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QCD: Emergent Phenomena
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◼ Emergent Hadron Mass (EHM)

➢Two fundamental phenomena in QCD

◼ Confinement

➢ Proton mass budget

Only 9 MeV/939 MeV is directly from Higgs 

Emergent Hadron Mass (EHM)

➢ Evidently, there is another phenomenon 
in Nature that is extremely effective in 
producing mass:

Craig D. Roberts, David G. Richards, Tanja Horn, Lei Chang
Prog. Part. Nucl. Phys. 120 (2021) 103883

MA=N+Z ≈ N*mn + Z*mp

2

➢ EHM generates broadening in parton distribution 
     function (DF) & distribution amplitude (DA).

➢ EHM are expressed in every strong interaction observables.

Hui-Yu Xing et al., Phys. Lett. B 849 (2024) 138462



Fragmentation Function
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➢ Hadronisation processes are described by fragmentation functions (FFs)

− 𝐷1
ℎ/𝑖

(𝑧) is the number of hadrons ℎ inside parton 𝑖 in the light-front momentum-fraction range 𝑧, 𝑧 + 𝑑𝑧

➢ High energy interaction often produce jets of energetic hadrons

➢ Such jets are normally understood to originate with gluon and quark partons

− produced in the initial collision 

− Escape interaction region

− Driven by “confinement forces”, fragment into a shower of colourless hadrons

− nearly parallel longitudinal momenta & relative small transverse momenta

𝑒+ + 𝑒− → ℎ + 𝑋: ℓ + 𝑁 → ℓ + ℎ + 𝑋: 𝑝 + 𝑝 → ℎ + 𝑋:

𝜎 ∼ ො𝜎 ⊗ 𝑃𝐷𝐹 ⊗ 𝑃𝐷𝐹 ⊗ 𝐹𝐹𝜎 ∼ ො𝜎 ⊗ 𝑃𝐷𝐹 ⊗ 𝐹𝐹𝜎 ∼ ො𝜎 ⊗ 𝐹𝐹

− it plays a crucial rule in the following processes:



NNFF 2017

MAPFF 2022 

JAM 2021

LAXZ 2024

Current development
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➢ Theory:

Hitherto, no realistic results & QCD prediction have been available

− Like DFs, FFs are nonperturbative objects

− Simplest version = spectator models

a time-like off-shell parton fragments into a hadron

➢ What is known about FFs? Still limited

HKNS 2007,   DSS 2007,   NNFF 2017,  JAM 2021,  
MAPFF 2022,  LAXZ 2024, NPC 2024  ……

➢ Fit:

− Model dependent: mutually inconsistent

➢ Experiment: TASSO 1982,   JADE 1985,   TPC 1988,   OPAL 1994,   DELPHI 1998,   ALEPH 2000,   SLD 2004, 
Belle 2013,   BaBar 2013,   BESIII 2023 ……       

− Data are used in global fits for FFs

Which is correct? What should the FFs look like?



NNFF 2017

MAPFF 2022 

JAM 2021

LAXZ 2024

Current development
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➢ Theory:

Hitherto, no realistic results & QCD prediction have been available

− Like DFs, FFs are nonperturbative objects

− Simplest version = spectator models

a time-like off-shell parton fragments into a hadron

➢ What is known about FFs?

HKNS 2007,   DSS 2007,   NNFF 2017,  JAM 2021,  
MAPFF 2022,  LAXZ 2024, NPC 2024  ……

➢ Fit:

− More than 7 different fitting groups

➢ Experiment: TASSO 1982,   JADE 1985,   TPC 1988,   OPAL 1994,   DELPHI 1998,   ALEPH 2000,   SLD 2004, 
Belle 2013,   BaBar 2013,   BESIII 2023 ……       

− Data are used in global fits for FFs

➢ Uncertain information in 

       ⇒ uncertain information out

➢ Difficult to learn anything about DFs and hadron structure

➢ Serious impediment to interpretation of data from modern and 

anticipated facilities

Which is correct? What should the FFs look like?

