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1. Introduction

Lattice QCD can be used to

* Determine fundamental parameters of the SM: quark masses, CKM

matrix elements (tensions in inclus.-exclus. determinations of

|Vub|, |Vcb|).

* Provide the non-perturbative input for the study of some

theory-experiment discrepancies in UT analyses (B̂K , fB,

fB
√
BB, ξ ...), processes involving B0

d,s − B̄0
d,s mixing (like-sign

dimuon charge asymmetry), heavy-light decay constants ...

relying only on first principles.
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theory-experiment discrepancies in UT analyses (B̂K , fB,

fB
√
BB, ξ ...), processes involving B0

d,s − B̄0
d,s mixing (like-sign

dimuon charge asymmetry), heavy-light decay constants ...

relying only on first principles.

Goal: Precise calculations (∼ 5% error)

# Gold-platted quantities: For stable (or almost stable) hadron, masses

and amplitudes with no more then one initial (final) state hadron.

Dificult to study on the lattice: scattering processes, including

charmoniun production, inclusive processes, and multihadronic decays

# Control over systematic errors: including chiral extrapolation,

discretization (continuum limit), renormalization, finite volume ...



1. Introduction

# Unquenched calculations

* Quenching the strange quark could have an error as large as 5%

and need a Nf = 2 + 1 to have an estimate → want Nf = 2 + 1

* Neglecting sea charm has effects O(1%) (can be estimated with

HQET). Starting to need sea charm effects.



1. Introduction

Overview of simulations parameters today
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1.1. Introduction: Averaging lattice QCD results

# J. Laiho, E. Lunghi, and R. Van de Water (LLV)

Phys.Rev.D81:034503,2010, most updated results in www.latticeaverages.org

* Hadronic weak matrix element relevant for phenomenological

analyses.

* Include only Nf = 2 + 1.

* Only published results (including proceedings).

# Flavianet Lattice Average group:

arXiv:1011.4408, most updated results in http://itpwiki.unibe.ch/flag

* K and π physics, including LEC’s.

* Include separate averages for Nf = 2 and Nf = 2 + 1.

* Only published results with the exception of update proceedings.

# Averages agree in between them when they use the same inputs.



2. Light quarks matrix elements

2.1. fK/fπ: Determination of |Vus| and test of unitarity

# Decay constants come from simple matrix element

〈0|q̄1γµγ5q2|P (p)〉 = ifP pµ → precise calculations

* Even higher precision for ratios due to cancellation of statistics

and systematics uncertainties
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HPQCD/UKQCD ’07

ALV ’08
BMW ’10
RBC/UKQCD ’10

MILC ’10

fK/f
LLV
π = 1.1931± 0.0053

Marciano 2004
|Vus|2
|Vud|2

× f2K
f2π
∝ Γ(K→µν̄µ(γ))

Γ(π→µν̄µ(γ))

=⇒ |Vus| = 0.2252(11)∗

(|Vus|unitarity = 0.22545(22))

M. Antonelli et al., 1005.2323

* Using |Vus|/|Vud| × fK/fπ = 0.2758(5) M. Antonelli et al., 1005.2323 and

|Vud| = 0.97425(22) Hardy and Towner, PRC79(2009)



2.2. K → πlν: Determination of |Vus| and test of unitarity

# |Vus| can also be extracted from Kl3 decay rates via

Γ[K → πlνl(γ)] =
G2
F

192π3C
2IlKSEW (1 + δlK) |Vus|2f2

+(0)

using f+(0) as calculated with lattice QCD from the 3-point function

〈π−(p′)|s̄γµu|K0(p)〉 = (p+ p′)µ f+(t) + (p− p′)µf−(t)
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* LLV average Nf = 2 ETMC result because they include the known

quenching effects at NLO in ChPT and an estimate of NNLO effects

** Extrapolation to q2 = 0 using pole dominance and quadratic polynomial

** Extrapolation to physical masses using NLO SU(2) and SU(3) ChPT.

** Two lattice spacings analyzed → extrapolation to the continuum
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(0)
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RBC/UKQCD ’10 f+(0)LLV = 0.9584± 0.0044

|Vus| = 0.2257(12)

* RBC/UKQCD uses twisted boundary conditions to simulate at q2 ' 0.

