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Real radiation
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The problem

1. Extract infrared singularities affecting the real radiation in d-dimension without integrating over the resolved phase space

—» fully differential predictions for IR-safe observables

2. Cancel the 1/¢ poles stemming from the unresolved phase space integration against the poles of the virtual contributions

—Pp Unresolved limits are universal and known (even at N3LO) — a general procedure is in principle feasible

J 6666 d‘I’g:J_ 6666 - ,ny.@\—d@g+J . aee dO,

—

Finite in d=4 exposes the same 1/€ poles as
iIntegrable numerically the virtual correction
Counterterm Integrated counterterm

( Subtraction: conceptually non-trivial, but if local and analytic then extremely versatile and numerically stable )
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Subtractions: status

NLO:
solved conceptually in the 90s and now implemented in automatic frameworks

NNLO:

still looking for the optimal scheme — the problem is highly non-trivial and a simple generalisation of NLO not doable due to
overlapping singularities

Example: di-jet two-loop amplitudes ~ 20 years ago [Anastasiou et al. ‘01]

di-jet production at NNLO ~ 5 years ago [Currie et al. “17]

- many different proposal available W, \
SN? A\
Antenna [Gehrmann-De Ridder et al. ‘05] \aQ{w@" N“W TN :3
w"\'ﬁ"’ﬂ O \p'\ﬂ\*"”‘fm
ColorfulNNLO [Del Duca et al. '16] D /}\ w
/
STRIPPER [Czakon ’10] ST

Nested soft-collinear [Caola et al. ‘17] P ol
Local analytic sector [Magnea, CSS et al. ‘18] Q &
SN l /
Geometric IR subtraction [Herzog ‘18] ?u***\o“ “a 4o
Unsubtraction [Sborlini et al. ‘16]

FDR [Pittau *12] T WG

Universal Factorisation [Sterman et al. ‘20]
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Details of the calculation: NLO as a playground
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Local Analytic Sector Subtraction

Go back to NLO to implement a new scheme featuring key properties that can be exported at NNLO.

donio _ d® . RS, . (X)+ |dP, V5 (X
X dl—I}éll ne1 R0, 1(X) + n V0,(X) X IR safe observable
J & dd)n+1=H & e ]d¢n+1+H_,_m dd)rad]dCI)n
JoNLO B -
Ot = Jd®n+1K I = dq)radK
dX .
do, ., (R 5, (X)—K 5n(X)> + | do, (V + 1) 5 (X)
Properties of the scheme: Minimal structure and Analytically calculable
simple integration (possibly with standard techniques)

Requirements: Organise all the overlapping singularities and Choose an optimise parametrisation of the

choose an appropriate kinematics phase space
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Ingredients of the subtraction

e Projection operators: extract from the real-radiation matrix element its leading soft and collinear limits [Altarelli, Parisi *77]

2 2
S, R({k}) < ) ssj B ({k},) B0, o[ kK
a,c#i ¢! di (ki « k3) (ky - k3)

1
CyR({k}) o« — P¥(sip 5;) B (K} k) 2 2

ij

. k|l L
S; C; R({k}) o ;]S. B ({k},) = Cras kl-k3E
y  ir

® Phase space partitioning ( FKS ): multiple singular configuration that overlap

- Unitary partition.
- Select a minimum number of singularities in each sector.
* Do not affect the analytic integration of the counterterms.

R: ZRWU:RW:Sl + RW32+

l,]
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Ingredients of the subtraction

e Projection operators: extract from the real-radiation matrix element its leading soft and collinear limits [Altarelli, Parisi *77]

2 2
S, R({k}) < ) ssj B ({k},) B0, o[ kK
a,c#i ¢! di (ki « k3) (ky - k3)

1
CyR({k}) o« — P¥(sip 5;) B (K} k) 2 2

ij

. k|l L
S; C; R({k}) o ;]S. B ({k},) = Cras kl-k3E
y  ir

® Phase space partitioning ( FKS ): multiple singular configuration that overlap

- Unitary partition.
- Select a minimum number of singularities in each sector.
* Do not affect the analytic integration of the counterterms.