Still limited



DLY relation and jet equation

𝑢
ℎ

𝑢
ℎ തℎ ℎ
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Models
➢ Field + Feynman Jet Fragmentation approach

– Readily handles multiple hadron production

➢ Using 𝑑𝑞
ℎ(𝑧; 𝜁), one solves coupled set of linear cascade equations to determine complete FF, 

𝐷𝑞
ℎ(𝑧; 𝜁), which accounts for all hadrons produced from the initial quark

➢ Sum rule: σℎ 0׬

1
𝑑𝑧 𝑧𝐷𝑝

ℎ 𝑧; 𝜁 = 1

– The hadron jet generated by parton 𝑝 contains all momentum of initial state

➢ Basic need is elementary fragmentation function (EFF):   

𝑑𝑝
ℎ 𝑧; 𝜁

which is mathematical probability that initial parton, 
𝑝, produces hadron, ℎ in one single process



DLY relation and Elementary Fragmentation Functions
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➢ FF is timelike twin of the spacelike process 

 𝛾∗ 𝑄2 + ℎ → 𝑋 ⇔ 𝛾∗ 𝑄2 → ℎ + 𝑋 
S. D. Drell, D. J. Levy, T.-M. Yan, A Theory of 
Deep Inelastic Lepton Nucleon Scattering and 
Lepton Pair Annihilation Processes. 2. Deep 
Inelastic electron Scattering,

Phys. Rev. D 1 (1970) 1035–1068.
➢ Crossing symmetry ⇒ relation between DFs and FFs

– DLY was proved using operator definitions and crossing symmetry

Drell-Levy-Yan (DLY) Relation

− Compute elementary FFs by analytic continuation of DFs onto 
domain 𝑥 > 1

𝑑𝑞
ℎ 𝑧; 𝜁 ∝ 𝑧𝑞ℎ(

1

𝑧
; 𝜁)

➢ Fragmentation Functions and Confinement

− FFs express how a shower of coloured partons coalesce into colour singlet final states … this is the 
empirical expression of confinement  

− Overlap representation of parton DFs 

𝑞ℎ 𝑥; 𝜁 ∼ ׬ 𝑑2𝑘⊥ Ψ𝑞
ℎ 𝑥, 𝑘⊥

2 2

✓ Seeds of confinement, expressed in hadronisation, are 

already present in wave functions of the hadrons involved

S. D. Drell, D. J. Levy, T.-M. Yan, A Theory of 
Deep Inelastic Lepton Nucleon Scattering and 
Lepton Pair Annihilation Processes. 3. Deep 
Inelastic electron-positron Annihilation,

Phys. Rev. D 1 (1970) 1617-1639.

✓ EHM, expressed in DF and LFWFs, modulates the FFs, 

so that the hadronisation and confinement process
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Predictions for Fragmentation Functions

using cascade equations

➢ Empirically, at energies below ∼ 100 GeV, 
           𝜋, 𝐾 dominate (98%) particle production 
 in SIA: 𝑒+ + 𝑒− → ℎ + 𝑋
➢ So, illustrate procedure via predictions for 𝜋, 𝐾 FFs
➢ Exploit 𝐺-parity symmetry, one has set of 9 coupled 

Volterra integral equations of 2nd kind
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Accepted by Eur. Phys. J. C



hyxing@nju.edu.cn, Pion and Kaon Fragmentation Functions. Total pages (19)                                           

Pion and Kaon DFs ⇒ EFFs
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➢ Continuum (CSMs) predictions for hadron scale pion 
and kaon valence-quark DFs

𝑢𝜋 𝑥; 𝜁𝐻  = 𝑛𝜋 ln[1 + (
1

𝜌2)𝑥2 1 − 𝑥 2 

(1 + 𝛾𝜋
2 1 − 𝑥 2 𝛽𝜋 + 𝑥2 𝛽𝜋

]

 𝑛𝜋 = 0.858, 𝜌𝜋 = 0.116, 𝛾𝜋 = 1.967, 𝛽𝜋 = 5.938

𝑢𝐾 𝑥; 𝜁𝐻 = 𝑛𝐾 ln[1 + (
1

𝜌𝐾
2 )𝑥2 1 − 𝑥 2  (1 + 𝛾𝐾

2 𝑥2 𝛼𝐾
1 − 𝑥 2 𝛽𝐾

)]

𝑠𝐾 𝑥; 𝜁𝐻 = 𝑢𝐾(1 − 𝑥; 𝜁𝐻)

