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Introduction
Higgs mechanism + Hot Big Bang = Cosmological phase transitions

Key to address SM open questions: e.g. 
matter/antimatter asymmetry, dark matter…


Aftermath of phase transitions directly 
observable in gravitational waves 

QCD and EWPT are not first order in the SM: 
need for new particles or new symmetries

Fig. from Schmitz [2002.04615] JHEP
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Nucleation theory Coleman 1977 (PRD)

Callan, Coleman 1977 (PRD)

Linde 1983 (NPB)
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• Assume thermal fluctuations in 
homogeneous spacetime:





• Tunneling rate per unit volume 
given by O(3) action 


ϕ(x, τ) = ϕ(r), r = |x |

S3/T

γV ∼ T 4 exp(−S3/T)
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Nucleation theory Coleman 1977 (PRD)

Callan, Coleman 1977 (PRD)

Linde 1983 (NPB)

ϕ ≠ 0

ϕ = 0• Assume thermal fluctuations in 
homogeneous spacetime:





• Tunneling rate per unit volume 
given by O(3) action 


ϕ(x, τ) = ϕ(r), r = |x |

S3/T

γV ∼ T 4 exp(−S3/T)
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What about impurities?

Figure: Bubble chamber
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“If monopole (or vortex) solutions exist for a metastable or 
false vacuum, a finite density of monopoles (or vortices) 
can act as impurity sites that trigger inhomogeneous 
nucleation and decay of the false vacuum.”

See also:

“Impurities in the early Universe”, Hosotani (1982)

“Cosmic separation of Phases”, Witten (1984)
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• Compact objects and gravitational effects  • Primordial density fluctuations

Fig. from Jinno, Konstandin, Rubira, 
van de Vis, [2108.11947], JCAP

Fig. from Oshita, Yamada, 
Yamaguchi [1808.01382], PLB

The nature of impurities
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Figure 1: Cartoon of the seeded and homogeneous bubbles. Elliptical bubbles with an

O(2) symmetry are nucleated on the domain walls, while spherical bubbles with O(3)

symmetry are nucleated in the homogeneous spacetime far from the domain walls.

formation of Higgs bubbles nucleated on the domain wall plane. These bubbles are not

spherically symmetric due to the presence of the wall, but are elliptical with a reduced O(2)

symmetry, see figure 1 for a cartoon of the seeded and homogeneous bubbles. Ref. [61]

showed that the seeded transition is generically faster than the homogeneous one, and that

regions of parameter space which are naively ruled out (because the homogeneous one is

suppressed) can become viable due to the presence of domain walls acting as catalyzing

seeds.

The analysis in ref. [61] was carried out in the high–temperature limit. In addition,

the seeded tunnelling probability was evaluated either in the thin wall limit, or within the

lower dimensional theory on the domain wall after integrating out the Kaluza–Klein states

along the orthogonal direction. While these methods provide a new qualitative picture

of the seeded tunnelling, in certain temperature ranges neither of these approximations

can be applied, leaving a gap in calculability. This prevents an accurate determination of

thermodynamical quantities such as the latent heat and the nucleation rate.

In this paper we overcome several limitations of the study in ref. [61] and provide

a state-of-the-art analysis of seeded vacuum decay including the full one-loop thermal

potential. The use of the mountain pass algorithm, first presented in ref. [60] for the case

of monopole catalysed tunnelling, allows us to numerically solve the equations of motion in

the presence of a domain wall background without resorting to an approximation scheme

such as the high temperature expansion or the thin wall limit 3. With these results we can

determine the regions of parameter space where the catalysed phase transition nucleates

while the homogeneous transition is too slow to complete. Even for parameters where the

homogeneous transition is cosmologically fast, we confirm that the catalysed transition is

the dominant process, being exponentially enhanced relative to the homogeneous decay.

A crucial quantity determining the phenomenology of a first order phase transition

is its duration or time scale, usually indicated by the dimensionless quantity �/H, with

3
See appendix A for a comparison with the previous results of ref. [61].
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Fig. From Agrawal, SB, Mariotti, Nee 
[2312.06749]

• Topological defects (this talk)

The nature of impurities

Domain walls

Fig. From SB, Mariotti, [2405.08060]

Figure 1: Three–dimensional representation of a critical bubble of broken electroweak

symmetry seeded by the QCD axion string. The string is shown in red, and it is taken to

be straight and aligned with the vertical z direction. The Higgs bubble in green is nucleated

around the string with a non–spherical shape, corresponding to the surface where the Higgs

field is h(r, z) ⇠ 25GeV for illustration purposes. Detailed information is given in Sec. 5.3.

Let us also mention that, as one expects a large hierarchy between the EW scale and

the PQ scale, our analysis will be based on an e↵ective field theory (EFT) for the Higgs field

where the heavy degrees of freedom (including the basic axion string) are integrated out 3.

Our EFT matches the known results for the SM + axion (or ALP) EFT, see e.g. [74–76],

but additionally allows to take into account the presence of the axion string in a simple way.

We will also comment on how the relevance of the di↵erent higher–dimensional operators in

the ALP EFT is modified in the string background. We believe that our approach provides

an e�cient framework to study the dynamics of EW–scale states coupled to strings of large

tension, which can be applied to many extensions of the SM.

This paper is organized as follows. In Sec. 2 we introduce our Lagrangian and comment

on the di↵erent realizations depending on whether the EW phase transition is first order

or not. We also present a brief overview of the possible QCD axion string solutions allowed

by the model. In Sec. 3 we derive the EFT for the Higgs field in the string background,

and carry out the relevant computations that are needed to study the thermal history of

the Higgs sector. This is discussed in detail in Sec. 4 for the minimal SM + PQ scenario,

and in Sec. 5 for a model with a first order EW phase transition. We conclude in Sec. 6.

2 Setup

Our setup consists of a complex scalar field � charged under a global U(1) Peccei–Quinn

symmetry coupled to the scalar sector of the Standard Model via a portal interaction of

3
See [72, 73] for a similar approach in the context of branes and strings with fluxes.
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Defect Dimension Homotopy Mass

Domain walls 2

Strings 1

π0(ℳ)

π1(ℳ)

σL2
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Topological classification
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Fig. from Ringeval 2010

U(1) → nothing

ℤ2 → nothing

Topological classification
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Electroweak phase transition with a singlet
Simone Blasi - 4th EuCAPT Symposium

• SM + scalar singlet with ℤ2 : S → − S

See e.g. Espinosa, Gripaios, 
Konstandin, Riva [1110.2876] 
JCAP
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Electroweak phase transition with a singlet
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SB, Mariotti [2203.16450], PRL
Agrawal, SB, Mariotti, Nee [2312.06749]

Figure 1: Cartoon of the seeded and homogeneous bubbles. Elliptical bubbles with an

O(2) symmetry are nucleated on the domain walls, while spherical bubbles with O(3)

symmetry are nucleated in the homogeneous spacetime far from the domain walls.

formation of Higgs bubbles nucleated on the domain wall plane. These bubbles are not

spherically symmetric due to the presence of the wall, but are elliptical with a reduced O(2)

symmetry, see figure 1 for a cartoon of the seeded and homogeneous bubbles. Ref. [61]

showed that the seeded transition is generically faster than the homogeneous one, and that

regions of parameter space which are naively ruled out (because the homogeneous one is

suppressed) can become viable due to the presence of domain walls acting as catalyzing

seeds.

The analysis in ref. [61] was carried out in the high–temperature limit. In addition,

the seeded tunnelling probability was evaluated either in the thin wall limit, or within the

lower dimensional theory on the domain wall after integrating out the Kaluza–Klein states

along the orthogonal direction. While these methods provide a new qualitative picture

of the seeded tunnelling, in certain temperature ranges neither of these approximations

can be applied, leaving a gap in calculability. This prevents an accurate determination of

thermodynamical quantities such as the latent heat and the nucleation rate.