/

R: ZRWZJ:RW:;l + RW32+

l,]

Damp: 71, || 74
Enhance: ', || 7 5
1

531
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Ingredients of the subtraction

e Momentum mapping ( CS ): kr ks
. Factorisation of the phase space d®,, ;| = d®'“" x d®_ | s ( lgabc), Vs 2, ¢> Ka
- On-shell particle conserving momentum in the entire PS
Mapped kinematics {k}@¢) = { (kY i l_céabc), klab C)} ky + Ky + k, = k2 + k0

Different ways to combine momenta, depending on the choice of the dipole (abc)
— Freedom to choose the momenta to simplify the integration

® Analytic integration:

Freedom to adapt the parametrisation to the kernel: {k} X 2 Scd { k}(lcd))

» Exact analytic integration

1 1
. 1 — .
B (1K) D) = ) (si09)” J dgp sin 2€¢J [ dz(1=)[(1=y2y (1 =2) 2] —= By({k} )
0

id C,d#i 0 0 ¢

« 3, | oo e

c,d#i Sic

pen—e @)A1 —e)T (2 — €) o
- Z (b) e’I'(2 — 3¢) By ({k})

c,d#i1
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Lesson from NLO

« Unitary partition of radiative phase-space with sector functions Wl-j

e (Collection of relevant IRC limits for a given sector

e Catani-Seymour final-state dipole mapping
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Details of the calculation: NNLO
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Exploring the framework

ﬁ B doo donLo |dONNLO Arbitrary number of massless
dX  dX dX | dX QCD final-state emissions

dUNzLO B
= |d®,vvs, +  |d®,.RVS,  +  |d®,,RRSy

Numerous overlapping
singularities!
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Exploring the framework

ﬁ B doo donLo |dONNLO Arbitrary number of massless
dX  dX dX | dX QCD final-state emissions

dUN2LO -

First step: divide the singular configurations into single-unresolved, double unresolved, and strongly-ordered

dq)n+2[ RR 5n+2 o K(l) 5n+1 o ( o K(lz))5 ]
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Sector functions at NNLO

Second step: unitary partition of double-unresolved phase space (Dn +» Into sectors Wijkl

* 3 topologies collecting all types of singularities

K

/4

szik ' Slj Cijk SCijk
Wijjk Si Cijk SCzjk SCklii
Wijkl Sik Cijkl SCi SCkij

Single Double
unresolved unresolved

Cijkl

with D D W=

double-soft partons i and §
triple-collinear partons (i, j, k)
double-collinear partons (i, j) and (k, [)

soft partons i and collinear partons (J, k)
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Singular structure of the RR

« Limits on matrix elements: RR factorises into universal kernel X lower multiplicity matrix elements [Catani, Grazzini 9810389, 9908523]

Example: double-soft

S, RR({k}) 2 2 Icfgle(j{)B ({k};)+1D B4({k} )
c,d#i,j “e,f#i,] i

triple collinear

1
Ci RR({k}) o< — P2(s; i 5t) By (1K) o ki)

k
Sljk /
I') = single eikonal
(i) _ - : ; ;
"’ = double eikonal Functions of Lorentz invariants
PZ‘: = triple splitting
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Singular structure of the RR

« Limits on matrix elements: RR factorises into universal kernel X lower multiplicity matrix elements [Catani, Grazzini 9810389, 9908523]

Example: double-soft

S, RR({k}) 2 2 I(fgle(j{)B A1k} ) +1D B, ({k} )
c,d#i,j “e,f#1,] -

triple collinear

1
C,is RR({k}) = sz(slr, Sis Sr) By ({K) i Kije)

ijk Born-level kinematics does

not satisfy the mass-shell

condition and momentum
conservation

I') = single eikonal

I(’]) = double eikonal Functions of Lorentz invariants Momentum mapping needed!
PZ‘: = triple splitting |
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Singular structure of the RR

