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Introduction: QCD running coupling

The field-theory lagrangians invariant under U(1) (QED) and SU(3) gauge transformations (QCD)
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The quantization of the theory plagues the theory with divergencies that should be subsequently
absorbed when relating the lagrangian and physical quantities (renormalization)
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Effective charges: generalities

A perturbative scheme does not eliminate the Landau pole, and cannot hence cure the fake infrared
problem, but Grunberg’s notion of effective charge extended to the non-perturbative domain does.

G. Grunberg, Phys.Lett.B95, 70 (1980);

Let’s illustrate it with the one based on the Bjorken sum rule Phys.Rev.D29, 2315 (1984)

J. D. Bjorken, Phys.Rev.D1, 1376(1970)
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and, below a given scale, the interaction appears
to become scale-independent, supporting that a
conformal regime is recovered at low momenta.
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- Experimental data is given here.

~In addition, the synergy with lattice QCD and
(T C) ( ]j - 24+(¢) phenomenological approaches is welcome.
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DGLAP: All orders evolution
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Assumption: define an effective charge such that

: ' ’lr}"'-.l'ﬁ
] 2 d /l dud ) ”’ij /1 dy M
T d¢* 2 b n |Je v

DGLAP leaskag=aseies evolutiomequations

(

()

"

Y

Starting from fully-dressed
quasiparticles, at (7

)

Z-F. Cui et al., Eur.Phys.J.C80 1064 (2020)
K. Raya et al. Chin.Phys.C46 013105(2022)

Sea and Gluon content unvells,

‘ as prescribed by QCD

5

H> (g, 4:0) ) 0
H; (y.:¢)

Ry
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> Connecting with the hadron scale, at which the fully-
dressed valence-quarks express all of the hadron’s
properties.

(thus carrying all the momentum)




DGLAP: All orders evolution °

. : . Z-F. Cui et al., Eur.Phys.J.C80 1064 (2020
Assumption: define an effective charge such that K. Raya et al. Chin_phis_c46 013105((2022))

Starting from fully-dressed Sea and Gluon content unveils,
quasiparticles, at (7 ‘ as prescribed by QCD

(r)
i 00 (@ )xs ()
Ei n_{t;-?} " (n) . (n) ( e
'C d2 L5 A 0 Yagq 2“-_,!"-'qu { } { } = 0
{.; m 0 ,-...{”:' n) < } ( }
v} g
{n) : o
DGLAP leadiag=asees evolution eguations = = /ﬂ dr 2" Pip(z)

Not the LO QCD coupling but an effective one.

> Making this equation exact.

> Connecting with the hadron scale, at which the fully-
dressed valence-quarks express all of the hadron’s
properties.

(thus carrying all the momentum)




DGLAP: All orders evolution

Z-F. Cui et al., Eur.Phys.J.C80 1064 (2020)
PDFs DGLAP evolutions equations, expressed by the corresponding massless

splitting functions: ;
Yh(x) = qu(z) + gu(z)

o (¢ 2y ol dy T
——qgulr) = L —P 7 singlet combination
" dC? 47w f. Wy e Jr Tu(y)

2 d ., a(C?) [ dy x

igd—cgld (w) = — = ] PR Sh(y) + 2P 5 ) o)
d (¢ E) ! iy & 5

¢* ;‘:z‘?H{J) = T ix /L M Poq ” Yhy) + Poey Y guly)




DGLAP: All orders evolution

Z-F. Cui et al., Eur.Phys.J.C80 1064 (2020)
PDFs DGLAP evolutions equations, expressed by the corresponding massless

splitting functions: ;
L!{ —‘-TH(-‘-' +'-TH( )

-2 ) m
i'gf_{ 1(2) = ”’-iﬁl ) f dﬂﬁﬁ_q (*”) q(y) singlet combination
(- G w Y Y

o d ., a((?) dy | ¥
gfd—ﬁl,j{i} = — ] ” {Pq{_q(y)lﬂ{ﬂj“Fz S (;)EIH{?}')}

(¢ E) ! iy g & 5
}‘:EGH{J) T Tar Ty Pyeq ” YY) + Poey » gnly)

