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Experimental precision  for many observables∼ 𝒪(1%)

NNLO QCD Corrections required to reduce theoretical uncertainty



Motivation

ttj production can be used to extract numerical value of top-quark mass   mt

ℛ(mR
t , ρs) = 1

σtt̄j

dσtt̄j

dρs
(mR

t , ρs) ρs =
2m0

mtt̄j

Current theoretical predictions at NLO in QCD

Theoretical uncertainty  δ ∼ O(10%)

Higher-order corrections might be crucial to reduce uncertainties

Analytic structure of two-loop five-point processes with internal massive propagators

[Alioli, Fernandez, Fuster, 
Irles, Moch, Uwer ’13]

[Alioli, Fuster, Garzelli, 
Gavardi, Irles, Melini ’22]

[Dittmaier,Uwer,Weinzierl ’07] 
[Melnikov,Schulze ’10]



pp → jjj
pp → γγj
pp → γγγ
pp → γγj
gg → γγg

pp → Wbb̄
pp → Wjj
pp → Zjj
pp → Wγj
pp → Hbb̄
pp → tt̄H

Gehrmannm, Henn, Lo Presti, Abreu, Dixon, Herrmann, Page, Zeng, Chicherin, Wasser, Zhang, Zoia, Sotnikov, Ita, Moriello, Tschernow, Canko, Papadopoulos, Syrrakos, Badger,  Brønnum-Hansen,  
Hartanto, Peraro, Dormans, Febres Cordero, Heinrich, Pascual, Chawdhry, Mitov, Poncelet, Czakon, Agarwal, Buccioni, von Manteuffel, Tancredi, Kryś, Kallweit, Wiesemann, Marcoli, Moodie, Popescu  

Catani, Devoto, Grazzini, Mazzitelli, Savoini,…         

Status of two-loop multi-scale computations

Complete Analytic 
Results

Public Numerical 
code

Cross Sections

Leading Color

Leading Color (Planar)

Leading Color (Planar)

Leading Color

Leading Color

Leading Color (Planar)
Leading Color (Planar)

Leading Color

Two-Loop Approx.

Adapted from Sotnikov



Amplitude Computation Pipeline

Feynman 
Diagrams

Scalar 
Integrals

Master 
Integrals

Special 
Functions

𝒜 = ∑i ci( ⃗x, ϵ)fi( ⃗x, ϵ)

Master coefficients Master Integrals

Focus of the Talk!

Reduction to MIs challenging for high-multiplicity processes

IBP reduction and amplitude reconstruction performed exploiting Finite Fields method
[von Manteuffel, Schabinger ’14] 

[Peraro ’16]



Master Integrals Computation Status

Massless case:

Canonical basis

Alphabet

Pentagon 
Function

One-Mass case:

Canonical basis
Alphabet
Pentagon 
Function

Canonical basis
Compact form of differential equations 

for MIs
Alphabet

Analytic structure of the Feynman 
Integrals 

Pentagon Functions
Fast and reliable numerical evaluation

[Gehrmann,Hennn,Lo Presti ’15] 
[Chicherin,Sotnikov ’20]

[Abreu,Ita,Moriello,Page,Tschernow,Zeng ‘20] 
[Canko,Papadopoulos,Syrrakos ’21] 

[Chicherin,Sotnikov,Zoia ’22]



Master Integrals Computation Status

ttj

integrals contributing to five-particle processes involving an external massive top-quark

pair and one massive propagator [14].

A particularly important five-point process is that of tt̄H production at hadron col-

liders, which gives a direct constraint on the top-quark Yukawa coupling. First observed

at the LHC in 2018 [15, 16], this process has by now allowed to constrain deviations from

a Standard-Model-like Yukawa coupling at the 10% level—an impressive achievement that

already challenges the precision of existing theoretical predictions. It is expected that by

the end of the high-luminosity run at the LHC, measurements will be able to constrain such

coupling at the 3-5% level and will be dominated by theory uncertainties [17, 18]. This

creates a pressing need for next-to-next-to-leading-order (NNLO) QCD corrections [19–21].