« Limits on matrix elements: RR factorises into universal kernel X lower multiplicity matrix elements [Catani, Grazzini 9810389, 9908523]

Example: double-soft

S; RR({k}) & Y ID1D B (1} ) + 19 By (K} )
c,d#l,] ~e.f#i,] )

 Freedom in choosing the mapping: adaptive parametrisation tuned to the specific kernel

§ij RR({k}) Z Z I(z) I(})(zcd) B. ( { ficd. ]ef)}> 2 IC(;) jgl)(icd) Bcded( { ]-C(icd,jed)}>

c#ij |le#ijcd e#i,j,cd
d#ij.c f#i,j,cd _

o 1 1 . _
) 7()) ijcd (l) (if) (if) ijcd
+219 198, <{k(f >}> ( ) S 1D~ 1] )Bcd<{k(f >}>

k ]_C (acd,bef) _
{ } { } ety e o 2 { k} { k}(abcd)
dq)n dq) dq)ra d dq)ra d : dq)n dq)(abcd) d(bizdbczd)
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Integration of the double-real counterterms

Third step: conterterms integration. Advantage from choosing the appropriate mapping, and phase-space parametrisation

oNNLO _ Jd(b VVS
dX n X,

[dCI)nH RV,

n+ n integrableind = 4

+ J' dq)n+2 RR 5X = K(l) 5Xn+1 - ( K(Z) o K(12)> 5X Finite by construction and

» 3different integrated counterterms: different phase-space and complexity

I(l) — Jd®rad,l K(l) ) 1(2) — qu)rad,2 K(z) ) 1(12) — Jd®rad K(lz) 5
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Integration of the double-real counterterms

Third step: conterterms integration. Advantage from choosing the appropriate mapping, and phase-space parametrisation

d
ONNLO _ Jdd)n <VV L@ ) 5y
dx :

(RV I(l))5x,,+1 _ ( 1<12>> 5y

[d®n+1

_ (1) - 2) _ p(12) Finite by construction and
" J' dq)n+2 _RR 5X”+2 K 5X”+1 (K K ) 5Xn integrable ind = 4

» 3different integrated counterterms: different phase-space and complexity

I(l) — Jd®rad,l K(l) ) 1(2) — qu)rad,2 K(z) ) 1(12) — Jd®rad K(lz) 5

N

* Analytic integration via standard techniques — sectors sum rules + mapping adaptation [Magnea, C-SS et al. 20710.14493]

NNLO complexity: highly non trivial!

 No approximations — simple and compact results (at most simple logarithmic dependence on Mandelstam invariants)
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Integration of the double-real counterterms: example

2

* How the result looks like: _ 1 Gt
Jd‘bnwsz‘jRR = 3 L Z q Z
Sn c#t,7 \ e#1,j,c,d
d7éi7jac ( )—
(icd,jed) 7ijcde p(icd,jed
—I_ 4 Jd@n JS@S .Z;cded
B ) = )
(ijcd) | ijcd «—?(ijcd) “ ijed B (ijcd)
i+i+ 16_Z7r2 l_|_ 60—57?2—@(3 1 +qu)n "2JS®S kcdcd -I_JSS Bcd S
et € 6 €2 3 3 € ) 1)
_ 900 200, 29 4
+216 - 20n? — “5G + o +(’)(e)],

2 I\N—E
3 (o e (@) (55 | L4 (172 2\L _ 16 5, 68,31
Jos(8,8") (27r) (,U4) [€4+€3+<7 372t 70 37 3§3€

68 272 13
+284 — ?71'2 — TCB + %71'4 + O(E)] ]
2 —2€
@) o (Xs) (S 1. 4 3 2\ 1 a2 4Nl
308 49
. 2 It Y 4
+312 — 277 3 (3 + 720" +(’)(e)],