 𝑛𝐾 = 0.444, 𝜌𝐾 = 0.0746, 𝛾𝐾 = 6.276, 𝛼𝐾 = 0.710, 𝛽𝐾 = 1.650

𝑠𝐾 𝑥; 𝜁𝐻

✓ Dilation and flattening are 
expressions of EHM

✓ Skewing for kaon is expression of 
EHM + Higgs-Boson interference 

Kaon and pion parton distributions, Zhu-Fang Cui et al., 
Eur. Phys. J. C 80 (2020) 11, 1064 

✓ satisfy the QCD constrain 𝑞𝜋 𝑥 ≃ 1; ζ ∝ (1 − 𝑥) 2+𝛾 𝜁

➢ ln functional form is perfect for using DLY relation

✓ vanish at the endpoints
✓ no divergence for EFF

⇒ EFF for mesons: 𝑑𝑝
ℎ 𝑧 ≃ 1; ζ  ∝ (1 − 𝑧) 2+𝛾 𝜁 through DLY

are not satisfied by some fits
ex: HKNS
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Elementary Fragmentation Functions
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𝑑𝑠
𝐾−

(𝑥; 𝜁𝐻)

𝑑𝑢
𝐾+

(𝑥; 𝜁𝐻)

𝑑𝑢
𝜋++𝜋0

(𝑥; 𝜁𝐻)
➢ DLY relation 𝑑𝑞

ℎ 𝑧; 𝜁 ∝ 𝑧𝑞ℎ(
1

𝑧
; 𝜁)

➢ CSMs EFFs are given at right

➢ Prediction: EFF multiplicities

⇒ determine total multiplicities at all scales CSM 91GeV

CSM 10GeV

Elementary probability that 𝑢 quark produces 
some kind of hadron is unity

➢ Normalised
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Pion FF Results
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➢ Solve cascade equations at 𝜁𝐻 ⇒ complete FFs

➢ Use all-orders (AO) scheme to evolve solutions to scales 
relevant for measurements, e.g., 𝜁 = 𝜁2 ≔ 2 GeV

➢ Approach guarantees that particle and momentum sum 
rules are preserved

෍

ℎ

න
0

1

𝑑𝑧 z𝐷𝑝
ℎ 𝑧; 𝜁 = 1

– AO scheme is nonperturbative extension of DGLAP

See José Rodríguez-Quintero’s talk tomorrow
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Pion FF Results
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➢ Approach guarantees that particle and momentum sum 
rules are preserved

෍

ℎ

න
0

1

𝑑𝑧 z𝐷𝑝
ℎ 𝑧; 𝜁 = 1

➢ Momentum sum rule is typically not enforced in global 
fitting schemes because … 
– No experiment can reach 𝑧 = 0.
– For a given set of data, the empirical hadron final-

state space is unknown because hadrons in addition 
to 𝜋, 𝐾, 𝑝, ҧ𝑝 might be produced and yet go 
undetected.

➢ Contemporary FF fit procedures are typically only able 
to ensure that the results are consistent with some set 
of practitioner-dependent momentum sum rule bounds 
or inequalities.
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Pion FF Results
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➢ Approach guarantees that particle and momentum sum 
rules are preserved

෍

ℎ

න
0

1

𝑑𝑧 z𝐷𝑝
ℎ 𝑧; 𝜁 = 1

➢ Momentum sum rule is typically not enforced in global 
fitting schemes because … 
– No experiment can reach 𝑧 = 0.
– For a given set of data, the empirical hadron final-

state space is unknown because hadrons in addition 
to 𝜋, 𝐾, 𝑝, ҧ𝑝 might be produced and yet go 
undetected.

➢ Contemporary FF fit procedures are typically only able 
to ensure that the results are consistent with some set 
of practitioner-dependent momentum sum rule bounds 
or inequalities.
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Pion FF Results
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➢ A, B 𝑢 → 𝜋+,0 (favoured) nonsinglet and singlet.  

− Agreement only on 𝑧 > 0.5, i.e., valence quark domain.

− JAM nonsinglet FF result (𝑧𝐷𝑁) exhibits unexpected & unphysical divergence on 𝑧 ≃ 0.

This is the domain of glue and sea dominance; so, 𝑧𝐷𝑁 =
3

2
 𝑧[𝐷𝑞

𝜋+
𝑧 − 𝐷ത𝑞

𝜋+
𝑧 ] should vanish.

