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Resolving the flavor-dependency puzzle
with quark three-body forces



Known discrepancies of quark models

• Configuration dependent: single parameter set cannot describe mesons and baryons simultaneously.

                                                 If meson data fit → baryon spectrum goes off (~100 MeV error)

• Large spin splittings: Δ − 𝑁 split, Σ∗ − Σ, Σ − Λ split, etc… → naive usual hyperfine term

• Flavor dependencies (for baryons): light overestimated, heavy less over- or underestimated

Intro & Motivation

[S. Pepin and Fl. Stancu, PRD (2002),  W. Park et. al., PRD (2015),  M. Karliner and J. L. Rosner, PRD (2014),  C. Semay and B. Silvestre-Brac, Nucl. Phys. A (1999)]



Present remedies

• Fit (baryons + mesons) together: flavor dependency remains

• Use separate parameter sets: one for mesons, one for baryons

• Use 𝝌𝟐 (including uncertainties) as the test statistic rather than RMSE:

RMSE = ෍

𝑖

𝑚𝑖
thr − 𝑚𝑖

exp 2
 𝜒2 = ෍

𝑖

𝑚𝑖
thr − 𝑚𝑖

exp 2

𝜎𝑖
2

       to avoid overestimation of nucleon series
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Present remedies    We add explicit 3Q forces for baryons

•  Fit (baryons + mesons) together: flavor dependency remains

     Fit one parameter set to meson-data only → predict the baryons (no refit)

•  Use separate parameter sets: one for mesons, one for baryons

    A unified single parameter set

•  Use 𝝌𝟐 (including uncertainties) as the test statistic rather than RMSE:

RMSE = ෍

𝑖

𝑚𝑖
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       Use RMSE: uncertainty of nucleon is too small, it overfits to nucleon

Intro & Motivation Since QCD allows 3Q forces, a two-body potential 
for quarkonium cannot describe baryons well.



• Static potential (color-type)
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• Spin-dependent potential (color-spin type)

𝑉𝑖𝑗
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      in heavy quark limit, 𝑉𝐶𝑆~ a contact interaction 

      (as in the perturbative QCD)

𝑉𝑖𝑗
𝐶𝑆 𝑟

𝑚𝑖,𝑗→∞
∝ 𝛿 3 𝐫

Model description (two-body potential)

For (anti)fundamental quarks 
𝐹𝑖

𝑐 = 𝜆𝑖
𝑐/2, 𝐹𝑖

𝑐 = − 𝐹𝑖
𝑐 ∗ (𝑐 = 1, ⋯ , 8)

Coulomb term: short range lattice data fit
Linear term: Wilson loop area law
Constant term: related to the vacuum energy
(depends on the renorm. scheme in lattice QCD)

Here the parameters 𝑟0𝑖𝑗, 𝜅𝑖𝑗
′  are defined as
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One-gluon exchange (OGE) model

Y. Koma and M. Koma, Nucl. Phys. B (2007),  
S. Noh et. al., PLB (2025)



Model description

Here we don’t consider

• Coupled channel effects (unquenching):

ത𝑞𝑞(  
3𝑃0) pair-creation vertex showed large but nearly multiplet-independent downward 

shifts for the 1𝑆, 1𝑃, 2𝑆 levels—such corrections can be absorbed into quenched fitting 

parameters [Barnes–Swanson PRC (2007) for mesons; Tecocoatzi et al. EPJA (2007) for baryons]

• Goldstone boson exchange (chiral quark model): 

For example, pion-exchange effect becomes significant 𝑟~1 fm scale, improving excited 

spectroscopy. We consider the ground-state baryons.

• Other Fermi-Breit terms (Tensor, LS, Darwin): 

Less significant than the hyperfine color-spin term for ground-state baryons.

[L. Ya. Glozman and D. O. Riska, Phys. Rep. (1996)]



We use a simple non-relativistic quark model Hamiltonian to describe meson data: 

Gaussian spatial basis function (Gaussian expansion method; GEM) is used:

30 Gaussians used to describe spatial wavefunctions.

Mesons



Fit the model parameters to meson data (RMSE minimized)

Parameters fit to ground and spin excited data (RMSE = 1.36 MeV):

Mesons

(within the lattice–informed range)



Using the meson fit parameters, predict baryons.

Describe the baryon eigenfunction as (S-, P-, D-waves)

𝑆: spin part,   𝐹: flavor part,   𝒫𝟏𝐶: singlet projected color part,    𝒮: proper symmetrizer

𝒞: Jacobi coordinates (𝒞 = 𝑎, 𝑏, 𝑐)

                                                                                                                             (𝒞 = 𝑎)

Baryons (two-body Hamiltonian)

(𝒞 = 𝑎) (𝒞 = 𝑏) (𝒞 = 𝑐)



Use infinitesimally shifted Gaussian (ISG) identity [Hiyama et. al, PPNP (2001)]

Solving the Schrödinger equation (generalized EVP) 𝐻Ψ = 𝐸𝒪Ψ

Ground state baryons:

Baryons (two-body Hamiltonian)

→ a significant discrepancy with exp. data.