** Extrapolation to physical masses using NLO ChPT.

** Two lattice spacings → extrapolation to the continuum

# In progress: * Nf = 2 + 1 staggered calculation on MILC lattices with

t.b. conditions at several lattice spacings FNAL/MILC POS(Lattice 2010)306

* Nf = 2 + 1 overlap calculation: JLQCD POS(Lattice 2010)146



2.3. K0 − K̄0 mixing

# One of the most stringent constraints in UT analyses.

|εK | =

∣∣∣∣∣A(KL → (ππ)I=0)

A(KS → (ππ)I=0)

∣∣∣∣∣ = eiφε sinφε


Im MK

12,SD

∆MK
+

Im MK
12,LD

∆MK
+

Im A0

Re A0︸ ︷︷ ︸
ΓK12


= eiφεκεCεB̂K |Vcb|2λ2η

(
|Vcb|2(1− ρ̄) + ηttS0(xt) + ηctS0(xc, xt)− ηccxc

)

# Great success of lattice QCD: reducing B̂K errors to ≤ 5%
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(not included in average because of unknown quenching errors)

* Different fermion formulations (staggered, domain wall, twisted mass),

set of configurations (MILC,RBC/UKQCD, ETMC) and renormalization

procedures.
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K = 0.729(30) ETMC, 1009.5606

(not included in average because of unknown quenching errors)

* Different fermion formulations (staggered, domain wall, twisted mass),

set of configurations (MILC,RBC/UKQCD, ETMC) and renormalization

procedures.

* B̂K is no longer the dominant source of uncertainty in neutral K mixing.



2.3. K0 − K̄0 mixing

* Need to include subleading effects.

|εK | =

∣∣∣∣∣A(KL → (ππ)I=0)

A(KS → (ππ)I=0)

∣∣∣∣∣ = eiφε sinφε
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|Vcb|2(1− ρ̄) + ηttS0(xt) + ηctS0(xc, xt)− ηccxc

)
Where κε parametrizes φε 6= π/4 and long-distance contributions

κε =
√

2 sinφε

(
1− ρ

ω
Re (ε′K/εK) + ρP2√

2|εK |

)
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known experimentally.

* ρ can be estimated using ChPT Buras, Guadagnoli, and Isidori, 1002.3612.

* Taking Im A2 = (−7.9± 4.2)× 10−13 from the exploratory unquenched

lattice calculation by RBC/UKQCD, 0812.1368
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κε = 0.94± 0.02 Laiho, Lunghi, and Van de Water



3. Heavy quark phenomenology

# Problem is discretization errors (' mQa, (mQa)2, · · ·) if mQa is large.

* Effective theories: Need to include multiple operators matched to

full QCD (NRQCD,HQET,static). B-physics
√

* Relativistic (improved) formulations:

** Allow accurate results for charm (especially twisted mass, Hisq

(Highly improved staggered quarks)).

** Advantages of having the same f ormulation for light and charm:

ratios light/charm, PCAC for heavy-light, ...

One could get the same precision for D as for K

** Starting to be extended to the bottom region.



3.1. D and Ds meson decay constants
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PACS-CS, 1104.4600(Nf = 2 + 1) Promising but needs complete error budget

# Current error at 2-4% level
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3.2. B and Bs meson decay constants

# Needed for processes potentially sensitive to NP: for ex. Bs → µ+µ−

# B− → τ−ν̄τ is a sensitive probe of effects from charged Higgs bosons.

* Tension in output from UT fits and f latticeB (driven by sin(2β) from

Bd → ψKs) Lunghi and Soni, 1104.2117

* Agreement of Br(B → τν) with f latticeB and experiment when using |V inc.ub |
but not when using |V exc.ub | ∼ 2.8σ Lunghi and Soni, 1104.2117



