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Matrix elements of EMT for Pion (spin-0) → GFFs: A(t) and D(t)

Spatial components of EMT　→　Stress tensor

GFFs and EMT 
Spatial component of the matrix element of GFFs : D(t)

Tij = − σij

σ11

σ13

σ12 σ21

σ23

σ22

σ32

σ33
σ31

Stress tensor = Momentum flux

Shear force 
s(r)

Pressure 
 p(r)

Energy density Momentum density  
= energy flux

Tμν =

T00 T01 T02 T03
T10 T11 T12 T13
T20 T21 T22 T23
T30 T31 T32 T33

⟨πa(p2) ̂Tμν(x) πb(p1)⟩ = δab [2PμPνA(t)+
1
2 (kμkν − ημνk2) D(t)] eik⋅x

Spin indices

Pion states ,  ,  Pμ = (pμ
1 + pμ

2 )/2 kμ = pμ
2 − pμ

1 t = k2

Spatial component
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最近の実験

4(taken from 1805.06596)

(taken from 1805.06596)

[Burkert-Elouadrhiri-Girod 2019]

Polyakov-Schweitzer のレビュー

Proton

r2 p(
r)

(×
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−
2 G

eV
⋅f

m
−

1 )
Confinement and Stabilizing Pressure of hadrons 
~Nonperturbative origin of confinement via pressure~

Pressure inside proton [V. D. Burkert et al. Nature 557 (2018)]

Pushes quarks and gluons 
outwards from the proton

Confine quarks and gluons 
inside the proton

→Focus on the Scale anomaly

What is the relation between the confining (negative) 
pressure and the non-perturbative properties ?

r
r [fm]
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Scale-anomaly-induced confining pressure 
~The trace-traceless decomp. of EMT and the role of scale anomaly~

Tμν = T̄μν + ̂Tμν

Trace partTraceless part

(Our approach)

Decomposition of the EMT

Tμν −
1
4

gμνTρ
ρ

The kinetic and potential energy 
of quark and gluon

Dynamical energy part

1
4

gμνTρ
ρ

The quark mass and scale anomaly

Scale anomaly part

Pioneering work: Previous study have elucidated the contribution of the 
Scale anomaly to the Hadron mass based on above decomp. of EMT 
This work: Using this, we clarify the role of the Scale anomaly in the 
Stress distributions in hadron

Scale (trace) anomaly

X.-D. Ji, PRL (1995)
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GFFs and stress distribution for pions from SS model 
～We can evaluate the QCD operator from the bulk gravity theory

QCD (+  direction) 
Low energy 
Massless

τ The system of D8 branes 
embedded in the curved 
spacetime (from D4 branes)

Corresp.

Holographic QCD

ZQCD = ZString ≃ eiSon−shell
gravity

String theory 
Quantum gravity

Classical gravity

Large Nc

Large λ

Partition function of 
Large  and  QCDNc λ

Corresp.

Gravity (on-shell) action 
evaluated on classical solution 
with boundary condition
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Formula of EMT for pion : 
To evaluate the matrix element of EMT from SS model

δgμν ⟶ r2ημν +
Cμν

r4
+ . . . (r → ∞)

⟨Tμν⟩ ∝ Cμν

EMT operator of QCD

External source(δgMN)

[Haro-Skenderis-Solodukhin, (2000)]

Asymptotic behavior of the metric fluctuations 
at the boundary in the bulk gravity theory

Boundary
Bulk

Solutions of the Linearized Einstein eq 
of the bulk theory

G(1)
MN[δgMN] = κ𝒯MN

Bulk EMT 
constructed from  
Nucleon, Pion, …
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Glueball spectra in SS model

266 R.C. Brower et al. / Nuclear Physics B 587 (2000) 249–276

5. Discussion

Lastly we turn to the question of how well the strong coupling limit for the Maldacena
dual theory of QCD represents the infrared physics probed by the glueball spectra. Happily
we now have a rather definitive lattice glueball spectrum by Morningstar and Pearson [5]
with which to make comparisons (see right side of Fig. 2).

5.1. Comparison with lattice glueball spectrum

Originally, claims were made about accurate comparisons to a few percent for isolated
(scalar) mass ratios. As we pointed out in Ref. [20] for QCD3, the lowest mass scalar comes
from the gravitational multiplet, not the dilaton. A similar spectrum is observed for QCD4.
Consequently such accurate mass ratios were a misconception. This should not be regarded
as a failure, since any reasonable expectation of a strong coupling approximation should
not give quantitative results. On the other hand, there is a rather remarkable correspondence
of the overall mass and spin structure between our strong coupling glueball spectrum
and the lattice results at weak coupling for QCD4 (see Fig. 2). Apparently the spin
structure of type IIA supergravity does resemble the low mass glueball spin splitting. The
correspondence is sufficient to suggest that the Maldacena duality conjecture may well be
correct and that further efforts to go beyond strong coupling are worthy of sustained effort.

Fig. 2. The AdS glueball spectrum for QCD4 in strong coupling (left) compared with the lattice
spectrum [5] for pure SU(3) QCD (right). The AdS cut-off scale is adjusted to set the lowest 2++
tensor state to the lattice results in units of the hadronic scale 1/r0 = 410 Mev.

[R. C. Brower, et al, (2000)]

Lattice

φn,T(2++)
μν φn,S(0++)

11,11

φn,T(0++)
ττ

Other glueball states fall off more quickly near the boundary

EMT Matrix elements are related to glueballs 
Metric fluctuation  in bulk couple to , δgMN Tr(FμνFμν) Tr(FμρFν

ρ)
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Results : GFFs for pion 
GFFs are related to glueballs

D(t) ∝ − (
∞

∑
n

αT2n g′￼
gT2

ππ
n

⃗Δ2 + + (mT2
n )2

+
∞

∑
n

αT0n g′￼
gT0

ππ
n

⃗Δ2 + + (mT0
n )2

−
∞

∑
n

αS
n ggSππ

n

⃗Δ2 + (mS
n)2 )

Decay constants of n’th glueball
 component⟨πa(p′￼) |T00 |πb(p)⟩

 component⟨πa(p′￼) |Tij |πb(p)⟩

A(t) ∝
∞

∑
n

αT2n ggT2
ππ

n

⃗Δ2 + (mT2
n )2 The n’th glueball 

(T mode) mass

ΨT/S
n (zextra) |zextra→∞ = αT/S

n r−6

Coupling constants of 
glueball-pion×2

from T(2++), T(0++), S(0++)

from T(2++)
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Results : GFFs for pion
GFFs for pion (HQCD and Lattice)

[D. C. Hackett et al, (2023)]

Determine the two parameter 
(  and ) from  meson mass 
and pion decay constant 
Truncate the momentum 
expansion at  
Valid in the region below ~1GeV 
D form factor decreases faster 
than A form factor. 

 at chiral limit

MKK λ ρ

tk (k = 10)

A(0) = 1 D(0) = − 1

[D. Fujii, A. Iwanaka, M. Tanaka, PRD (2024)]
4

EMT from Eq. (3) with the dictionary Eq. (16) as follows,

A(t) =
6

L7

Z 1

R
dr0

1X

n=1

↵T
n 

T
n (r

0)

(mT
n )

2 + ~�2

r03

L3
Pµ⌫
t Tµ⌫(~�, r0),

(21)
D(t) =

�
6

L7

Z 1

R
dr0

1X

n=1

↵T
n 

T
n (r

0)

(mT
n )

2 + ~�2

r03

L3
Pµ⌫
s (Tµ⌫ + T

S
µ⌫ + T

other
µ⌫ )

+
6

L7

Z 1

R
dr0

1X

n=1

↵S
n 

S
n(r

0)

(mS
n)

2 + ~�2

r03

L3
Pµ⌫
s T

S
µ⌫ , (22)