In this paper we overcome several limitations of the study in ref. [61] and provide

a state-of-the-art analysis of seeded vacuum decay including the full one-loop thermal

potential. The use of the mountain pass algorithm, first presented in ref. [60] for the case

of monopole catalysed tunnelling, allows us to numerically solve the equations of motion in

the presence of a domain wall background without resorting to an approximation scheme

such as the high temperature expansion or the thin wall limit 3. With these results we can

determine the regions of parameter space where the catalysed phase transition nucleates

while the homogeneous transition is too slow to complete. Even for parameters where the

homogeneous transition is cosmologically fast, we confirm that the catalysed transition is

the dominant process, being exponentially enhanced relative to the homogeneous decay.

A crucial quantity determining the phenomenology of a first order phase transition

is its duration or time scale, usually indicated by the dimensionless quantity �/H, with

3
See appendix A for a comparison with the previous results of ref. [61].
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• Competition between homogenous 
and seeded nucleation for 2nd step:

• SM + scalar singlet with ℤ2 : S → − S
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• Seeded tunneling is faster whenever there is a two—step transition


• New parameter space becomes viable thanks to the walls


• Phenomenology of the phase transition is drastically changed

Electroweak phase transition with a singlet
Simone Blasi - 4th EuCAPT Symposium



• Seeded tunneling is faster whenever there is a two—step transition


• New parameter space becomes viable thanks to the walls


• Phenomenology of the phase transition is drastically changed

• Previous studies can still apply if explicit  breaking is introduced, 
implications need to be taken into account consistently


Z2

Electroweak phase transition with a singlet
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• Domain wall network mimicked 
by Ising model

• Spectrum shifted to IR with 
enhanced amplitude 

Seeded

Gravitational waves from seeded bubbles

Figure 4: Final spectra of the gravitational waves with (left) and without (right)
the domain wall network. The strength of the phase transition is ↵ = 0.05, and the
velocities of the bubble walls are (from top to bottom) vw = 0.4, 0.55 and 0.8.

11

(ξH)−1

Seeded: 

+


possible differences in 
spectral shape?

β → 1/ξH*

Homogeneous

R

Fig. from SB, Jinno, Konstandin, Rubira, 
Stomberg [2302.06952] JCAP
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What about other defects?
SB, Mariotti [2405.08060]
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QCD axion strings 
α(θ) : 0 → 2π

δ ≈ m−1
ρ

• Strings form at PQ phase transition

• String—wall network collapses

• Strings connected by axion 
domain walls

T

fa

QCD
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QCD axion strings 
α(θ) : 0 → 2π

δ ≈ m−1
ρ

• Strings form at PQ phase transition

• String—wall network collapses

• Strings connected by axion 
domain walls

???

T
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QCD
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QCD axion strings
• Global string solution

m−1
ρ

r

ρ(r)
fa

∝ [1 − (mρr)−2]

α(θ) : 0 → 2π

VPQ(Φ)

• Potential for PQ field

Φ = ρeiα

δ ≈ m−1
ρ
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Figure 3. (Top panels) 2D projection of the radial mode energy ṡ
2 at the end of our 3D simulation investigating radial mode

emission around log(ms/H) ⇠ 6.5. The full simulation box, spanning ⇠1.5 Hubble lengths, is shown on the right with a detailed
view shown on the left. Axion strings stand out as bright closed loops with strong emissions in particular around kinks and
recent string re-connections. (Bottom panels) The same state of the string network but illustrated for the axion energy density
ȧ
2 instead of that of the radial mode. The axion emission has more support at long wavelengths relative to that of the radial

mode.

the radial mode mass itself (see also App. E). In contrast,
the lower panel shows the axion time derivative squared
(ȧ2) for the same state as in the left panel. The axion
radiation has support at longer wavelengths relative to
radial mode radiation. Thus while the high-curvature
region also produces significant axion radiation, the con-
trast versus the rest of the string regions is not as large.

To compute the energy densities more precisely we use
the fact that away from the string cores both the axions
and radial modes are free fields. At a given point x the
energy density of a real, free scalar field X, which solves

its classical equations of motion, is

⇢X(x) =
1

2
Ẋ

2 +
1

2
(rX)2 +

1

2
m

2

X
X

2

= Ẋ
2
,

(12)

where mX is the field’s mass and where we have applied
the equation of motion to arrive at the second line. This
implies that we can compute the average energy density
over the simulation box, ⇢X ⌘

1

L3

R
d
3
x⇢(x), by

⇢X =
1

L3

Z
d
3
xẊ

2(x) =
1

L3

Z
d
3
k

(2⇡)3
|
˜̇
X(k)|2 . (13)

Fig. from Benabou, Buschmann, 
Kumar, Park, Said [2308.01334], PRD

QCD axion strings
• Relevant contribution to dark matter abundance 


• Source of gravitational waves 

Hiramatsu et al. [1012.5502] PRD 
Gorghetto, Hardy, Villadoro 


[1806.04677] JHEP; [2007.04990] SciPost 

Gorghetto, Hardy, Nicolaescu [2101.11007] JCAP 
Baeza-Ballesteros, Copeland, Figueroa, Lizarraga [2308.08456] 
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Axion strings during the EWPT 

• Consider the minimal KSVZ axion model with a Higgs portal:

cylindrical bubbles of true vacuum expanding radially from the string core, or the nucleation

of elongated bubbles nucleated along the string. This can drastically change the expected

gravitational wave signal (for instance due to the shape of the bubbles) as well as possible

predictions for baryogenesis (due to di↵erent regimes for the wall velocity).

Our results have been conveniently obtained within an e↵ective–field–theory approach

taking advantage of the hierarchy between the electroweak and the PQ scale, in which

the axion string is integrated out at tree level together with the heavy states of the PQ

sector. This allows us to obtain analytical results for the stability of the axion string,

as well as to provide a simpler picture of seeded nucleation around heavy defects. This

framework can be straightforwardly generalized to a richer electroweak scalar sector beyond

the simple deformation of the SM potential considered here, thus paving the way to new

phenomenological applications and interesting revisitations of (extensions of) the SM when

considered in combination with the axion solution to the strong CP problem.

Let us finally mention that while we have restricted our study to KSVZ–like models

where the Higgs is neutral under the PQ symmetry, we expect similar implications for

the electroweak phase transition also in DFSZ–like models where the Higgs doublets have

additional couplings with the string due to the non–zero PQ charge.

V = VPQ(|�|) + VEW(|H|;T ) + 

✓
|�|2 � f2

a

2

◆✓
|H|2 � v2

2

◆
, (6.1)
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How does this affect electroweak 
symmetry breaking?
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Figure 3. (Top panels) 2D projection of the radial mode energy ṡ
2 at the end of our 3D simulation investigating radial mode

emission around log(ms/H) ⇠ 6.5. The full simulation box, spanning ⇠1.5 Hubble lengths, is shown on the right with a detailed
view shown on the left. Axion strings stand out as bright closed loops with strong emissions in particular around kinks and
recent string re-connections. (Bottom panels) The same state of the string network but illustrated for the axion energy density
ȧ
2 instead of that of the radial mode. The axion emission has more support at long wavelengths relative to that of the radial

mode.

the radial mode mass itself (see also App. E). In contrast,
the lower panel shows the axion time derivative squared
(ȧ2) for the same state as in the left panel. The axion
radiation has support at longer wavelengths relative to
radial mode radiation. Thus while the high-curvature
region also produces significant axion radiation, the con-
trast versus the rest of the string regions is not as large.

To compute the energy densities more precisely we use
the fact that away from the string cores both the axions
and radial modes are free fields. At a given point x the
energy density of a real, free scalar field X, which solves

its classical equations of motion, is

⇢X(x) =
1
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Ẋ
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1
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(rX)2 +

1
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m

2

X
X

2

= Ẋ
2
,

(12)

where mX is the field’s mass and where we have applied
the equation of motion to arrive at the second line. This
implies that we can compute the average energy density
over the simulation box, ⇢X ⌘

1

L3

R
d
3
x⇢(x), by

⇢X =
1

L3

Z
d
3
xẊ

2(x) =
1
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Z
d
3
k

(2⇡)3
|
˜̇
X(k)|2 . (13)

Figure 4: Kinetic energy v2 in di↵erent simulation snapshots: t = 2.7/� (top left), 5.4/�

(top right), 10.8/� (bottom left) and 20.1/� (bottom right). We use box size L = 40vw/�,

weak transitions and vw = 0.8.

while grid spacing and various sources of viscosity will lead to exponential damping in the

UV. A detailed discussion of this e↵ect will be provided below. Accordingly, di↵erent box

sizes will facilitate the best measurements for the various physical observables. Also notice

that the power spectrum is generally reduced by finite size e↵ects in the IR and UV. The loss

of power in the UV corresponds to a reduction in the average kinetic energy which we study

in App. D. Extrapolating to very large grid size, we estimate that this leads to a reduction

of the momentum-integrated GW signal by about 20%.
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Axion strings during the EWPT 

long as the trilinear coupling is negative V
(3)
EW(0) < 0. In addition, one needs !2 ⌧ m

2
h(B)

in order to be able to neglect the higher excitations.