3.2. B and Bs meson decay constants

# Needed for processes potentially sensitive to NP: for ex. Bs → µ+µ−

# B− → τ−ν̄τ is a sensitive probe of effects from charged Higgs bosons.

* Tension in output from UT fits and f latticeB (driven by sin(2β) from

Bd → ψKs) Lunghi and Soni, 1104.2117

* Agreement of Br(B → τν) with f latticeB and experiment when using |V inc.ub |
but not when using |V exc.ub | ∼ 2.8σ Lunghi and Soni, 1104.2117

170 175 180 185 190 195 200 205 210 215 220 225 230 235 240 245 250 255

f
 B

s
 (MeV)

0.5

1

1.5

2

2.5

FNAL/MILC 2011 Preliminary
HPQCD 09 (new r

1
)

NEW

f lat
B = (200± 11) MeV

215 220 225 230 235 240 245 250 255 260 265 270 275 280 285 290

f
 B

s
 (MeV)

0.5

1

1.5

2

2.5

FNAL/MILC 2011 Preliminary
HPQCD 09 (new r

1
)

NEW

f lat
Bs

= (245± 9) MeV
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# In progress: HPQCD calculation using relativistic b quarks (extrapol.

to mb using HQET)
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|V exc.ub |LLV = (3.12± 0.26)× 10−3

* Reminder: A 100% correlation is taken for the theory/experimental errors

in calculations using the same lattice/exper. data.

# There is a 3.3σ discrepancy with inclusive calculations

|V inclub | = (4.34+0.22
−0.27)× 10−3 HFAG, 1010.1589

* Discrepancy could be due to right handed currents → need

calculation of B → ρlν M. Neubert

# In progress FNAL/MILC is addressing the main sources of error:

4× more configurations, add smaller lattice spacing, more sophisticated

analysis techniques, improvements on parametrization of shape ...
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|V
cb
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3

B->Dlν: FNAL/MILC ’04

B -> D
*
lν: FNAL/MILC ’10

|V exc.cb |LLV × 103 = 39.5± 1.0

|V inc.cb | × 103 = 41.68± 0.73

HFAG, 1010.1589

→ 2.2σ discrepancy.

# In progress: New calculation of |Vcb| from B → Dlν, and form factors

shape for both B → D(D∗)lν FNAL/MILC
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3.4. D semileptonic decays

# Errors in the extraction of |Vcj | from semileptonic decays dominated

by lattice uncertainties.

# Testing lattice QCD: shape of the form factors

→ use same methodology for other processes like B → πlν or B → Kll̄

# Correlated signals of NP to those in leptonic decays.

# Determination of |Vcs| from D → Klν by HPQCD, Phys.Rev.D82:114506(2010)

with Nf = 2 + 1, two a′s (MILC configurations) and Hisq valence quarks.

* Use PCVC to relate f0(q2) to three-point functions with a scalar

(versus vector) insertion f+(0) = f0(0) =
mc−mq
m2
D−m2

π
〈D|S|K〉

* Very precise determination of |Vcs|, but can not get the shape

of f+(q2). Only f0(q2).

* Modified z-expansion: includes a2 and light quark masses dependence

on the coefficients

fD→K+ (0) = 0.747(19) error: 11% → 2.5%.



3.4. D semileptonic decays

# Several lattice groups working on D → K(π)lν:

* HPQCD Nf = 2 + 1 on MILC configurations with Hisq action for

valence quarks and Asqtad for sea quarks (D → π).

* FNAL/MILC Nf = 2 + 1 on MILC configurations with Fermilab

action for c and Asqtad for u, d, s.

* ETMC Nf = 2 with twisted mass sea and valence quarks.

* Preliminary results for the shape presented at Lattice 2010 by the last

two agree very well with experiment.