↵T/S =
(mT/S

n )2L4

6

Z 1

R
drr3 T/S

n (r), (23)

where Pµ⌫
t and Pµ⌫

s are defined as Pµ⌫
t = (3PµP ⌫/P 2

�

⌘µ⌫)/P 2 and Pµ⌫
s = (PµP ⌫/P 2

� ⌘µ⌫)/�2.
To calculate infinite sums, we expand as

6

L7

Z 1

R
dr0

1X

n=1

↵T/S
n  T/S

n (r0)

(mT/S
n )2 + ~�2

=
1X

k=0

FT/S
k (r0)(�~�2)k,

FT/S
k (r0) =

Z 1

R
dr

r3

L3

1X

n=0

 T/S
n (r) T/S

n (r0)

(mn)2k
. (24)

From the eigenvalue equations (19), FT/S
k (r) satisfies the

following equations:
1

r3L4
@r
�
(r7 � rR6)@rF

T
k

�
= �FT

k�1, (25)

1

r3L4
@r
⇣
(r7 � rR6)

⇣
@r +

144r5R6

(5r6 � 2R6)(r6 + 2R6)

⌘
F S
k

⌘

= �F S
k�1, (26)

where we can prove FT/S
0 = 1 by using Eq. (20). We

determine FT/S
k (r) by solving it as the recurrence for-

mula with boundary conditions on @rF
T/S
k (r)|r!R =

1, FT/S
k (r)|r!1 = 0.

We show the results of GFFs that truncate the ex-
pansion at k = 10 using Eq. (24) in FIG. 1 (also in-
cluding results that truncate at k = 8, 9), where we set
 = 0.00745 and MKK = 949MeV which are determined
by ⇢ meson mass 776 MeV and the pion decay constant
f⇡ = 92.4MeV [26]. In the current calculation, D(t) be-
gins to deviate from around t ⇠ 0.5 GeV2 while A(t)
converges well in the range 0 < t < 0.8 GeV2 on the
expansion up to k = 10 with momentum transfer. The
current approach begins to deviate from QCD in the re-
gion where t is close to the MKK , so further efforts are
unnecessary.

In the top-down holographic QCD approach, the am-
plitude of D(t) dumps more rapidly than that of A(t),
which is qualitatively consistent with the results of lat-
tice QCD [24]. These differences are due to the contri-
bution of S4 modes to D(t), which is not observed in

D
(t)

A(
t)

t [GeV2]

k=10

k=9

k=8

0.0 0.2 0.4 0.6 0.8
0.0

0.2
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1.0

t [GeV2 MKK2]

A
(t)

 
 

k = 10
k = 9
k = 8

0.0 0.2 0.4 0.6 0.8
-1.0

-0.5

0.0

0.5

1.0

t

D
(t) HQCD

Latice

HQCD

Lattice

Lattice

FIG. 1. The pion GFFs A(t) and D(t) with the lattice
data [24].

the bottom-up holographic QCD framework [70]. Also
in this approach, as in previous studies [69], we observe
the so-called glueball dominance, in which pions have
gravitational interactions via infinite glueball spectra.

As you can see in FIG. 1, our result shows D(0) = �1.
Note that this is a result of our calculations with loop
effects in the large Nc limit, unlike the fact A(0) = 1,
given by the general constraints. This is consistent
with the low-energy theorem obtained in the soft pion
limit [78, 84, 97]. The result is as expected since in
our present work we consider the Sakai-Sugimoto model,
which is the holographic dual of QCD in the chiral limit.
Several methods have been proposed on how to introduce
quark masses into this model [108–114], thus analysis be-
yond the chiral limit is a future work.

Summary and outlook.— We calculated the GFFs of
pions from the top-down holographic QCD. We solve the
Einstein equations in bulk theory with pion fields as mat-
ter fields and derived the GFFs using the dictionary (3).
Our results are qualitatively compatible with those from
lattice QCD [24] and successfully reproduce the feature
where the behaviors of A(t) and D(t) are different, which
is distinct from bottom-up holographic QCD [70]. Addi-
tionally, we obtained the D-term as D(0) = �1 in the
chiral limit.

Finally, this study opens up several avenues for fu-
ture research. First, it is possible to generalize to other
hadrons, such as nucleons and vector mesons with non-

l
l
l

from T(2++)

from T(2++), T(0++), S(0++)
Lightest scalar
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Energy, Pressure, and Shear force for pion 
From SS model on the LF form

x ⊥
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D. Fujii, A. Iwanaka, and M. Tanaka, 
arXiv: 2507.1869 (2025)

Energy density Pressure

Shear force
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Pressure for pion on the LF form in chiral limit
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From the top-down HQCD, we confirm  
Scale-anomaly-induced confining pressure for pion 
on the LF form
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p2D(x⊥)

p̄2D(x⊥)

̂p2D(x⊥)

～Total 

～Dynamical 

～Scale anomaly

+

-

D. Fujii, A. Iwanaka, and M. Tanaka, arXiv: 2507.1869 (2025)

Behaviors are different from 
those of nucleons

mediated by scalar 
glueballs T(0++), S(0++)

In the intermediate region, 
a sign flip is observed



/142025.11.13, BARYON2025 @ Jeju

Scale-anomaly-induced binding pressure in hadrons

Table 1
Values of the parameter Λ used in the multipole extrapolation
of the GFFs. The fitting is performed using the model-
independent GFFs from Ref.[80], which are based on dispersion
relations and lattice QCD data from Refs. [67, 68]The Refs.
are not deleted.

! Forward limit values: " (0) Λ2∕GeV2

#$(%) 3 1 6.344
&$(%) 3 −0.935 2.593
#' (%) 3 1 3.213
(' (%) 3 1∕2 3.394
&' (%) 3 −3.352 0.767
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Figure 1: Pressure decomposition for pions.

form factor values at % = 0 are fixed by known constraints,
except for &(0), which is treated as a free parameter2.
With this setup, we are now ready to analyze the pressure
distributions.

First, we present the pressure distribution of the pion and
its decomposition in the Breit frame on the instant form,
shown in the upper panel of the Fig. 1. Here, the pion mass is
fixed at the empirical value !$ = 140 MeV. The total pres-
sure distribution )$BF is positive near the center of the pion,
exhibiting a repulsive behavior, while it becomes negative

2By approximate chiral symmetry,&(0) is constrained to be close to−1
(see Refs. [130, 131]), with which our value, &(0) = −0.935, is consistent.
In the exact chiral limit, one has &(0) = −1. Furthermore, our recent
top-down holographic QCD analysis of the pion GFFs in the chiral limit
likewise yields &(0) = −1 [85].
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Figure 2: Pressure decomposition for nucleons.

near the periphery, indicating an inward force that confines
quarks and gluons inside the pion. Such a behavior of the
pressure distribution is consistent with results observed in
many previous studies.

Here, we focus on the decomposed pressure distribu-
tions. Near the center of the pion, )̄$BF generates an outward
pressure, while )̂$BF, originating from the scale anomaly3,
produces an inward binding pressure. In the intermediate
region, we find that both )̄$BF and )̂$BF change their signs.
As discussed in Ref. [102], this is a distinctive behavior that
was not observed in previous studies [85, 101, 103] for the
nucleon in the instant form, and it appears to be a unique
feature of hadrons with a small mass, such as the pion.
Near the pion surface, both )̄$BF and )̂$BF change sign again,
with )̂$BF once more driving the binding pressure. These
results are similar to those obtained in Ref. [102] for the
massless pion in the LF form, suggesting that this behavior
is a characteristic feature of light hadrons, independent of
whether the instant or LF form is used.