With the e↵ective potential at hand, one may evaluate the high–temperature seeded

tunneling by referring to the action of the bounce h0(r) solving

�h
00
0(r)�

h
0
0(r)

r
+

@V (h0)

@h0
= 0, h

0
0(0) = 0, h0(1) = 0. (A.22)

Due to the friction term this bounce can only be obtained numerically.

Let us now estimate the range of portal couplings that can sensibly a↵ect the homoge-

neous tunneling. On the lower end of this range, the thin wall approximation is valid and

seeded tunneling becomes e↵ective when

��DW ⇠ 10% · 4� ) 

⌘
⇠ 10% · mh(A)

m⇢(A)
. (A.23)

The upper end is given by the onset of rolling, namely the portal coupling for which !
2 = 0,



⌘
' mh(B)

m⇢(B)
. (A.24)

As we can see, seeded tunneling is e↵ective in a small range around /⌘ ⇠ mh/m⇢.

B The action for the thin wall

B = (0, f̃a) A = (v, fa) (B.1)

The full action for our model is given by

S =

Z
d✓dzrdr

⇢
1

2
⇢
2
,µ +

1

2
⇢
2
↵
2
,µ +

1

2
h
2
,r � V (⇢)� V (h)� 1

2
(⇢2 � f

2
a )(h

2 � v
2)

�
. (B.2)

Now using that ↵ = ✓, ⇢ = ⇢(r, z), h = h(r, z), we write the action as

S = �2⇡

Z
dzrdr

⇢
1

2
⇢
2
,z +

1

2
⇢
2
,r +

1

2
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1
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1

2
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1

2
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2 � v
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�
.

(B.3)

Let us now split the action in three di↵erent pieces:

S1 = �2⇡

Z
dzrdr

⇢
1

2
⇢
2
,z +

1

2
⇢
2
,r +

1

2

⇢
2

r2
+ V (⇢)� 1

2
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where ⇢h(⇠) is the ⇢ trajectory of the homogenous tunneling.

If we now make the following expansion,

⇢ = ⇢B(r) + �⇢, h = hh(⇠) + �h, (B.7)
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where ⇢h(⇠) is the ⇢ trajectory of the homogenous tunneling.
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where ⇢h(⇠) is the ⇢ trajectory of the homogenous tunneling.
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where ⇢h(⇠) is the ⇢ trajectory of the homogenous tunneling.

If we now make the following expansion,

⇢ = ⇢B(r) + �⇢, h = hh(⇠) + �h, (B.7)
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where ⇢h(⇠) is the ⇢ trajectory of the homogenous tunneling.

If we now make the following expansion,
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where ⇢h(⇠) is the ⇢ trajectory of the homogenous tunneling.

If we now make the following expansion,

⇢ = ⇢B(r) + �⇢, h = hh(⇠) + �h, (B.7)
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where ⇢h(⇠) is the ⇢ trajectory of the homogenous tunneling.
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where ⇢h(⇠) is the ⇢ trajectory of the homogenous tunneling.

If we now make the following expansion,
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Due to the friction term this bounce can only be obtained numerically.
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where ⇢h(⇠) is the ⇢ trajectory of the homogenous tunneling.

If we now make the following expansion,

⇢ = ⇢B(r) + �⇢, h = hh(⇠) + �h, (B.7)
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Axion strings during the EWPT 

Figure 3: Left: Profile of the PQ field along the radial direction perpendicular to the

string for the string B, as well as for string C and A as they di↵er by negligible EW scale

corrections. Right: Profile of the Higgs field for string A, B and C. The profiles of string A

and C have structure at all scales r . 1/mh and are characterized by a di↵erent asymptotic

value of the Higgs at large r � 1/mh.

All possible string configurations restore the PQ symmetry at the center of the string,

⇢(0) = 0. (2.11)

Depending on the other boundary conditions, three types of strings are possible, that we

label string A, B, and C. A cartoon of these configurations is shown in Fig. 2 as a path in

field space (h(r), ⇢(r)) starting from the core at r = 0 and ending in one of the minima at

r = 1. We anticipate that the ⇢ profiles for string A, B, C di↵er only by small corrections

of the order of the EW scale. This is because of the assumed hierarchy mh/m⇢ ⌧ 1 as

well as the moderate portal couplings, /⌘ . 1. The di↵erent string solutions are then

characterized by the Higgs profile, which can be trivial as in string B (h ⌘ 0), or develop

a non–vanishing core as in string A and C, as we now discuss.

String B This is the simplest (and most standard) solution to our system (2.9) where the

fields approach the vacuum B arbitrarily far from the string. The corresponding boundary

conditions are

⇢(1) = f̃a. h(1) = 0 . (2.12)

These conditions do not uniquely identify string B, which is defined by further requiring

that the Higgs field is identically vanishing,

h(r) ⌘ 0. (2.13)

The equations of motion (2.9) then simplify to

⇢00(r) +
⇢0(r)

r
� ⇢(r)

r2
+ m̃2⇢(r)� ⌘⇢3(r) = 0, m̃2 = m2 + v2, (2.14)

and a typical profile can be seen in the left panel of Fig. 3.

The tension of string B, namely its mass per unit length, can be calculated as

µB ' (⇡ log(Rm⇢) + c) f̃ 2
a , (2.15)
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long as the trilinear coupling is negative V
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in order to be able to neglect the higher excitations.

With the e↵ective potential at hand, one may evaluate the high–temperature seeded
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Due to the friction term this bounce can only be obtained numerically.

Let us now estimate the range of portal couplings that can sensibly a↵ect the homoge-

neous tunneling. On the lower end of this range, the thin wall approximation is valid and

seeded tunneling becomes e↵ective when
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As we can see, seeded tunneling is e↵ective in a small range around /⌘ ⇠ mh/m⇢.
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where ⇢h(⇠) is the ⇢ trajectory of the homogenous tunneling.

If we now make the following expansion,

⇢ = ⇢B(r) + �⇢, h = hh(⇠) + �h, (B.7)
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where ⇢h(⇠) is the ⇢ trajectory of the homogenous tunneling.

If we now make the following expansion,
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where ⇢h(⇠) is the ⇢ trajectory of the homogenous tunneling.

If we now make the following expansion,

⇢ = ⇢B(r) + �⇢, h = hh(⇠) + �h, (B.7)
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long as the trilinear coupling is negative V
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Due to the friction term this bounce can only be obtained numerically.
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As we can see, seeded tunneling is e↵ective in a small range around /⌘ ⇠ mh/m⇢.

B The action for the thin wall

B = (0, f̃a) A = (v, fa) ⇢ h String A String B String C (B.1)

The full action for our model is given by

S =

Z
d✓dzrdr

⇢
1

2
⇢
2
,µ +

1

2
⇢
2
↵
2
,µ +

1

2
h
2
,r � V (⇢)� V (h)� 1

2
(⇢2 � f

2
a )(h

2 � v
2)

�
. (B.2)

Now using that ↵ = ✓, ⇢ = ⇢(r, z), h = h(r, z), we write the action as

S = �2⇡

Z
dzrdr

⇢
1

2
⇢
2
,z +

1

2
⇢
2
,r +

1

2

⇢
2

r2
+

1

2
h
2
,z +

1

2
h
2
,r + V (⇢) + V (h) +

1

2
(⇢2 � f

2
a )(h

2 � v
2)

�
.

