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Why topological defect?
Old subject. 

A. Vilenkin et al. + many others,  40+ years ago.

Beautiful topic

Can reveal fascinating info about BSM physics.

Cosmo implications well studied.
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So, why the recent interest?



Gravitational wave signal

K. Schmitz, 2002.04615
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Defect networks

G → H → K

Two stages of  of symmetry breaking

Example 1: monopole-string network 

, 


If 
π2(G/H) ≠ 1 → monopoles π1(H/K) ≠ 1 → strings

π1(G/K) = 1 → string monopole network unstable

Example 2: string wall network

, 


If 
π1(G/H) ≠ 1 → strings π0(H/K) ≠ 1 → walls

π0(G/K) = 1 → string wall network unstable



Defect networks
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the argument of B can take. However, as the function is
so slowly varying, µ ⇠ v2

µ within an order of magnitude.
Finally, let us consider monopoles which exist in the

case where the second homotopy group of the vacuum
manifold is non-trivial. That is, the vacuum is topo-
logically equivalent to a sphere. For a simple example,
consider a model with an SU(2) gauge symmetry
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where � is a real SU(2) triplet. The ‘t Hooft-Polyakov
monopole [63, 64] has the behavior

� = r̂
h(vmer)

er

W i
a = ✏aij x̂

j 1 � f(vmer)

er
W 0

a = 0 , (14)

where, using the shorthand ⇠ = vmer for the product
of vm with the gauge coupling constant e and radial co-
ordinate r, the functions f and h are solutions to the
equations [63, 64]

⇠2 d2f

d⇠2
= f(⇠)h(⇠)2 + f(⇠)(f(⇠)2 � 1) (15)

⇠2 d2h
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e2
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The boundary conditions satisfy lim⇠!0 f(⇠) � 1 =
lim⇠!0 h(⇠) ⇠ O(⇠) and lim⇠!1 f(⇠) = 0,
lim⇠!1 h(⇠) ⇠ ⇠. The monopole mass again comes from
solving the equations of motion and then calculating the
static Hamiltonian,

E = m =
4⇡vm
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It has the form

m =
4⇡vm

e
f(�/e2) . (18)

The solution (17) has been calculated numerically for
multiple values, and one finds that for 0.1 < �/e2 < 101,
f(�/e2) is slowly varying O(1) function [63].

In conclusion there is a reasonably tight relationship
between the symmetry breaking scale and the string ten-
sion µ ⇠ v2

µ. However, domain walls can have a sig-
nificantly smaller surface tension than the cube of the
symmetry breaking scale and the monopole mass can be
well above vm. Even still, one should expect from nat-
uralness considerations for all relevant quantities to be
within a few orders of magnitude of the relevant powers
of the symmetry breaking scale.
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FIG. 1: A sample of SO(10) symmetry breaking paths down
to the Standard Model that produce hybrid defects. The
color of the arrows denote the type of topological defect pro-
duced; red corresponds to magnetic monopoles, blue to cosmic
strings, and green to domain walls. A glowing red path indi-
cates magnetic monopoles attaching to cosmic strings while
a glowing blue path indicates cosmic strings attaching to do-
main walls. Note that the lower dimensional (boundary) de-
fect of a hybrid defect always arises from an earlier stage of
symmetry breaking than the higher dimensional (bulk) defect.
As shown in Appendix A, this is generic feature of hybrid de-
fects. Red arrows with a dot indicate the monopoles need to
be inflated away after the formation. These chains can still
generate a gastronomy signal via nucleation of monopoles on
strings or strings on walls after inflation. Gray arrows with
red and blue glow indicate that the symmetry breaking leads
to no defects associated with strings bounded by monopoles
and domain walls bounded by strings, respectively.

B. Hybrid Defects in Grand Unified Theories

In the previous subsection, we considered the various
types of topological defects that can be generated during
a single symmetry breaking G ! H. Now, with the table
set, we consider how a sequence of multiple transitions,

G ! H ! K, (19)

can give rise to hybrid topological defects composed of
two di↵erent dimensional defects. For these hybrid de-
fects, the bulk topological defect converts its rest mass
to the kinetic energy of the boundary defect, leading to
the appearance of one defect consuming the other. The
relativistic motion of these defects leads to gravitational
wave emission and eventual decay of the composite de-
fect.

Consider first the case when the vacuum manifold
H/K is not simply connected but the full vacuum man-
ifold, G/K is. Then ⇡1(H/K) 6= I and strings form at
the transition H ! K. However, these strings are topo-
logically unstable since in the full theory, ⇡1(G/K) = I,
which does not permit stable strings below K. The topo-
logical instability of strings manifests itself by the nu-
cleation of magnetic monopole pairs that cut and ‘eat’
the string [28, 29] (see Fig. 2). A set of homotopy
selection rules proven in Appendix A show that the
monopoles that nucleate on the string boundaries must
always arise from the earlier phase transition G ! H so
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discussion more concrete, we believe similar model-buildings can achieve similar estimates119

for the evolution of the string-wall network and its gravitational signature, and most of our120

estimation will be presented in a less model-dependent way to reflect this generality. The121

model-specific features of this general mechanism via more thorough analytical and numerical122

methods are also worth further investigation.123

The crucial ingredients of our scenario are cosmic strings whose typical size is much124

larger than the horizon size when domain walls are produced. Such cosmic strings can be125

also produced even if the first symmetry breaking occurs before the observable cosmic infla-126

tion, through the quantum nucleation of cosmic strings during inflation [75], or through the127

accumulation of the fluctuations of the symmetry breaking field outside the horizon [76]. Our128

analysis is also applicable to those cases.129

The paper is organized as follows. Section 2 discusses how the inflated string-bounded130

wall network can be produced and evolve. Whether the boundary string is a gauge string131

or a global string slightly alters the physics. For walls bounded by inflated gauge strings,132

their gravitational wave signals are computed in section 3. In the parameter region of interest133

discussed in section 3.1, the network undergoes three stages of evolution, and the spectral134

shape of these contributions is evaluated in sections 3.3 and 3.4 and summarized in section 3.5.135

Following in a similar method as discussed in section 3, the gravitational wave signal from136

walls bounded by global strings is discussed in section 4 and summarized in section 4.3. A137

few benchmarks are o↵ered in section 5 to show how this signal can cover a wide range of138

frequencies (cf. fig. 1). We also shows how inflation is generally preferred if one would like139

domain walls to produce large gravitational wave signals section 5.4. To further restrict the140

parameter space, we provide a concrete model to use the field producing domain walls as the141

inflaton of a second inflation in section 6. In this model, probing the GW spectrum of inflated142

string-bounded walls provides a probe to the soft supersymmetry breaking scale and the wall143

tension. We conclude in section 7.144

2 Productions and Evolution of the Defect Network: General Picture145

In this section, we will discuss how inflated string-bounded domain walls can be produced,146

evolve, and eventually collapse.147

Topological defects, such as cosmic strings and domain walls, can be produced during148

phase transitions, and these defects can be classified by the 0th and 1st homotopy group of149

the vacuum space. In particular, given a symmetry breaking G ! H in which G is the150

group describing the symmetry of the full UV theory while H is the group capturing the151

symmetry of the vacuum, the classification of the resulting defects is given by ⇡0(G/H) for152

domain walls and ⇡1(G/H) for cosmic strings. During cosmic evolution, such defects will be153

produced through the Kibble-Zurek mechanism [77, 78].154

To anchor our discussion, we will consider the following sequence of symmetry breaking155

U(1) ! Z2 ! ; in a model with two complex scalar fields �1 and �2. We will assign a U(1)156
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charge of 1 to �1 and 2 to �2. Then, one may consider the following Lagrangian157
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in which �1,2 are dimensionless couplings, v1,2 are the VEV of �1,2 respectively, and µm denotes158

the mixing parameter. If v2 � v1, phase transition of �2 field leads to U(1) ! Z2 breaking.159

The corresponding �2 cosmic string will form according to the Kibble-Zurek mechanism.160

The U(1) symmetry may be a gauge symmetry such as the B � L symmetry or a global161

symmetry such as the Peccei-Quinn symmetry. In sections 3 and 4, we consider a gauged and162

global U(1) symmetry, respectively. This leads to Z cosmic string configurations. Yet, our163

proposal can be applicable to other types of cosmic strings, such as unstable Z2 strings from164

breaking of SO(10) to Standard Model (SM) gauge group. More discussions about unstable165

cosmic strings will be o↵ered in section 7.166

Figure 3. Sketch of the two configurations of the string-bounded walls: For the particular model
we considered, there is a stable configuration (left panel) and an unstable configuration (right panel).
The phases of two complex scalar fields are drawn by arrows. The first phase transition produces
topological defects (strings) of �2 fields (blue arrows), and, later, a second phase transition settles �1

(orange arrows) to its true vacuum. Due to the trilinear coupling, �1 will rotate along the phase set
by the phase of �2 near the already-produced �2 strings. Far away from �2 strings, �2 takes a uniform
value so that the phase of �1 falls into either vacua leading to the formation of Z2 walls (orange lines).
The left panel shows two �2 strings with the same winding number pulled by a wall. As we will show
later, wall tension can su�ciently bring these strings together, resulting in a composite string bundle
that has the same winding number as the stable gauge string in this particular model. The right panel
shows two �2 strings with opposite winding numbers. As the wall pulls them together, the string
annihilates and may produce smaller-scale fluctuations.

There is a remnant Z2 symmetry after the first phase transition. A second phase transi-167

tion happens to settle �1 to its true vacuum, which breaks the Z2. The resulting string-wall168
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Two scalar: ϕ1 and ϕ2

⟨ϕ1⟩ = v1, ⟨ϕ2⟩ = v2

Assume , two stagesv2 ≫ v1

Formation of string-domain wall network.
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The left panel shows two �2 strings with the same winding number pulled by a wall. As we will show
later, wall tension can su�ciently bring these strings together, resulting in a composite string bundle
that has the same winding number as the stable gauge string in this particular model. The right panel
shows two �2 strings with opposite winding numbers. As the wall pulls them together, the string
annihilates and may produce smaller-scale fluctuations.
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in which �1,2 are dimensionless couplings, v1,2 are the VEV of �1,2 respectively, and µm denotes160

the mixing parameter. If v2 � v1, phase transition of �2 field leads to U(1) ! Z2 breaking.161

The corresponding �2 cosmic string will form according to the Kibble-Zurek mechanism.162

The U(1) symmetry may be a gauge symmetry such as the B � L symmetry or a global163

symmetry such as the Peccei-Quinn symmetry. In sections 3 and 4, we consider a gauged and164

global U(1) symmetry, respectively. This leads to Z cosmic string configurations. Yet, our165

proposal can be applicable to other types of cosmic strings, such as unstable Z2 strings from166

breaking of SO(10) to Standard Model (SM) gauge group. More discussions about unstable167

cosmic strings will be o↵ered in section 3.5.168

There is a remnant Z2 symmetry after the first phase transition. A second phase transi-169

tion happens to settle �1 to its true vacuum, which breaks the Z2. The resulting string-wall170

bound states are shown in fig. 3. Due to the trilinear interaction171
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where we have parameterized �i = vie
i✓i/

p
2, there is a correlation between the winding of172

✓1 and that of ✓2173

Now, we introduce a stage of inflation before the second phase transition and after strings174

are formed. The production of the strings can be either during the primordial inflation or175

followed by a second period of inflation. After its production, the string network may evolve176

into a scaling solution so that each Hubble patch has ⇠ O(1) long cosmic strings.3 Hence,177

the typical distance between strings soon after its production is ⇠ ⇡ H
�1
i

in which Hi denotes178

the inflationary Hubble size. Due to the subsequent inflation, they will be quickly inflated179

to super-horizon separations. Then, causality dictates that the string is almost frozen as it180

exits the comoving horizon. This allows us to estimate the Hubble size when they re-enter181

the horizon Hre as182

1 ⇡
aH

��
exit

aH
��
re-entry

=) Hre ⇡ e
�2NinfHi, (2.3)

in which a(t) denotes the scale factor. Here, we implicitly assumed that the reheating after183

this inflation is e�cient. When reheating is less e�cient, this estimate changes to184

Hre ⇡ e
�2NinfHi

✓
T
4
R

⇢inf

◆1/6

. (2.4)

3It is also possible that the network does not have enough time to evolve into the scaling regime, but this

will not be essential to our discussion. If the scaling regime is not reached, the typical string size may no

longer be of size H
�1
i , and the correspondence between Ninf and Hre should be altered. Nonetheless, inflation

still allows us to treat Hre as a free parameter, which is the only condition we assumed in the remaining text.
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Production after reheating (post inflationary).
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FIG. 16: Representative spectra of gravitational waves emit-
ted by strings that are eaten by domain walls for fixedp
µ = 1012 GeV. Each colored contour corresponds to a dif-

ferent value of the wall symmetry breaking scales v�. Prior to
wall domination at t⇤, the wall-string network behaves sim-
ilarly to a pure string network and ⌦GW / f

0 at high fre-
quencies. After the network collapses and the largest string-
bounded walls decay, ⌦GW drops as f3 at low frequencies. For
tDW < Rc, the largest wall-bounded string pieces at decay do
not live longer compared to pure string loops of the same
size and hence do not deposit significantly more energy den-
sity into gravitational waves compared to pure string loops.
There is no ‘bump’ in ⌦GW in this case. For tDW � Rc, the
largest wall-bounded strings pieces at decay have size R � Rc

and are long-lived compared to pure string loops of the same
size. These pieces deposit significant energy into gravitational
waves at decay and generate a ‘bump’ in ⌦GW as shown by
the v� = 1011 GeV contour.