2 —2€er
iy (@N(EYE[LL 7L (U6 7 N1 T 13, 19
T () (zw) (;ﬂ) 6t \2r 36" et s 108" g @ tOl

2 —2€r
S 11 35 1 487 2 1 1562 269 77 1
290 (5:) () |2+ mat(m-57)a+ (o -mr-59)

2 ) \u?) | 2¢€ 12 €3 36 3 €2 27 72 6
19351 3829 , 1025 . 23
T8 T 26" 18 BT 240" +0(€)]'
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Subtracting RV singularities

Forth step: regularisation of the second line — delicate interplay between different counterterms [Magnea, C-SS et al. 2212.11190]

d
ONNLO _ Jdd)n <VV + @ ) 5y
dx :

RV+ID S finitein ¢

[dCI)nH (RV 1<1>)5Xn+1— (K<RV> 1<12>> 5y

n

kl(l) — 119 = integrable

+ Jdcbn+2 RR&y —KWVéy — (K<2> — K<12>) Sy

n—+ n

* Intricate cancellation pattern involving both poles and phase-space singularities

integrable in @, _ ,

|
integrable in @, _ ,

N |
Jd(l)nH (RV + 1<1>>5Xn+1 _ (K<RV> 4 1<12>) 5y
] | | |

finite in € finite in €
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Combination with double virtual

Fifth step: integrate the real-virtual counterterm and check pole cancellation against virtual and / (2) [Magnea, C-SS et al. 2212.11190]

do
E;LO - Jdd)n <VV + I® + 1<RV>) By \

[dCI)nH (RV 1<1>)5Xn+1— (K<RV> 1<12>> 5y

KRV)

rad

IRV = Jdd)

n

+ Jdcbn+2 RR&y —KWVéy — (K<2> — K<12>) Sy

n—+ n
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Combination with double virtual

Fifth step: integrate the real-virtual counterterm and check pole cancellation against virtual and / (2) [Magnea, C-SS et al. 2212.11190]

do
;;LO — Jdcbn (VV + 1@ + I<RV)> By

VV +1® 4 [®Y) = (%){ [I(°)+ZI(1) JT+ZI(2) L2 + ny CL]-T/LW] B

J,l#J
n Z [Im) n I(l) ] —2(1-¢) Y 7°(2-Ler) Ber
J,CF£G,T
+ZLcd[I(O) I Loy + 22 foya | (4 — Leg) Z hep, ]
12 Led
c,d#c
5)
+ Z [— 2—|—C2 —— 2(3 = Z<4 + 2(1—<3) Lcd:| Bcdcd
c,d#c
1 1
+ (1_C2) Z Lcd Led Bcded + Z Lcd Lef |:1 R 5 Lcd (1_ gLe >:| Bcdef
c,d#c c,d#c
eF#d e, f#e
ce 1 ce . ce
b 3 [Sn bt v (-2 )
cdpcl Sde S Sde Sde
e,;éc,d
g hc fin 1 fin fin
+ (%> { [2¢ > LJT] V4 3 " L (2—§Lcd> Ve } +VV
j c,d#c
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Combination with double virtual

Fifth step: integrate the real-virtual counterterm and check pole cancellation against virtual and / (2) [Magnea, C-SS et al. 2212.11190]

donni o

dX

Chiara Signorile-Signorile

dD, (VV + I® + I<RV>) Sy

I = N2cC? [

14142 @@] NN (G, (?—ﬁg 24—544) ﬂo(g—%z)]

+N2[ (———2 E@) 58(9——@)%—@450(—%——(2)]

L NG [c (g—g—ﬂ@ Gt —<4) (ﬂ T —44)