(B.3)

Let us now split the action in three di↵erent pieces:

S1 = �2⇡

Z
dzrdr

⇢
1

2
⇢
2
,z +

1

2
⇢
2
,r +

1

2

⇢
2

r2
+ V (⇢)� 1

2
(⇢2 � f

2
a )v

2

�
, (B.4)

S2 = �2⇡

Z
dzrdr

⇢
1

2
h
2
,z +

1

2
h
2
,r + V (h) +

1

2
(⇢2h � f

2
a )h

2

�
(B.5)

S3 = �2⇡

Z
dzrdr

⇢
1

2
(⇢2 � ⇢

2
h)h

2

�
, (B.6)

where ⇢h(⇠) is the ⇢ trajectory of the homogenous tunneling.

If we now make the following expansion,

⇢ = ⇢B(r) + �⇢, h = hh(⇠) + �h, (B.7)

– 27 –

long as the trilinear coupling is negative V
(3)
EW(0) < 0. In addition, one needs !2 ⌧ m

2
h(B)

in order to be able to neglect the higher excitations.

With the e↵ective potential at hand, one may evaluate the high–temperature seeded

tunneling by referring to the action of the bounce h0(r) solving

�h
00
0(r)�

h
0
0(r)

r
+

@V (h0)

@h0
= 0, h

0
0(0) = 0, h0(1) = 0. (A.22)

Due to the friction term this bounce can only be obtained numerically.

Let us now estimate the range of portal couplings that can sensibly a↵ect the homoge-

neous tunneling. On the lower end of this range, the thin wall approximation is valid and

seeded tunneling becomes e↵ective when

��DW ⇠ 10% · 4� ) 

⌘
⇠ 10% · mh(A)

m⇢(A)
. (A.23)

The upper end is given by the onset of rolling, namely the portal coupling for which !
2 = 0,



⌘
' mh(B)

m⇢(B)
. (A.24)

As we can see, seeded tunneling is e↵ective in a small range around /⌘ ⇠ mh/m⇢.

B The action for the thin wall

B = (0, f̃a) A = (v, fa) ⇢ h String A String B String C (B.1)

The full action for our model is given by

S =

Z
d✓dzrdr

⇢
1

2
⇢
2
,µ +

1

2
⇢
2
↵
2
,µ +

1

2
h
2
,r � V (⇢)� V (h)� 1

2
(⇢2 � f

2
a )(h

2 � v
2)

�
. (B.2)

Now using that ↵ = ✓, ⇢ = ⇢(r, z), h = h(r, z), we write the action as

S = �2⇡

Z
dzrdr

⇢
1

2
⇢
2
,z +

1

2
⇢
2
,r +

1

2

⇢
2

r2
+

1

2
h
2
,z +

1

2
h
2
,r + V (⇢) + V (h) +

1

2
(⇢2 � f

2
a )(h

2 � v
2)

�
.

(B.3)

Let us now split the action in three di↵erent pieces:

S1 = �2⇡

Z
dzrdr

⇢
1

2
⇢
2
,z +

1

2
⇢
2
,r +

1

2

⇢
2

r2
+ V (⇢)� 1

2
(⇢2 � f

2
a )v

2

�
, (B.4)

S2 = �2⇡

Z
dzrdr

⇢
1

2
h
2
,z +

1

2
h
2
,r + V (h) +

1

2
(⇢2h � f

2
a )h

2

�
(B.5)

S3 = �2⇡

Z
dzrdr

⇢
1

2
(⇢2 � ⇢

2
h)h

2

�
, (B.6)

where ⇢h(⇠) is the ⇢ trajectory of the homogenous tunneling.

If we now make the following expansion,

⇢ = ⇢B(r) + �⇢, h = hh(⇠) + �h, (B.7)

– 27 –

long as the trilinear coupling is negative V
(3)
EW(0) < 0. In addition, one needs !2 ⌧ m

2
h(B)

in order to be able to neglect the higher excitations.

With the e↵ective potential at hand, one may evaluate the high–temperature seeded

tunneling by referring to the action of the bounce h0(r) solving

�h
00
0(r)�

h
0
0(r)

r
+

@V (h0)

@h0
= 0, h

0
0(0) = 0, h0(1) = 0. (A.22)

Due to the friction term this bounce can only be obtained numerically.

Let us now estimate the range of portal couplings that can sensibly a↵ect the homoge-

neous tunneling. On the lower end of this range, the thin wall approximation is valid and

seeded tunneling becomes e↵ective when

��DW ⇠ 10% · 4� ) 

⌘
⇠ 10% · mh(A)

m⇢(A)
. (A.23)

The upper end is given by the onset of rolling, namely the portal coupling for which !
2 = 0,



⌘
' mh(B)

m⇢(B)
. (A.24)

As we can see, seeded tunneling is e↵ective in a small range around /⌘ ⇠ mh/m⇢.

B The action for the thin wall

B = (0, f̃a) A = (v, fa) ⇢ h String A String B String C (B.1)

The full action for our model is given by

S =

Z
d✓dzrdr

⇢
1

2
⇢
2
,µ +

1

2
⇢
2
↵
2
,µ +

1

2
h
2
,r � V (⇢)� V (h)� 1

2
(⇢2 � f

2
a )(h

2 � v
2)

�
. (B.2)

Now using that ↵ = ✓, ⇢ = ⇢(r, z), h = h(r, z), we write the action as

S = �2⇡

Z
dzrdr

⇢
1

2
⇢
2
,z +

1

2
⇢
2
,r +

1

2

⇢
2

r2
+

1

2
h
2
,z +

1

2
h
2
,r + V (⇢) + V (h) +

1

2
(⇢2 � f

2
a )(h

2 � v
2)

�
.

(B.3)

Let us now split the action in three di↵erent pieces:

S1 = �2⇡

Z
dzrdr

⇢
1

2
⇢
2
,z +

1

2
⇢
2
,r +

1

2

⇢
2

r2
+ V (⇢)� 1

2
(⇢2 � f

2
a )v

2

�
, (B.4)

S2 = �2⇡

Z
dzrdr

⇢
1

2
h
2
,z +

1

2
h
2
,r + V (h) +

1

2
(⇢2h � f

2
a )h

2

�
(B.5)

S3 = �2⇡

Z
dzrdr

⇢
1

2
(⇢2 � ⇢

2
h)h

2

�
, (B.6)

where ⇢h(⇠) is the ⇢ trajectory of the homogenous tunneling.

If we now make the following expansion,

⇢ = ⇢B(r) + �⇢, h = hh(⇠) + �h, (B.7)

– 27 –

long as the trilinear coupling is negative V
(3)
EW(0) < 0. In addition, one needs !2 ⌧ m

2
h(B)

in order to be able to neglect the higher excitations.

With the e↵ective potential at hand, one may evaluate the high–temperature seeded

tunneling by referring to the action of the bounce h0(r) solving

�h
00
0(r)�

h
0
0(r)

r
+

@V (h0)

@h0
= 0, h

0
0(0) = 0, h0(1) = 0. (A.22)

Due to the friction term this bounce can only be obtained numerically.

Let us now estimate the range of portal couplings that can sensibly a↵ect the homoge-

neous tunneling. On the lower end of this range, the thin wall approximation is valid and

seeded tunneling becomes e↵ective when

��DW ⇠ 10% · 4� ) 

⌘
⇠ 10% · mh(A)

m⇢(A)
. (A.23)

The upper end is given by the onset of rolling, namely the portal coupling for which !
2 = 0,



⌘
' mh(B)

m⇢(B)
. (A.24)

As we can see, seeded tunneling is e↵ective in a small range around /⌘ ⇠ mh/m⇢.

B The action for the thin wall

B = (0, f̃a) A = (v, fa) ⇢ h String A String B String C (B.1)

The full action for our model is given by

S =

Z
d✓dzrdr

⇢
1

2
⇢
2
,µ +

1

2
⇢
2
↵
2
,µ +

1

2
h
2
,r � V (⇢)� V (h)� 1

2
(⇢2 � f

2
a )(h

2 � v
2)

�
. (B.2)

Now using that ↵ = ✓, ⇢ = ⇢(r, z), h = h(r, z), we write the action as

S = �2⇡

Z
dzrdr

⇢
1

2
⇢
2
,z +

1

2
⇢
2
,r +

1

2

⇢
2

r2
+

1

2
h
2
,z +

1

2
h
2
,r + V (⇢) + V (h) +

1

2
(⇢2 � f

2
a )(h

2 � v
2)

�
.