3.4. D semileptonic decays

# Several lattice groups working on D → K(π)lν:

* HPQCD Nf = 2 + 1 on MILC configurations with Hisq action for

valence quarks and Asqtad for sea quarks (D → π).

* FNAL/MILC Nf = 2 + 1 on MILC configurations with Fermilab

action for c and Asqtad for u, d, s.

* ETMC Nf = 2 with twisted mass sea and valence quarks.

* Preliminary results for the shape presented at Lattice 2010 by the last

two agree very well with experiment.

Current state-of-the-art results from the lattice

fD→K+ (0) = 0.747(19) HPQCD, Phys.Rev.D82(2010)

fD→π+ (0) = 0.64(3)(6) Aubin et al. PRL94(2005)



3.5. Neutral B-meson mixing

In the Standard

Model
B0 B̄0

W

W H∆B=2
eff

∆Mq |theor. =
G2
FM

2
W

6π2 |V ∗tqVtb|2ηB2 S0(xt)MBsf
2
Bq
B̂Bq

** Non-perturbative input

8
3
f2
Bq
BBq (µ)M2

Bq
= 〈B̄0

q |O1|B0
q 〉(µ) with O1 ≡ [bi qi]V−A[bj qj ]V−A

* ∆Γ dominated by CKM-favoured b→ cc̄s tree-level decays.
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** Non-perturbative input

8
3
f2
Bq
BBq (µ)M2

Bq
= 〈B̄0

q |O1|B0
q 〉(µ) with O1 ≡ [bi qi]V−A[bj qj ]V−A

* ∆Γ dominated by CKM-favoured b→ cc̄s tree-level decays.

# Specially interesting for phenomenology (UT analyses):

fBq

√
B̂Bq ξ =

fBs
√
BBs

fBd
√
BBd
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fBs

√
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√
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* Using new value for the lattice scale r1 = 0.3133(23)(3)Davies et al.,PRD81(2010)

* NEW: Preliminary results from FNAL/MILC:

fBs

√
B̂Bs = 268(8)(14)MeV fBd

√
B̂Bd = 221(9)(11)MeV

** Final results expected for Lattice 2011 (July)

# Bag parameters BBs and BBd can be used for theoretical predictions

of, for example, Br(B → µ+µ−).

Br(Bq → µ+µ−)

∆Mq

= τ(Bq) 6π
ηY

ηB

(
α

4πMW sin2θW

)2

m
2
µ

Y 2(xt)

S(xt)

1

B̂q



3.5. Neutral B-meson mixing

* Using HPQCD determinations of B̂q PRD80 (2009) 014503

→ Br(Bs → µ+µ−) = (3.19± 0.19)× 10−9 and

Br(Bd → µ+µ−) = (1.02± 0.09)× 10−10

* CDF (DØ)[LHCb] bounds Br(Bs → µ+µ−) ≤ 4.3(5.1)[5.6]× 10−8,

Br(Bd → µ+µ−) ≤ 0.76[1.5]× 10−8
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→ Br(Bs → µ+µ−) = (3.19± 0.19)× 10−9 and

Br(Bd → µ+µ−) = (1.02± 0.09)× 10−10

* CDF (DØ)[LHCb] bounds Br(Bs → µ+µ−) ≤ 4.3(5.1)[5.6]× 10−8,

Br(Bd → µ+µ−) ≤ 0.76[1.5]× 10−8

* Real test in LHC.
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ξ

FNAL/MILC ’08
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RBC/UKQCD ’10

Results for ξ =
fBs
√
BBs

fBd

√
BBd

ξLLV = 1.237± 0.032

* RBC/UQCD result using domain wall fermions is an exploratory study

A project aimed to the precision calculations of both ξ and fB
√
BB is in

progress Witzel and Van de Water POS(Lattice 2010)318

* FNAL/MILC calculation with the same choice of actions but improved statistics,

discretization errors, and analysis techniques is in progress.