− MAPFF fits highlight that FFs are practically unconstrained on 𝑧 ≲  0.2. 

𝑧𝐷𝑆 =
3

2
 𝑧[𝐷𝑞

𝜋+
𝑧 + 𝐷ത𝑞

𝜋+
𝑧 ] 

𝑧𝐷𝑁 =
3

2
𝑧[𝐷𝑞

𝜋+
𝑧 − 𝐷ത𝑞

𝜋+
𝑧 ] 

CSM prediction

JAM

MAP



Pion FF Results
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➢ C 𝑠 → 𝜋 (unfavoured).  

➢ D, E c, g → 𝜋 (unfavoured).  

− There is no agreement on these FFs, which are very poorly constrained by data.

− MAPFF: practically unconstrained on 𝑧 ≲  0.2. 

− JAM: negative contribution on z<0.01, which is unphysical.

− One might say there is qualitative agreement on the far valence domain, but only in the sense 
that this FF is small. 

− Otherwise, any agreement is only the result of an accidental curve crossing.

CSM prediction

JAM

MAP
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Kaon FF Results
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➢  A, B 𝑢 → 𝐾 (favoured) nonsinglet and singlet.  

− Agreement on 𝑧 > 0.4, i.e., valence quark domain.

− JAM nonsinglet FF result (𝑧𝐷𝑁) is finite and nonzero on 𝑧 ≃ 0,   again, unexpected.

Singlet FF result (𝑧𝐷𝑆) is also finite and nonzero, in contradiction of its u → π result and our prediction.

➢ C  d→ 𝐾 (favoured) singlet.  

− qualitative agreement on the far valence domain.

− JAM and MAPFF fits produce nonzero finite values on 𝑧 ≃ 0. 

𝑧𝐷𝑆 =  𝑧[𝐷𝑞
𝜋+

𝑧 + 𝐷ത𝑞
𝜋+

𝑧 ] 

𝑧𝐷𝑁 = 𝑧[𝐷𝑞
𝜋+

𝑧 − 𝐷ത𝑞
𝜋+

𝑧 ] 

CSM prediction

JAMMAP
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Kaon FF Results
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➢ D, E  s→ 𝐾 (favoured) nonsinglet and singlet.  

− Agreement is seen on z ≳ 0.7; but nothing beyond that.

− Both JAM and MAPFF produce nonzero finite values on z ≃ 0.

➢ F, G  c, g → 𝐾 (unfavoured).  

− Again, there is no agreement on these FFs, which are very poorly constrained by data.

− JAM and MAP: c quark FF is divergent, inconsistent with the their other FFs. 

𝑧𝐷𝑆 =  𝑧[𝐷𝑞
𝜋+

𝑧 + 𝐷ത𝑞
𝜋+

𝑧 ] 

𝑧𝐷𝑁 = 𝑧[𝐷𝑞
𝜋+

𝑧 − 𝐷ത𝑞
𝜋+

𝑧 ] 

CSM prediction
JAM MAP
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Hadron Jet Multiplicities
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➢ Relative multiplicity of charged and neutral kaons 
in 𝑒+ + 𝑒− → ℎ + 𝑋

➢ Data exist, most recently from BESIII, last year

✓ Predictions for hadron jet multiplicities reveal SU(3)-flavour 
symmetry breaking in 𝑅𝐾 𝜁 .

✓ Breaking significant at reaction energy scales 𝜁 ≈ 3𝑚𝑝, but 

decreases in size with increasing reaction energy.

BESIII

Parameter-free prediction
TPC

TASSO

DELPHI

➢ z-dependent multiplicities

CSM

BABAR

CSM

BABAR
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Summary
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➢ A unified treatment of the pion, kaon DFs and FFs was accomplished.

➢ Give insights into the link between two important phenomena in QCD: 
EHM and confinement.

➢ Continuum predictions provide coherent picture of fragmentation across all 
parton types  ⇒ Through comparison with fits:

− largely model dependent, mutually inconsistent

− QCD constrain is not satisfied

− momentum sum rule is not enforced, some are larger, some are smaller

− unconstrained on small z domain

− unexpected & unphysical behaviour on 𝑧 ≃ 0

➢ These must be improved if anything objective is to be learnt from modern and 
anticipated facilities.

Thank you!