Finally, note that the spectrum is identical to the
monopole nucleation spectrum of Sec. IV at high fre-
quencies, namely a pure string spectrum, but at low fre-
quencies, the two gastronomy spectra are distinguishable
by the slope of their infrared tails, which goes as f3 and
f2, respectively.

E. Frictional Losses and Chopping

. Until now, we have ignored the e↵ect of string friction
and wall friction on the gastronomy signal from walls
eating strings. In this subsection, we investigate how
friction can a↵ect the evolution of the wall-string network
and hence the gastronomy signal.

First, we consider friction on the strings due to the
Aharonov-Bohm force, Eq. (73). It can be shown [65,
126, 143] that the e↵ect of this frictional force on the
string equation of motion, (100), is to replace H ! H +
a(t)/Lf , where Lf = µ/�sT 3 is known as friction length,
which is e↵ectively the reciprocal of the friction force per
unit string mass. There are then four relevant scales
(forces per unit mass) in the string equation of motion,
with each dominating at a di↵erent stage in the evolution

of the wall-string network:

(a) 2Hv (Hubble)

(b)
�sT 3v

µ
(String Friction)

(c)
1

R
(String Tension)

(d)
�

µ
=

1

Rc
(Wall Tension)

Consider first the network evolution when R < Rc, which
is the pure string limit. In this case, strings will be
damped by friction until the Hubble (a) and friction
terms (b) are equal. For a radiation-dominated era, this
occurs at time

tf =
M3

Pl�
2
sC

3

8µ2
. (129)

where C = (8⇡3g⇤/90)�1/2 as before. After tf , the Hub-
ble (a) and string curvature (c) terms dominate; the
strings oscillate freely and the network reaches the stan-
dard scaling regime. If Rc > tf , the walls do not domi-
nate the string network until after the strings reach scal-
ing and the results of this section are unchanged. The
condition for the wall to dominate the string dynamics
only after tf then occurs when

Rc

tDW
� �2/3

s

✏
(130)

is satisfied. For nearly all (µ, �) with t⇤ = Rc, Rc � tDW

and hence Eq. (130) is easily satisfied and the gastron-
omy signal discussed in the previous subsection remain
unchanged.

However, for t⇤ = tDW, Rc < tDW and Eq. (130) is
generally not satisfied. In this case, the walls dominate
the string dynamics during the initial string friction era.
In this scenario, the two largest terms in the string equa-
tion of motion around the time of domain wall formation
are the string friction term (b) and the wall tension term
(d). Balancing the two terms gives the string terminal
velocity

v =
�

�sT 3
' ✏

�s

✓
t

tDW

◆3/2

, (131)

valid until v becomes relativistic. Friction prevents the
string-wall system from initially collapsing since the fric-
tion scale of the system, 7

Rf ⇠ vt = t

✓
t

tDW

◆3/2 ✏

�s
(132)

7 We find a more rigorous derivation of the evolution of the string
curvature from the Euler-Lagrange equation of motion gives the
same scaling. Also note the di↵erent scaling compared to pure
strings when the string curvature and friction balance, which
gives R / t5/4, known as the Kibble regime [118, 137].

Network collapse cuts off the GW spectrum. 
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Natural to have the second period to be thermal inflation.

If the scales of the two stages are well separated, easy to fit 
in another stage of inflation in between.

Why is this plausible?

To have sizable GW signal, second stage of (thermal) 
inflation expected! (More on this later)
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As one expects, the GW spectrum follows a similar power law to that of @P/@ ln k . Also, the314

spectrum peaks at k =
p
Hre� = Hrea(H�1

re )/a(��1) in which a(H�1
re )/a(��1) is a redshift315

factor to evaluate ⌦GW at t = ��1. This is also sensible because the gravitational wave peaks316

around the horizon scale as dictated by the scaling of domain walls. After the string re-entry,317

the defect network deviates from scaling solutions, and the rapid wall oscillation produces318

gravitational waves, as we will discuss next.319

3.3.2 GW from Cosmic Disks (t & H
�1
re )320

GW from Oscillating Cosmic Disks (H�1
re . t . ��1) After the strings re-enter the321

horizon, most of the domain walls reside in the following two configurations: walls attached to322

long strings (“belts”) and walls attached to string loops (“disks”). Domain walls that stretch323

far outside the horizon without being attached to strings are rare, as dictated by the Kibble-324

Zurek mechanism, and the scaling regime of walls terminates at this point. Therefore, cosmic325

disks/belts produced from string re-entry are expected to be of radius/width r ⇡ H
�1
re . In the326

following subsection, we will focus on the disk contribution, and the subdominant contribution327

from belts is discussed in section 3.3.3.328

Because we assumed that Ewall & Estr, the dynamics of the network is mainly governed329

by walls. These walls will oscillate with some characteristic frequency of its size. This330

characteristic scale is r0 ⇡ H
�1
re so that this oscillation of walls with characteristic curvature331

r can be roughly described by332

r(t) ⇡ r̄(t) cos
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in which r̄(t) is the slowly varying radius of the wall which r̄ ⇡ r0 around t ⇡ H
�1
re . A333

slightly more sophisticated modeling yields a similar estimate as shown in appendix A. One334

may estimate the power radiated into gravitational waves by the quadrupole formula335
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Therefore, the gravitational-wave radiation damps the domain wall with a characteristic rate336

of �GW ⇡ ⇡�/M
2
Pl so that337

d(�r̄2)

dt
⇡ ��GW�r̄

2
. (3.12)

In the discussion to follow, we will leave � as a general parameter, leaving the possibility338

of the existence of a more e�cient decay channel for the wall, but we will take � = �GW339

– 11 –

density at t = ��1, and the gravitational wave spectrum redshifted to t = ��1 can be ap-312

proximated as313

@⌦GW, scaling

@ ln k

����
t=��1

⇡
2⇡�2

C

21M4
PlH

2
re

8
>>><

>>>:

✓
k

p
Hre�

◆3

, k .
p
Hre�,

✓p
Hre�

k

◆
, k &

p
Hre�,

(3.9)
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Oscillation and radiation
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Radiation power and rate:

so that each Hubble patch has ⇠ O(1) domain walls.314
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As one expects, the GW spectrum follows a similar power law to that of @P/@ ln k . Also, the319
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Γwall ≈
σ

M2
Pl

, σ = wall tensionP =
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In the context of thermal phase transition: 
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Following a strategy similar to that given rise to eq. (3.13), the power spectrum here can be371

estimated as372
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in which we dropped the redshift dependence on the frequency. The estimate for the number373

density of the network remains the same as before. The gravitational wave density can be374

estimated as375
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where we have used k = r̄
�1, following eq. (3.17). It is worth remarking that the microscopic376

physics of the wall annihilation could potentially change the power-law dependence of the377

UV part. For instance, when the disk size is . µ/� so that the string energy dominates,378

one expects that the gravitational wave spectrum transitions from ⇠ k
�2 to ⇠ k

�1, which is379

the typical UV tail of the GW spectrum from a cosmic string loop. This, however, should380

be in the deep UV as we assumed Hre ⌧ �/µ.4 Another potential source of modification to381

UV part of GW spectrum comes from the finiteness of the collapse time. We assumed that382

the string-wall network collapses su�ciently quickly so that the GW spectrum is produced383

at t = ��1
wall almost instantaneously. However, a finite collapse time for the network may lead384

to additional logarithmic dependence on k since the collapse process may be sensitive to the385

redshift due to Hubble flow. A dedicated numerical study is required to fully determine the386

details of the spectrum.387

3.3.3 GW from Long Belts388

Now, we direct our attention to the gravitational wave signal from cosmic belts. These defects389

may reconnect and enter a scaling regime by breaking o↵ daughter defects. Here, we focus390

on how long belts (mother defects) evolve and produce additional gravitational-wave signals;391

we will discuss the production of gravitational waves from the daughter defects later.392

We assume that the boundary defects enter the scaling regime e�ciently. For su�ciently393

small Hre considered here, the belts’ energy comes from the wall stretching between cosmic394

strings. These belts have an energy density that scales as395

⇢belts ⇡ �`wH
3
⇡

�H
2

Hre
, (3.19)

4Another example of a change of GW spectrum due to microscopic physics could be the inter-string in-

teraction, which can potentially compete with the wall tension as the boundary strings are pulled by walls.

However, for a string separation larger than that of the string core size, this interaction is exponentially sup-

pressed. Assuming su�cient hierarchy between v1 ⇡ µ
1/2 and �

1/3, this competition is never important when

the wall is large and contributes significantly to the energy of the defect network.
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�1 . Hre to maintain consistency. (rephrase here –Y.B.) Although the346

specific initial condition and geometry of the string dictate the precise spectrum, we will347
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We expect there to be ⇠ O(1) number of defect networks in a volume of H�3
re . The gravita-350

tional wave signal can be estimated as follows. The energy fraction of each disk radiated into351

the gravitational wave by time t is roughly ⇡ �wallt, the energy density of the oscillating wall352

is approximately ⇡ �Hre, and the redshift dilution for the number density of walls / a
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where we have used the adiabatic invariant k(t = ��1
wall)/T�wall = Hre/T and T�wall ⇡355

p
�wallMPl denotes the temperature of the bath around t ⇡ ��1

wall. This agrees with the356

explicit solution of the Boltzmann equation as shown in appendix B.357

Around k ⇡
p
Hre�wall, ⌦GW, osc. has a similar parametric dependence as the peak am-358

plitude of the gravitational wave from walls in the scaling regime359
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Thus, we will match the two contributions with C = 7 to obtain a continuous spectrum. A360

more detailed numerical simulation is needed to determine the precise dynamics during the361

transition from the scaling regime to the oscillation wall regime and the gravitational wave362

spectrum produced by it. Nonetheless, this transition is likely to be smooth enough without363

producing striking features, such as sharp discontinuous jumps, on the gravitational wave364

spectrum, hence justifying our choice here.365

GW from Collapsing Cosmic Disks (t & ��1
wall) At the last stage of the evolution of366

the defect network, a rapid collapse happens, and the network annihilates. Because of this,367

we may approximate the frequency of the gravitational wave emitted at this stage as if they368

are all produced around t = ��1
wall. Therefore, the average radius r̄(t) will start to decay from369
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Thus, we will match the two contributions with C = 7 to obtain a continuous spectrum. A360

more detailed numerical simulation is needed to determine the precise dynamics during the361

transition from the scaling regime to the oscillation wall regime and the gravitational wave362

spectrum produced by it. Nonetheless, this transition is likely to be smooth enough without363