# We expect results with errors around 4− 5% for fB
√
BB and 1.5− 2%

for ξ in ∼ 2 years, and using at least two different sets of configurations

and fermion formulations for light and heavy quarks.



3.6. Neutral meson mixing BSM

# Effects of heavy new particles seen in the form of effective operators

built with SM degrees of freedom

H∆F=2
eff =

5∑
i=1

CiQi +

3∑
i=1

C̃iQ̃i

SMQq1 =
(
ψ̄ifγ

ν(I− γ5)ψiq

) (
ψ̄jfγ

ν(I− γ5)ψjq

)
Qq2 =

(
ψ̄if (I− γ5)ψiq

) (
ψ̄jf (I− γ5)ψjq

)
Qq3 =

(
ψ̄if (I− γ5)ψjq

) (
ψ̄jf (I− γ5)ψiq

)
Qq4 =

(
ψ̄if (I− γ5)ψiq

) (
ψ̄jf (I + γ5)ψjq

)
Qq5 =

(
ψ̄if (I− γ5)ψjq

) (
ψ̄jf (I + γ5)ψiq

)
Q̃q1,2,3 = Qq1,2,3 with the replacement (I± γ5)→(I∓ γ5)
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# Effects of heavy new particles seen in the form of effective operators

built with SM degrees of freedom

H∆F=2
eff =

5∑
i=1

CiQi +

3∑
i=1

C̃iQ̃i

SMQq1 =
(
ψ̄ifγ

ν(I− γ5)ψiq

) (
ψ̄jfγ

ν(I− γ5)ψjq

)
Qq2 =

(
ψ̄if (I− γ5)ψiq

) (
ψ̄jf (I− γ5)ψjq

)
Qq3 =

(
ψ̄if (I− γ5)ψjq

) (
ψ̄jf (I− γ5)ψiq

)
Qq4 =

(
ψ̄if (I− γ5)ψiq

) (
ψ̄jf (I + γ5)ψjq

)
Qq5 =

(
ψ̄if (I− γ5)ψjq

) (
ψ̄jf (I + γ5)ψiq

)
Q̃q1,2,3 = Qq1,2,3 with the replacement (I± γ5)→(I∓ γ5)

∗ Ci, C̃i Wilson coeff. calculated for a particular BSM theory

∗ 〈F̄ 0|Qi|F 0〉 calculated on the lattice

# SM predictions + BSM contributions = experiment

→ constraints on BSM building
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Only quenched calculations for BSM operators available.

→ Need unquenched calculations of matrix elements for the

complete basis.
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# Same programme can be applied for extra operators on the lattice.

Only quenched calculations for BSM operators available.

→ Need unquenched calculations of matrix elements for the

complete basis.

Goal: errors ≤ 10%

# D0 − D̄0 mixing: SM contribution dominated by long-distance effects.

Current lattice techniques are inefficient for calculating matrix elements

for non-local operators.

* Imposing short-distance ≤ experiment can exclude large regions of

parameters in many models, constraining BSM building.

E. Golowich, J. Hewett, S. Pakvasa and A. Petrov, PRD76 (2007);PRD79 (2009)

# Work in progress:

* FNAL/MILC B0 − B̄0: Fermilab HQ + staggered C. Bouchard et al. POS(Lat2010)299

* RBC/UKQCD B0 − B̄0: Relativistic HQ + domain wall

* HPQCD B0 − B̄0: NRQCD + staggered
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3.6. Neutral meson mixing BSM

* FNAL/MILC D0 − D̄0: Fermilab HQ + staggered

* ETMC (Nf = 2) K0 − K̄0 mixing: twisted mass O. Dimopoulos et al.

POS(Lattice 2010)302

# Calculation of the decay width differences ∆Γs,d also possible

* Need the matrix elements for Q1,Q2 or Q1,Q3

* Theoretical prediction for like-sign dimuon charge asymmetry Absl

Absl ' assl/2 with assl = ∆Γ
∆Ms

tan(φs) , and φs ≡
(
−M2

12/Γ
s
12

)



4. Conclusions and outlook

# Important progress in lattice calculations including sea quarks

(Nf = 2 + 1)

* Precise new results (few percent errors) in Kaon and D sectors.