(B.3)

Let us now split the action in three di↵erent pieces:

S1 = �2⇡

Z
dzrdr

⇢
1

2
⇢
2
,z +

1

2
⇢
2
,r +

1

2

⇢
2

r2
+ V (⇢)� 1

2
(⇢2 � f

2
a )v

2

�
, (B.4)

S2 = �2⇡

Z
dzrdr

⇢
1

2
h
2
,z +

1

2
h
2
,r + V (h) +

1

2
(⇢2h � f

2
a )h

2

�
(B.5)

S3 = �2⇡

Z
dzrdr

⇢
1

2
(⇢2 � ⇢

2
h)h

2

�
, (B.6)

where ⇢h(⇠) is the ⇢ trajectory of the homogenous tunneling.

If we now make the following expansion,

⇢ = ⇢B(r) + �⇢, h = hh(⇠) + �h, (B.7)
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Axion strings during the EWPT 

• Physics captured by electroweak-scale EFT (SM + axion or ALP):

and mh implies that the Higgs remains frozen at these scales. We may then describe the

e↵ect of the string as a localized Dirac–� potential. To this end we include an additional

potential term in the e↵ective theory of the form

Sr=✏ =

Z
d
4
xT (h2)�(2)(r � ✏), (8.4)

where T (h2) is a function of the Higgs field to be determined by the matching with the

UV theory. In the case of our simple Higgs portal model,

T (h2) = �2⇡

Z ✏

0
r dr

1

2
(⇢2B � f

2
a )h

2 +O(✏), (8.5)

where the only term in the potential that survives the limit of 1/✏ ⇠ m⇢ ! 1 is the portal

interaction with the string. The integral can be written as

T (h2) = ⇡


⌘
C(✏)h2, C(✏) = ⌘

Z ✏

0
rdr(f2

a � ⇢
2
B). (8.6)

The function C(✏) can be evaluated numerically. One finds for instance C ' 1.2 for

✏ = 2
p
2/m⇢. As we can see, the precise shape of the string profile at scales m⇢ does

not matter, and the overall strength of the interaction is encoded in the coe�cient of the

Dirac–� potential.

In summary our e↵ective action for the electroweak sector takes the form
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The role of the � potential is simply to impose the appropriate matching condition for the

Higgs field at r = ✏. Taking for example h = h(r), the equation of motion implies

✏h
0(✏) = �C(✏)



⌘
h(✏). (8.8)

Notice that this matching condition could be derived directly from the equations of motion

of the UV theory by performing the
R ✏
0 rdr integration of the Higgs equation.

Let us finally note that only the ratio /⌘ enters (8.7), and that the UV scale ✏ ⇠ 1/m⇢

enters only via the matching condition (8.8).

8.1 String profiles in the EFT

In this section we discuss how the Higgs profiles of Sec. ?? for string A and C can be

obtained within the e↵ective theory (8.7). String B is trivial in this regard as h ⌘ 0,

whereas its stability and implications for seeded tunneling will be discussed in Sec. ??.

String A and C solutions (when they exist) are characterized by a potentially large

Higgs core with h(0) � v which decreases at large distances. String C can also be seen

as a deformation of string B given that it asymptotes to the same vacuum B far from the

core. Both A and C profiles can be obtained by the Higgs equation of motion

h
00(r) +

h
0(r)

r
+



⌘

h
2(r)

r2
= V

0
EW(h) (8.9)
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• Axion-Higgs portal, in the string 
background:

• Explicit UV scale:
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whereas its stability and implications for seeded tunneling will be discussed in Sec. ??.

String A and C solutions (when they exist) are characterized by a potentially large

Higgs core with h(0) � v which decreases at large distances. String C can also be seen

as a deformation of string B given that it asymptotes to the same vacuum B far from the
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– 20 –

• -potential imposes UV 
matching condition:
δ

cylindrical bubbles of true vacuum expanding radially from the string core, or the nucleation

of elongated bubbles nucleated along the string. This can drastically change the expected

gravitational wave signal (for instance due to the shape of the bubbles) as well as possible

predictions for baryogenesis (due to di↵erent regimes for the wall velocity).

Our results have been conveniently obtained within an e↵ective–field–theory approach

taking advantage of the hierarchy between the electroweak and the PQ scale, in which

the axion string is integrated out at tree level together with the heavy states of the PQ

sector. This allows us to obtain analytical results for the stability of the axion string,

as well as to provide a simpler picture of seeded nucleation around heavy defects. This

framework can be straightforwardly generalized to a richer electroweak scalar sector beyond

the simple deformation of the SM potential considered here, thus paving the way to new

phenomenological applications and interesting revisitations of (extensions of) the SM when

considered in combination with the axion solution to the strong CP problem.

Let us finally mention that while we have restricted our study to KSVZ–like models

where the Higgs is neutral under the PQ symmetry, we expect similar implications for

the electroweak phase transition also in DFSZ–like models where the Higgs doublets have

additional couplings with the string due to the non–zero PQ charge.

V = VPQ(|�|) + VEW(|H|;T ) + 

✓
|�|2 � f2

a

2

◆✓
|H|2 � v2

2

◆
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✏ ⇠ 1/m⇢ ↵ = ✓ ) @µ↵ = 1/r (6.2)
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Figure 5: Contours of TB
roll as a function of the PQ radial mode mass m⇢ and the portal

coupling /⌘. For TB
roll � TEW the cosmological history is modified with axion strings

developing an EW symmetry breaking core at high temperatures (light blue region). In

the white region, the thermal history is practically indistinguishable from the pure SM.

the thermal plasma, or other properties of the network such as particle production. A

study of these features is left for future work.

5 First order electroweak phase transition plus PQ

In this section we study the e↵ect of the axion string and its portal coupling to the Higgs

sector in scenarios where the EWPT is first order. As a proxy for a realistic model we

consider the deformation of the SM potential parametrized by the trilinear term / � in

(2.5). We then fix VEW = V� in this section.

As we are interested in the general picture emerging from the Higgs interaction with

the strings, we will fix the (free) parameter � as follows: For T < Tc both seeded tunneling

around the strings and homogeneous tunneling from the vacuum B in (2.8) to A in (2.7)

far from the strings are in principle possible. To simplify our discussion of the thermal

history, we will consider the case in which the barrier is large enough that the Universe

would actually remain trapped in the EW–preserving false vacuum B at T = 0, as a result

of a too slow homogeneous nucleation rate. In the parameterization (2.5) this corresponds

to � . �1.5, so that we will fix � = �1.6 in what follows.

In this scenario EW symmetry breaking could be successful only thanks to the seeded

process starting on the axion strings. We however stress that the main features we are going

to discuss will remain the same for other less extreme choices of the barrier �, where one

should in addition compare the seeded and the homogeneous tunneling rates to determine

how (and if) the EW phase transition proceeds. Moreover, we argue that our findings will

generically apply beyond the parameterization (2.5) to realistic models leading to a first

order EW phase transition, such as the Higgs plus Singlet or 2HDMs.
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Crucially, the value of ! or equivalently !̃ is obtained by imposing the matching condition

(3.9) on the profile (3.11). By expanding for /⌘ . 1 and for !̃ ⌧ m⇢, one obtains:

!2 = V 00
EW(0;T )� 1

2
m2

⇢f(/⌘), (3.12)

!2(TB
r ) = V 00

EW(0;TB
r )� 1

2
m2

⇢f(/⌘) = 0 (3.13)

with

f(/⌘) = exp

(
� ⇡p

/⌘
� �E + 2C(✏)

)
, (/⌘ . 1). (3.14)

The quantity in (3.12) gives the mass of the Higgs bound state localized around the

string, and it can be used to probe how strongly the string a↵ects the EW sector. In

particular, one can identify a decoupling limit in which the mass of this bound state is

approximately the same as the Higgs mass far from the string given by V 00
EW(0;T ), so

that the Higgs dynamics is essentially una↵ected by the presence of the string. From the

expression in (3.13), we see that the decoupling limit is approached fast for /⌘ ⌧ 1

due to the exponential dependence on (/⌘)�1/2. We notice that, for comparison, a U(1)

gauge string would decouple even faster, namely exponentially with (/⌘)�1 [67, 68]. This

di↵erence can be shown to originate from the axion–Higgs portal term.