producing striking features, such as sharp discontinuous jumps, on the gravitational wave364

spectrum, hence justifying our choice here.365

GW from Collapsing Cosmic Disks (t & ��1
wall) At the last stage of the evolution of366

the defect network, a rapid collapse happens, and the network annihilates. Because of this,367

we may approximate the frequency of the gravitational wave emitted at this stage as if they368

are all produced around t = ��1
wall. Therefore, the average radius r̄(t) will start to decay from369
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where we have used the adiabatic invariant k(t = ��1
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Thus, we will match the two contributions with C = 7 to obtain a continuous spectrum. A360

more detailed numerical simulation is needed to determine the precise dynamics during the361

transition from the scaling regime to the oscillation wall regime and the gravitational wave362

spectrum produced by it. Nonetheless, this transition is likely to be smooth enough without363

producing striking features, such as sharp discontinuous jumps, on the gravitational wave364

spectrum, hence justifying our choice here.365

GW from Collapsing Cosmic Disks (t & ��1
wall) At the last stage of the evolution of366

the defect network, a rapid collapse happens, and the network annihilates. Because of this,367

we may approximate the frequency of the gravitational wave emitted at this stage as if they368

are all produced around t = ��1
wall. Therefore, the average radius r̄(t) will start to decay from369
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In the discussion to follow, we will leave �wall as a general parameter, leaving the possibility of343

the existence of a more e�cient decay channel for the wall, but we will take �wall = �wall as our344

benchmark in various plots. As we average over oscillations with a period ⇡ H
�1
re , we generally345

expect �wall ⇡ �t
�1 . Hre to maintain consistency. (rephrase here –Y.B.) Although the346

specific initial condition and geometry of the string dictate the precise spectrum, we will347
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We expect there to be ⇠ O(1) number of defect networks in a volume of H�3
re . The gravita-350
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where we have used the adiabatic invariant k(t = ��1
wall)/T�wall = Hre/T and T�wall ⇡355

p
�wallMPl denotes the temperature of the bath around t ⇡ ��1

wall. This agrees with the356

explicit solution of the Boltzmann equation as shown in appendix B.357
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spectrum produced by it. Nonetheless, this transition is likely to be smooth enough without363

producing striking features, such as sharp discontinuous jumps, on the gravitational wave364

spectrum, hence justifying our choice here.365
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Following a strategy similar to that given rise to eq. (3.13), the power spectrum here can be366

estimated as367
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(Maybe keeping the equation? We need its r̄
2 dependence here. –Y.B.) in which368

we dropped the redshift dependence on the frequency. The estimate for the number density369

of the network remains the same as before. The gravitational wave density can be estimated370

as371
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where we have used k = r̄
�1, following eq. (3.17). It is worth remarking that the microscopic372

physics of the wall annihilation could potentially change the power-law dependence of the373

UV part. For instance, when the disk size is . µ/� so that the string energy dominates,374

one expects that the gravitational wave spectrum transitions from ⇠ k
�2 to ⇠ k

�1, which is375

the typical UV tail of the GW spectrum from a cosmic string loop. This, however, should376

be in the deep UV as we assumed Hre ⌧ �/µ.4 Another potential source of modification to377

UV part of GW spectrum comes from the finiteness of the collapse time. We assumed that378

the string-wall network collapses su�ciently quickly so that the GW spectrum is produced379

at t = ��1 almost instantaneously. However, a finite collapse time for the network may lead380

to additional logarithmic dependence on k since the collapse process may be sensitive to the381

redshift due to Hubble flow. A dedicated numerical study is required to fully determine the382

details of the spectrum.383

3.3.3 GW from Long Belts384

Now, we direct our attention to the gravitational wave signal from cosmic belts. These defects385

may reconnect and enter a scaling regime by breaking o↵ daughter defects. Here, we focus386

on how long belts (mother defects) evolve and produce additional gravitational-wave signals;387

we will discuss the production of gravitational waves from the daughter defects later.388

We assume that the boundary defects enter the scaling regime e�ciently. For su�ciently389

small Hre considered here, the belts’ energy comes from the wall stretching between cosmic390

strings. These belts have an energy density that scales as391

⇢belts ⇡ �`wH
3
⇡

�H
2

Hre
, (3.19)

in which we assumed that the belt has a width w set by H
�1
re and a length ` set by H

�1.392

This energy density redshifts as / a
�4 in radiation domination. When belts collide and393

4Another example of a change of GW spectrum due to microscopic physics could be the inter-string in-

teraction, which can potentially compete with the wall tension as the boundary strings are pulled by walls.

However, for a string separation larger than that of the string core size, this interaction is exponentially sup-

pressed. Assuming su�cient hierarchy between v1 ⇡ µ
1/2 and �

1/3, this competition is never important when

the wall is large and contributes significantly to the energy of the defect network.
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�2 to ⇠ k

�1, which is375
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to additional logarithmic dependence on k since the collapse process may be sensitive to the381
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may reconnect and enter a scaling regime by breaking o↵ daughter defects. Here, we focus386

on how long belts (mother defects) evolve and produce additional gravitational-wave signals;387

we will discuss the production of gravitational waves from the daughter defects later.388

We assume that the boundary defects enter the scaling regime e�ciently. For su�ciently389
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teraction, which can potentially compete with the wall tension as the boundary strings are pulled by walls.
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1/3, this competition is never important when
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reconnect, some of their energy is converted into kinetic energy, which is why belts redshift394

more than disks. Also, kinks and cusps at the intersection lead to the production of relativistic395

particles and radiation that may further dampen the energy stored in the network. An396

analogous mechanism gives rise to the scaling regime of cosmic strings and explains why397

gravitational wave radiation from string loops is generally more significant than those emitted398

by long strings [24, 88]. While we expect this analogy between belts and strings to hold, it is399

interesting to check whether this expectation is valid in numerical simulations when domain400

wall energy is larger than string energy.401

Let’s now estimate the decay rate of cosmic belts into gravitational waves. Here, the402

gravitational wave signal mainly comes from the rapid oscillation of domain walls with fre-403

quency k ⇡ Hre. There is no dynamical reason for this motion to be coherent on a scale of404

the horizon size ` ⇡ H
�1. Hence, when using the quadrupole formula to estimate the power405

of gravitational radiation, we should use an incoherent sum over patches of size w⇥w on an406

object of size `⇥ w, i.e.407
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Cross terms of
...
Q between di↵erent patches should vanish on average due to incoherent408

oscillation. Note that PGW / ` instead of / `
2 is a tell-tale feature of this incoherent sum.409

This indeed leads to �GW, wall = �GW ⇡ �/M
2
Pl. (discussion on incoherent sum and410

decay rate of cosmic belts (or wall mode of rings) is moved here. –Y.B.)411

To estimate the gravitational-wave emission before belts collapse, one may consider412
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Here, the change in power law comes from the / a
�4 redshift of belts’ energy density in the413

scaling regime. Note that ⇠ k
2 is a much weaker power-law growth compared to ⇠ k

3 from414

disks; therefore, the belt contribution is expected to be less prominent than that from disks.415

This is reflected by the maximal abundance ⌦GW, belt

��k=Hre

t=��1 ⇡ (Hre/�)1/2 ⌦GW, disk

��k=Hre

t=��1 as416

we compare eq. (3.21) to eq. (3.14). As the network rapidly decays at around t ⇡ ��1, belts417

are pulled by domain walls to either annihilate or form stable string bundles as well. Then,418

the gravitational wave spectrum can be estimated as419
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in which we assumed that the gravitational wave is predominantly emitted with a frequency420

k ⇡ w
�1

⇡ Hre controlled by its width while its length ` ⇡ H
�1 remains in the scaling regime.421

This agrees with the approach by solving the Boltzmann equation as discussed in appendix B.422
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in which �1,2 are dimensionless couplings, v1,2 are the VEV of �1,2 respectively, and µm denotes155

the mixing parameter. If v2 � v1, phase transition of �2 field leads to U(1) ! Z2 breaking.156

The corresponding �2 cosmic string will form according to the Kibble-Zurek mechanism.157

The U(1) symmetry may be a gauge symmetry such as the B � L symmetry or a global158

symmetry such as the Peccei-Quinn symmetry. In sections 3 and 4, we consider a gauged and159

global U(1) symmetry, respectively. This leads to Z cosmic string configurations. Yet, our160

proposal can be applicable to other types of cosmic strings, such as unstable Z2 strings from161

breaking of SO(10) to Standard Model (SM) gauge group. More discussions about unstable162

cosmic strings will be o↵ered in section 7.163

Figure 3. Sketch of the two configurations of the string-bounded walls: For the particular model
we considered, there is a stable configuration (left panel) and an unstable configuration (right panel).
The phases of two complex scalar fields are drawn by arrows. The first phase transition produces
topological defects (strings) of �2 fields (blue arrows), and, later, a second phase transition settles �1

(orange arrows) to its true vacuum. Due to the trilinear coupling, �1 will rotate along the phase set
by the phase of �2 near the already-produced �2 strings. Far away from �2 strings, �2 takes a uniform
value so that the phase of �1 falls into either vacua leading to the formation of Z2 walls (orange lines).
The left panel shows two �2 strings with the same winding number pulled by a wall. As we will show
later, wall tension can su�ciently bring these strings together, resulting in a composite string bundle
that has the same winding number as the stable gauge string in this particular model. The right panel
shows two �2 strings with opposite winding numbers. As the wall pulls them together, the string
annihilates and may produce smaller-scale fluctuations.

There is a remnant Z2 symmetry after the first phase transition. A second phase transi-164

tion happens to settle �1 to its true vacuum, which breaks the Z2. The resulting string-wall165

bound states are shown in fig. 3. Due to the trilinear interaction166
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the mixing parameter. If v2 � v1, phase transition of �2 field leads to U(1) ! Z2 breaking.159
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proposal can be applicable to other types of cosmic strings, such as unstable Z2 strings from164

breaking of SO(10) to Standard Model (SM) gauge group. More discussions about unstable165

cosmic strings will be o↵ered in section 7.166

Figure 3. Sketch of the two configurations of the string-bounded walls: For the particular model
we considered, there is a stable configuration (left panel) and an unstable configuration (right panel).
The phases of two complex scalar fields are drawn by arrows. The first phase transition produces
topological defects (strings) of �2 fields (blue arrows), and, later, a second phase transition settles �1

(orange arrows) to its true vacuum. Due to the trilinear coupling, �1 will rotate along the phase set
by the phase of �2 near the already-produced �2 strings. Far away from �2 strings, �2 takes a uniform
value so that the phase of �1 falls into either vacua leading to the formation of Z2 walls (orange lines).
The left panel shows two �2 strings with the same winding number pulled by a wall. As we will show
later, wall tension can su�ciently bring these strings together, resulting in a composite string bundle
that has the same winding number as the stable gauge string in this particular model. The right panel
shows two �2 strings with opposite winding numbers. As the wall pulls them together, the string
annihilates and may produce smaller-scale fluctuations.