432

5669 85 |
+50(864 24C2—EC3)] |

+ N, [C’Fq ( ST 11C3) + Cpﬁo(g - 3C3) 3(2)(E - §C2>

48 16
1289 , 15 647

+ 2( C—14C+—C)+Cﬁ(———c——c)] |
916 | 2 2 3T g a0\ "5q 2 3 ,‘

5 7 1 7
IJ('l) = 5fa{CIaC7}CF quCF (5 - ZCZ) + Ngc,'q (_ - _C2) + g g,BO

+ 81 [N C, G, (10-7¢) — N CF50<§—ZC2) LN 02(3742) LN 050(3 Zcz)

3 4
+Co(—§—16+20) + (T3 -3 +36) +60( 3+ ) |

4

—g( )50"’ C = Fﬂo (§—§C2 5C3) C50<———C2)] |

1
(15CA—750—15)C’fJ——(5CA—2ﬁ0)'yJ+2CZCf |

1
)
(=143 —2¢)Ca— %(13 +10¢2 + 2¢3)Cy, + (5 + 2¢3)7; |
(

= (1- cz)CA+%(4+7c2)0fj—(2+<2) . ;

(20 2C2——C3)CA+3—ﬁ0+22¢+8(1_C2)Cfd }

9
L D
(g——Cz) A__,BO__ &

277 )
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Take home message

Local Analytic Sector Subtraction provides a fully
local infrared subtraction scheme at NNLO for
generic coloured massless final states.
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Take home message

Local Analytic Sector Subtraction provides a fully
local infrared subtraction scheme at NNLO for
generic coloured massless final states.

Thank you for your attention!
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Backup
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Phase space partitions

Examples: Local Analytic Sector Subtraction ee™ — y* — ¢g [Magnea, C.S-S. et al. 1806.09570]
Y qq ~ 8 8

V=W 1005+ W16+ W 1250+ W 1256+ - + W50

o 1 1
abcd
W jpea = Oubed = , a>1

a
zm,n,p’q Omnpq (ea Wab)a (ec 5[90 ea) Wed

Angular+energy partition

Advantages:

1. Compact definition Disadvantages:

2. Triple-collinear sectors do not require further partition 1. Numerous sectors — consequence of being fully general
3. Structure of collinear singularities fully defined — non minimal structure

4. Valid for arbitrary number of FS partons 2. Non-trivial recombination before integration

5. Defined in terms of Lorentz invariants
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Sector functions at NLO in the analytic sector subtraction

Sector functions 7' ; :

1)  Select the minimum number of singularities

SlWab=O, Vl#a

2) Sum properties

L,JFl JF#I
3) Explicit form
. S . SS..
CM:q’“‘=(\/E,O), eizﬂ, W;; = !/ ,
A Sqi qu
l/w,,
SlWab — 5 o CUW

CijWab — O .

Va,

be&i,j}.
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The idea of mappings

(kY1 = {k,}@9 _
Jd®n+1 (Rn+1_Kn+1> g Jd¢n+1 (Rn+1_Kn+1>
SR, (1k}) < ) "B ({k},) SR, ({k}) « ) el g ({k}ied)
a,c#i Sci Sdi a.ci Sci Sdi
| _ | _
Cii R, ({k}) - PE (57, 5;,) B! ({k) ki) C;iR,i({k}) - PE¥ (570 5;,) B! ({k}@)
] 4]
s:. o S, o
5 Cinn+1({k}) ox — Bn({k}/l) 5; Cszn+1<{k}) x — Bn({k}(l]r))
Sii Sir Sij Sir

Why a mapping?
1. {k} ;1s a set of n momenta that do not satisfy n-body momentum conservation away from the exact S; limit

2. {k}y, kij is a set of n momenta where k;; = k; + k; is off-shell away from the exact Cj; limit

3. Factorise the n + 1-body PS intro a n-body and radiation phase space is necessary to integrate K only in the latter

Collinear limit: single mapping > dipole = (ijr)
Soft limit: different mapping for each contribution > dipole = (icd)
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Lesson from NLO