GEM or solving Faddeev eq.

[D. P. Stanley and D. Robsen, PRL (1980)]

[R. K. Bhaduri et. al., Nuovo Cim. A (1981)]

[C. Semay and B. Silvestre-Brac, Z. Phys. C (1994), 

B. Silvestre-Brac, Few-body Syst. (1996)] [S. Noh et. al., PLB (2024)]

Error plot of various quark models

Pairwise combination of (meson-fit) two-body potential cannot reproduce baryons.



Quark three-body interaction (color, spin part)

𝑉𝑖𝑗
𝐶~ 𝜆𝑖 ⋅ 𝜆𝑗 𝑉𝑖𝑗

𝐶𝑆~𝜆𝑖 ⋅ 𝜆𝑗  𝜎𝑖 ⋅ 𝜎𝑗

2 types in one-gluon exchange (no spatial dep.)

𝑽𝑪 𝑽𝑪: 𝐿(2)
𝐶−𝐶 = 𝑉23

𝐶 𝑆 2 (𝑝2) 𝑉12
𝐶 + 𝑉12

𝐶 𝑆 2 (𝑝2)𝑉23
𝐶

𝑽𝑪𝑺 𝑽𝑪𝑺 : 𝐿(2)
𝑆−𝑆 = 𝑉23

𝐶𝑆𝑆 2 (𝑝2)𝑉12
𝐶𝑆 + 𝑉12

𝐶𝑆𝑆 2 (𝑝2)𝑉23
𝐶𝑆

𝑽𝑪 𝑽𝑪𝑺 : 𝐿(2)
𝐶−𝑆 = 𝑉23

𝐶 𝑆 2 (𝑝2)𝑉12
𝐶𝑆 + 𝑉12

𝐶𝑆𝑆 2 (𝑝2)𝑉23
𝐶

3 types in two-gluon exchange (TGE)

Consider 2nd quark first

For the intermediate (color-spin excited) quark propagator,
𝑆 𝑝2 ∼ 1/𝑀2 (static approximation) and use simply 𝑀𝑖 = 𝑘𝑚𝑖

𝐿𝐶−𝐶

𝐿𝑆−𝑆

𝐿𝐶−𝑆

Fujita-Miyazawa mechanismTwo pion exchange with an intermediate Δ → 3N force
Two gluon exchange (TGE) with an intermediate 𝑞∗ → 3Q force ?

time-ordered combination

[J. Fujita and H. Miyazawa, PTP (1957)]

𝑉23𝑆 2 (𝑝2)𝑉12  +   𝑉12𝑆 2 (𝑝2)𝑉23    



Quark three-body interaction (color, spin part)

Collecting all the symmetric combinations [𝑀𝑖 = 𝑘𝑚𝑖 𝑘 > 1 ]

For baryons,   sgn(𝑞𝑖) = 1,   𝑑𝑎𝑏𝑐𝜆1
𝑎𝜆2

𝑏𝜆3
𝑐 = 80/9,   𝑓𝑎𝑏𝑐𝜆1

𝑎𝜆2
𝑏𝜆3

𝑐 = 0.

Treat                                                                                                     as a perturbation.
Unknown fitting parameters        contact interaction

×  𝛿(3) 𝐫 𝛿(3)(𝐑) 



Quark three-body interaction (color, spin part)

Treat                                                                         × 𝛿(3) 𝐫 𝛿(3)(𝐑) as a perturbation.

Fit to the ground state baryon data,
Unknown fitting parameters



Quark three-body interaction (color, spin part)

Treat                                                                         × 𝛿(3) 𝐫 𝛿(3)(𝐑) as a perturbation.

Fit to the ground state baryon data,
Unknown fitting parameters

SPIN-DEP. ERR. REDUCED
FLAVOR DEP. REMAINS



Quark three-body interaction (short-range corrections)

[𝐒𝐩𝐚𝐭𝐢𝐚𝐥 𝐩𝐚𝐫𝐭? ]×

Now focus on the spatial part.
Contact interaction does not capture nonperturbative effects of QCD.
→ How can we refine the spatial part of the three-body force?

In the OGE-derived 𝑉𝐶𝑆, heavier quarks interact more closely (short-range nature):

𝑉𝑖𝑗
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Newly introduced three-body force must likewise respect the short-range effect.*

*Asymptotic freedom causes 𝛼𝑠 𝑄2  to decrease with increasing 𝑄 (i.e., shorter distances), 
  so that TGE naturally generates local three‐body operators whose strength is confined to a short range.