The value of !̃ determines the spread of the bound state on the plane orthogonal to the

string as ⇠ 1/!̃. It is then clear that our approximation breaks down whenever !̃ ⇠ m⇢,

as the bound state becomes sensitive to the actual profile of string B at short distances.

From (3.12) we see that this occurs when /⌘ ⇠ 1. Even though this case goes beyond the

validity of our e↵ective approach, the mass of the Higgs bound state can still be obtained

analytically by performing a di↵erent (harmonic) approximation of the string B, yielding

an expression equivalent to (3.12) but with the f function replaced by f̃ ,

f̃(/⌘) =


⌘
� 2b

r


⌘
, b = 0.58 . . . (/⌘ & 1). (3.15)

This region is not very relevant for our work and will not be considered further.

With the knowledge of !2 in (3.12) one can easily identify the regions in the (/⌘)–m⇢

parameter space where the string B is (un)stable as a function of the temperature. In

particular one can determine TB
r defined as the rolling temperature of the string B such

that !2(TB
r ) = 0, implying that for T > TB

r the string is stable, and unstable otherwise.

Strings with non–trivial Higgs core String A and C (when they exist) are character-

ized by a possibly very large Higgs core with h(0) � v which decreases at large distances.

String C may also be seen as a deformation of string B given that it asymptotes to the

same vacuum far from the core.

Both the A and C profiles can be obtained from the Higgs equation of motion according

to the EFT in (3.8):

h00(r) +
h0(r)

r
+ (/⌘)

h(r)

r2
= V 0

EW(h;T ), ✏h0(✏) = �C(✏)


⌘
h(✏), (3.16)
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expression in (3.13), we see that the decoupling limit is approached fast for /⌘ ⌧ 1

due to the exponential dependence on (/⌘)�1/2. We notice that, for comparison, a U(1)
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From (3.12) we see that this occurs when /⌘ ⇠ 1. Even though this case goes beyond the

validity of our e↵ective approach, the mass of the Higgs bound state can still be obtained

analytically by performing a di↵erent (harmonic) approximation of the string B, yielding

an expression equivalent to (3.12) but with the f function replaced by f̃ ,

f̃(/⌘) =

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This region is not very relevant for our work and will not be considered further.

With the knowledge of !2 in (3.12) one can easily identify the regions in the (/⌘)–m⇢

parameter space where the string B is (un)stable as a function of the temperature. In

particular one can determine TB
r defined as the rolling temperature of the string B such

that !2(TB
r ) = 0, implying that for T > TB

r the string is stable, and unstable otherwise.

Strings with non–trivial Higgs core String A and C (when they exist) are character-

ized by a possibly very large Higgs core with h(0) � v which decreases at large distances.

String C may also be seen as a deformation of string B given that it asymptotes to the

same vacuum far from the core.

Both the A and C profiles can be obtained from the Higgs equation of motion according

to the EFT in (3.8):

h00(r) +
h0(r)

r
+ (/⌘)

h(r)

r2
= V 0

EW(h;T ), ✏h0(✏) = �C(✏)


⌘
h(✏), (3.15)

where we have included the matching (3.9) at the string core, ✏ ⇠ 1/m⇢, and asymptotic

boundary conditions given by

h(1) = v(T ) [string A], h(1) = 0 [string C]. (3.16)

Solutions to (3.15) can be found numerically via shooting techniques. One can for

instance scan di↵erent values of h(✏), which also fix the slope h0(✏) due to the matching,
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Figure 6: Left: Contours of the temperature TB
r at which the string B becomes classically

unstable in a model with a first order EW phase transition. In the white region the string

B remains (meta)stable down to zero temperature, indicating that the phase transition will

necessarily proceed via (seeded) bubble nucleation. Right: Identification of the possible

cosmological history based on the temperatures at which the di↵erent string solutions

become unstable (see text for details). In the III and IV zone, the EW symmetry breaking

vacuum is eventually reached via classical instability. In the I and II zone, the phase

transition should proceed via seeded tunneling.

5.1 The paths to electroweak symmetry breaking

The first step to understand how the EW phase transition will proceed in this scenario is to

determine what are the stable or metastable string configurations which are encountered

during the thermal history of the model. This is because the transitions we are going

to consider always involve strings in the initial and final state. In general, all the string

solutions A, B, and C can exist and be classically stable for a certain range of temperatures,

leading to a rich phenomenology. This is because the deformation � in (2.5) allows the scalar

potential extrema A and B to be local minima at the same temperature.

Since the standard string B is the one realized at high temperatures, it makes sense to

look at the values of /⌘ and m⇢ for which the string B is classically unstable at T = 0.

This can be easily determined by imposing !2(T = 0)  0 in (3.12), and it corresponds

to the region of parameter space colored in light blue in the left panel of Fig. 6. In this

region, the EW phase transition is guaranteed to complete as there is eventually no barrier

preventing the Higgs field to reach the string A configuration corresponding to the true

vacuum.

The transition from string B to string A can however occur in di↵erent ways depending

on /⌘ and m⇢. This can be understood from the right panel of Fig.6, where we identify

two di↵erent zones, dubbed III and IV, that correspond to the values of /⌘ for which the

string B will eventually become unstable at some temperature TB
r > 0 (fixingm⇢ = 2.5TeV

for concreteness). Both these zones are contained within the light blue region in the left

panel, but they are distinguished due to the behavior of the string C. In fact, this string

solution exists only for a certain range of temperatures that we numerically determine to
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vacuum.

The transition from string B to string A can however occur in di↵erent ways depending

on /⌘ and m⇢. This can be understood from the right panel of Fig.6, where we identify

two di↵erent zones, dubbed III and IV, that correspond to the values of /⌘ for which the

string B will eventually become unstable at some temperature TB
r > 0 (fixingm⇢ = 2.5TeV

for concreteness). Both these zones are contained within the light blue region in the left

panel, but they are distinguished due to the behavior of the string C. In fact, this string

solution exists only for a certain range of temperatures that we numerically determine to
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Figure 6: Left: Contours of the temperature TB
r at which the string B becomes classically

unstable in a model with a first order EW phase transition. In the white region the string

B remains (meta)stable down to zero temperature, indicating that the phase transition will

necessarily proceed via (seeded) bubble nucleation. Right: Identification of the possible

cosmological history based on the temperatures at which the di↵erent string solutions

become unstable (see text for details). In the III and IV zone, the EW symmetry breaking

vacuum is eventually reached via classical instability. In the I and II zone, the phase

transition should proceed via seeded tunneling.
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to the region of parameter space colored in light blue in the left panel of Fig. 6. In this

region, the EW phase transition is guaranteed to complete as there is eventually no barrier
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Rolling
• Classical evolution from string C to string A at T ≈ Tc

5.2 Classical instability (rolling)

We first study the dynamics of the regions of parameter space where the axion strings lead

to completion of the EW phase transition since they develop a classical instability during

the cooling of the Universe. This process has been described also for DW seeds as rolling

in [? ]. In particular we focus on Region IV of Figure 4 where the string C (with an Higgs

core but with vanishing h at infinity) rolls into the string A (with an Higgs core and h 6= 0

at infinity). In this process the string C dissociates and develops in its interior a region

of true vacuum (the EW breaking vacuum) which expands in the perpendicular direction,

eventually filling up the entire space. This occurs classically along all the length of the

(possibly infinite) string.

In order to describe this process, we employ the EFT description for the EW sector.

We first find the string C at a temperature slightly above TC
roll, where it is a stable solution.