3)̂$ includes not only the contribution from the scale anomaly but also
the contribution from the current quark mass term. In this sense, it does
not represent a purely the contribution from the scale anomaly. However, as
confirmed in Ref. [102], we have verified that )̂$ exhibits similar behavior
of the results in this study even in the chiral limit. Furthermore, for the
nucleon, the contribution from the scale anomaly is dominant compared
to that from the quark mass term. Therefore, in this work, the combined
contribution from the quark mass term and the scale anomaly is referred to
as the contribution from the scale anomaly.

D. Fujii and M. Tanaka: Preprint submitted to Elsevier Page 4 of 7

Pions

3D BF

2D LF

Scale-anomaly-induced binding pressure in hadrons

Table 1
Values of the parameter Λ used in the multipole extrapolation
of the GFFs. The fitting is performed using the model-
independent GFFs from Ref.[80], which are based on dispersion
relations and lattice QCD data from Refs. [67, 68]The Refs.
are not deleted.

! Forward limit values: " (0) Λ2∕GeV2

#$(%) 3 1 6.344
&$(%) 3 −0.935 2.593
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Figure 1: Pressure decomposition for pions.

form factor values at % = 0 are fixed by known constraints,
except for &(0), which is treated as a free parameter2.
With this setup, we are now ready to analyze the pressure
distributions.

First, we present the pressure distribution of the pion and
its decomposition in the Breit frame on the instant form,
shown in the upper panel of the Fig. 1. Here, the pion mass is
fixed at the empirical value !$ = 140 MeV. The total pres-
sure distribution )$BF is positive near the center of the pion,
exhibiting a repulsive behavior, while it becomes negative

2By approximate chiral symmetry,&(0) is constrained to be close to−1
(see Refs. [130, 131]), with which our value, &(0) = −0.935, is consistent.
In the exact chiral limit, one has &(0) = −1. Furthermore, our recent
top-down holographic QCD analysis of the pion GFFs in the chiral limit
likewise yields &(0) = −1 [85].
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Figure 2: Pressure decomposition for nucleons.

near the periphery, indicating an inward force that confines
quarks and gluons inside the pion. Such a behavior of the
pressure distribution is consistent with results observed in
many previous studies.

Here, we focus on the decomposed pressure distribu-
tions. Near the center of the pion, )̄$BF generates an outward
pressure, while )̂$BF, originating from the scale anomaly3,
produces an inward binding pressure. In the intermediate
region, we find that both )̄$BF and )̂$BF change their signs.
As discussed in Ref. [102], this is a distinctive behavior that
was not observed in previous studies [85, 101, 103] for the
nucleon in the instant form, and it appears to be a unique
feature of hadrons with a small mass, such as the pion.
Near the pion surface, both )̄$BF and )̂$BF change sign again,
with )̂$BF once more driving the binding pressure. These
results are similar to those obtained in Ref. [102] for the
massless pion in the LF form, suggesting that this behavior
is a characteristic feature of light hadrons, independent of
whether the instant or LF form is used.

3)̂$ includes not only the contribution from the scale anomaly but also
the contribution from the current quark mass term. In this sense, it does
not represent a purely the contribution from the scale anomaly. However, as
confirmed in Ref. [102], we have verified that )̂$ exhibits similar behavior
of the results in this study even in the chiral limit. Furthermore, for the
nucleon, the contribution from the scale anomaly is dominant compared
to that from the quark mass term. Therefore, in this work, the combined
contribution from the quark mass term and the scale anomaly is referred to
as the contribution from the scale anomaly.
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Nucleons

3D BF

2D LF

By using the results of [X-H. Cao et al, Nature Commun. 16 (2025) 6979],  
Decomposed pressure for pions and nucleons 
both on the Instant and the LF forms
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Based on ChPT and Dispersion relation

D. Fujii and M. Tanaka, PLB (2025)

Dynamical part produce 
the positive pressure

Scale anomaly part produce 
the negative pressure

Intermediate 
region

The sign of decomposed 
pressure changes

Near the center and the surface, 
the behavior is the same as the 
nucleon case

+

Center Surface
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Pressure for pion on the LF form in chiral limit
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Scale-anomaly-induced confining pressure for pion 
on the LF form

0.5 1.0 1.5 2.0
-0.15

-0.10

-0.05

0.00

0.05

0.10

0.15

r [fm]

rp
(r)

[G
eV
^2

*f
m
^-
1]

Total

Kinetic energy

Scale anomaly

 
 

p2D(x⊥)

p̄2D(x⊥)

̂p2D(x⊥)

～Total 

～Dynamical 

～Scale anomaly

P+ ∫ d2x⊥ p̄2D(x⊥) =
1
4

m2
π = 0

P+ ∫ d2x⊥ ̂p2D(x⊥) = −
1
4

m2
π = 0

+

-
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The light pion mass may explain the observed 
sign flip of the decomposed pressure

mediated by scalar 
glueballs T(0++), S(0++)

The pressure must have 
the opposite sign

Intermediate 
region
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Discuss how to formulate the pion GFFs in the SS model 
This is accomplished by evaluating the bulk metric fluctuation 
induced by the pion field. 
We show that the pion GFFs is constructed from the glueball 
states~ A(t) from , D(t) from  
Negative (confining) pressure is induced by scale anomaly 
mediated by scalar glueballs  
The pion’s small mass may explain the sign flip in the 
decomposed pressure (reflecting that the pion is NG boson?)

T(2++) T(2++), T(0++), S(0++)

T(0++), S(0++)

Summary

Future work
Vector/Axial vector meson, Kaon, … 
By introducing the current quark mass, investigate the relation 
between chiral condensate and pressure 
…… Thank you for your attention
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Buck up
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⃗p(r)

Stability conditions for stress distributions 
~What role does the scale anomaly play in these conditions?~
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・Mass  
   →Energy distribution 
・Spin  
   →Spin distribution 
・D-term  
   →Stress distribution 
      (Pressure, Shear force)

M

J

D

Internal structure of hadrons 
can be probed by EM, Weak, Gravity interactions

・Electric Charge  
   →Charge distribution 
・Magnetic moment 

Q

μ
Hadron

Electromagnetic
(EM) current

Energy Momentum 
Tensor (EMT)

EM int. Gravitational 
interaction

Weak int.

Axial 
current

・Axial coupling  

・Pseudo-scalar coupling 

gA
gP

D-term : last unknown fundamental global properties

⟨N′￼ Jμ
EM N⟩

⟨N′￼ Jμ
weak N⟩

⟨N′￼ Tμν
gravity N⟩

Vector

Axial vector

Tensor

Q = 1.602176484(40) × 10−19C
μ = 2.792847356(23)μN

gP = 8.06(0.55)
gA = 1.2694(28)

M = 938.272013(23) MeV
J = 1/2
D = ?

EM form factors

Gravitational 
form factors

(Axial-)Vector 
form factors
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Results : Glueball dominance

(GFFs) ∝
∞

∑
n

αnggππ
n

⃗Δ2 + (mT/S
n )2

∞

∑
n

ggππ
n

Graviton

PionPion

αn

Vector meson 
dominance

The n’s Glueball

∞

∑
n The n’s 
Vector meson

Photon

Hadron Hadron

Gravitational interaction with hadrons 
occurs via Glueballs.

EM interaction with hadrons 
occurs via Vector mesons.
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Matrix elements of EMT (spin-0 particles) → GFFs: A(t) and D(t)

Spatial components of EMT　→　Stress tensor
EMT and GFFs

Tij = − σij

σ11

σ13

σ12 σ21

σ23

σ22

σ32

σ33
σ31

Stress tensor = Momentum flux

Shear force 
s(r)

Pressure 
 p(r)

Energy density Momentum density  
= energy flux

Tμν =

T00 T01 T02 T03
T10 T11 T12 T13
T20 T21 T22 T23
T30 T31 T32 T33

Breit frame ( )Pμ = (P0,0,0,0), kμ = (0, ⃗k)

⟨πa(p2) ̂Tμν(x) πb(p1)⟩ = δab [2PμPνA(t)+
1
2 (kμkν − ημνk2) D(t)] eik⋅x

⟨πa(p2) ̂T00(x) πb(p1)⟩ = δab [2m2
π A(t)+

1
2

⃗k2 (A(t) + D(t))]
⟨πa(p2) ̂Tij(x) πb(p1)⟩ = δab 1

2 (kikj − δij ⃗k2) D(t)

Spin indices

Pion states ,  ,  Pμ = (pμ
1 + pμ

2 )/2 kμ = pμ
2 − pμ

1 t = k2

D(t) encodes the stress 
distribution inside pions

(Time comp.)

