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Introduction

• Generalized Parton Distributions (GPDs) and their Mellin moments contain full
information (x , η, ∆) on flavor, spin and mass composition of a given hadron:

- Parton Distribution Functions (PDFs) ⇒ momentum distribution
- Form Factors ⇒ charge, shear, pressure, spin, mass distributions...
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Challenges

The Deconvolution Problem

Unlike PDFs, GPDs can not be extracted directly from scattering cross sections

TDVCS ∼
∫

dx

4π

(
1

η − x − iϵ
+

1

η + x − iϵ

)
H(x , η, t) u(p2)γ

+u(p1) + . . .

e(k) e′(k′)

Q2

γ⋆(q)

x+ η x− η
hard

soft

γ(q′)

GPDs

t

N(p) N ′(p′)
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• To date parametric dependence largely
unexplored

• Lattice results inconclusive or
incompatible with experiment

⇒ Set up framework with as little model
dependence as possible
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Prerequisites

GPDs are coefficients in the decomposition of off-forward matrix elements

FV ,A,T
q,g (x , η, t, µ) =

∫
dz−

2π
e ixz

−P⟨p2|OV ,A,T
q,g |p1⟩

where, e.g.,

OV
q = ψq(z

−
1 )[z−1 , z

−
2 ]γ+ψq(z

−
2 ), OV

g = F+µ
a (z−1 )[z−1 , z

−
2 ]abgµνF

ν+
b

and thus

FV
q,g (x , η, t, µ) = u(p2)γ

+u1(p1)Hq,g (x , η, t, µ) +
i∆ν

2mN
u(p2)σ

+νu(p1)Eq,g (x , η, t, µ)
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Relation to Form Factors

Charge distribution

Mass distribution

F q
1 (t) =

∫ 1

−1
dx Hq(x , 0, t) = Hq(n = 1, η = 0, t),

F q
2 (t) =

∫ 1

−1
dx Eq(x , 0, t) = Eq(n = 1, η = 0, t),

Aq(t) + η2Dq(t) =

∫ 1

−1
dx x Hq(x , η, t) = Hq(n = 2, η, t),

Ag (t) + η2Dg (t) =

∫ 1

−1
dx Hg (x , η, t) = Hg (n = 2, η, t).

Higher moments contain information on higher-spin probes with additional skewness
dependence fixed by polynomiality:

Hg (n, η, t) =
1

2

∫ 1

−1
dx xn−2Hg (x , η, t) =

n−2∑
k=0

ηkAg
n,k(t) + ηnDg

n (t)
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D. Müller, A. Schäfer, Nucl.Phys.B 739 (2006)

Conformal moment expansion for arbitrary GPD Gq,g = Hq,g , H̃q,g ,Eq,g , ...

Gq,g (x , t, η) =
∞∑

n=1,2

(−1)n±1pq,gn (x , η)Gq,g (n, t, η), pq,gn (x , η) ∼ C
3/2,5/2
n−1,n−2(−x/η)

• Divergent as a sum of polynomials but can be resummed via extension to complex
conformal spin-j

n → j ,
∑
n

(−1)n±1 → 1

2i

∮
C

dj

sinπj
, pq,gn → pq,gj

• Analytic continuation uniquely fixed by polynomiality, crossing symmetry...
⇒ Mellin-Barnes Integral:

Gq,g (x , t, η) ∼
1

2i

∫ c+i∞

c−i∞

dj

sinπj
pq,gj (x , η)Gq,g (j , t, η)

8



Outline

1 GPDs and the Conformal Moment Expansion

2 Lessons from Holography

3 Results

4 Conclusion and Outlook

9



The Holographic Principle

Different forms of the AdS/CFT correspondence

4d N = 4 Super Yang-Mills (SYM) IIB String Theory on AdS5 × S5

Strongest form any N and λ = g2
YMN Quantum string theory, gs ̸= 0, α′/L2 ̸= 0

Strong form N → ∞, λ fixed but arbitrary Classical string theory, gs → 0, α′/L2 ̸= 0
Weak form N → ∞, λ large Classical supergravity, gs → 0, α′/L2 → 0

Holographic dictionary

Gauge theory Gravity theory
Gauge invariant operators Fields sourcing these operators