Valence-quark PDF in Mellin space

Ei{-pﬂ}‘: — _f}.[c.zj NG

A7 A lqq
d( A




DGLAP: All orders evolution
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DGLAP: All orders evolution

Z-F. Cui et al., Eur.Phys.J.C80 1064 (2020)
Application 1: valence-quark PDF
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Direct connection bridging from hadron to experimental
scale: only one input is needed to evolve “all” the Mellin
moments up and reconstruct the PDF.
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Z-F. Cui et al., Eur.Phys.J.C80 1064 (2020)
Application 1: valence-quark PDF

,-»},?1 6 d:ﬁ’: : & ; .-:r.-:lr K Yaq
(fv“?l}gﬁ — <1’ﬂ)gf =y (—ﬂ/ —&'(52]) = (z }é{f [(213)5}7} &

Piig cq 2

This ratio encodes the

Direct connection bridging from hadron to experimental ggrumsaglic;r;gfi;he charge
scale: only one input is needed to evolve “all” the Mellin symmetry (piI(O)n case)
moments up and reconstruct the PDF. :

- -
L L R PO Y ¥ S
{l-\.f-lll o [ I;'{'.' 'I-.!:I. —_ ..}




DGLAP: All orders evolution

Z-F. Cui et al., Eur.Phys.J.C80 1064 (2020)
Application 1: valence-quark PDF

~T dz _ AR
n\G 12 CH i G 52 M NS [ 2 @ :| fqqi 199
<$ >‘?’.'T <'T )‘?7? exp ( I /CH > ﬂ( ]) (:E >£_il‘r ( l)i}ﬂ'

This ratio encodes the

Direct connection bridging from hadron to experimental Information of the charge
and use isospin

scale: only one input is needed to evolve “all” the Mellin :
moments up and reconstruct the PDF. symmetry (pion case)

- -
TR 1 SR UL R
{l-\.f-lll o [ I;'{'.'.l_,!:l_ —_

2

Capitalizing on the Mellin moments of asymptotically
large order:

d(i€) ~ (1-2)" (1+0(1-2))

- 3 &(Cu))
B(C) = B(CH) + 51 z(0))

1% ¢) ~ 29 (1+0(z))

1+a(0) = Oy T 1 g o) +0 | SGE

(=(C))



DGLAP: All orders evolution

Application 1: valence-quark PDF

e dz
NG (T\CH qq
@5, = (o oxp (302 [ &

Z-F. Cui et al., Eur.Phys.J.C80 1064 (2020)

a(2)) = ) [(2a)g,] ™"

This ratio encodes the

Direct connection bridging from hadron to experimental
scale: only one input is needed to evolve “all” the Mellin

moments up and reconstruct the PDF.

information of the charge
and use isospin
symmetry (pion case)

{2Yerm = | .[:"-'::"r —

Capitalizing on the Mellin moments of asymptotically
large order:

q(2;¢) ~ (1-2)"(14+0(1-x))

‘lﬂ"{fiuﬂ

ﬁ{{:—-} = '3 L.uﬂ} |:J'|:I:-:]

gla;{) ~ et (14 O(x))

x—sl]

{x(Cr)) (<))

3
iq;r[f;}} In W

1+afl) =

AlCa){=z(()) + O (

T 1A
WELL )

I (x(Cm b

)

VU g Vv "-'_.!:._ _ g
1.0r T Reconstruction after evolution
| = X Gelx:dn)
| e X Gl )
0.8 - pse

CSM output

0.2 0.4 0.6 0.8 1.0



DGLAP: All orders evolution

Z-F. Cui et al., Eur.Phys.J.A58 10 (2022)
Application 2: recursion of Mellin moments (pion case)

¢ i ',f 1 * Since isospin symmetry limit implies:
wth Y v
g = (BT T a(w; ) = a1 — 5 Cr)
] 2in+1
9 { J  Odd moments can be expressed in terms
2 . 2(?1 1 1) o T of previous even moments.
v Z (-)? . (ifjﬂl,':(z-i’}c )Y /%

, j hr  Thus arriving at the recurrence relation on

J=0,1,... the left which is satisfied if, and only if, the
source distribution is related by evolution to
a symmetric one at the initial scale .