(Spatial comp.)
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FIG. 10. The scale- and scheme-independent total GFFs of the pion, obtained by summing the gluon and quark contributions.
The red bands show the next-to-leading order (NLO) �PT prediction for the low |t| region, using a range of estimates for the
low-energy constants, as presented in Ref. [15].

monopole ↵ ⇤ [GeV] �2/d.o.f.

A⇡
g (t) 0.546(18) 1.129(41) 0.9

A⇡
q (t) 0.481(15) 1.262(37) 1.4

A⇡
v (t) 0.4276(78) 1.300(22) 1.2

z-expansion ↵0 ↵1 ↵2 �2/d.o.f.

A⇡
g (t) 0.547(17)�0.021(51)�0.09(23) 0.9

A⇡
q (t) 0.480(15) 0.014(40) 0.06(17) 1.5

A⇡
v (t) 0.4273(93) 0.034(20) 0.123(71) 1.0

TABLE III. Fit parameters of the monopole and modified
z-expansion parametrizations of the t-dependence of the pion
GFFs A⇡

i (t) renormalized in the MS scheme at scale µ =
2 GeV.

monopole ↵ ⇤ [GeV] �2/d.o.f.

D⇡
g (t) �0.596(65) 0.677(65) 1.2

D⇡
q (t) �0.304(26) 1.44(21) 1.0

D⇡
v (t) �0.322(12) 1.286(76) 3.4

z-expansion ↵0 ↵1 ↵2 �2/d.o.f.

D⇡
g (t) �0.598(34) 0.01(13) 0.1(1.2) 1.2

D⇡
q (t) �0.316(16) 0.037(38) 0.65(66) 0.9

D⇡
v (t) �0.3356(93) 0.041(31) 0.34(26) 3.3

TABLE IV. Fit parameters of the monopole and modified
z-expansion parametrizations of the t-dependence of the pion
GFFs D⇡

i (t) renormalized in the MS scheme at scale µ =
2 GeV. We note the high �2/d.o.f of the D⇡

v (t) fits, which are
due to three data-points fluctuating away from the trend of
the curve, as seen in the center right panel of Fig. 7.

GFFs on an ensemble with m⇡ = 450 MeV [28, 29], and
with a lattice extraction [32] in the forward limit with
Nf = 2+ 1+ 1 flavors at quark masses corresponding to
the physical pion mass. Our result for A⇡

q (0) is however
smaller than the result found in Ref. [32]. In contrast,
we find a slightly larger contribution from gluons than
from quarks to the momentum fraction of the pion at
µ = 2 GeV. The separate quark flavor contributions,
A⇡

u+d(0) and A⇡
s (0), are also smaller than those found in

Ref. [32]. A possible explanation could be that the latter
were computed on an Nf = 2 + 1 + 1 ensemble at the
physical quark mass, while our results were obtained on
a single ensemble at m⇡ ⇡ 170 MeV and could not be
extrapolated to the physical point. Our results for A⇡

q (0)
are also larger than what was found in Ref. [30] after ex-
trapolation to the continuum limit. Our results for the
total momentum fraction are slightly larger than the sum
rule prediction, A⇡(0) = 1, in the case of the monopole
fit, but statistically consistent with it in the case of the
z-expansion parametrization.

The total D-term obtained is consistent with �PT
when the first chiral-symmetry breaking correction [15],
which for the quark masses of this ensemble is esti-
mated to result in D⇡(0) ⇡ �0.96, is taken into con-
sideration, and smaller in magnitude than the leading
order chiral limit prediction of D⇡(0) ⇡ �1. Our re-
sult for D⇡

q (0) is statistically consistent with the result
found in Refs. [26, 27], which was computed from several
ensembles at heavier pion masses and extrapolated to
the physical point, neglecting quark disconnected con-
tributions and mixing with the gluon EMT. We find
D⇡

g (0) to be smaller in magnitude than the result at
m⇡ ⇡ 450 MeV neglecting mixing with quarks found in
Ref. [29], �0.793(84), in the case of the monopole fit, but
consistent with it in the case of the z-expansion.

Experiment (Pion)6
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Figure 1. (a) A natural but impractical probe of EMT form factors is scattering o↵ gravitons. (b) Hard-exclusive reactions like
deeply virtual Compton scattering (DVCS) provide a realistic way to access EMT form factors through GPDs. Here one of the
relevant tree-level diagrams is shown. (c) Information on the EMT structure of particles not available as targets, such as e.g. ⇡0,
can also be accessed from studies of generalized distribution amplitudes (GDAs) which are an “analytic continuation” of GPDs
to the crossed channel. The shown reaction �⇤� ! ⇡0⇡0 (and analog for other hadrons) can be studied in e+e� collisions.

VI. THE LAST GLOBAL UNKNOWN PROPERTY OF A HADRON

The D -term is sometimes referred to as the “last unknown global property.” To explain what this means we recall
that the structure of hadrons, the bound states of strong interactions, is most conveniently probed by exploring
the other fundamental forces: electromagnetic, weak, and (in principle) gravitational interactions. The particles
couple to these interactions via the fundamental currents J µ

em , J µ
weak , Tµ!

grav which are conserved (in case of weak
interactions we deal with partial conservation of the axial current, PCAC). The matrix elements of these currents are
described in terms of form factors which contain a wealth of information on the probed particle. The undoubtedly most
fundamental information corresponds to the form factors at zero momentum transfer. For the nucleon, these are the
“global properties:” electric charge Q, magnetic moment µ, axial coupling constant gA , induced pseudo-scalar coupling
constant gp, mass M , spin J , and the D -term D . These properties, being related to external conserved currents, are
scale- and scheme-independent in QCD. All global properties are in principle on equal footing and well-known, see
Table I, with one exception: the D -term.

em: @µ J µ
em = 0 hN 0|J µ

em |N i �! Q = 1.602176487(40) ⇥ 10�19C
µ = 2.792847356(23)µN

weak: PCAC hN 0|J µ
weak |N i �! gA = 1.2694(28)

gp = 8.06(55)

gravity: @µ T µ !
grav = 0 hN 0|T µ !

grav |N i �! m = 938.272013(23)MeV/c 2

J = 1
2

D = ?

Table I. The global properties of the proton defined in terms of matrix elements of the conserved currents associated with
respectively electromagnetic, weak, and gravitational interaction. Notice the weak currents include the partially conserved axial
current, and gA or gp are strictly speaking defined in terms of transition matrix elements in the neutron �-decay or muon-capture.
The values of the properties are from the particle data book [107] and [108] (for gp) except for the unknown D -term.

In some cases (e.g. free particles, Goldstone bosons) the value of the D -term is fixed by general principles (see
discussions below). For other particles the D -term is not fixed and it reflects the internal dynamics of the system
through the distribution of forces. In strongly interacting systems the D -term is sensitive to correlations in the system.
For example, the baryon D -term behaves as ! N 2

c whereas all other global observables (mass, magnetic moments, axial
charge, etc.) behave at most as ! Nc in the large Nc limit. For a large nucleus the D -term shows also anomalously
fast increase with the atomic mass number D ! A7/ 3.