« Unitary partition of radiative phase-space with sector functions Wij

e (Collection of relevant IRC limits for a given sector
e Catani-Seymour final-state dipole mapping
 Promotion to counterterms: improved limits

* Locality of the cancellation ensured by consistency relations

o Wij sum rules+ mapping adaptation = simple analytic counterterm integration

e

=l , ‘ , ‘
K=) K;x SR| ) Sw|+C;R | Cy(w,;+W;)|-SC;R | SC;7]
L) J

=> K= ) S;R+ ) C;(1-§)R
i i ji

Remarks:

1. The integrated counterterm has to match the poles of V, which is not split into sectors
2. The sector functions would have made the integration much more involved
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Integration of the double-real counterterms: example

d®, ., S; RR({k})

2
d(I)(l]Cd) Sij Scd

U

" (ijcd) 1(i)) 1.(ijcd
dp e 1 Bcd<{k(f >}>

(1 = €)(SicSig + SiaSic) — 28,84

788 —
cd (Slc _|_

i) (Sia T Sjq)

+

SicSig t Sig

cd

S'C _ 1 Sl'Cde + Sl.dS. ]
jd 5j 2 (Sic + 5)(Sig + Sja)

Sii Sic Sid S

| n+2 SSSzdd

0 [x(1—x)x’(

Integrate over x — simple Beta functions

Integrate over y — simple Beta function

ch]_ dX,dy,dZ,dX dy dz(z_1)2(1_y)1—2€ —26—1(1_y/)1—2€ /—el(l_z)z]—e[(1_2/)2/]—6—1
€T/ 2(y! (z2—1)— Z)( '(1—2)4+(1—2")z+2(2

—1)3/y’ (z—1)z(z' —1)z )

Integrate over x’ — Master Integral I, — Hypergeometric and Theta functions

Integrate over z/ — partial fractioning £

s
/ (1_21)]1+e

I/

— FA-2

[l

1

1—=z

]

— Master Integral I/, + J,,,, — Hypergeometric functions

Integrate over z — Integral representation of Hyp. — auxiliary t variable

Integrate over y/ — poles extraction
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Subtracting RV singularities

Seventh step: integrate the real-virtual counterterm and check pole cancellation against virtual and / (2)

d
ONNLO _ Jd(bn <VV + @ ) 5y
dX :

(RV 4 10)s, — (K89 4 1) 5,

n

[d®n+1

n—+ n

+ Jdcbn+2 RR&y —KWVéy — (K<2> — K<12>> Sy

* Intricate cancellation pattern involving both poles and phase-space singularities

D 1loop single unresolved

K,L(jRV) = K( V) + Az'j = [gz —|—6,,;j (1 _§z) ]RVWZJ + Aij

17, expected
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Subtracting RV singularities

Seventh step: integrate the real-virtual counterterm and check pole cancellation against virtual and / (2)

do
= Jd(bn <VV 4@ ) 5y
[dcan (RV + 105,
AS,z
e Intricate cancellation pattern involving both p:
D 1loop single unresolved
KJY) =

n

(R4 ) 5
o ! S —c : 1 S —c :
_ MY e®! L [( s ) —1]B<wd>+—2 [( cd ) —1]3(“")
c _(ied efcd 2 —(2ed eded
2m c#1 L 2e e#1i,c Sif ) € e#1,d ngd )
d#i,c fHicoe h ,
1 2 ,ch ~(icd ~(idc
J
hc _
- %N‘ 1 Z 553) L (Bgm) - Bc(::-cr)) , r=Tik -
2T . C
k+#1
c#i,k,r

K oepected T Dij = [_z' +Cij (1-8:) ]RV Wij + Qi
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Counterterm definition

* Locality of the cancellation ensured by consistency relations

- Tower of nested limits that have “horizontal” and
“vertical” consistency relations.

- Consistency relations have to hold simultaneously for
all the mapped limits.