** Relativistic improved description of c.

* Results from several collaborations (especially light-light)

quantities → excellent checks.

* Approaching the physical light quark masses.



4. Conclusions and outlook

# Important progress in lattice calculations including sea quarks

(Nf = 2 + 1)

* Precise new results (few percent errors) in Kaon and D sectors.

** Relativistic improved description of c.

* Results from several collaborations (especially light-light)

quantities → excellent checks.

* Approaching the physical light quark masses.

# Expected for next few years

* New precise results in b physics: decay constants and mixing

parameters FNAL/MILC, RBC/UQCD,HPQCD

** Including BSM operators and ∆Γ.
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# Important progress in lattice calculations including sea quarks

(Nf = 2 + 1)

* Precise new results (few percent errors) in Kaon and D sectors.

** Relativistic improved description of c.

* Results from several collaborations (especially light-light)

quantities → excellent checks.

* Approaching the physical light quark masses.

# Expected for next few years

* New precise results in b physics: decay constants and mixing

parameters FNAL/MILC, RBC/UQCD,HPQCD

** Including BSM operators and ∆Γ.

* First results with Nf = 2 + 1 + 1 configurations (MILC, ETMC)

(some preliminary results already presented at Lattice 2010)
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* D semileptonic decays analized by several collaborations.

* Improved determinations of B semileptonic decays.



4. Conclusions and outlook

* D semileptonic decays analized by several collaborations.

* Improved determinations of B semileptonic decays.

* Reduction in uncertainties of quantities relevant for CKM to

the 1-2% level

* Studies of K → ππ (RBC/UQCD, Coumbe-Laiho-Lightman-Van de Water),

rare decays (B → K(K∗)...), spectrum of excited hadrons ...



×



A.1. Spectrum of light hadrons: test of lattice

QCD

# Good agreement between Nf = 2 + 1 lattice calculations and the

experimentally measured light spectrum.
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A.2. Spectrum of heavy hadrons

FNAL/MILC
HPQCD
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# Some post/predictions with NRQCD b ( S. Meinel, 1007.3966, 1010.0889)

(mΥ −mηb )(1S) = (60.3± 7.7) MeV ((mΥ −mηb )(1S)exp = 69.3± 2.9)

(mΥ −mηb )(2S) = (23.5± 4.7) MeV

mΩbbb = (14.371± 0.012) GeV

# Prediction for mB∗
c

= 6.3330(6)(2)(6) GeV



B.1. Light quark masses

# Determination of ms with around 1− 5% errors from several

Nf = 2 + 1 collaborations.

80 90 100 110

m
s

MS(2 GeV)
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HPQCD ’10
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RBC/UKQCD ’10

BMW ’10

3 3.5 4 4.5

m
ud

MS(2 GeV)
 (MeV)

MILC ’09
HPQCD ’10

RBC/KEK/Nagoya ’10

RBC/UKQCD ’10

BMW ’10

mLLV,MS
s (2GeV) = (93.6± 1.1) MeV; mLLV,MS

ud (2GeV) = (3.419± 0.047) MeV



B.2. Heavy quark masses

# Heavy masses from current-current correlators HPQCD, PRD82(2010)

(Nf = 2 + 1)

mc(3 GeV, nf = 4) = 0.986(6) GeV

mb(10 GeV, nf = 5) = 3.617(25) GeV

# Nf = 2 + 1 NRQCD b quarks A. Hart et al., Pos(Lat2010)223

mb(mv) = 4.25(12) GeV

# Nf = 2 twisted mass calculation from ETMC, Pos(Lat2010)239

m̄c(m̄c) = 1.28(4) GeV

m̄bm̄b = 4.3(2) GeV