Then we lower the temperature below TC
roll, and using the previous solution as an initial

condition, we evolve in time the field h using the EFT equation of motions [AM: Simo

please describe better]. The result of the time evolution is shown in Figure 5, where

we plot di↵erent time snapshots of the Higgs field configuration in the radial direction

perpendicular to the string. As we are neglecting friction, this expansion along the radial

direction proceeds at the speed of light. String C evolves in few 1/mh times into a new

configuration which is clearly reconstructing the string A. Assuming that the Universe is

filled with at least O(1) axion strings, this process leads to the conversion of all the Universe

from the EW preserving vacuum into the new vacuum where EW symmetry is broken, and

where the axion strings has transformed into string A. Note that it is also possible that

the phase transition actually occurs at temperatures slightly larger than TC
roll (but below

Tc) through a tunneling process, without changing the conclusions.

[AM: Shall we say anything about GW?]
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Figure 5: ...

5.3 String tunneling into a new String

• Computational tools: EFT and linear approximation

• Two Bounce action plot (/⌘ ⇠ or ⌧ (/⌘)crit )
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See also Yajnik, PRD (1986)
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Seeded tunneling
• Bubble of broken electroweak symmetry nucleated around the axion string with a 

certain (exponential) rate :S/T

5.3.1 Results for the string seeded tunneling

With all the previously introduced computational tools, we now show some results for

the tunneling seeded by the axion string. We considered a benchmark with a moderate

hierarchy between mh and m⇢ so that numerical routines are stable, but the qualitative

conclusions will be generic. We study the e↵ect of the axion string on the EW phase

transition as a function of the ratio /⌘, focusing on region I and II in Figure 4.

First, in Figure 6 (left) we show the bounce action for the seeded phase transition,

computed with the three di↵erent methods illustrated above, in the respective regime of

validity. We see that the three methods nicely complement each other in providing the

complete picture of the seeded bounce action. In the same plot, we indicate the value of

the action for the homogeneous tunneling. We selected as representative temperature the

value T ' 35 GeV where the homogeneous tunneling rate is maximal. In the shape of

S/T as a function of /⌘ we recover the features of the exponential decoupling which we

have already illustrated in Figure 3. For /⌘ . 0.15, the seeded nucleation is very fast

and catalyzes e�ciently the EW phase transition. When reducing /⌘ the axion string

decouples exponentially and for /⌘ < 10�2 it cannot influence anymore the EW phase

transition.

In Figure 6 we display the bounce actions as a function of the temperature. In orange

is reported the homogeneous bounce action, which is too suppressed to lead to successful

nucleation. On the contrary, on the selected benchmark for /⌘, the seeded tunneling rate

is large enough to satisfy the nucleation condition in (5.3) and to lead to a seeded phase

transition into the EW breaking vacuum at T/Tc ' 0.45.

50

100

150

200

�

Figure 6: ...

In order to characterize the feature of the seeded phase transition, we can further

inspect the shape of the nucleated bubble on the axion string focusing on the benchmarked

star of Figure 6. In Figure 7 (left) we show the bubble profile of the Higgs field, which

clearly develops on top of the string core (illustrated as a grey band in the center of the

bubble). The Higgs is zero far from the string, and it develops a non vanishing expectation

value in the bubble. Note that the bubble has a non spherical shape, elongated along the

string direction. In addition, note that the value of the Higgs field close to the center of
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Too slow

- EFT on the string for the lightest mode:

Figure 4: Higgs core in the axion string A for di↵erent values of m⇢ as a function of /⌘.

The EW potential is taken to be the one in the SM at T = 0. The size of the Higgs core

provides an insight of the axion string decoupling with /⌘ ⌧ 1, as well as the di↵erence

in tension between string A and B (see text).

quantify as /⌘ . 10�3, the Higgs condensate in the string approaches its value far from

the string, namely h(0) ⇡ v, even for very large values of m⇢. This is consistent with the

exponential decoupling of the axion string as a function of
p
/⌘ found in (3.12). On the

other hand, for larger values of /⌘ the condensate can be several orders of magnitude

larger than the EW scale depending on m⇢.

Let us conclude this section by noticing that for the moderate values of /⌘ . 0.1 we

are interested in, the di↵erence in tension between string A and B is actually small when

compared to the absolute tension of string B in (2.15), �µ/µB ⌧ 1, as we always have

h(0) < fa. This holds also for the di↵erence in tension between string B and C (when the

latter exists).

3.3 The 1+1 theory on the axion string

It can be useful to make a further step and derive a lower dimensional EFT for the Higgs

fluctuations that live on the string B. These are determined by the following ansatz

h(z, r) = h0(t, z)h(r), (3.20)

where z is the coordinate on the string, and h(r) is the profile in (3.11). Notice that from

the very beginning we are limiting our analysis to a single bound state with no angular

dependence. Therefore, this e↵ective theory works only when a large hierarchy exists

between !2 and m2
h. By integrating out the radial direction r in (3.8), we obtain a 1+1

action for h0:

S1+1[h0] =

Z
dzdt

⇢
1

2
(@µh0)

2 � Ṽ (h0)

�
, Ṽ (h0) =

1

2
!2h20 �

1

3!
c3h

3
0 +

1

4!
c4h

4
0. (3.21)
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- Linear  thin wall approximation:∼

have:

Sstring[hh + �h] = Shom[hh] + �S[hh, �h] (5.14)

with

�S = �⇡


⌘

Z
dz

Z 1

✏
rdr

⇢
1

r2
+ 2⇡C(✏)�(2)(r � ✏)

�
h2h(⇠) +O(2). (5.15)

As we can see, the linear order contribution in the portal coupling is actually independent

of �h, and the correction to the homogenous tunneling due to the string can be evaluated

straightforwardly from (5.15) once the O(3) symmetric bounce profile is known.

We can further simplify our expression for �S assuming a typical shape for the ho-

mogenous bounce solution, namely a thin–wall spherical bubble of radius R and release

point in the interior hh(0). The integral (5.15) reduces to

�STW = �2⇡R


⌘


log

✓
2R

✏

◆
+ C(✏)� 1

�
hh(0)

2 ⌘ 2⇡R�µe↵ . (5.16)

�STW = �2⇡R


⌘
log (Rm⇢) h

2
r (0) ⌘ 2⇡R�µe↵ . (5.17)

As we can see, the string induces a change in the tunneling action which can be recasted

as the energy di↵erence due to a change in tension of the axion string between the initial

and final state. From this result one may be tempted to go backwards and actually start

from a thin–wall expression for the energy of an approximately spherical bubble of radius

R around the string,

E(R) = 4⇡R2� � 4⇡

3
R3✏� 2⇡R�µ. (5.18)

where � and ✏ are the usual tension and vacuum energy related to the homogenous bubble.

It is however not obvious what the correct choice for �µ is, as the tension in (5.16) is not

the same as for instance the di↵erence between string B and string A given in (3.20) (even

though they share a similar structure). In particular, the value of the Higgs at the center

of the homogenous bubble hh(0) does not have to coincide with the core of string A 7.

In the following we shall then use (5.16) to estimate the e↵ect of the axion string in

the small portal limit, as this is derived directly from the e↵ective action.

Bounce action in the lower dimensional theory Let us now consider the opposite

case in which the portal coupling is large enough that the seeded bubble di↵ers very much

from a sphere, /⌘ . (/⌘)c.

In this limit, we can no longer expand around the homogenous trajectory hh. We may

however refer to the reduced theory living on the string characterized by the e↵ective action

(3.22). Seeded tunneling is then described in terms of the mode h0(z, t). For this to be

successful we need the e↵ective potential in (3.22) to develop a minimum with Ṽ (h0)  0

away from the origin. This makes sure that h0 ⌘ 0, which corresponds to the unperturbed

string B in this description, is not a global minimum of the theory.

7
This would be the case only very close to the decoupling limit, /⌘ ⌧ 1, where h(0) ' v, see Fig. 4.
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Seeded tunneling
• Profile of the critical bubble:

Figure 9: Contours of the Higgs field corresponding to the critical bubble for the string–

seeded bounce, evaluated at the nucleation temperature Tn ' 35 GeV for the benchmark

m⇢ = 2.5 TeV, � = �1.6 and /⌘ = 0.06, obtained by solving the Higgs PDE. The

contours highlight the non spherical nature of the bubble, elongated along the direction

of the string, which sits at r = 0 and extends vertically along z. The value of the Higgs

field in the interior of the bubble (release point) very close to the string core is actually

larger than v = 246GeV indicating that this tunneling event is partially reconstructing the

profile of string A, which has a Higgs core of about 350 GeV in this benchmark.