[Kumano et al. (2018)]
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FIG. 17. Each contribution to the ! ! ! ! " 0" 0 cross section
is shown for the the kinematics Q2 = 8 .92 GeV2 and cos# =
0.1. The solid curves indicate cross sections by terminating
other contributions and phase shifts. Three curves are for only
f 0(980), continuum, or f 2(1270). The dashed curve shows the
continuum cross section by turning on the phase shifts. The
parameter values of the set-2 results are used here.

in Eq. (124) for the kinematics of Q2 = 8 .92 GeV2 and
cos! = 0 .1. In the solid curves, the phase shifts are
also terminated, whereas the dashed curve indicates the
GDA continuum with the phase shifts. For example,
the solid GDA continuum curve is obtained by setting
øf f 0 (500) = f f 2 (1270) = 0 and "0 = "2 = 0. Here, the pa-
rameters of the set 2 are used for drawing these curves. In
comparison with the solid curve in Fig. 15 for Q2 = 8 .92
GeV2 and cos! = 0 .1, these distributions seem to be
very small. However, the continuum and f 2 contribute
to the cross section constructively with almost the same
magnitude, so that each contribution is about 1/4 of the
cross section of Fig. 15 if other terms are terminated. As
expected, f 0(500) contributes only in the low-energy re-
gion of W < 0.8 GeV, and it is much smaller than the
continuum according to the set-2 analysis. However, it
depends on thef 0(500) decay constant, which is taken as
one of the parameters in our analysis because of the lack
of theoretical information. The f 2(1270) contributes es-
pecially in the W = 1 .27 GeV region, and its magnitude
is comparable to the continuum. The GDA continuum
is a slowly varying function of W and it is distributed in
the wide W range.

C. Gravitational form factors and radii for pion

Since the optimum GDAs are determined from the
Belle data, the timelike gravitational form factors are
calculated by Eqs. (119) and (120). Their absolute val-
ues are shown in Fig. 18, and individual real and imagi-
nary parts are in Fig. 19. The form factor ! 2 comes from
the D-wave contribution and it is peaked at the f 2(1270)
position, whereas the function ! 1 has a dip due to the
interference between the S- and D-wave terms. The imag-
inary part of ! 2 is peaked at thef 2(1270) resonance and
its real part changes the sign. The real and imaginary
parts of ! 1 have both features on the interference and
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FIG. 18. Absolute values of the timelike gravitational form
factors ! 1(s) and ! 2(s) of the pion.
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FIG. 19. Real and imaginary parts of the timelike gravita-
tional form factors ! 1(s) and ! 2(s) of the pion.

the f 2(1270) resonance. As for the electric form factor
of the pion in the timelike region, there are recent theo-
retical studies by the holographic QCD and lattice QCD
[68].

In order to Þnd the space distributions and gravita-
tional radii, the timelike form factors should be trans-
formed to the spacelike one by using the dispersion rela-
tion of Eq. (51). The obtained spacelike form factors are
shown in Fig. 20. They are slowly decreasing function of
! t and the slope is steeper for! 1 than the one for ! 2
due to the additional S-wave term in Eq. (119).

The substantial di" erence between the form factors
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FIG. 20. Spacelike gravitational form factors normalized t o
their values at t = 0.
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[Polyakov, Schweitzer (2018)]
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FIG. 10. The scale- and scheme-independent total GFFs of the pion, obtained by summing the gluon and quark contributions.
The red bands show the next-to-leading order (NLO) �PT prediction for the low |t| region, using a range of estimates for the
low-energy constants, as presented in Ref. [15].

monopole ↵ ⇤ [GeV] �2/d.o.f.

A⇡
g (t) 0.546(18) 1.129(41) 0.9

A⇡
q (t) 0.481(15) 1.262(37) 1.4

A⇡
v (t) 0.4276(78) 1.300(22) 1.2

z-expansion ↵0 ↵1 ↵2 �2/d.o.f.

A⇡
g (t) 0.547(17)�0.021(51)�0.09(23) 0.9

A⇡
q (t) 0.480(15) 0.014(40) 0.06(17) 1.5

A⇡
v (t) 0.4273(93) 0.034(20) 0.123(71) 1.0

TABLE III. Fit parameters of the monopole and modified
z-expansion parametrizations of the t-dependence of the pion
GFFs A⇡

i (t) renormalized in the MS scheme at scale µ =
2 GeV.

monopole ↵ ⇤ [GeV] �2/d.o.f.

D⇡
g (t) �0.596(65) 0.677(65) 1.2

D⇡
q (t) �0.304(26) 1.44(21) 1.0

D⇡
v (t) �0.322(12) 1.286(76) 3.4

z-expansion ↵0 ↵1 ↵2 �2/d.o.f.

D⇡
g (t) �0.598(34) 0.01(13) 0.1(1.2) 1.2

D⇡
q (t) �0.316(16) 0.037(38) 0.65(66) 0.9

D⇡
v (t) �0.3356(93) 0.041(31) 0.34(26) 3.3

TABLE IV. Fit parameters of the monopole and modified
z-expansion parametrizations of the t-dependence of the pion
GFFs D⇡

i (t) renormalized in the MS scheme at scale µ =
2 GeV. We note the high �2/d.o.f of the D⇡

v (t) fits, which are
due to three data-points fluctuating away from the trend of
the curve, as seen in the center right panel of Fig. 7.

GFFs on an ensemble with m⇡ = 450 MeV [28, 29], and
with a lattice extraction [32] in the forward limit with
Nf = 2+ 1+ 1 flavors at quark masses corresponding to
the physical pion mass. Our result for A⇡

q (0) is however
smaller than the result found in Ref. [32]. In contrast,
we find a slightly larger contribution from gluons than
from quarks to the momentum fraction of the pion at
µ = 2 GeV. The separate quark flavor contributions,
A⇡

u+d(0) and A⇡
s (0), are also smaller than those found in

Ref. [32]. A possible explanation could be that the latter
were computed on an Nf = 2 + 1 + 1 ensemble at the
physical quark mass, while our results were obtained on
a single ensemble at m⇡ ⇡ 170 MeV and could not be
extrapolated to the physical point. Our results for A⇡

q (0)
are also larger than what was found in Ref. [30] after ex-
trapolation to the continuum limit. Our results for the
total momentum fraction are slightly larger than the sum
rule prediction, A⇡(0) = 1, in the case of the monopole
fit, but statistically consistent with it in the case of the
z-expansion parametrization.

The total D-term obtained is consistent with �PT
when the first chiral-symmetry breaking correction [15],
which for the quark masses of this ensemble is esti-
mated to result in D⇡(0) ⇡ �0.96, is taken into con-
sideration, and smaller in magnitude than the leading
order chiral limit prediction of D⇡(0) ⇡ �1. Our re-
sult for D⇡

q (0) is statistically consistent with the result
found in Refs. [26, 27], which was computed from several
ensembles at heavier pion masses and extrapolated to
the physical point, neglecting quark disconnected con-
tributions and mixing with the gluon EMT. We find
D⇡

g (0) to be smaller in magnitude than the result at
m⇡ ⇡ 450 MeV neglecting mixing with quarks found in
Ref. [29], �0.793(84), in the case of the monopole fit, but
consistent with it in the case of the z-expansion.

A
π (t)

D
π (t)

t (GeV2) t (GeV2)

[Hackett, et al. (2023)]
Lattice QCD (Pion)

KEKB

Pion cannot be used 
as fixed targets 
→ t-channel 

D(t)/D(0)

A(t)/A(0)
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Some context
The nucleon GFFs have been studied by using the lattice QCD 
and some models. 

E.g. Gluonic scale anomaly play a crucial role of the confining pressure 

There are few studies of pion GFFs. 

The bottom-up holographic QCD covers both nucleon and 
pion GFFs. 

In the top-down holographic QCD, nucleon GFFs have been 
formulated. 
Recently, pion GFFs have been formulated. 