- The number of consistency relations grows rapidly as
the number of unresolved limits increases.

- Inconsistencies at the bottom of the tower usually
require a redefinition of the mapped limits at the top
(and, as a consequence, of the entire cascade).

- The definition of consistent mapped limits has to be set
once for all, and is almost process-independent.

Selection of displayed limits

Si Cij Szj Czjk
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ON (), i)
S;RR({k}) < ) IOTD Bgerl 1k} ) 1% Boy( (k) )
c,d#i,] “e,f#li,] )
: \)
(i) — _"cd (i) _ (q@)ij) _ (88)(if) _ ,
1) = e [P =2Ty1" 2C, 1 Sup = 2P * Db
@) SicSia + SiaSic — SiiSed 1) _ (1 — e)(slcsjd + 8;45; 2 — ZSUSCd . SicSia t SiaSic = SiiSed [1 1 SicSia + SiaSic ]
c — ' Ped
(Slc + 5 )(Sld + d) d (SlC + S )(Szd + S ) Sl]SlCS]dSideC 2 (Szc + S )(Szd + d)
1
__ puv pv pv
C,ir RR({k}) 2 — P (Sirs Sjs Sir) B (1K g Ky PYB,, =Py B+ Q'B,
U
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ijk 45 l% S ijk \) ijk Zij \) ij Zij < ZiZijk 2 £ 2 Sir Sj r T Sk

2
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+— [ = + A A =+ 227+ z(1 +22) — 4| + d=e) + perm .
25;;Sik ZkZjj ZikZij 2%y 4
Siik 2Z | ZiZik 3 11~ 27. 1 i 3 7. Z. 1 1. 27:7; ] i 3 Z. Z. 1 1.
Ql(ig)ﬂy CXL [__+<L__>_] klzqi;w_l_ _l__<L_ _hL s kqu.ﬂy_ T (e N kl%qliw + perm .
/ Sjj Zk S i 2/ Sik Zk S Lz 2 o %) Sik / ZiiZk Sij i 2% Zik/ Sik

Key problem: several different invariants combined into non-trivial and various structures, to be integrated over a 6-dim PS.
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Double real singular kernels:

Universal NNLO splitting [Catani, Grazzini 9903516,9810389] [Campbell, Glover 9710255]

(D) 71(j) ( ) (ij) ( ) (i) — (i) _ (g8)(i))
S;RR((K}) o D | D% 1919 Buef( 1K) 17) + 19 By ((K) [ = 2T 147 = 2.C, I
c,d#1,] ~e,f#li,] _
@) _ SicSia + SiaSic = SiiScd &) _ (1- 6)(Sicsjd + Sidsjc) - 2Sichd L SicSia t SigSic — SiiSca 1 SicSia + SigS;
— — p N
cd S5 (Sic + 8ic)(Sia + Sjq) cd Sl%(sic + 5i)(Sia + Sig) ) SiiSicSidSiaSic 2 (Sic + 8i)(Sig + Sjg)
C.  RR({K}) o — P (5,5, .5,) By (1K) ki) PB =P B+ Q"B
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(1 —e€)s?, / s; =7\ s zzi—1 zz—-2 (1-zz)* 5 3 st [2zz20(1 =220 14+2z(1+z) 1—2z7 3(1 —
PS® = (3 - Jk( h_ Ty ’) TRy i A M g+ =L [ il O redre | E 4 2zg +7(1+22) - 4| + d-e) + perm.
/ 4Sij Sijk — Sijk <jj Sij <ij <k Zik Lk 2 2 2Sij5ik ZkLij Zik<jj <<k 4
Sji 2z 1 ZZe 3\ 11]- 27, 1 ZZe 3 oz z\1]- 2% 1 ZZk 3 0z oz \1]-
Qi(ig)ﬂvz(jji _]_+<J_k__>_]kl_2qi/w+ j__(J_k___Zz_l_Zl) ]k]gqu_ —J—+<J—k———ﬁ+i>—]k%q]g’/ + perm.
/ Sij % S L Zjj Sik % S 2 Zij L %/ Sik ZiiZk Sij L Zjj L Zik/ Sik
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Double real singular kernels:

Universal NNLO splitting [Catani, Grazzini 9903516,9810389] [Campbell, Glover 9710255]

@) 7)) ( ) (i) ( ) (i) — (g j) _ (88)())
S;RR({k}) «« D) | ) I 19 B.gef( (k) 17) + 1% By ( (K} I’ =2Tg 11 2C, I8
C,d#L,] ~e.fFi,] _
@) _ SicSia + SiaSic = SiiScd &) _ (1- 6)(Sicsjd + Sidec) - 2Sichd L SicSia t SigSic — SiiSca 1 SicSia + SigS;
— — y -
cd S5 (Sic + 8ic)(Sia + Sjq) cd Sl%(sic + 5i)(Sia + Sig) ) SiiSicSidSiaSic 2 (Sic + 8i)(Sig + Sjg)
C.  RR({K}) o — P (5,5, .5,) By (1K) ki) PB =P B+ Q"B
ijk 2 ijk ir>®jr> kr) Puv 17K “ijk ik uv T T ik ijk MY
ijk
(1 —e€)s?, / s; B AN zz;—1 zz—-2 (1-zz) 5 3 57 2222 (1 —=2z) 1 +2z(1 + z, 1 —2zz; 3(] —
PS® = (3 - Jk( h_ Ty ’) TRy i A M g+ =L [ il O redre | E 4 2zg +7(1+22) - 4| + d-e) + perm.
/ 4s; Sijk - Sijk Zij Sij Zij Kk LiZkZjk 2 2 25;iSik kL Zikij i<k 4
QCom = c2 2 B, <ﬁ —3>i] R i (ﬁ—3 Sy Zi) : ] k2 g - Z51 <ﬁ —i—ﬁ+i>il k2g" ¢ +perm.
v Sjj Zk Sij 2k Zij Sik : Zk Sij 2 Zij Z Zij) Sik / ZiiZk Sij 2k Zij i Zik/ Sik

Key problem: several different invariants combined into non-trivial and various structures, to be integrated over a 6-dim PS.

\

Key solution: split the different structures according to the contributing Lorentz invariants and tune the mapping !
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Double real singular kernels:

Universal NNLO splitting [Catani, Grazzini 9903516,9810389] [Campbell, Glover 9710255]

(@) 7()) ( ) (ij) ( ) (i) — (i) _ (g8)(i))
S;RR({k}) «« D) | ) I 19 B.gef( (k) 17) + 1% By ( (K} I’ =2Tg 11 2C, I8
c,d#1,] ~e,f#li,] _
1@ SicSia + SiaSic = SiiScd (&) (1- 6)(Sicsjd + Sidsjc) - 2Sichd L SicSia t SigSic — SiiSca 1 SicSia + SiaSic
C - — d —_——
d S5 (Sic + 8ic)(Sia + Sjq) cd Sl%(sic + 5i)(Sia + Sig) ) SiiSicSidSiaSic 2 (Sic + 8i)(Sig + Sjg)
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ijk o2 ijk Sir s Sjr > Skr Uv 17K “ijk ik my T T ijk ijk MV
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(1 —e€)s?, / s; B AN zz;—1 zz—-2 (1-zz) 5 3 57 2222 (1 —=2z) 1 +2z(1 + z, 1 —2zz; 3(] —
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How the results look like: d®,., C. RR = dCI),,,(k(] )) Jcc<S,f,, )B (k(f >)

o) a\°( s \ [ 15 63 853 )\ 1 10900 275 1 180739 3736 , 41
J2)={— | =) C;i +— + T—Z27t — + 5 T3 7 - 3764, ) —+ % 9 " —1555§3+1—0n + O(e)
€ €
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