Notice that this temperature approximately corresponds to the maximal homogeneous

tunneling rate (which is still too slow for successful nucleation).

In Fig. 8 (right) we show the bounce action for the seeded phase transition computed

according to the three di↵erent methods illustrated above, in the appropriate regime of

validity. We see that the three methods nicely complement each other in providing the

complete picture for the seeded bounce action. We selected as a representative temperature

the value T/Tc ' 0.45, which corresponds to nucleation for /⌘ = 0.06. In the same plot,

we show for comparison the value of the homogenous bounce action at this temperature,

which is independent of /⌘.

The shape of S/T as a function of /⌘ shows some of the features that we have already

encountered in the previous sections. In particular, for /⌘ . 10�2 the string e↵ectively

decouples and it can no longer influence the EW phase transition. As a consequence, the

seeded bounce action reduces to the homogenous one. On the other hand, for 10�2 . /⌘ .
0.1 seeded nucleation is very fast and catalyzes e�ciently the EW phase transition. These

values of /⌘ are in fact close to the classical instability (occurring here at /⌘ ⇡ 0.15)

and the barrier for seeded tunneling is significantly suppressed.

In order to characterize the features of the seeded phase transition, we can further

inspect the shape of the critical bubble focussing on the red–star benchmark of Fig. 8. In

Fig. 9 we show the Higgs profile corresponding to the seeded bubble nucleated around the
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Figure 9: Contours of the Higgs field corresponding to the critical bubble for the string–

seeded bounce, evaluated at the nucleation temperature Tn ' 35 GeV for the benchmark

m⇢ = 2.5 TeV, � = �1.6 and /⌘ = 0.06, obtained by solving the Higgs PDE. The

contours highlight the non spherical nature of the bubble, elongated along the direction

of the string, which sits at r = 0 and extends vertically along z. The value of the Higgs

field in the interior of the bubble (release point) very close to the string core is actually

larger than v = 246GeV indicating that this tunneling event is partially reconstructing the

profile of string A, which has a Higgs core of about 350 GeV in this benchmark.

Notice that this temperature approximately corresponds to the maximal homogeneous

tunneling rate (which is still too slow for successful nucleation).

In Fig. 8 (right) we show the bounce action for the seeded phase transition computed

according to the three di↵erent methods illustrated above, in the appropriate regime of

validity. We see that the three methods nicely complement each other in providing the

complete picture for the seeded bounce action. We selected as a representative temperature

the value T/Tc ' 0.45, which corresponds to nucleation for /⌘ = 0.06. In the same plot,

we show for comparison the value of the homogenous bounce action at this temperature,

which is independent of /⌘.

The shape of S/T as a function of /⌘ shows some of the features that we have already

encountered in the previous sections. In particular, for /⌘ . 10�2 the string e↵ectively

decouples and it can no longer influence the EW phase transition. As a consequence, the

seeded bounce action reduces to the homogenous one. On the other hand, for 10�2 . /⌘ .
0.1 seeded nucleation is very fast and catalyzes e�ciently the EW phase transition. These

values of /⌘ are in fact close to the classical instability (occurring here at /⌘ ⇡ 0.15)

and the barrier for seeded tunneling is significantly suppressed.

In order to characterize the features of the seeded phase transition, we can further

inspect the shape of the critical bubble focussing on the red–star benchmark of Fig. 8. In

Fig. 9 we show the Higgs profile corresponding to the seeded bubble nucleated around the
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Seeded tunneling
• Profile of the critical bubble:

Figure 1: Three–dimensional representation of a critical bubble of broken electroweak

symmetry seeded by the QCD axion string. The string is shown in red, and it is taken to

be straight and aligned with the vertical z direction. The Higgs bubble in green is nucleated

around the string with a non–spherical shape, corresponding to the surface where the Higgs

field is h(r, z) ⇠ 25GeV for illustration purposes. Detailed information is given in Sec. 5.3.

Let us also mention that, as one expects a large hierarchy between the EW scale and

the PQ scale, our analysis will be based on an e↵ective field theory (EFT) for the Higgs field

where the heavy degrees of freedom (including the basic axion string) are integrated out 3.

Our EFT matches the known results for the SM + axion (or ALP) EFT, see e.g. [74–76],

but additionally allows to take into account the presence of the axion string in a simple way.

We will also comment on how the relevance of the di↵erent higher–dimensional operators in

the ALP EFT is modified in the string background. We believe that our approach provides

an e�cient framework to study the dynamics of EW–scale states coupled to strings of large

tension, which can be applied to many extensions of the SM.

This paper is organized as follows. In Sec. 2 we introduce our Lagrangian and comment

on the di↵erent realizations depending on whether the EW phase transition is first order

or not. We also present a brief overview of the possible QCD axion string solutions allowed

by the model. In Sec. 3 we derive the EFT for the Higgs field in the string background,

and carry out the relevant computations that are needed to study the thermal history of

the Higgs sector. This is discussed in detail in Sec. 4 for the minimal SM + PQ scenario,

and in Sec. 5 for a model with a first order EW phase transition. We conclude in Sec. 6.

2 Setup

Our setup consists of a complex scalar field � charged under a global U(1) Peccei–Quinn

symmetry coupled to the scalar sector of the Standard Model via a portal interaction of

3
See [72, 73] for a similar approach in the context of branes and strings with fluxes.
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Figure 1: Three–dimensional representation of a critical bubble of broken electroweak

symmetry seeded by the QCD axion string. The string is shown in red, and it is taken to

be straight and aligned with the vertical z direction. The Higgs bubble in green is nucleated

around the string with a non–spherical shape, corresponding to the surface where the Higgs

field is h(r, z) ⇠ 25GeV for illustration purposes. Detailed information is given in Sec. 5.3.

Let us also mention that, as one expects a large hierarchy between the EW scale and

the PQ scale, our analysis will be based on an e↵ective field theory (EFT) for the Higgs field

where the heavy degrees of freedom (including the basic axion string) are integrated out 3.

Our EFT matches the known results for the SM + axion (or ALP) EFT, see e.g. [74–76],

but additionally allows to take into account the presence of the axion string in a simple way.

We will also comment on how the relevance of the di↵erent higher–dimensional operators in

the ALP EFT is modified in the string background. We believe that our approach provides

an e�cient framework to study the dynamics of EW–scale states coupled to strings of large

tension, which can be applied to many extensions of the SM.

This paper is organized as follows. In Sec. 2 we introduce our Lagrangian and comment

on the di↵erent realizations depending on whether the EW phase transition is first order

or not. We also present a brief overview of the possible QCD axion string solutions allowed

by the model. In Sec. 3 we derive the EFT for the Higgs field in the string background,

and carry out the relevant computations that are needed to study the thermal history of

the Higgs sector. This is discussed in detail in Sec. 4 for the minimal SM + PQ scenario,

and in Sec. 5 for a model with a first order EW phase transition. We conclude in Sec. 6.

2 Setup

Our setup consists of a complex scalar field � charged under a global U(1) Peccei–Quinn

symmetry coupled to the scalar sector of the Standard Model via a portal interaction of

3
See [72, 73] for a similar approach in the context of branes and strings with fluxes.
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- Different velocities parallel or orthogonal to the 
string?

- Percolation as interplay between seeded 
nucleation rate and density of defects

- Is nucleation rate the same on loops?

- Gravitational wave emission before collision (non-
spherical bubbles, same for rolling case)

h(x, y, z) ∼ 25 GeV
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Summary
• The presence of impurities in the early Universe can strongly affect the way a phase 

transition proceeds


• The xSM with  symmetry is arguably the simplest (and complete) example for a 
seeded EWPT


• Other defects can exist at the time of the EWPT: dedicated study of QCD axion strings 
in KSVZ model with Higgs portal


• Pheno aspects of seeded phase transitions: percolation, slow transitions, expansion 
of non—spherical bubbles, features in the GW signal?
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