The tt̄H production process been studied extensively, with the leading-order (LO)

predictions known since the mid-eighties [22, 23]. Next-to-leading order (NLO) QCD cor-

rections were first computed in Refs. [24–29], and subsequently further improved by the

resummation of soft-gluon e↵ects [30–36], the inclusion of first-order electroweak correc-

tions [37–39], the study of NLO o↵-shell e↵ects [40–42], and the NLO QCD matching to

parton-shower event generators [43–46]. Recently, the first NNLO QCD calculation has

appeared [47], where the two-loop amplitudes were approximated by a soft expansion in

the momentum of the Higgs boson (pH ! 0). Obtaining the exact two-loop scattering

amplitudes is thus of great importance for the completion of the NNLO QCD corrections

to tt̄H production at hadron colliders.

As a first step towards this goal, in this work we compute a set of two-loop master

integrals contributing to the production of a top-quark pair in association with a Higgs

boson at hadron colliders. We focus on the Feynman integrals arising in the calculation

of the leading-color two-loop QCD scattering amplitudes for the parton-level processes

gg, qq̄ ! tt̄H including a closed light-quark loop. Examples of related Feynman diagrams

are given in figure 1 (see [48, 49] for a discussion about the color decomposition of related

scattering amplitudes). The corresponding amplitudes and Feynman integrals depend on

t̄

H

t

t̄

H

t

t̄

H

t

Figure 1: Examples of two-loop Feynman diagrams proportional to the number of light

flavors nf contributing to leading-color two-loop scattering amplitudes for the process

gg ! tt̄H. The red double lines represent top quarks and the external cyan dashed line the

Higgs boson. Light quarks are represented by black solid lines and gluons by black wavy

lines.

seven di↵erent kinematic scales, including the mass of the top quark (which also enters

– 2 –

ttH

[Badger,MB,Chaubey,Marzucca ’22]

[Febres Corder, Figueiredo, Kraus, Page, Reina ’23]

One Massive Internal Propagator

Two Massive External Particles

Two Massive Internal Propagators

Three Massive External Particles



  A Two-Loop Planar Topology for ttj

Scattering Kinematics:

p2
1 = p2

2 = m2
t p2

3 = p2
4 = p2

5 = 0

One Internal Massive propagator

Topology described by 88 MIs

Differential Equations:

Canonical basis

Alphabet

AMFlow: High-precision numerical boundary 
conditions

DiffExp: Semi-Analytic solution with generalised 
power series expansion

[Badger,MB,Chaubey,Marzucca ’22]

[Liu,Ma,Wang ’18] 
[Liu,Ma ’23]

[Moriello ‘19] 
[Hidding ’20]

Contributes to the VV 
planar leading color



Strategy of the Computation

Differential Equations 
Approach

Numerical Boundary 
conditions: AMFlow

Canonical Basis

Finite Fields

Generalised Power 
Series: DiffExp

Numerical Evaluation 
of MIs

Analytic Information: 
Canonical Basis, 

Alphabet

A First Look at Planar  
sector of five-point 
two-loop scattering 

amplitude with 
massive propagators



Two-Loop Planar Feynman Integrals for ttj

Massive propagator increases complexity of calculation

Number of MIs

Length of Alphabet

Number of roots

Planar Massless Planar one-mass Planar ttj

61 74-86 88-123

3131 38-49 71

1 3 6

However, the structure of the Canonical Basis 
and of the Alphabet are similar…..



The Alphabet

d ⃗f( ⃗x, ϵ) = ϵ dA( ⃗x) ⃗f( ⃗x, ϵ), A( ⃗x) =
71

∑
i=1

ci log(wi( ⃗x))Canonical basis

sij tr(ij⋯k) = tr(γμpμ
i γνpν

j ⋯γρpρ
k )(Δi)2

Rational 
Letters

Ωi(a, b)
tr+(i⋯j)
tr−(r⋯s)

Ω̃i(a, b, c)

Algebraic 
Letters

Ω(a, b) :=
a + b

a − b
tr±(i⋯j) =

1
2

tr((1 ± γ5)γμpμ
i ⋯γνpν

j )

Ω̃(a, b, c) :=
(a + b + c)(a − b − c)

(a + b − c)(a − b + c)

Similar structure to 
five-point massless 

and one off-shell leg 
cases

[Henn ’13]



Differential Equations with Finite Fields

We exploit Finite Fields method as implemented in FiniteFlow to obtain analytic DEQs

Given the complexity of the computation 
the reconstruction has to be done in a 

“good” basis of MIs
Non-UT
Quasi-UT

Reconstruction 
time

3 Weeks∼
2 Hours∼

Degrees

53/57
15/15

Canonical basis depends on the set of square-roots:

β = 1 −
4m2

t

s12
Δ1 = det G(p23, p1) Δ2 = det G(p15, p2) Δ3 = 1 −

4s45m2
t

(s12 + s23 − m2
t )2 Δ4 = 1 +

4s34s45m2
t

s12(s15 − s23)2

tr5 = 4 det G(p3, p4, p5, p1) Gij( ⃗v) = vi ⋅ vj

Square-roots have to be avoided within Finite Fields

[Peraro ’19]

[Peraro ’19]

32 cores workstation



d ⃗J( ⃗x, ϵ) = d ( ̂A(0)( ⃗x) + ϵ ̂A (1)( ⃗x)) ⃗J( ⃗x, ϵ)

d ⃗I( ⃗x, ϵ) = ϵd (N( ⃗x) ̂A (1)( ⃗x)N−1( ⃗x)) ⃗I( ⃗x, ϵ)

Differential Equations with Finite Fields

We reconstruct DEQs with respect to a “Quasi”-UT basis

 MIs basis with no square-
roots

⃗J  diagonal rational 
matrix

̂A (0)

Canonical DEQs obtained by means of a diagonal transformation

 Canonical basis of 
MIs

Ii = Nij( ⃗x)Jj  Diagonal matrix with 
square-roots

Nij( ⃗x)



Building Canonical Basis of MIs

Canonical Basis greatly improves effectiveness of DEQs for Feynman Integrals

The construction of Canonical Bases is in general a hard problem

Techniques

Leading Singularities

Loop-by-Loop

Integrand analysis

Automated 
Tools

INITIAL

Epsilon
Fuchsia

Libra

Given the complexity of the kinematics automated approaches are difficult to apply

We exploit emerging patterns for five-point processes in the construction of the UT basis

[Lee ’21]
[Dlapa,Henn,Yan ’20]
[Gituliar,Magerya ’17]

[Prausa ’17]



Emerging Patterns

five-point 
MIs

four-point 
MIs

3 and 2-
point MIs

Scalar integrals with 
numerators and local 
integrand insertions

Scalar integrals with 
numerators and dotted 

denominators

Scalar integrals with 
dotted denominators

Local integrand: μij = − k[−2ϵ]
i ⋅ k[−2ϵ]

j Numerators: 𝒩 = (ki + q)2

Good starting point to build UT candidates MIs

More in depth analysis performed exploiting Leading Singularities, Loop-by-Loop…



A cooking recipe for Canonical Basis

IBP 
reduction 

and DEQs over 
Finite Fields

Check   
structure of 
DEQs from 
univariate 

slice

Cuts 
Information 

from 
homogeneous 

part of 
DEQs

Candidates 
choice 

inspired by 
similar 

processes

Fast pipeline to 
generate and tests 
possible candidates 

integrals for Canonical 
Basis



Generalised Power Series Evaluation: A proof of concept

We exploit the Generalised Power Series method as implemented in DiffExp

Series Solution around 
singular points of DEQs

⃗f(t, ϵ) =
∞

∑
k=0

ϵk
N−1

∑
i=0

ρi(t) ⃗f (k)
i (t), ρ(t) = {

1, t ∈ [ti − ri, ti + ri)
0, t ∉ [ti − ri, ti + ri)

, ⃗f (k)
i (t) =

∞

∑
l1=0

Ni,k

∑
l2=0

c(i,l1,l2)
k (t − ti)

l1
2 log(t − ti)l2

Numerical boundary values obtained with AMFlow

Numerical evaluation of MIs in whole phase-space

Proof of Concept for this computation

Optimisation could lead to phenomenological applications



ttj Leading Colour Planar Amplitude 
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Figure 1: The two pentagon-box topologies contributing to pp ! tt̄j in the planar leading colour
limit. Black lines denote massless particles and red double-lines denote massive particles.

The minimal set of master integrals (MIs) is obtained by IBP reduction [1, 2], as implemented in
the software LiteRed [3, 4] and FiniteFlow [5]. We found a total number of 123 MIs for topology
B and of 111 for topology C.