Gauge theory in flat spacetime Boundary of gravitational theory
Energy scale Radial coordinate

Global symmetry Gauge symmetry
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Gravitational A and D form factors

Ψ(q1; z
′) Ψ(q2; z

′)

h2(t, z)

Ψ(q1; z
′) Ψ(q2; z

′)

h0(t, z)

Sgrav ∼
∫
ddxdz hMN TMN

QCD

⟨q2|Tµν
QCD|q1⟩ = u(q2)

(
A(k)γ(µpν) + B(k)

ip(µσν)αkα
2mN

+ D(k)
kµkν − ηµνk2

mN

)
u(q1)
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K. A. Mamo, I. Zahed, PRD 101 (2020) 8, 086003

• Holographic computations suggest that skewness dependence arises through
non-degeneracy of tensor and scalar glueball spectrum

⇒ ”Glueball dominance” of the gravitational form factors

H(+)
g (j , η, t, µ0) = Ag (j , t;µ0) +Dgη(j , η,∆;µ0), Ag (j , t;µ0) =

∫ 1

0
dx

x g(x ;µ0)

x2−j+α′
T t
,

Dgη(j , η,∆, µ0) =
(
d̂j(η, t)− 1

)
× [Ag (j , t, µ0)−AgS(j , t, µ0)] ,

A(t, µ0) = Ag (j = 2, t, µ0), η2D(t, µ0) = Dgη(j = 2, t, µ0) .

R. Nishio, T. Watari, PRD 90 (2014) 12, 125001

• Skewness dependence d̂j(η, t) determined from 2-to-2 open (quark) and closed
(gluon) string scattering amplitude in cubic string field theory

d̂j(η, t) = 2F1

(
− j

2
,− j − 1

2
;
1

2
− j ;

4m2
N

−t
η2
)
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Parametrizing moments

Utilizing the next-to-leading-order (NLO) MSTW (unpolarized) and AAC (polarized)
PDFs, e.g.

H(−)
u+d(j , η, t;µ0) =

∫ 1

0
dx

uv (x ;µ0) + dv (x ;µ0)

x1−j+α′
u+d t

j=1
= 3(F p

1 (t)− F n
1 (t)) ,

we can extract the Regge slopes from know form factors and evolve via

H(−)
u±d(j , η, t, µ) = H(−)

u±d(j , η, t, µ0)

(
αs(µ

2
0)

αs(µ2)

) γ
qq;NS
j−1
β0

+ . . . .

Note: At NLO the evolution is non-diagonal in Mellin-space. The analytic
continuation thus involves so-called fractional finite sums, e.g.

− 1
2∑

k=1

1

k
= −2 log 2, (Euler, 1813)

13



Outline

1 GPDs and the Conformal Moment Expansion

2 Lessons from Holography

3 Results

4 Conclusion and Outlook

14



Comparison to Lattice QCD

I. Zahed, K. A. Mamo, PRL 133 (2024) 24, 241901
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Predictions for Singlet GPDs and Moments
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Spin Decomposition in Impact Parameter Space
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Rapidity Modified Quantities

J (η, t) =
1

2
H(n = 2, η, t) = Lz + Sz

Sz = H̃(n = 1, η, t)

The kinematics of DVCS allow an
interpretation of the rapidity in terms of
skewness (at ∆⊥ = 0).

yi =
1

2
ln
(

p+
i

p−
i

)
with p+1,2 = P+(1± η) we obtain

∆y = y2 − y1 = ln
(

p+
2

p+
1

)
= ln

(
1+η
1−η

)
,

η = tanh
(
∆y
2

)
.
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Conclusion
• Higher-spin operators defining conformal moments are mapped to overlap
integrals of spin-j fields in the gravitational theory which display Regge behavior

• The string-based approach at NLO agrees reasonably well with current lattice
estimates while at the same time relying only on a minimal set of free parameters

• Currently supports H, H̃, E GPDs and moments with a clear identification of
’who-is-who’ due to the field-operator map, bypassing the deconvolution problem.