Unknown fitting parameters



Unknown fitting parameters
×  exp −

𝑐

ℏ
(𝑚𝑖𝑗𝑟𝑖𝑗 + 𝑚𝑗𝑘𝑟𝑗𝑘 + 𝑚𝑘𝑖𝑟𝑘𝑖)

×  exp −
𝑐2

8ℏ2 (𝑚𝑖𝑗
2 𝑟𝑖𝑗

2 + 𝑚𝑗𝑘
2 𝑟𝑗𝑘

2 + 𝑚𝑘𝑖
2 𝑟𝑘𝑖

2 )

Y

G

Yukawa-type

Gaussian-type

Model the spatial operator as the minimal combination of 𝑚𝑟 for heavier quarks to interact more closely.

Quark three-body interaction (short-range corrections)

𝑚𝑖𝑗 =
2𝑚𝑖𝑚𝑗

𝑚𝑖 + 𝑚𝑗



Three-body force well reproduce spin splittings (e.g. 𝑵 − 𝚫) and resolves flavor dependency!



Three-body force well reproduce spin splittings (e.g. 𝑵 − 𝚫) and resolves flavor dependency!

NO SPIN-DEP. ERR.
NO FLAVOR DEP.

3-body terms are essential:
e.g., 𝑀3𝑄 ≃ 80 MeV for Δ.



Quark three-body interaction (generalization)

×  𝑓(𝑚𝑖𝑗𝑟𝑖𝑗 , 𝑚𝑗𝑘𝑟𝑗𝑘 , 𝑛𝑘𝑖𝑟𝑘𝑖)

Arbitrary function 𝒇 that satisfies:

can resolve the residual flavor dependent errors. [proof skipped]

Flavor dependency in the quark model is attributed to the three-body (TGE) force!

𝑓

TGE color-spin term heavy-pair localized

𝑓 𝑚𝑖𝑗𝑟𝑖𝑗  is decreasing, 𝑓 ∞ = 0

Summary

in communication with: Three-body forces in the quark model, Prog. Part. Nucl. Phys. (2026)



Summary

Motivation: 
Meson-fit 2-body quark model cannot reproduce baryon spectra (spin splitting & flavor dependency).

Method: 
Fujita-Miyazawa mechanism for two-gluon exchange (TGE) constructs 3-body color-spin part.
Non-perturbative short-range effect is encoded into the spatial part.

Result: 
Both spin splitting and flavor dependency are resolved with 3-body forces.



Supplementary materials



Supplementary materials



Supplementary materials



params 𝜅 1/𝑎0
2 (MeV2) 𝐷 (GeV)

lattice

0.3 − 0.5 350 − 450 MeV 2

0.6 − 0.8 
(depends on renorm. scheme)

quenched
quark model

0.9 − 1.1
(depends on fitting data)

(Two-body) potential
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The nearly uniform loop-induced mass shifts are effectively absorbed into the 𝐷 or 
constituent quark mass 𝑚𝑖. [Barnes–Swanson PRC (2007) for mesons; Tecocoatzi et al. EPJA (2007) for baryons].

Supplementary materials



e.g., for proton

Baryon basis functions

𝐽: total orbital angular momentum, ℐ𝑃 = 1/2+ = 𝐽 ⊗ {𝑆}

Supplementary materials



Supplementary materials

Spin-dependent three-body piece are not calculated on lattice yet.



Baryon
 spectrum
 (detailed)

Supplementary materials

We record only those eigenvalues that can 
be identified with the PDG-listed 1/2+, 
3/2+ states. When the three-body 
interaction is included, higher orbital and 
radial excitations are described less 
accurately than expected. This is likely due 
to a slight bias introduced by calibrating 
the parameters to the ground states.



Meson: 
RMSE = 7.7 MeV

Baryon:
RMSE = 8.3 MeV

Three-body contribution to 
tetraquarks

Supplementary materials

Tetraquark

ҧ𝑐 ത𝑞 − 𝑐𝑞

S-wave estimation



3Q force for dibaryons [A. Park, S. H. Lee]

𝑢𝑢𝑑𝑑𝑠𝑠 𝐼 = 0, 𝑆 = 0 : 𝐹 = 𝟏, 𝟐𝟕 basis with three-body force (in MeV) 

Supplementary materials

𝑢𝑢𝑑𝑠𝑠𝑠 𝐼 = 1/2, 𝑆 = 2 : 𝐹 = 𝟐𝟕, 𝟖 basis with three-body force 

In molecular scenario, actual 3-body term approaches to 0.

[No spatial part considered]



3Q force for the pentaquark 𝑷𝒄(𝟒𝟑𝟖𝟎) [A. Park, S. H. Lee]

𝑢𝑢𝑑𝑐 ҧ𝑐 𝐼 = 1/2, 𝑆 = 3/2

Supplementary materials

𝑢𝑢𝑑𝑐 ҧ𝑐 𝐼 = 1/2, 𝑆 = 3/2
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