We wish to find a basis of MIs, ~IB/C , which satisfies a system of differential equations in
canonical form [6]:

d ~IB/C(~x, ") = " dA(B/C)(~x) ~IB/C(~x, "), (2.6)

where d is the total differential with respect to the kinematic invariants, and the matrix A(B/C)(~x)
is a linear combination of logarithms:

A(B/C)(~x) =
X

c(B/C)
i log(w(B/C)

i (~x)). (2.7)

The c(B/C)
i are matrices of rational numbers, and the alphabet

n
w(B/C)

i (~x)
o

consists of algebraic
functions of the kinematic invariants ~x. We discuss the details of the canonical basis of MIs and
the alphabet structure in Sec. 3.

The systems of differential equations depend on a two sets of square roots which we define here
for later convenience. For the topology B we have the following set of roots [Matteo: WIP]:

� =

s

1� 4m2
t

s12
, (2.8)

while for topology C the system of differential equations contains the roots:

� =

s

1� 4m2
t

s12
,

�1 =
p
detG(p23, p1), �2 =

p
detG(p15, p2),

�3 =

s

1� 4s45m2
t

(s12 + s23 �m2
t )

2
, �4 =

s

1 +
4s34s45m2

t

s12(s15 � s23)2
,

�C,1 =

s

1� s34m2
t

(d12 + d15 +m2
t )

2
, tr5 = 4

p
detG(p3, p4, p5, p1) = tr(�5/p3/p4/p5/p1), (2.9)

where Gij(~v) = vi · vj is the Gram matrix and sij = (pi + pj)2.
In order to be able to build a canonical system of differential equations in a rather compact

form, our basis of MIs contains integrals with insertions of local numerators [7–11]. We will therefore
need to extend the notation introduced in Eq. (2.1) to allow for insertions of these local numerators
into the integrand. For the scope of this paper it will suffice to extend the notation to the local

– 2 –

Work in progress…Two remaining pentagon-box topologies in the leading 
colour planar sector

Plan of the calculation

Construction of MIs basis

Numerical implementation of all the MIs through generalised power series expansion 

Numerical reconstruction and evaluation of leading colour planar amplitude for benchmark points

Optimisation of power serie method for phenomenological application

TopoB TopoC



ttj Leading Colour Planar Amplitude 

Work in progress…
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Figure 1: The two pentagon-box topologies contributing to pp ! tt̄j in the planar leading colour
limit. Black lines denote massless particles and red double-lines denote massive particles.

The minimal set of master integrals (MIs) is obtained by IBP reduction [1, 2], as implemented in
the software LiteRed [3, 4] and FiniteFlow [5]. We found a total number of 123 MIs for topology
B and of 111 for topology C.

We wish to find a basis of MIs, ~IB/C , which satisfies a system of differential equations in
canonical form [6]:

d ~IB/C(~x, ") = " dA(B/C)(~x) ~IB/C(~x, "), (2.6)

where d is the total differential with respect to the kinematic invariants, and the matrix A(B/C)(~x)
is a linear combination of logarithms:

A(B/C)(~x) =
X
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i log(w(B/C)

i (~x)). (2.7)

The c(B/C)
i are matrices of rational numbers, and the alphabet

n
w(B/C)

i (~x)
o

consists of algebraic
functions of the kinematic invariants ~x. We discuss the details of the canonical basis of MIs and
the alphabet structure in Sec. 3.

The systems of differential equations depend on a two sets of square roots which we define here
for later convenience. For the topology B we have the following set of roots [Matteo: WIP]:
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where Gij(~v) = vi · vj is the Gram matrix and sij = (pi + pj)2.
In order to be able to build a canonical system of differential equations in a rather compact

form, our basis of MIs contains integrals with insertions of local numerators [7–11]. We will therefore
need to extend the notation introduced in Eq. (2.1) to allow for insertions of these local numerators
into the integrand. For the scope of this paper it will suffice to extend the notation to the local
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TopoB TopoC

123 MIs for TopoB

Differential Equations for TopoC in epsilon factorised form

Preliminary results

111 MIs for TopoC

New analytic structure: MIs basis contains nested square roots normalisation,…

Alphabet solution will contain new kind of letters



Summary

First computation for two-loop five-point Feynman Integrals with Internal Massive Propagators

MIs computation for two-loop planar topology represents the first ingredient for a NNLO QCD corrections to ttj

UT structure follows emerging pattern amongst five-point processes

Outlook

Computation of all the MIs relevant for the NNLO ttj production in the planar leading color limit

Efficient numerical evaluation: optimisation of generalised power series method for phenomenological applications



Thank you for your 
attention!