• Available as an open-source Python package stringy-gpdsa

ahttps://github.com/HechenMountain/stringy-gpds

Outlook
• Implementation in GPDs through Universal Moments Parametrization (GUMP)

framework

• Confront results to DVCS and DVMP measurements

• Pion GPDs
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The String-Based Approach in a Nutshell

Parametrization of Moments
• Employ MSTW and AAC global fits for input PDFs

• Non-singlet quark moments constrained by (axial) Dirac and Pauli form factors

• Singlet sea quark moments determined from lattice QCD resultsa

• Gluon moments constrained via gravitational form factors A(t) and D(t),
motivated by holographic QCD

aPhys. Rev. Lett. 132, 251904, Phys. Rev. D 95, 114502 (2017)

What makes the string-based approach powerful?

• Utilize universal features that are model independent (slopes, functional form,...)

• Identify the underlying physics by utilizing the field-operator map

• Eliminate model-dependent features like intercepts by using input PDFs

→ Bypass the deconvolution problem
A2



Non-singlet GPDs
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and (b) evolved non-singlet isovector axial GPD compared to ETMC 2020 (green) and
PLB 824 (2022) 136821 (purple) at a resolution of µ = (2, 3) GeV.
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Gravitational A and D form factor
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In AdSn with point-like baryons B(t) = 0 ⇒ No singlet E GPDs.
Could obtain non-zero values with proper baryon treatment as flavor instantons
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K. A. Mamo, I. Zahed, PRD 101 (2020) 8, 086003

Ψ(q1; z
′) Ψ(q2; z

′)

h2(t, z)

• Form factors defined by overlap integrals of
holographic wave functions

• Graviton bulk-to-boundary propagator H(k , z)
determined from Einstein-Hilbert action with
measure

√
g e−ϕ(z)

• Normalizable nucleon modes ψL,R(z) obtained
from chiral boundary spinors with Dirac action

• Kaluza-Klein decomposition
Φ(xµ, z) =

∑
n φ(x

µ)ϕn(z) yields mode
equations for ϕn(z) with m2

n ∼ κ2n for
ϕ(z) = κ2z2

A(t) =
1

2g2
5

∫
dz

√
ge−ϕz

(
ψ2
R(z) + ψ2

L(z)
)
H(k , z), t = −k2

A5
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• Kaluza-Klein decomposition
Φ(xµ, z) =

∑
n φ(x

µ)ϕn(z) yields mode
equations for ϕn(z) with m2

n ∼ κ2n for
ϕ(z) = κ2z2

A(t) =
1

2g2
5

∫
dz

√
ge−ϕz

(
ψ2
R(z) + ψ2

L(z)
)
H(k , z), t = −k2
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(Nested) Harmonic Sums

• NLO anomalous dimensions contain various (nested harmonic sums)

S±m(n) =
n∑

i=1

(signm)i

im
, S±m,j1,...,jp(n) =

n∑
i=1

(signm)i

im
Sj1,...,jp(i)

easily implemented in computer algebra software, though numerically costly.

• Non-diagonal part of evolution equation contains elements of special conformal
algebra (djk , gjk ...). Defined by overlap integrals of Gegenbauer polynomials →
Careful analytic continuation
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Impact Parameter Space

Vector-type quark moments for transversely polarized proton

ρqn,⊥ =

∫
d2∆⊥
(2π)2

(
H(−)

q (n, η = 0,−∆2
⊥) + i

∆y

2mN
E(−)
q (n, η = 0,−∆2

⊥)

)
e−i b⃗⊥·∆⊥
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Summary of Extracted Quantities

a u d s g Total

Sa
z 0.421(66) -0.210(66) -0.039(194) 0.372(330) 0.544(394)

Laz -0.082(86) 0.071(86) 0.147(217) -0.179(340) -0.044(421)
J 1
a 0.339(110) -0.139(110) 0.108(291) 0.192(474) 0.50(57)
J 2
a 0.339(58) -0.139(58) 0.108(96) 0.192(84) 0.50(15)

1 J = (A(0) + B(0))/2
2 J = L+ S
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Spin-Orbit Correlation (neglecting O(mq) from transversity moments)

Cq
z (b⃗⊥) =

1

2

∫
d2∆⊥
(2π)2

(
H̃q(2, 0,−∆2

⊥)−Hq(1, 0,−∆2
⊥)

)
e−i b⃗⊥·∆⊥
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