There is a remnant Z2 symmetry after the first phase transition. A second phase transi-167
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GW from rings: wall mode
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3.4 Gravitational Wave from Network Reconnection426

In this section, we discuss contributions to the gravitational-wave signal due to defects pro-427

duced during reconnections. These computations generally involve two steps: identifying the428

GW spectrum due to each individual defect and summing over all possible defect sizes. This429

strategy reproduces the parametric form of the well-studied gravitational wave spectrum of430

gauge cosmic strings as demonstrated in appendix C. Here, we will focus on the contribution431

from cosmic rings that are particular to the inflated string-bounded wall network.432

Each cosmic ring is produced from its mother defects at t ⇡ Hp. They should have a433

typical radius ` ⇡ H
�1
p and width w ⇡ H

�1
re . Di↵erent from defects previously discussed,434

cosmic rings can have two oscillation modes, one from the overall oscillation of the ring with435

k ⇡ Hp (hereafter “string mode”) and the other from the oscillation of the heavy wall with436

k ⇡ Hre (hereafter “wall mode”). Because the wall is mostly transverse to the string, one437

may assume that the frequency of the wall mode k ⇡ Hre remains mostly unchanged during438

reconnection. As cosmic belts reconnect later, they break o↵ longer cosmic rings that produce439

GW with lower frequencies.440

3.4.1 Estimating Spectrum from Cosmic Ring of Fixed Size441

Wall Mode (k ⇡ Hre) GW Spectrum We first estimate the wall mode spectrum for a442

cosmic ring. The ring density around its production is443

⇢ring ⇡ �wlH
3
p ⇡

�H
2
p

Hre
⇡ ⇢belt(H = Hp), (3.23)

comparable to the energy density of the long belt. However, after separating from the mother444

long belt, it becomes an isolated object with w ⇡ H
�1
re and ` ⇡ H

�1
p , redshifting like matter.445

During the oscillating stage of the wall mode of cosmic rings, the GW abundance may be446

estimated as447
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(3.24)

in which we used the fact that �GW ⇡ �/M
2
Pl. The ⇠ k

3 power-law dependence is similar448

to that of oscillating cosmic disks or string loops. Compared to cosmic disks (cf. eq. (3.14)),449

these cosmic rings are produced later and have “narrower” walls (w < `), thus making up450

a smaller fraction of energy density. Consequently, these rings produce gravitational wave451

signals attenuated by a factor of ⇠ (Hp/Hre)1/2. During the collapsing stage, the width of452

these rings shrinks, resulting in a decrease in energy / wHre, and produces a ⇠ k
�1 spectrum453

similar to long cosmic belts. Hence,454
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may assume that the frequency of the wall mode k ⇡ Hre remains mostly unchanged during438

reconnection. As cosmic belts reconnect later, they break o↵ longer cosmic rings that produce439

GW with lower frequencies.440

3.4.1 Estimating Spectrum from Cosmic Ring of Fixed Size441

Wall Mode (k ⇡ Hre) GW Spectrum We first estimate the wall mode spectrum for a442

cosmic ring. The ring density around its production is443

⇢ring ⇡ �wlH
3
p ⇡

�H
2
p

Hre
⇡ ⇢belt(H = Hp), (3.23)

comparable to the energy density of the long belt. However, after separating from the mother444

long belt, it becomes an isolated object with w ⇡ H
�1
re and ` ⇡ H

�1
p , redshifting like matter.445

During the oscillating stage of the wall mode of cosmic rings, the GW abundance may be446

estimated as447
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in which we used the fact that �GW ⇡ �/M
2
Pl. The ⇠ k

3 power-law dependence is similar448

to that of oscillating cosmic disks or string loops. Compared to cosmic disks (cf. eq. (3.14)),449

these cosmic rings are produced later and have “narrower” walls (w < `), thus making up450

a smaller fraction of energy density. Consequently, these rings produce gravitational wave451

signals attenuated by a factor of ⇠ (Hp/Hre)1/2. During the collapsing stage, the width of452

these rings shrinks, resulting in a decrease in energy / wHre, and produces a ⇠ k
�1 spectrum453

similar to long cosmic belts. Hence,454
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GW from rings: wall mode

When Hp ⌧ Hre, both the oscillating and collapse stage of the wall mode are obscured455

underneath the disks’ GW spectrum because of the (Hp/Hre)1/2 suppression. However, when456

Hp ⇡ Hre, the collapsing stage of cosmic rings is less rapid than that of disks and produces a457

shallower UV spectrum / k
�1. This ⇠ k

�1 part of the spectrum should be one of the main458

features in the GW signal from reconnection of the inflated string-bounded wall network.459

Figure 5. Decomposition of gravitational wave spectrum of cosmic rings on a logarithmic scale:
Generally, three peaks appear in the GW spectrum of cosmic rings. Two peaks come from the string
mode oscillating with frequency k ⇡ Hp: one from the usual thin string with tension µ, and the other
from the fat string with e↵ective tension µe↵ ⇡ �/Hre. The last peak comes from the wall mode
oscillating with frequency k ⇡ Hre. Top left: As Hp decreases (lighter color), the rings are produced
later and radiate GW of lower frequency. The GW abundance of thin string mode remains unchanged.
However, that of the fat string mode decreases and traces out the / f

3/2 power law. The fat-string
peak vanishes for Hp & � since domain walls have collapsed when cosmic rings are produced. In other
words, almost all cosmic rings (belts) have e↵ectively become string loops (long strings). Top right:
The GW spectrum for the wall mode of cosmic rings of decreasing Hp (lighter color). While the wall
mode constantly radiates at k ⇡ Hre, the GW abundance of cosmic rings produced later decreases
and is subdominant. Bottom: The total GW spectrum of cosmic rings produced due to network
reconnection is obtained by summing over the GW spectrum produced at all possible Hp. This is
approximated given by the envelope of all the spectra (thick green line).
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GW from rings: fat string mode
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Fat string oscillation Fat string end

String Mode (k ⇡ Hp) GW Spectrum The string mode on individual cosmic ring460

spectrum has more features. We start by noticing that ⇢ring takes a similar form to that of461

string loops ⇢loop ⇡ µH
2
p if we define an e↵ective string tension µe↵ ⌘ �/Hre. This means462

that the string mode of the cosmic rings will have a decay rate463

�str
GW, ring ⇡

PGW, ring

Ering
⇡

�

M
2
Pl

Hp

Hre
, (3.26)

in which we used464

PGW, ring ⇡

D ...
Q

2
E

M
2
Pl

⇡
1

M
2
Pl

✓
Ering`

2

`3

◆2

⇡
�
2

M
2
PlH

2
re
, Ering ⇡ �w`. (3.27)

Note that the string decay rate �str
GW, ring is always smaller than the wall decay rate � > �GW465

because Hp < Hre < �/µ. Yet once the wall mode decays, the ring width rapidly shrinks466

so that rings behave like cosmic string loops with their usual tension µ. Then, until much467

later, these string loops collapse and decay into gravitational waves. It is then helpful to call468

the string mode with µe↵ before t = ��1 the fat string contribution and call the string mode469

with µ after t = ��1 the thin string contribution. The fat string mode stays in the oscillating470

stage so that its gravitational wave spectrum can be estimated as471
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At t = ��1, domain walls rapidly collapse. Because tension changes suddenly from µe↵ =472

�/Hp to its true tension µ within t ⇡ ��1
< �str, the gravitational wave spectrum of fat473

string mode sharply cuts o↵ at k ⇡ Hp,5 and the cosmic ring, now a thin string loop, remains474

in its oscillating stage.475

The string mode then continues to behave just like a usual string loop until it decays476

around t
�1

⇡ �str ⌘ µHp/M
2
Pl and matches to the well-studied gauge string GW spectrum.477

The spectral peak of thin strings should be around k = Hp around t = ��1
str or, equiva-478

lently, k = a(��1
str )Hp/a(��1) around t = ��1. Also, it should exhibit k

3
! k

�1 power-law479

dependence around this peak. A dedicated computation for this contribution is o↵ered in480

appendix C with results given in eqs. (C.2) and (C.3). Thus, its full GW spectrum should481

5Here, we assumed that Hp ⌧ Hre so that the typical string mode frequency k ⇡ Hp cannot resolve the

dynamics on a scale w
�1 ⇡ Hre. Technically, the spectrum may not be sharply cut o↵ when Hp ⇡ Hre,

and ⇠ k
�1 UV part of the GW spectrum from the fat string collapse may be resolved. Nonetheless, this

contribution is comparable to that of the wall mode with Hp ⇡ Hre and does not introduce a shallower

power-law dependence to the total GW spectrum. Hence, we will not further discuss this subtlety.
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GW from rings: strings

When Hp ⌧ Hre, both the oscillating and collapse stage of the wall mode are obscured455

underneath the disks’ GW spectrum because of the (Hp/Hre)1/2 suppression. However, when456

Hp ⇡ Hre, the collapsing stage of cosmic rings is less rapid than that of disks and produces a457

shallower UV spectrum / k
�1. This ⇠ k

�1 part of the spectrum should be one of the main458

features in the GW signal from reconnection of the inflated string-bounded wall network.459

Figure 5. Decomposition of gravitational wave spectrum of cosmic rings on a logarithmic scale:
Generally, three peaks appear in the GW spectrum of cosmic rings. Two peaks come from the string
mode oscillating with frequency k ⇡ Hp: one from the usual thin string with tension µ, and the other
from the fat string with e↵ective tension µe↵ ⇡ �/Hre. The last peak comes from the wall mode
oscillating with frequency k ⇡ Hre. Top left: As Hp decreases (lighter color), the rings are produced
later and radiate GW of lower frequency. The GW abundance of thin string mode remains unchanged.
However, that of the fat string mode decreases and traces out the / f

3/2 power law. The fat-string
peak vanishes for Hp & � since domain walls have collapsed when cosmic rings are produced. In other
words, almost all cosmic rings (belts) have e↵ectively become string loops (long strings). Top right:
The GW spectrum for the wall mode of cosmic rings of decreasing Hp (lighter color). While the wall
mode constantly radiates at k ⇡ Hre, the GW abundance of cosmic rings produced later decreases
and is subdominant. Bottom: The total GW spectrum of cosmic rings produced due to network
reconnection is obtained by summing over the GW spectrum produced at all possible Hp. This is
approximated given by the envelope of all the spectra (thick green line).
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The GW spectrum for the wall mode of cosmic rings of decreasing Hp (lighter color). While the wall
mode constantly radiates at k ⇡ Hre, the GW abundance of cosmic rings produced later decreases
and is subdominant. Bottom: The total GW spectrum of cosmic rings produced due to network
reconnection is obtained by summing over the GW spectrum produced at all possible Hp. This is
approximated given by the envelope of all the spectra (thick green line).

– 16 –



GW (total)

3.5 Summary518

So far, we have computed the gravitational wave spectrum due to the three-stage evolution519

of the inflated string-bounded wall network. The full wall spectrum, including disks, belts,520

and rings, observed at around t = ��1
wall is521
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This spectrum is shared among any inflated string-bounded wall networks with �wall < Hre.522

Redshifted to today, this provides a peak around523
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in which the value of the decay width �wall comes from the gravitational decay width �wall =524

⇡�/M
2
Pl of a wall of tension � =

�
106GeV

�3
. In this case, the fractional energy density of525

the gravitational wave around this peak, as observed today, is526
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Before we discuss the contribution from cosmic strings, we should clarify that the presence527

of string spectrum is model-dependent. It is possible that cosmic strings produced in the528

first phase transition is topologically unstable and annihilated by wall produced in the second529

phase transition. For instance, unstable Z2 strings can usually arise when breaking an SO(10)530

grand unified theory to the Standard Model. Unlike our model with ⇡1(U(1)) = Z showing531

the stability of boundary strings, ⇡1(SO(10)/(SU(3)⇥ SU(2)⇥U(1))) = 0 implies that these532

strings are not protected by topology. Due to this topological instability, all strings must533

attach to domain walls, and no string remains after the walls collapse. This may remove534

the flat string spectrum. Nonetheless, due to inflation, walls bounded by unstable strings is535

capable of providing some striking signal.6536

If topologically stable strings are admitted in the model, the string contribution (both537

scaling string after t & ��1
wall and thin-string mode of cosmic rings) will be part of the gravi-538

tational wave spectrum. It has been known that the gravitational wave spectrum from gauge539

6However, it should be noted that the string does not a↵ect the dynamics of the network much after the

collapse of the wall. This makes extracting information about the string, such as the string tension, from the

GW spectrum much more challenging when walls are bounded by inflated unstable strings.
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Before we discuss the contribution from cosmic strings, we should clarify that the presence527

of string spectrum is model-dependent. It is possible that cosmic strings produced in the528

first phase transition is topologically unstable and annihilated by wall produced in the second529

phase transition. For instance, unstable Z2 strings can usually arise when breaking an SO(10)530

grand unified theory to the Standard Model. Unlike our model with ⇡1(U(1)) = Z showing531

the stability of boundary strings, ⇡1(SO(10)/(SU(3)⇥ SU(2)⇥U(1))) = 0 implies that these532

strings are not protected by topology. Due to this topological instability, all strings must533

attach to domain walls, and no string remains after the walls collapse. This may remove534

the flat string spectrum. Nonetheless, due to inflation, walls bounded by unstable strings is535

capable of providing some striking signal.6536

If topologically stable strings are admitted in the model, the string contribution (both537

scaling string after t & ��1
wall and thin-string mode of cosmic rings) will be part of the gravi-538

tational wave spectrum. It has been known that the gravitational wave spectrum from gauge539