How chiral symmetry breaking is related to internal pressure 
of pions based on this approach.

D. Fujii, A. Iwanaka, M. Tanaka, PRD 110 (2024)
Today’s talk

Future work

D. Fujii, M. Kawaguchi, M. Tanaka, PLB (2025)

M. Fujita, Y. Hatta, S. Sugimoto, T. Ueda, PTEP (2023)

5d phenomenological model built by adding fields and cutoffs by hand.

Directly derived from string theory with brane setups.
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Top-down Holographic QCD

QCD (+  direction) 
Low energy 
Massless

τ

Sakai-Sugimoto (2005)

D brane is the end points of 
open string, and Dp brane 
is p+1-dim object. 

On D4 brane × Nc, 4+1-dim 
SU(Nc) YM is realized. 
D8 branes is the source of 
flavor.

The system of D8 branes 
embedded in the curved 
spacetime (from D4 branes)

Corresp.

Holographic QCD

D8 × NfD8 × Nf

D4 × Nc

Quarks

Field theory 
on D4 branes

Replace the D4 branes 
into the corresponding 
curved spacetime

r

τ
x0∼3

(compactify)

Gluons

Anti-quarks
Compactify one direction

is derived from a string theory with

(Minkowski)

(Extra dim.)
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Low energy phenomena from Sakai-Sugimoto model

Successfully covers low-energy phenomena in hadron physics

The system deviate from QCD above 1GeV 
(Compactified direction is not negligible) 
Typical computations assume the leading order in  and 1/Nc 1/λ

Glueball

Meson

Baryon

D8×Nf

D4×Nc

S4D4

Closed string

Open string

D4 brane 
wrapped with S4

Gravitational fields

Gauge fields

Instanton on D8×Nf

The top-down HQCD contains most of 
the building blocks of low energy QCD

QCD String theory
Low energy

Limitations to use
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Linearized Einstein eq. for metric fluctuation
Metric fluctuation around b.g.

7dim Newton const. (compactified )S4

To calculate the matrix element of EMT for pion, we evaluate 
the metric fluctuation induced by the matter field of pion.

gMN = gb.g.
MN + δgMN

Einstein eq. with matter sector (pions) in 11dim

∇2δgMN + ∇M ∇NδgP
P − ∇P(∇MδgNP + ∇NδgMP) −

12
L2

δgMN

= − 2κ2
7 (𝒯MN −

gMN

5
𝒯P

P)
𝒯MN = −

2
g

δSD8

δgMN gMN=gb.g.
MN

Nucleon, Pion, …

The same as EoM for glueball spectra

Bulk EMT:

M. Fujita et al, PTEP (2023)

This work
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GKP-Witten relation Gubser-Klebanov-Polyakov (1998) 
Witten (1998)

Solutions of bulk EoM

Boundary (4 dim.)

 : external source of  (BC)δϕex ⟨𝒪QCD⟩

⟨𝒪QCD⟩ =
δZQCD

δϕex

Action : S5 dim
gravity

Bulk (5 dim.)

r (extra dim.)

Field : ϕ
EoM in bulk

ϕcl ϕcl ∼ δϕexrΔ+ + ⟨𝒪QCD⟩rΔ−

Δ+ > Δ−

EoM in bulk

r ⟶ ∞

Leading: BC Sub-leading

Asymptotic behavior

Solve the EoM for a field  in bulk under the BC 
Analyze the asymptotic behavior of  
Leading term  (BC) is external source of , 
Sub-leading term is expectation value of 

ϕ
ϕcl

δϕex 𝒪QCD

𝒪QCD
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GKP-Witten relation Gubser-Klebanov-Polyakov (1998) 
Witten (1998)

Solutions of bulk EoM

Boundary (4 dim.)

 : external source of  (BC)δϕex ⟨𝒪QCD⟩

⟨𝒪QCD⟩ =
δZQCD

δϕex

Action : S5 dim
gravity

Bulk (5 dim.)

r (extra dim.)

Field : ϕ
EoM in bulk

ϕcl ϕcl ∼ δϕexrΔ+ + ⟨𝒪QCD⟩rΔ−

Δ+ > Δ−

EoM in bulk

r ⟶ ∞

Leading: BC Sub-leading

Asymptotic behavior

Substitute into S5 dim
gravity

δS5 dim
gravity

δϕex
∝

δ
δϕex ∫ d4x⟨𝒪QCD⟩δϕex

Surface term

Only the surface term 
survives. 
Sub-leading term can 
be regarded as ⟨𝒪QCD⟩
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gb.g.
MN dxMdxN =

r2

L2 (ημνdxμdxν + dx2
11 + f(r)dτ2) +

L2

r2

dr2

f(r)
+

L2

4
dΩ2

4

Background metric in 11dim. (M theory)
Gravity sector (SS model)

AdS7 S4
By compactifing  direction,  
we obtain the metric of SS model

x11
Since QCD has no SO(5) 
symmetry, we often 
integrate out S4τ

1/MKK
z

r

f(r) = 1 −
R6

r6
=

z2

1 + z2

The fluctutation around the b.g. geometry → Glueballs

gMN = gb.g.
MN + δgMN

The 7dim Linearlized Einstein eq.

∇2δgMN + ∇M ∇NδgP
P − ∇P(∇MδgNP + ∇NδgMP) −

12
L2

δgMN = 0

Glueballs

r = R (z = 0)

Asymptotically AdS 
→Einstein eq. simplifies

x11

L

(corresponding to the Nc D4 branes)
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Gravity sector (SS model)

Determine a complete set , the  satisfies the 

4d Klein-Gordon eq. and obtain the glueballs mass 

ΨT/S
n (r) φn,T/S

MN (x)

mT/S
n

The 7 dim Linearlized Einstein eq.
∇2δgMN + ∇M ∇NδgP

P − ∇P(∇MδgNP + ∇NδgMP) −
12
L2

δgMN = 0

Mode expansion

δgMN(xμ, r) = ∑
n

φn
MN(xμ)r2Ψn(r)

Einstein eq. decompose two part
4dim glueball fields , , ,…φn,T(2++)

μν φn,S(0++)
11,11 φn,T(0++)

ττ

Complete set

① 

②

−
1

r3L4
∂r (r (r6 − R6) ∂rΨT

n(r)) = (mT
n )2 ΨT

n(r)

 satisfies the 4d Klein-Gordon eq.φn,T
μν (x)

Tensor glueballs
e.g. (Tensor glueballs case)

Spin decomp. 
Gauge fixing
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Glueball spectra

266 R.C. Brower et al. / Nuclear Physics B 587 (2000) 249–276

5. Discussion

Lastly we turn to the question of how well the strong coupling limit for the Maldacena
dual theory of QCD represents the infrared physics probed by the glueball spectra. Happily
we now have a rather definitive lattice glueball spectrum by Morningstar and Pearson [5]
with which to make comparisons (see right side of Fig. 2).

5.1. Comparison with lattice glueball spectrum

Originally, claims were made about accurate comparisons to a few percent for isolated
(scalar) mass ratios. As we pointed out in Ref. [20] for QCD3, the lowest mass scalar comes
from the gravitational multiplet, not the dilaton. A similar spectrum is observed for QCD4.
Consequently such accurate mass ratios were a misconception. This should not be regarded
as a failure, since any reasonable expectation of a strong coupling approximation should
not give quantitative results. On the other hand, there is a rather remarkable correspondence
of the overall mass and spin structure between our strong coupling glueball spectrum
and the lattice results at weak coupling for QCD4 (see Fig. 2). Apparently the spin
structure of type IIA supergravity does resemble the low mass glueball spin splitting. The
correspondence is sufficient to suggest that the Maldacena duality conjecture may well be
correct and that further efforts to go beyond strong coupling are worthy of sustained effort.

