ω5 − ω6)

ωi > 0

Cohen, KF, Houtz, Luty, arXiv: 2110.08273
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