6However, it should be noted that the string does not a↵ect the dynamics of the network much after the

collapse of the wall. This makes extracting information about the string, such as the string tension, from the

GW spectrum much more challenging when walls are bounded by inflated unstable strings.
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Before we discuss the contribution from cosmic strings, we should clarify that the presence527

of string spectrum is model-dependent. It is possible that cosmic strings produced in the528

first phase transition is topologically unstable and annihilated by wall produced in the second529

phase transition. For instance, unstable Z2 strings can usually arise when breaking an SO(10)530

grand unified theory to the Standard Model. Unlike our model with ⇡1(U(1)) = Z showing531

the stability of boundary strings, ⇡1(SO(10)/(SU(3)⇥ SU(2)⇥U(1))) = 0 implies that these532

strings are not protected by topology. Due to this topological instability, all strings must533

attach to domain walls, and no string remains after the walls collapse. This may remove534

the flat string spectrum. Nonetheless, due to inflation, walls bounded by unstable strings is535

capable of providing some striking signal.6536

If topologically stable strings are admitted in the model, the string contribution (both537

scaling string after t & ��1
wall and thin-string mode of cosmic rings) will be part of the gravi-538

tational wave spectrum. It has been known that the gravitational wave spectrum from gauge539

6However, it should be noted that the string does not a↵ect the dynamics of the network much after the

collapse of the wall. This makes extracting information about the string, such as the string tension, from the

GW spectrum much more challenging when walls are bounded by inflated unstable strings.
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In comparison with post inflation production
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Figure 6. (mention unstalbe strings in the main text. –K.H.) Decomposition of the
gravitational-wave (GW) signal of the defect network bounded by inflated gauge strings with the
string tension µ

1/2 = 1013 GeV, the wall tension �
1/3 = 106 GeV, the string re-entry Hubble parame-

ter Hre = 10�13 GeV, and the decay rate of domain walls � = �GW ⇡ 5.3⇥10�19 GeV. The prominent
GW signal is from domain walls and comes in three parts: rings (dot-dash-dotted yellow line), disks
(dashed light-blue line), and scaling (dot-dashed violet line) with the characteristic power-law behavior
labeled on the figure. Stable gauge strings in the model also produce GWs (dot-dashed green line).
The full GW signal is the sum of the two spectra (solid dark blue line). The string spectrum for the
inflated string-wall network has a UV fallo↵ because the earliest string can produce GW at around
t = H

�1
re due to inflation. The same benchmark model with gauge strings and domain walls both

produced after inflation will produce a GW spectrum only from scaling gauge strings (solid brown
line), with no sharp feature due to the annihilation of walls on the spectrum. If there remains no
stable gauge strings after the annihilation of walls, only GW from walls will be observed.

4 From Boundary Gauge String to Boundary Global Strings552

(Section 4 is entirely restructured. –Y.B.) In this section, we will shift our focus to553

finding the gravitational-wave signature when global strings, instead of gauge strings, bound554

the string-wall network. This can be achieved by demoting the U(1) gauge symmetry to a555

global symmetry for our näıve model shown in eq. (2.1). Di↵erent from the scenario discussed556

in section 3, the model with global strings has an extra Nambu-Goldstone boson (NGB).557

Strings may radiate NGBs and open up another possibility to dump the energy of the defect558

GW spectrum much more challenging when walls are bounded by inflated unstable strings. (assuming �GW

... –Y.B.)
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Figure 9. Decomposition of gravitational wave (GW) signal of walls bounded by inflated global
strings: Similar to fig. 7, we set the scale related to string tension µ

1/2 = 1013 GeV, the scale related
to wall tension �

1/3 = 106 GeV, the string re-entry Hubble parameter Hre = 10�14 GeV, and the
network decay width � = �GW ⇡ 5.3 ⇥ 10�19 GeV. The wall contribution to the GW spectrum still
comes from three parts: rings (dot-dash-dotted orange line), disks (dashed light-blue line), and scaling
(dot-dashed violet line). The new feature is the quicker fallo↵ in both the disk and belt spectrum
in the UV. They appear because global strings can radiate Nambu-Goldstone bosons (NGB) and can
further accelerate the collapse of the string-wall network when walls are su�ciently small. The full
GW signal is the envelope of all these spectra (solid dark blue line). The global string considered here
has a low tension and produces a GW signal that is too small to be visible by current and near-future
GW observatories. Nonetheless, di↵erent power-law behaviors of the GW spectrum from walls come
from the NGB emission of the boundary strings and can be used to infer the string tension.

Due to the suppressed maximal gravitational wave abundance, we will not further discuss731

this possibility. It is also noteworthy that although the GW signal from the global string is732

suppressed, the inflated string-bounded wall may radiate NGB e�ciently and could lead to733

another way to produce axion dark matter beyond the standard misalignment mechanism or734

production from defects in the minimal case, allowing for the smaller decay constant than735

what the minimal case predicts. Note that unlike Refs. [99–101], where domain walls are736

made from the axion, the domain walls in our setup are made from a heavy field and hence737

the domain wall energy density can be larger. On the other hand, if the global NGB has738

a small mass, one may also expect it to be a component of dark radiation as well. In this739

scenario, �Ne↵ and other dark radiation searches provide a no-loose reach for these inflated740

topological defects that decay into either GW or very light NGB.741
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Figure 9. Decomposition of gravitational wave (GW) signal of walls bounded by inflated global
strings: Similar to fig. 7, we set the scale related to string tension µ

1/2 = 1013 GeV, the scale related
to wall tension �

1/3 = 106 GeV, the string re-entry Hubble parameter Hre = 10�14 GeV, and the
network decay width � = �GW ⇡ 5.3 ⇥ 10�19 GeV. The wall contribution to the GW spectrum still
comes from three parts: rings (dot-dash-dotted orange line), disks (dashed light-blue line), and scaling
(dot-dashed violet line). The new feature is the quicker fallo↵ in both the disk and belt spectrum
in the UV. They appear because global strings can radiate Nambu-Goldstone bosons (NGB) and can
further accelerate the collapse of the string-wall network when walls are su�ciently small. The full
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Figure 9. Decomposition of gravitational wave (GW) signal of walls bounded by inflated global
strings: Similar to fig. 7, we set the scale related to string tension µ

1/2 = 1013 GeV, the scale related
to wall tension �

1/3 = 106 GeV, the string re-entry Hubble parameter Hre = 10�14 GeV, and the
network decay width � = �GW ⇡ 5.3 ⇥ 10�19 GeV. The wall contribution to the GW spectrum still
comes from three parts: rings (dot-dash-dotted orange line), disks (dashed light-blue line), and scaling
(dot-dashed violet line). The new feature is the quicker fallo↵ in both the disk and belt spectrum
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suppressed, the inflated string-bounded wall may radiate NGB e�ciently and could lead to733

another way to produce axion dark matter beyond the standard misalignment mechanism or734

production from defects in the minimal case, allowing for the smaller decay constant than735

what the minimal case predicts. Note that unlike Refs. [99–101], where domain walls are736

made from the axion, the domain walls in our setup are made from a heavy field and hence737

the domain wall energy density can be larger. On the other hand, if the global NGB has738

a small mass, one may also expect it to be a component of dark radiation as well. In this739

scenario, �Ne↵ and other dark radiation searches provide a no-loose reach for these inflated740

topological defects that decay into either GW or very light NGB.741
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Unlike the previous case (w�1
i

& kNGB) in which the domain wall oscillation is prematurely645

terminated by NGB radiation, this case allows the wall to oscillate fully and decay predomi-646

nantly into gravitational waves while giving an interesting transition in spectral shape in the647

UV. Therefore, this will be the main focus of our upcoming discussion.648

4.2 Gravitational Wave Signal: Spectrum and Strength649

Similar to section 3.3, we will discuss the contribution to gravitational wave signals from650
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instead of reiterating already familiar computations. A summary of GW spectra is provided652
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remains una↵ected. We only need to change the UV part of the gravitational wave spectrum,658
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following eq. (4.10). This means that the UV spectrum of the gravitational wave during the661

collapse stage is modified such that a steeper fallo↵ ⇠ k
�4 may appear. This is corrobo-662

rated with a more sophisticated computation using the Boltzmann equation as discussed in663

appendix B.664

When we take kNGB . Hre, the three-stage evolution of walls is altered slightly to (1)665

scaling regime, (2) oscillating regime that is prematurely terminated by NGB radiation, and666

(3) rapid decay into predominantly NGBs. This means that the oscillating spectrum remains667
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Then, the radiation into NGBs becomes e�cient, and the network rapidly collapses. The657

gravitational wave spectrum becomes much sharper because of the enhancement of the decay658

rate into NGBs from eq. (4.9), and its UV part should be659
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While the spectral shape still is interesting, this case with kNGB . Hre leads to a smaller660

peak gravitational wave abundance, hence yielding typically a smaller GW signature.661

4.2.2 GW from Cosmic Rings662

Another significant contribution from the string-wall network to the GW spectrum comes from663

cosmic rings. It is worth reiterating that cosmic rings have a wall mode (k ⇡ Hre ⇡ w
�1) and664

a string mode (k ⇡ Hp ⇡ `
�1). Each of them will experience slightly di↵erent power loss and665
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The power estimation can be obtained by either quadrupole formula similar to eq. (3.11) or667

NGB radiation formula similar to eq. (4.3). The equation above tells us that the wall mode668

dissipates more power and controls the dominant decay rate. It is also worth mentioning that669

by assuming that Hre . �/µ, we are also guaranteed that the NGB decay time happens after670

the string re-entry, i.e.671

H
�1
re <

�

µHre
H

�1
re ⇡ �wall

NGB
�1

. (4.15)

This matches with the intuition that the boundary string does not a↵ect the dynamics too672

much when the wall energy is large. As for the string mode, recall from section 3.4 that the673

string mode is due to the coherent oscillation on a scale of ` ⇠ H
�1
p , and the ⇠ k

3/2 spectral674

shape comes from the fat string peak by summing over all cosmic rings in the scaling regime.675

The equation above demonstrates why the notion of a fat string is appropriate here. The676

parametric dependences of both �str
GW, ring and �str

NGB, ring indeed are / Hp and similar to those677

of a string with an e↵ective tension µe↵ ⇡ �/Hre. We, hence, expect the analysis of the total678

contribution from cosmic rings to the stochastic gravitational wave to be similar to that done679

in section 3.4.680

We can then repeat the analysis for the wall mode and string mode similar to that681

presented in section 3.4.2. If kNGB & Hre, cosmic rings are wide enough such that NGB682

emission is not a dominate channel of dissipate during its oscillating stage. The largest decay683

rate is still determined by �wall. Therefore, the IR part of the GW spectrum from cosmic684

rings remains the same as that discussed in section 3.4.2, exhibiting ⇠ k
3
!⇠ k

3/2 power law.685

As wall starts to collapse, the ring width will decrease below w(t) . k
�1
NGB, allowing NGB686

emission to become e�cient. Then, according to eq. (4.10), an extra ⇠ k
�2 suppression in GW687

spectrum from the branching ratio becomes important. Aggregating all these observations,688

we obtain the gravitational wave spectrum689
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4.2.3 GW from Other Defects697

Besides contributions from rings and disks, there are also other potential defects in the net-698

work, such as cosmic string loops and cosmic belts. Now, we will show that their contribution699

to the GW spectrum is negligible. We will omit these contributions when we report the bench-700

mark gravitational wave spectrum from wall network bounded by inflated global strings.701