Fig. 2. The AdS glueball spectrum for QCD4 in strong coupling (left) compared with the lattice
spectrum [5] for pure SU(3) QCD (right). The AdS cut-off scale is adjusted to set the lowest 2++
tensor state to the lattice results in units of the hadronic scale 1/r0 = 410 Mev.

[R. C. Brower, et al, (2000)]

Lattice

φn,T(2++)
μν φn,S(0++)

11,11

φn,T(0++)
ττ

δgMN(xμ, r) = ∑ φn
MN(xμ)r2Ψn(r)

Gravity sector (SS model)

Metric fluctuation  in bulk couple to the EMT of QCD 
Other glueball states fall off more quickly near the boundary

δgMN
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Matter sector (SS model)
The Effective action on Nf D8 branes embedded in 
the curved spacetime 

Integrate out  
5dim U(Nf) gauge theory

S4

SD8 = − κ∫ d4xdztr ( 1
2

h(z)F2
μν + k(z)F2

μz)

D8

Az(xμ, z) = ∑
n

ϕn(xμ)ΦS
n(z) Aμ(xμ, z) = ∑

n

Vn
μ(xμ)ΦV

n (z)

 meson, … 
 meson, …

π
η

 meson, … 
 meson, … 
 meson, …

ρ
a1
ω

h(z) = (1 + z2)−1/3, k(z) = 1 + z2, z = 1 −
R6

r6

FMN = ∂M AN − ∂N AM + i[AM, AN]

Model expansion

κ ∝ λ
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Evaluation of EMT

Formula for Asymptotic AdS spacetime
Formula for asymptotic AdS7

δgμν ⟶ r2ημν +
Cμν

r4
+ . . . (r → ∞)

⟨Tμν⟩ ∝ Cμν

QCD operator

External source

Solve the linearized Einstein eq. for the metric fluctuation 
induced by the matter fields (pions) 
Read off the  term in the metric fluctuation1/r4

(δgMN)

[Haro-Skenderis-Solodukhin, (2000)]

The metric fluctuation in bulk becomes the external source 
of EMT of QCD at the boundary
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Linearized Einstein eq. for metric fluctuation
Metric fluctuation around b.g.

7dim Newton const. (compactified )S4

To calculate the matrix element of EMT for pion, we evaluate 
the metric fluctuation induced by the matter field of pion.

gMN = gb.g.
MN + δgMN

Einstein eq. with matter sector (pions) in 11dim

∇2δgMN + ∇M ∇NδgP
P − ∇P(∇MδgNP + ∇NδgMP) −

12
L2

δgMN

= − 2κ2
7 (𝒯MN −

gMN

5
𝒯P

P)
𝒯MN = −

2
g

δSD8

δgMN gMN=gb.g.
MN

Nucleon, Pion, …

The same as EoM for glueball spectra

Bulk EMT:

M. Fujita et al, PTEP (2023)

This work
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Solve the Einstein equation
Decompose into glueballs with different spins

 is same as the diff. operators of Glueball eigenvalue eq. 

Only consider the  states.

∇T/S
r

T(2++), T(0++), S(0++)

δgMN = δgT
MN + δgS

MN + δgother
MN

Einstein eq. become (by gauge fixing)

r2

L2

1
L2r5

∂r r (r6 − R6) (
∂r +

114r5R6

(5r6 − 2R6)(r6 + 2R6) )
−

L2∂μ∂μ

r2 (

r2

L2
δgS

MN)
= 2κ2

7𝒯S
MN

𝒯MN = 𝒯T
MN + 𝒯S

MN + 𝒯other
MN

Bulk metric

Bulk EMT

r2

L2 [

1
L2r5

∂r {r (r6 − R6) ∂r} −
L2∂μ∂μ

r2 ] (

r2

L2
δgT

MN)
= 2κ2

7𝒯T
MN

= ∇T
r

= ∇S
r

Main comp. of  
T : ,  
S : 

(μ, ν) (11,11)

(τ, τ)

Tensor,   Scalar,  Scalar 

Degenerate
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Green function

At the boundary , r → ∞ ΨT/S
n (r) ∼ αT/S

n /r6

δgT/S
μν =

2κ2
7

L5
r2 ∫ dr′￼r′￼

3GT/S(r, r′￼, ⃗k)𝒯T/S
μν (r′￼, ⃗k)

r3

L3 (
−

r2

L2
∇T/S

r + ⃗k2
)

GT/S(r, r′￼, ⃗k) = δ(r − r′￼)

 are same as eigenvalue eq. for Glueballs∇T/S
r

GT/S(r, r′￼, ⃗k) =
∞

∑
n=1

ΨT/S
n (r)ΨT/S

n (r′￼)
⃗k2 + (mT/S

n )2

δgT/S
μν ∼

1
r4

∞

∑
n=1

αT/S
n ∫ dr′￼

r′￼
3ΨT/S

n (r′￼)
⃗k2 + (mT/S

n )2
𝒯T/S

μν (r′￼, ⃗k)
from pion fields

Solve this equation by using the Green function

r2r−6 = r−4
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The matrix elements of EMT for pions

Formula

The remaining problem: How to calculate the infinite sum

⟨Tμν⟩ = ⟨TT
μν⟩ + ⟨TS

μν⟩

⟨TT/S
μν ⟩ =

6
L10

∞

∑
n=1

αT/S
n ∫ dr′￼

r′￼
3ΨT/S

n (r′￼)
⃗k2 + (mT/S

n )2
𝒯T/S

μν (r′￼, ⃗k)

6
L7

∞

∑
n=1

αT/S
n ΨT/S

n (r′￼)
⃗k2 + (mT/S

n )2
=

∞

∑
l=0

FT/S
l (r′￼)(− ⃗k2)l

FT/S
l (r′￼) = ∫

∞

R
dr

r3

L3

∞

∑
n=1

ΨT/S(r)ΨT/S
n (r′￼)

(mT/S
n )2l

 satisfies following recurrence relationsFT/S
l (r′￼)

(
−

r2

L2
∇T/S

r + ⃗k2
)

FT/S
l = − FT/S

l−1

and  due to the completeness relationsFT/S
0 (r′￼) = 1

T(2++), T(0++), S(0++)
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GFFs

Mass distribution 
Spin distribution 
Stress distribution 
(pressure and shear)

～Form , (  : D-term)D(Q2) D(0)

Fourier Transf.

⟨Proton Tμν Proton⟩
Matrix elements for EMT

Characterized 
A(Q2), B(Q2), D(Q2)

～Form A(Q2)

～Form A(Q2), B(Q2)

Gravitational Form Factors (GFFs)

Proton Proton

Graviton（spin 2） 
= 2 Photons

Proton Proton

Photon 
（spin 1）

Photon

Electron

GPD
≃

Quark
Q = p′￼− p

p p′￼ p p′￼
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Liquid drop
Tij =

pr 0 0
0 pt 0
0 0 pt

pr

pt

pt

pr
pt

Inward : positive pressure

pr

pt

pr = pt

Surface tension

Kelvin relation : p0 =
2γ
R

pr(r)

pt(r)
!"! !"# $"! $"# %"!

! $"#

! $"!

! !"#

!"!

!"#

$"!

!
"#

$%
!&

'!(
$)

!* "
"!

#
+

$,
$&

-!
.