First, cosmic belts are already known to be a subdominant contribution even in the702

boundary gauge string case as discussed in section 3.3.3. Its maximal abundance should still703

be suppressed compared to that from cosmic disks or rings, i.e.704
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This claim still holds for the case with boundary global strings with � ⇡ max{�wall,�wall
NGB},705

and the prefactor still suppresses the belt contribution to GW spectrum when � ⇡ �wall
NGB as706

shown in eq. (4.15). Hence, we may safely ignore the cosmic belt contribution regardless of707

whether NGB emission is significant or not.708

For the string spectrum, the NGB radiation is extremely e�cient in damping the energy709

in string loops, and the typical decay rate by NGB radiation for global strings is roughly710
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This should be contrasted with the decay rate of string into gravitational waves, �GW, str ⇡711

µHp/M
2
Pl (see eq. (C.1)). Then, we may estimate the maximal gravitational wave abundance712

emitted by global strings as713
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Figure 9. Decomposition of gravitational wave (GW) signal of walls bounded by inflated global
strings: Similar to fig. 7, we set the scale related to string tension µ

1/2 = 1013 GeV, the scale related
to wall tension �

1/3 = 106 GeV, the string re-entry Hubble parameter Hre = 10�14 GeV, and the
network decay width � = �GW ⇡ 5.3 ⇥ 10�19 GeV. The wall contribution to the GW spectrum still
comes from three parts: rings (dot-dash-dotted orange line), disks (dashed light-blue line), and scaling
(dot-dashed violet line). The new feature is the quicker fallo↵ in both the disk and belt spectrum
in the UV. They appear because global strings can radiate Nambu-Goldstone bosons (NGB) and can
further accelerate the collapse of the string-wall network when walls are su�ciently small. The full
GW signal is the envelope of all these spectra (solid dark blue line). The global string considered here
has a low tension and produces a GW signal that is too small to be visible by current and near-future
GW observatories. Nonetheless, di↵erent power-law behaviors of the GW spectrum from walls come
from the NGB emission of the boundary strings and can be used to infer the string tension.

Due to the suppressed maximal gravitational wave abundance, we will not further discuss731

this possibility. It is also noteworthy that although the GW signal from the global string is732

suppressed, the inflated string-bounded wall may radiate NGB e�ciently and could lead to733

another way to produce axion dark matter beyond the standard misalignment mechanism or734

production from defects in the minimal case, allowing for the smaller decay constant than735

what the minimal case predicts. Note that unlike Refs. [99–101], where domain walls are736

made from the axion, the domain walls in our setup are made from a heavy field and hence737

the domain wall energy density can be larger. On the other hand, if the global NGB has738

a small mass, one may also expect it to be a component of dark radiation as well. In this739

scenario, �Ne↵ and other dark radiation searches provide a no-loose reach for these inflated740

topological defects that decay into either GW or very light NGB.741
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Figure 9. Decomposition of gravitational wave (GW) signal of walls bounded by inflated global
strings: Similar to fig. 7, we set the scale related to string tension µ

1/2 = 1013 GeV, the scale related
to wall tension �

1/3 = 106 GeV, the string re-entry Hubble parameter Hre = 10�14 GeV, and the
network decay width � = �GW ⇡ 5.3 ⇥ 10�19 GeV. The wall contribution to the GW spectrum still
comes from three parts: rings (dot-dash-dotted orange line), disks (dashed light-blue line), and scaling
(dot-dashed violet line). The new feature is the quicker fallo↵ in both the disk and belt spectrum
in the UV. They appear because global strings can radiate Nambu-Goldstone bosons (NGB) and can
further accelerate the collapse of the string-wall network when walls are su�ciently small. The full
GW signal is the envelope of all these spectra (solid dark blue line). The global string considered here
has a low tension and produces a GW signal that is too small to be visible by current and near-future
GW observatories. Nonetheless, di↵erent power-law behaviors of the GW spectrum from walls come
from the NGB emission of the boundary strings and can be used to infer the string tension.
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Now, we take a slightly modified benchmark from that in section 3.5 with Hre changed742

from 10�13GeV to 10�14GeV. All other parameters, such as µ
1/2 = 1013GeV, �

1/3 =743

106GeV, and � = �GW ⇡ 5.3⇥10�19GeV, remains unchanged. Here, the characteristic scale744

for NGB emission is745

kNGB ⇡ 10�13GeV

✓
�

5.3⇥ 10�19GeV

◆1/2
 

�
1/3

106GeV

!3/2✓
1013GeV

µ1/2

◆
, (4.24)

or as observed today,746

fNGB

����
T0

⇡ 2⇥ 10�3Hz

✓
106.75

g⇤,s(T�)

◆1/3✓
g⇤,⇢(T�)

106.75

◆1/4
 

�
1/3

106GeV

!3/2✓
1013GeV

µ1/2

◆
. (4.25)

This scale was coincidentally close to the peak frequency (cf. eq. (3.34)) for the benchmark747

in section 3.5. Thus, for clarity, we choose to decrease Hre by one order of magnitude so748

that fpeak

��
T0

⇡ 2 ⇥ 10�4GeV. This shows the entire ⇠ k
�1

!⇠ k
�3 spectrum as discussed749

fig. 9. Interestingly, the scale kNGB observed today is independent of Hre. If a ⇠ k
�1

!⇠ k
�3

750

transition is observed in the GW spectrum, the prominent peak can be used to infer both751

�
1/3 and Hre while the transition frequency, related to kNGB, may be used to further extract752

the µ1/2. Therefore, the particular power-law features and their transition frequencies encode753

information about the symmetry breaking scale of cosmic string, in spite of the fact that the754

GW spectrum from the global string network after walls collapse is too small to be detectable.755

In other words, although the gravitational wave signature from the strings is not reachable,756

solely using the wall spectrum is su�cient to determine the string tension in this scenario.757

5 GW Spectrum Benchmarks and Comparison758

In this section, we provide a few more benchmarks to show the generality of this mechanism759

in producing interesting gravitational wave signals across a large range of frequencies. We760

also compare the signal of our setup with the case without intermediate inflation and other761

stochastic GW sources.762

5.1 Signals from Nanohertz to Kilohertz763

To start o↵, let us revisit the scenario with µ
1/2 = 1013GeV, �

1/3 = 106GeV, Hre =764

10�13GeV, and � = �GW ⇡ 5.3 ⇥ 10�19GeV that we considered in sections 3.5 and 4.3.765

Our string re-entry happens at a temperature Tre =
p
HreMPl ⇡ 160GeV, much before BBN.766

In this case, the wall-domination Hubble is around Hwd ⇡ 6 ⇥ 10�20GeV. which is 6-order-767

of-magnitude smaller than Hre. The decay of these defects will not disrupt BBN for two768

reasons. First, it will occur at T = T� =
p
�MPl ⇡ 1GeV. Hence, the defects does not have769

large fluctuations to a↵ect the SM thermal bath around BBN. Second, the abundance of its770

decay products, mainly into gravitational waves, does not exceed the required �Ne↵ . 0.4771

during BBN [102]. This guarantees that their decay products also do not a↵ect the expansion772
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Figure 1. Various benchmarks are o↵ered to show that inflated string-bounded wall networks can
potentially produce GW signals across a large frequency band, from 10�10 Hz to 104 Hz. Three
GW benchmark spectra from walls bounded by inflated gauge strings are o↵ered (solid lines), and
one benchmark spectrum from walls bounded by global strings is provided (dashed blue line) to be
compared with its gauge-string counterpart (solid blue line). Parameter choices, such as the string
tension scale µ

1/2, the wall tension scale �
1/3, and the Hubble size at string re-entry Hre, of these

benchmarks are labeled on the curve in unit of GeV. A zoomed-in panel is shown to compare the
signal of the low-frequency benchmark to the stochastic background observed by NANOGrav 15-year
data release [1, 60].

strings re-enter the horizon, denoted as Hre, and the final collapse of the system is controlled93

by a decay rate which we will denote as �. A sketch of the evolution of the size of the94

string-wall network is shown in fig. 2. More comparison with Ref. [58] and explanations for95

why inflation is advantageous, if not unavoidable, for this scenario is o↵ered in sections 5.396

and 5.4.97

Before we delve into the details of the evolution of the defect network, we would like98

to remark on the generality of the model. First, a cascade of phase transitions with the99

production of topological defects is quite common in UV models.2 It is natural to expect that100

phase transitions can happen in hierarchically di↵erent scales. If so, there would be enough101

room for additional dynamics, such as a period of inflation, to happen in between. An epoch102

of vacuum domination, so long as it does not generate large fluctuation on the CMB scale,103

does not contradict current cosmological observations and can be consistently incorporated104

2See, for example, fig. 1 of ref. [58]
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3.5 Summary518

So far, we have computed the gravitational wave spectrum due to the three-stage evolution519

of the inflated string-bounded wall network. The full wall spectrum, including disks, belts,520

and rings, observed at around t = ��1
wall is521
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This spectrum is shared among any inflated string-bounded wall networks with �wall < Hre.522

Redshifted to today, this provides a peak around523

fpeak
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,

(3.34)

in which the value of the decay width �wall comes from the gravitational decay width �wall =524

⇡�/M
2
Pl of a wall of tension � =

�
106GeV

�3
. In this case, the fractional energy density of525

the gravitational wave around this peak, as observed today, is526

⌦GWh
2

����
T0,fpeak

⇡ 2⇥ 10�8
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!6✓
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Before we discuss the contribution from cosmic strings, we should clarify that the presence527

of string spectrum is model-dependent. It is possible that cosmic strings produced in the528

first phase transition is topologically unstable and annihilated by wall produced in the second529

phase transition. For instance, unstable Z2 strings can usually arise when breaking an SO(10)530

grand unified theory to the Standard Model. Unlike our model with ⇡1(U(1)) = Z showing531

the stability of boundary strings, ⇡1(SO(10)/(SU(3)⇥ SU(2)⇥U(1))) = 0 implies that these532

strings are not protected by topology. Due to this topological instability, all strings must533

attach to domain walls, and no string remains after the walls collapse. This may remove534

the flat string spectrum. Nonetheless, due to inflation, walls bounded by unstable strings is535

capable of providing some striking signal.6536

If topologically stable strings are admitted in the model, the string contribution (both537

scaling string after t & ��1
wall and thin-string mode of cosmic rings) will be part of the gravi-538

tational wave spectrum. It has been known that the gravitational wave spectrum from gauge539

6However, it should be noted that the string does not a↵ect the dynamics of the network much after the

collapse of the wall. This makes extracting information about the string, such as the string tension, from the

GW spectrum much more challenging when walls are bounded by inflated unstable strings.
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Comparisons
source spectral shape ref(s)

gauge str. + inf. + wall f
3
! f

3/2
! f

�1 eq. (3.33)

global str. (wi & kNGB) + inf. + wall f
3
! f

3/2
! f

�1
! f

�3 eq. (4.22)

global str. (wi . kNGB) + inf. + wall f
3
! f

3/2
! f

�3 eq. (4.23)

primordial metric perturbation f
nT ! f

nT�2 [107]

secondary GW (log-normal P⇣) f
3 ln2 f ! cuto↵ [108]

secondary GW (Dirac delta P⇣) f
2 ln2 f ! cuto↵ [108]

secondary GW (knIR ! k
�nUV) f

3 ln2 f ! f
�2nUV [109]

phase transition, turbulence, analytical f
3
! f

�7/2 [110]

phase transition, turbulence, numerical f
1
! f

�8/3 [111]

phase transition, sound wave f
9
! f

�3 [112]

domain wall f
3
! f

�1 [49]

cosmic gauge string f
3/2

! f
0
! f

�1 [33]

gauge string in kination domination f
1
! f

�2 bump [40, 44, 45]

supermassive black hole binary f
2/3 [113]

Table 2. Summary table of a few other GW spectral shapes in comparison with this work: Various
sources and their power-law dependence of GW spectra are provided with references.

Another benchmark is scalar-induced gravitational waves. The particular spectral shape829

depends on the choice of the primordial curvature perturbation P⇣ . For instance, for a log-830

normally distribution P⇣(k), the GW spectrum ⌦GW takes roughly the power law f
3 ln2 f !831

cuto↵; for delta-function-distributed P⇣(k), the GW spectrum is roughly f
2 ln2 f ! cuto↵;832

for a broken-power-law-distributed P⇣(k) ⇠ k
nIR ! k

�nUV with nUV > 0 and nIR > 3/2, the833

GW spectrum is approximately f
3 ln2 f ! f

�2nUV [108, 109].834

As for phase transitions, its turbulence phase may produce a GW spectrum of the form835

f
3
! f

�7/2[110]10 and its sound waves have a spectral shape of f9
! f

�3 [112].836

Lastly, various topological defects may produce interesting GW spectra. For instance,837

domain wall collapse due to bias in vacuum potential can produce a GW spectrum that looks838

like f
3
! f

�1 [49] while a gauge cosmic string typically has a flat spectrum (⇠ f
0) with an839

IR rollo↵ of f3/2 around matter-radiation equality [33]. Due to the long-livedness of gauge840

strings, previous studies also proposed ideas to use the change in their gravitational spectral841

shape as a probe of the early universe dynamics [32, 35, 43]. For instance, if a period of842

matter and kination domination occurs, which is common from axion rotation, a bump of843

the form f
1
! f

�2 on top of the flat spectrum may appear as discussed in Ref. [40, 44, 45].844

Nonetheless, these spectral shapes are distinct from our benchmark spectra.845

In addition to the cosmological sources, the supermassive black hole binary merger in-846

duces a stochastic gravitational wave background with a power law f
2/3 [113], which also847

10We should remark that an updated numerical study seems to provide a di↵erent power-law dependence

f
1 ! f

�8/3 due to the turbulence [111].
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A model of thermal inflation

In fact, if we consider a thermal phase transition with Tp ⇠ m1 that produces domain890

walls, one would estimate that891

⌦GW, peak ⇡
v1

M
1/2
Pl m

1/2
1

. (5.3)

A large ⌦GW, peak strongly favors a small m1 ⌧ v1, which implies a very flat potential of �1.892

Yet a flat �1 potential implies that a second inflation will occur as we will discuss in section 6.893

6 Model Realization: Thermal Inflation894

So far, we have discussed the evolution of an inflated string-bounded wall network. This895

mechanism is generally applicable so long as a brief period of inflation appears between896

two phase transitions. Note that Hre, µ1/2, and �
1/3 are essentially free parameters coming897

from di↵erent physics. In this section, we further restrict parameters in the mechanism898

considered and propose a concrete model relating Hre to the mass of the field producing899

domain walls. Interestingly, measuring the gravitational wave signal provides a novel probe900

to model parameters, such as the soft supersymmetry (SUSY) breaking scale.901

We will consider a scenario involving thermal inflation [71–74] driven by inflaton �1,902

which is also the field producing domain walls. The crucial mechanism here is the interplay903

between a flat potential with a tachyonic instability near �1 = 0 and the thermal mass of �1.904

Specifically, let’s consider the following potential905

V (�1) = �m
2
1|�1|

2 + Vup(�1), (6.1)

in which m1 is a small mass parameter and Vup(�1) denotes some flat uplifting potential.906

At the origin, �1 has a small tachyonic mass, but the potential is eventually stabilized by907

Vup(�1). Some examples of a flat uplifting potential include higher-dimensional operators908

and SUSY Coleman-Weinberg potential. The flatness of Vup(�1) implies that the VEV of909

�1, called v1, can be made parametrically larger than the tachyonic mass m1. Here, one can910

see that the energy di↵erence between �1 = 0 and �1 = v1 is of order �V ⇡ m
2
1v

2
1. Thus,911

a large v1 leads to large energy for �1 if it is trapped at the origin. To trap �1, one can912

consider some coupling between �1 and the thermal bath. Then, thermal correction to the913

�1 potential leads to a positive mass term of the form V � y
2
T
2
|�1|

2, in which y denotes914

some dimensionless coupling, and T is the temperature. The thermal mass compensates for915

the tachyonic mass of �1 and traps �1 near the origin so that �1 dominates the universe and916

drives a brief period of inflation. This happens when the radiation density drops below the917

energy density in �1 at a temperature Ti, which is Ti ⇡
p
m1v1. On the other hand, cosmic918

expansion cools the universe, and �1 can see its vacuum potential when the temperature drops919

below Tf . m1/y. This terminates the thermal inflation. Hence, the number of e-foldings for920

this thermal inflation can be estimated by921

Ninf ⇡ ln

✓
Ti

Tf

◆
⇡

1

2
ln

✓
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◆
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Using eq. (2.3), we determine the re-entry Hubble for cosmic strings as922
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in terms of the mass m1. As for the wall tension �, it comes from the trilinear mixing923

between �1 and ��2 and is independent of the thermal inflation. We will thus treat �1/3924

as an independent model parameter. Then, it is possible to probe m1/y and �
1/3 via its925

gravitational wave signature.926
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The F term of X fixes �2 and ��2 on the F -flat direction �2��2 = v
2
2. This breaks the U(1)933

symmetry spontaneously and produces cosmic strings. Soft SUSY breaking, parameterized934

by the scale msoft, lifts the F -flat direction and stabilize �2 ⇡ ��2 ⇡ v2. We also note that935

when the U(1) symmetry is gauged, the D term potential provides a stronger stabilization of936

�2 = ��2 = v2 than that from the soft SUSY breaking. The same SUSY breaking can also937
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in which ⇤ denotes a reference energy scale. This flat potential gives a VEV of �1 much larger940

than msoft. Therefore, we may treat the VEV of �1 as an arbitrary parameter satisfying941
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Efficient reheating: 
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Soft breaking stabilizes: 
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in terms of the mass m1. As for the wall tension �, it comes from the trilinear mixing923

between �1 and ��2 and is independent of the thermal inflation. We will thus treat �1/3924

as an independent model parameter. Then, it is possible to probe m1/y and �
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Figure 10. Maximal gravitational wave abundance and peak frequency observed today as functions
of model parameters in thermal inflation model msoft and �

1/3 in the unit of GeV: If a peak in the
gravitational wave spectrum is observed, one can use the maximal gravitational wave fractional energy

and peak frequency to determine msoft and �
1/3. Blue solid lines show (fpeak, ⌦GWh

2
��
fpeak

)
���
T0

when

one fix a particular msoft while varying �
1/3, and the orange dashed curve is that when one fix a

particular �1/3 while varying msoft. The particular values of msoft and �
1/3 are labeled near each line.

Parameter space with too much gravitational wave is shown as the shaded region. In plotting this
figure, we assumed e�cient reheating, but a small range of parameter space (above either dotted line,
which dotted line to choose depends on how the thermal inflaton reheats) may not satisfy this. In
this region, the contours of constant msoft and �

1/3 will change and may depend on additional model
parameters such as the reheating temperature. More detailed discussions can be found in appendix D.
(remove both green dotted lines and claim e�cient reheating is possible –Y.B.)

Then, the angular direction of �1 obtains a cosine potential, and domain walls are formed947

between the two degenerate vacua with a mass ma ⇡
p
�msoftv2. This give rises to a wall948

of tensions � ⇡ mav
2
1 ⇡

p
�msoftv2v

2
1. Note that while minimizing the potential for �1, we949

ignored the trilinear term; hence, to maintain consistency, we must demand an upper bound950

on � . msoft/v2.11 Since �, v1, and v2 are general model parameters, it is more convenient to951

simply parameterize the remaining model dependence in terms of the wall tension scale �
1/3.952

Let us now focus on the gauged U(1) case such that walls entirely decay into gravitational953

waves, i.e., � = �GW(�), the maximal fractional energy ⌦GWh
2 and peak frequency fpeak954

11While the trilinear coupling is numerically small according to this bound, its small value is technically

natural. One may instead consider a theory with �1 and �±3 and a higher-dimensional operators W � �
3
1��3

to generate a naturally small domain wall tension.
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Due to the di↵erent power-law dependence, upon observing this particular GW spectrum,958

the peak frequency and maximal abundance point to a particular combination of msoft and959

�
1/3. This is shown in fig. 10. Interestingly, the SUSY breaking scale msoft can be probed960

by near-future gravitational wave detectors for reasonably large wall tension. We should also961

remark that our benchmark is relatively conservative by assuming e�cient reheating. If a962

significant matter-dominated epoch of reheating follows the thermal inflation, the string re-963

entry Hubble size Hre is expected to be smaller than that estimated here, leading to a larger964

⌦GWh
2. More remarks regarding less e�cient reheating are o↵ered in appendix D.965

7 Conclusion and Discussions966

In this paper, we discussed how inflated string-bounded domain walls can produce large967

gravitational-wave signals. The mechanism relies on two phase transitions, the first one pro-968

ducing cosmic strings and the second one producing domain walls, and an epoch of inflation969

between them. This inflation can be either the primordial cosmic inflation or a second in-970

flation. The crucial mechanism here is that while the domain walls may be topologically971

unstable, they remain dynamically stable so long as no cosmic string terminates their bound-972

aries. In other words, although G ! H ! K is the full symmetry breaking pattern, because973

boundary defects are inflated away, each local Hubble patch does not see cosmic strings and974

cannot appreciate the full breaking pattern. The breaking H ! K then appears to produce975

stable domain walls until boundary defects associated with G ! H re-enter the horizon. Af-976

ter string re-entry, the full pattern emerges, and walls start to annihilate. We demonstrated977

this with a simple two-field model as shown in eq. (2.1) that follows a breaking pattern978

U(1) ! Z2 ! ;.979

At first, we gauged U(1) to suppress the energy loss due to the radiation of Nambu-980

Goldstone bosons (NGBs) from boundary strings. In particular, we considered the case981

where the walls’ total energy is larger than the strings’ energy when the string re-enters982

the horizon around t ⇡ H
�1
re . In this case, the string-wall network undergoes three stages983

of evolution: 1) walls enter scaling solution while strings are frozen outside the horizon, 2)984

the string-wall network begins oscillations when cosmic strings re-enter, and 3) the network985

rapidly decays. We estimated the gravitational-wave spectrum from domain wall dynamics in986

each of these stages and provided the power-law dependence (eq. (3.33)), approximate peak987
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Figure 10. Maximal gravitational wave abundance and peak frequency observed today as functions
of model parameters in thermal inflation model msoft and �

1/3 in the unit of GeV: If a peak in the
gravitational wave spectrum is observed, one can use the maximal gravitational wave fractional energy

and peak frequency to determine msoft and �
1/3. Blue solid lines show (fpeak, ⌦GWh

2
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)
���
T0

when

one fix a particular msoft while varying �
1/3, and the orange dashed curve is that when one fix a

particular �1/3 while varying msoft. The particular values of msoft and �
1/3 are labeled near each line.

Parameter space with too much gravitational wave is shown as the shaded region. In plotting this
figure, we assumed instantaneous reheating. This turns out to be possible for most of the parameter
region considered except for a small region. More detailed discussions can be found in appendix D.
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Conclusions
More observations of stochastic gravitational wave 
in the coming decades. 


Topological defects are prominent sources.


Topological defect networks give promising signals.

Generic to expect a period of inflation between two stages of 
phase transitions.

Sizable gravitational wave signal. Shapes can be very 
informative.



Why topological defect
Old subject. 

A. Vilenkin et al. + many others,  40+ years ago.



Why topological defect
Old subject. 