��

3γ

p0

R
Attractive int.  
between water 
molecules

Liquid drop

r

r

At the surface, there are no water molecules outside the boundary, 
so the radial pressure is not balanced from the other side  
To balance this, the tangential pressure changes direction,  
and their net force balances the radial pressure 
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+
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��
r2pr(r)

r2pt(r)
Surface tension like

Stability of Hadrons 

pr
pt

pr
pt

Confining pressure pr =
2
3

s + p pt = −
1
3

s + p
Hadron

r

r
Inward : positive pressure

Kelvin relation : p(0) = ∫
∞

0

2s(r)
r

The surface tension like force is distributed 
widely along the radial direction,  
What is the origin of surface tension‒like force 
(confining pressure)?

r
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Gravitational Form Factors (GFFs)

Nucleon (spin 1/2)

Pion (spin 0)

⟨p′￼, s′￼| ̂Tμν(x) |p, s⟩ = u(p′￼, s′￼)[iγ(μPν)A(t) + i
P(μσν)

ρ Δρ

2M
B(t)

+
ΔμΔν − ημνΔ2

4M
D(t)]u(p, s)eiΔμxμ

⟨p′￼| ̂Tμν(x) |p⟩ = 2PμPνA(t) +
1
2

(ΔμΔν − gμνΔ2)D(t)

P = (p + p′￼)/2 Δ = p′￼− p t = − Δ2 = Δ2
0 − ⃗Δ2

Spatial components

Determine by Lorentz sym. and EMT conservation
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Stability condition
∇iTij = 0Static EMT conservation

19

The von Laue condition can be proven in exactly the same way also in the Skyrme model [180] and bag model [197].
These models have in common that they describe the nucleon in terms of a static mean Þeld, even though in these
models the mean Þelds are realized in much di! erent ways. The generic mean Þeld picture of the nucleon is justÞed in
QCD in the large-Nc limit [ 198, 199]. Thus, the connection of the von Laue condition and the virial theorem is of
more general character than the respective models: it holds in the large-Nc limit in QCD. It is not known whether a
connection of the von Laue condition and extrema of the action can be established also in QCD with ÞniteNc.

It is interesting to investigate what happens when one increases the value of the current quark masses (as it was
routinely done until recently in lattice QCD studies). In this case the hadron masses increase, while their sizes decrease.
For the EMT densities it has the following implications: the energy density in the center of the nucleon increases and
so does the pressure, see Fig.5. This implies a more negativeD-term [178].

ModiÞcations of the D-term of the nucleon in nuclear matter were studied in [200, 201]. As the density of the
nuclear medium increases, the energy density in the center of the nucleon bound in the medium and the pressure both
decrease. The size of the system, however, grows and theD-term becomes more negative [200, 201].

Chiral perturbation theory cannot predict the value of the nucleon D-term, but it predicts its m! -dependence and

 0

 0.5

 1

 1.5

 0  0.5  1

 (a)T00(r)   [GeV/fm3]

r  [fm]

! QSM

 0

 0.1

 0.2

 0  0.5  1

 (b)Tij (r)   [GeV/fm3]

r  [fm]

! QSMp(r)

s(r)

 0

 0.1

 0  0.5  1  1.5

(c)4!  r 2 p(r)  [GeV/fm]  

r [fm]

" QSM

+

-1.5

-1

-0.5

 0

 0.5

 0  0.5  1  1.5  2  2.5  3  3.5  4   

 (d)r 4p(r)   !   4 "  m  [fm-1]

r   [fm]

#QSM

+

Figure 4. EMT densities of the nucleon from the chiral quark soliton [ 126]. (a) Energy density T00 (r ), (b) densities p(r ) and
s(r ) of the stress tensor Tij (r ), and (c) 4! r 2p(r ) where the shaded areas above and below thex-axis are exactly equal to each
other which demonstrates how the von Laue condition ( 31) is realized. (d) The integrand of the D -term is proportional to r 4p(r )
and yields D < 0 upon integration. The negative sign of D emerges as a natural consequence of the Òstability patternÓ [126].
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Figure 5. The pion mass dependence of the nucleon EMT densities from chiral quark soliton [178] from the chiral limit up to
m! of the order of magnitude of the kaon mass. (a) Energy density normalized as 4! r 2T00 (r )/m such that the curves integrate
to unity, and (b) r 2p(r ) which integrates to zero. (c) The pressure in the center as function of the energy density in the center.

∫ drr2p(r) = 0

D = D(0) ∝ ∫ drr4p(r) < 0

= − ∫ drr4s(r) < 0
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These models have in common that they describe the nucleon in terms of a static mean Þeld, even though in these
models the mean Þelds are realized in much di! erent ways. The generic mean Þeld picture of the nucleon is justÞed in
QCD in the large-Nc limit [ 198, 199]. Thus, the connection of the von Laue condition and the virial theorem is of
more general character than the respective models: it holds in the large-Nc limit in QCD. It is not known whether a
connection of the von Laue condition and extrema of the action can be established also in QCD with ÞniteNc.

It is interesting to investigate what happens when one increases the value of the current quark masses (as it was
routinely done until recently in lattice QCD studies). In this case the hadron masses increase, while their sizes decrease.
For the EMT densities it has the following implications: the energy density in the center of the nucleon increases and
so does the pressure, see Fig.5. This implies a more negativeD-term [178].

ModiÞcations of the D-term of the nucleon in nuclear matter were studied in [200, 201]. As the density of the
nuclear medium increases, the energy density in the center of the nucleon bound in the medium and the pressure both
decrease. The size of the system, however, grows and theD-term becomes more negative [200, 201].
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Figure 4. EMT densities of the nucleon from the chiral quark soliton [ 126]. (a) Energy density T00 (r ), (b) densities p(r ) and
s(r ) of the stress tensor Tij (r ), and (c) 4! r 2p(r ) where the shaded areas above and below thex-axis are exactly equal to each
other which demonstrates how the von Laue condition ( 31) is realized. (d) The integrand of the D -term is proportional to r 4p(r )
and yields D < 0 upon integration. The negative sign of D emerges as a natural consequence of the Òstability patternÓ [126].
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Figure 5. The pion mass dependence of the nucleon EMT densities from chiral quark soliton [178] from the chiral limit up to
m! of the order of magnitude of the kaon mass. (a) Energy density normalized as 4! r 2T00 (r )/m such that the curves integrate
to unity, and (b) r 2p(r ) which integrates to zero. (c) The pressure in the center as function of the energy density in the center.

s(r) > 0
4πr4p(r) [fm−1]

4πr2p(r) [GeV/fm]

[Polyakov, Schweitzer (2018)]

p(0) = ∫
∞

0

2s(r)
r

Kelvin relation
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How to calculate the expectation value of QCD operators 
Solve the bulk EoM with a boundary condition given  
by external source of the QCD operators 

Analyze the behavior of the solution near the boundary 
The slowly vanishing term corresponds to  and  
the fast vanishing term give 

δϕex

⟨𝒪⟩QCD

GKP-Witten relation Gubser-Klebanov-Polyakov (1998) 
Witten (1998)

ϕcl ∼ δϕexrΔ+ + ⟨𝒪⟩QCDrΔ− + . . .

This is what we need !!

δϕex ⟨𝒪⟩QCD
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Two definition of spatial densities 
on the Instant and Light front form

Sij
BF( ⃗x) = ∫

d3 ⃗Δ
2P0(2π)3

e−i ⃗x⋅ ⃗Δ⟨P0, ⃗Δ /2 |Tij(0) |P0, − ⃗Δ /2⟩

Sab
LF( ⃗x⊥) = ∫

d2 ⃗Δ⊥

2P+(2π)2
e−i ⃗x⊥⋅ ⃗Δ⊥⟨P+, ⃗Δ⊥/2 |Tab

LF(0) |P+, − ⃗Δ⊥/2⟩

3D Stress distribution of Breit frame on Instant form

2D Stress distribution on LF form

Many studies use 3D Breit frame densities on the instant form ( ) 
Not boost-invariant: mixing of time slices and EMT components ( ) 
Results retain frame/definition ambiguities

x0 = 0

Tij ↔ T0μ

To overcome this, one use 2D densities on the LF form ( ) 
This definition eliminates contamination from different time 
slices and avoids component mixing under Lorentz boosts 
Clear interpretation and fewer ambiguities

x+ = 0