A. Vilenkin et al. + many others,  40+ years ago.

Perhaps, old = new trend? 
Dark photon (mili-charge), B. Holdom, 1985
Axion, Peccei and Quinn 1977, F. Wilczek 1978, S. 
Weinberg 1978. Invisible, 1979-1981



GW from Strings and walls
Well studied. 
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Figure 1. An overview of potential GWB signals across the frequency spectrum. The light blue
curve shows the prediction for single-field slow-roll inflation with a canonical kinetic term, with tensor-
to-scalar ratio r0.002 = 0.1 [52]. The pink curve shows a GWB from Nambu–Goto cosmic strings, using
“model 2” of the loop network, with a dimensionless string tension of Gµ = 10�11 [53]. The brown curve
shows a GWB from inspiralling supermassive BBHs, with the amplitude and shaded region shown here
corresponding to the common noise process in the NANOGrav 12.5-year data set [54]. The two grey
curves show GWBs generated by first-order phase transitions at the electroweak scale (⇠200 GeV) and
the QCD scale (⇠200 MeV), respectively [55]. The yellow curve shows a GWB generated by stellar-mass
compact binaries, based on the mass distributions and local merger rates inferred by LVK detections [56].
The dashed curves show various observational constraints, as described further in Section 5 (this in-
cludes the PPTA constraint, which intersects the possible NANOGrav SMBBH signal); the dotted curve
shows the integrated constraint from measurements of Neff, which cannot be directly compared with the
frequency-dependent constraint curves but is shown here for indicative purposes.

which is imprinted in the measured strain. Note that this measurement includes non-negligible
selection effects, as qualitatively different backgrounds contribute from different redshift shells
and from different directions.

In this section, we review both astrophysical and cosmological GWBs, providing the
necessary background for the targeted searches discussed in Section 5. We also comment on
the observational properties of the signal which are essential to understand when building an
optimal search method. The various sources are also summarised in Figure 1, which includes
the sensitivity of several GW detection efforts for reference.

3.1. Astrophysical Backgrounds
Astrophysical GWBs are the collection of all GWs generated by astrophysical processes

which are individually unresolved by your GW detector. These can be either individual
subthreshold signals, or they can be so numerous that they add up incoherently and form a
continuous signal in the timestream.

Perhaps the most studied signal in the literature is a background sourced by a collection of
inspiralling and merging compact binary systems. These include black hole binaries, neutron
star binaries, white dwarf binaries, and systems counting a mixed pair of these objects. Black
hole binaries in particular are a vast category of sources, as the mass of each black hole in

Review by Renzini et al, 2202.00178
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While the spectral shape still is interesting, this case with kNGB . Hre leads to a smaller660

peak gravitational wave abundance, hence yielding typically a smaller GW signature.661

4.2.2 GW from Cosmic Rings662

Another significant contribution from the string-wall network to the GW spectrum comes from663

cosmic rings. It is worth reiterating that cosmic rings have a wall mode (k ⇡ Hre ⇡ w
�1) and664

a string mode (k ⇡ Hp ⇡ `
�1). Each of them will experience slightly di↵erent power loss and665

decay rates, as summarized below666
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The power estimation can be obtained by either quadrupole formula similar to eq. (3.11) or667

NGB radiation formula similar to eq. (4.3). The equation above tells us that the wall mode668

dissipates more power and controls the dominant decay rate. It is also worth mentioning that669

by assuming that Hre . �/µ, we are also guaranteed that the NGB decay time happens after670

the string re-entry, i.e.671
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This matches with the intuition that the boundary string does not a↵ect the dynamics too672

much when the wall energy is large. As for the string mode, recall from section 3.4 that the673

string mode is due to the coherent oscillation on a scale of ` ⇠ H
�1
p , and the ⇠ k

3/2 spectral674

shape comes from the fat string peak by summing over all cosmic rings in the scaling regime.675

The equation above demonstrates why the notion of a fat string is appropriate here. The676

parametric dependences of both �str
GW, ring and �str

NGB, ring indeed are / Hp and similar to those677

of a string with an e↵ective tension µe↵ ⇡ �/Hre. We, hence, expect the analysis of the total678

contribution from cosmic rings to the stochastic gravitational wave to be similar to that done679

in section 3.4.680

We can then repeat the analysis for the wall mode and string mode similar to that681

presented in section 3.4.2. If kNGB & Hre, cosmic rings are wide enough such that NGB682

emission is not a dominate channel of dissipate during its oscillating stage. The largest decay683
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The power estimation can be obtained by either quadrupole formula similar to eq. (3.11) or667
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⇒

Axion induced decay happens after horizon re-entry



Wall does not dominate 
from the beginning

20

FIG. 13: Evolution of the infinite string-wall network. The
blue curve shows the curvature radius of the string-bounded
walls over time, R/t, while the orange curve shows the string
RMS velocity, vRMS. Top: Representative case where tDW <

Rc so that walls form before dominating the string dynamics.
For t < Rc, we numerically compute the modified one-scale
model equations. The string-wall network reaches a scaling
regime where R maintains a constant fraction of the horizon.
As t approaches Rc, the walls begin dominating the dynam-
ics and the strings move more relativistically. At t = Rc, infi-
nite string-bounded walls with curvature radius R behave like
wall-bounded strings of curvature radius R. We approximate
this transition by piecewise connecting the one-scale model
solution to the numerical solution of the Euler-Lagrange equa-
tion of motion for a circular string-bounded wall. For t > Rc,
the infinite network collapses and the pieces oscillate at con-
stant physical size before decaying via gravitational waves.
Bottom: Same as the top but representative of the case where
tDW > Rc so that walls form already dominating the string
dynamics. In this scenario, vRMS of the infinite wall network
abruptly increases at wall formation. We transition from the
one-scale to the Euler-Lagrange solution when vRMS of the in-
finite strings approximately reaches vRMS of a string-bounded
wall piece of the same curvature radius.

is the wall-modified curvature parameter. Similarly, the
energy density of the infinite network, ⇢1, can be de-
composed into infinite string, ⇢s = �⇢1, and wall,
⇢w = (1 � �)⇢1, contributions. That is, 0  �  1 pa-
rameterizes the relative energy density between strings
and walls with the entire energy density in strings when
� = 1 and the entire energy density in walls when � = 0.

5 The energy density evolution of the infinite string-wall
network is then

d⇢1
dt

+ 3H(1 + w)⇢1 = �cv1
R

⇢1, (103)

where c is a chopping e�ciency parameter and

w =
2

3
(1 + v2

s)� + (
1

3
+ v2

w)(1 � �) � 1 (104)

is the equation of state of the infinite wall-string network
[139, 140], with vs and vw the average string and wall
speeds, respectively. Note the wall speed is unimportant
to the wall-string evolution for the following reason: For
R . Rc, the strings dominate the energy density and
� ' 1. For R & Rc, the energy density is initially mostly
in the walls, but is quickly converted to string kinetic en-
ergy with vs and then � quickly becoming approximately
1. Thus, for any R, we expect the wall contribution in
Eq. (104) (second term) to be subdominant to the string
contribution (first term) and set � ' 1 for all time which
eliminates vw from the wall-string dynamics.

The chopping e�ciency, c, of the infinite network into
loops is expected to be an O(1) number [106]. For defi-
niteness, we take the pure-string result c ⇡ 0.23 inferred
from simulations [102]. Last, the ‘momentum parameter’
k, is an O(1) number which parameterizes the e↵ect of
the string curvature and wall tension on the infinite string
dynamics and vanishes when v1 matches the RMS veloc-
ity, v0, of the string loops in flat space [102]. v0 = 1/

p
2

for any pure string loop [65], but is an increasing function
of R/Rc for string-bounded walls as shown graphically
by Fig. 12. As a result, we approximate k(v, R) by the
pure-string momentum parameter [102]

k(vs, R) ⇡ 2
p

2

⇡
(1 � v2

s)(1 + 2
p

2v3
s)

v0(R)6 � v6
s

v0(R)6 + v6
s

, (105)

but with v0 now the R/Rc dependent RMS velocity of
the string bounded walls as computed numerically from
Eq. (100). In the pure string limit, Rc ! 1, equations
(101)-(105) reduce to the standard one scale model.

The two equations (101), (103), are coupled via the
‘one scale’ ansatz

⇢1 ⌘ µR + �R2✓(t � tDW)

R3
=

µ

R2

✓
1 +

R

Rc
✓(t � tDW)

◆
,

(106)

where tDW ⇡ MPlC/v2
� is the wall formation time. The

ansatz (106) amounts to assuming the typical curvature
and separation between infinite string-bounded walls is
the same scale, R. Note that while ⇢1 is the total rest

5 A similar analysis for a string-monopole network with ZN�3

strings was considered in [138]. In [138], monopoles are connected
to multiple strings which allows the monopole-string ‘web’ to be
long-lived and reach a steady-state scaling regime.
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Why topological defect
However, do more harm than good?

Can’t (easily) be dark matter. 

Inflation + other mechanisms. 

bias induced wall collapse, confine monopoles, …

Lead to disaster: wall, monopole domination

Can get rid of them

Any signals?
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Figure 1. An overview of potential GWB signals across the frequency spectrum. The light blue
curve shows the prediction for single-field slow-roll inflation with a canonical kinetic term, with tensor-
to-scalar ratio r0.002 = 0.1 [52]. The pink curve shows a GWB from Nambu–Goto cosmic strings, using
“model 2” of the loop network, with a dimensionless string tension of Gµ = 10�11 [53]. The brown curve
shows a GWB from inspiralling supermassive BBHs, with the amplitude and shaded region shown here
corresponding to the common noise process in the NANOGrav 12.5-year data set [54]. The two grey
curves show GWBs generated by first-order phase transitions at the electroweak scale (⇠200 GeV) and
the QCD scale (⇠200 MeV), respectively [55]. The yellow curve shows a GWB generated by stellar-mass
compact binaries, based on the mass distributions and local merger rates inferred by LVK detections [56].
The dashed curves show various observational constraints, as described further in Section 5 (this in-
cludes the PPTA constraint, which intersects the possible NANOGrav SMBBH signal); the dotted curve
shows the integrated constraint from measurements of Neff, which cannot be directly compared with the
frequency-dependent constraint curves but is shown here for indicative purposes.

which is imprinted in the measured strain. Note that this measurement includes non-negligible
selection effects, as qualitatively different backgrounds contribute from different redshift shells
and from different directions.

In this section, we review both astrophysical and cosmological GWBs, providing the
necessary background for the targeted searches discussed in Section 5. We also comment on
the observational properties of the signal which are essential to understand when building an
optimal search method. The various sources are also summarised in Figure 1, which includes
the sensitivity of several GW detection efforts for reference.

3.1. Astrophysical Backgrounds
Astrophysical GWBs are the collection of all GWs generated by astrophysical processes

which are individually unresolved by your GW detector. These can be either individual
subthreshold signals, or they can be so numerous that they add up incoherently and form a
continuous signal in the timestream.

Perhaps the most studied signal in the literature is a background sourced by a collection of
inspiralling and merging compact binary systems. These include black hole binaries, neutron
star binaries, white dwarf binaries, and systems counting a mixed pair of these objects. Black
hole binaries in particular are a vast category of sources, as the mass of each black hole in

Review by Renzini et al, 2202.00178
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First order phase transition around EW scale
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Fig. 1 Landscape of gravitational wave cosmology. Experimental results include: O1-O3
LIGO-Virgo upper limits [19], indirect limits from big bang nucleosynthesis [20], CMB lim-
its [20], and NANOGrav pulsar timing measurement [21], as well as projected sensitivities
of the third generation (3G) terrestrial GW detectors [22, 23] and space-borne LISA [24],
Taiji [25], and Tianqin [26]. Theoretical models include examples of slow-roll inflation [27],
first-order phase transitions (PT-1 [28], PT-2 [29], and PT-3 [30]), Axion Inflation [31], Pri-
mordial Black Hole model [32], hypothetical sti↵ equation of state in the early universe [33],
and foregrounds due to binary black hole/neutron stars [19] and galactic binary white
dwarfs [24].

the early phases in the evolution of the Universe and perhaps shed additional
information on the dark matter problem. (Snowmass white papers “Cosmology
and Fundamental Physics from the Three-Dimensional Large Scale Structure”
[13] and “Cosmic Microwave Background Measurements” [14] provide a deeper
study of the connections of large scale structure and CMB measurements to
fundamental physics.) We o↵er concluding remarks in Section 8.

We note that SGWB could also be generated by astrophysical sources such
as mergers of binary black hole and binary neutron star systems. This astro-
physical SGWB can act as a foreground to the cosmological (early universe)
SGWB. Suppression or removal of the astrophysical stochastic GW foreground
is an active area of research, with multiple techniques being explored [15–18].
These e↵orts have only had partial success to date and further studies in this
direction are needed. We will not discuss this problem any further in this paper.