DGLAP: All orders evolution

Z-F. Cui et al., Phys.Rev.D105 L091502 (2022)
Application 2: recursion of Mellin moments (pion case)

¢ i ',f 1 * Since isospin symmetry limit implies:
/ - ] ,

( .En-,+1>i;I = ((232}?]1”1) - q(z; C) = q(1 — 2 Cry)

d 4

* Odd moments can be expressed in terms

2n .
, ‘2 n_{_l . P i 0 of previous even moments.
<Y (—J"’( e ))wibmumﬁg .

; j * Thus arriving at the recurrence relation on
J=0,1,... the left which is satisfied if, and only if, the
source distribution is related by evolution to
a symmetric one at the initial scale .

) {Iﬂ.}':ﬁ
Reported lattice moments bk
agree very well with the Ref. [99] Eq.(17)

recursion formula 0.230(3)(7) 0.230
0.087(5)(8) 0.087
0.041(5)(9) 0.041
0.023(5)(6) 0.023
)
)

e GO D = | 3

0.014(4)(5) 0.015
0.009(3)(3) 0.009
7 0.0078

[99] C. Alexandrou et al., PRD104(2021)054504

| @




DGLAP: All orders evolution

Z-F. Cui et al., Phys.Rev.D105 L091502 (2022)
Application 2: recursion of Mellin moments (pion case)

R P * Since isospin symmetry limit implies:
((22)5 )70 /o
{.12'2”“"'1)“f = e q(7; Cn) = q(1 — x; ()

g
' 2(n+1)
* Odd moments can be expressed in terms

2n .
, ‘2 n_{_l . P i 0 of previous even moments.
<Y (—J"’( e ))@ﬂLMZ@LJ .

; j * Thus arriving at the recurrence relation on
J=0,1,... the left which is satisfied if, and only if, the
source distribution is related by evolution to
a symmetric one at the initial scale .

) {Iﬂ.}':ﬁ
Reported lattice moments bk
agree very well with the Ref. [99] Eq.(17)

recursion formula and so {].23[]{3){?} 0.230

also does and estimate for
the 7-th moment from lattice 0.087(5)(8) 0.087
0.041(5)(9) 0.041

reconstruction. )
0.023(5)(6) 0.023
0.014(4)(5) 0.015
0.009(3)(3) 0.009
710.0065(24) 10.0078

[99] C. Alexandrou et al., PRD104(2021)054504

e GO D = | 3

| @




DGLAP: All orders evolution

Z-F. Cui et al., Phys.Rev.D105 L091502 (2022)
Application 2: recursion of Mellin moments (pion case)

¢ i ',f 1 * Since isospin symmetry limit implies:
/ - ] ,
(1) = “Engwn (o Cr) = a(1 — 7 i)

* Odd moments can be expressed in terms

s . 9An +1 . o of previous even moments.
< 3 (Y ) @i, (g ). § .
, j T  Thus arriving at the recurrence relation on
J=0,1,... the left which is satisfied if, and only if, the
source distribution is related by evolution to
¢ a symmetric one at the initial scale .
) Iﬂ. 5
Reported lattice moments (@ i Moments computed from: P. Barry et al.,
agree very well with the n| Ref. [99] Eq. (17) PRL127(2021)232001
recursion formula and so ——r—————r— )
also does and estimate for 110.230(3)(7) 0.230 4 %
the 7-th moment from lattice 210.087(5)(8) 0.087 . kB § %
reconstruction. 310.041(5)(9) 0.041 NS 31 i e e B
410.023(5)(6) 0.023 b -2
Moments from global fits can ~ — {d}(r] ——— L5 n -
be also compared to the 5]0.014(4)(5) 0.015 T T
estimated from recursion ! 6/0.009(3)(3) 0.009 il *
7/[0.0065(24) ]0.0078 e
[99] C. Alexandrou et al., PRD104(2021)054504 T 5 9 13 17 21 256 28

n



10

DGLAP: All orders evolution

Z-F. Cui et al., Phys.Rev.D105 L091502 (2022)
Application 3: physical bounds (pion case) .. isospin symmetry, implying:

1 . . T 1 q(x; Crr) = q(1 — 2 Cn)
on < ("), ((22),) 70 < " den
n 'ﬁ gy 14+ n * Lower bound is imposed by considering
the limit of a system of two strongly
T T massive and maximally correlated) partons:
Q(SL‘; CH) = (5(3’3 — 1/2) Q’(ZUQ CH) =1 « Upper bound comes out from considering

the opposite limit of a weekly interacting
system of two (then fully decorrelated)
partons:



DGLAP: All orders evolution 0

Z-F. Cui et al., Phys.Rev.D105 L091502 (2022)

Application 3: physical bounds (pion case) .. isospin symmetry, implying:

1 o) 1 q(z; Ca) = q(1 — z; ()
o < ()5, (225, ) 70/ < si der
n 'ff 14+ n * Lower bound is imposed by considering
the limit of a system of two strongly
massive and maximally correlated) partons:
both carry half of the momentum.
Q(SL‘; CH) = (5(113 — 1/2) Q(ﬂ?; CH) =1 « Upper bound comes out from considering

the opposite limit of a weekly interacting
system of two (then fully decorrelated)

partons: all the momentum fractions are
equally probable.
J00:2019bzr Sufian:2019bol Alexandrou:2021mmi
n fil] [62] |63]
1 0.254{03) 0.18(3] 0.23(3)(7)
2 0.094(12) 0.064(10) 0.087(05)(08)
3 0.057{04) 0.030{05] 0.041{05){049)
1 0.023(05)(06)
g 0.014(04)(05)
{3 0.009(03){03)

n Lattice moments verifying the recurrence relation too.



DGLAP: All orders evolution =

P-L. Yin et al., Chin.Phys.Lett.40 091201 (2022)
PDFs DGLAP evolutions equations, expressed by the corresponding massless

splitting functions: ;
Yh(x) = qu(z) + gu(z)

o me((:":"]l rf.;.r T
——qgylr) = A P y singlet combination
nf(_:j 47w f. Wy A Jr qH{ /)

r o(¢?) [td dy LA T
5 (¢ E) ! dyy > T :
: t’if,_:'g Hul- ) — A /; ? Pﬁrﬁ—l‘]l' ?j’ EE| { f;’} q{—q 4‘_; H {'HJ

Hard-wall threshold
PS = 0(¢ — M,)
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DGLAP: All orders evolution

P-L. Yin et al., Chin.Phys.Lett.40 091201 (2022)
PDFs DGLAP evolutions equations, expressed by the corresponding massless

splittina functions: 5 _
Yh(x) = qu(z) + gu(z)

o {'.}:((:E]I 1 dy T . L
——qgylr) = A P y singlet combination
d¢? At e A rj.r qH{ j)

{}:'(r;'gjl ] ff’{,r ( T )
—Lff - P. 31 2P [ = ;
3(;3 () v ). y 144 y Wy) + 79 \ 3 gu(y)
d (¢ E) ! dyy T T :
> gz @) = = /L 5 Ve |y ) FRW) + Py { ) 9n(y)

Hard-wall threshold

Quark singlet and glue PDFs in Mellin space P{f = 0(C — M,)
L5) d nr G &({:E] L ¢
G =~ e, + P () )
>
02
5 d (<) "
< (:_H{Ifre}g” . - {;Lu< }f: 5 ra{ u};”}
Sea-quark PDF Full singlet and sea

_ g L g ;v g
<$r1}§1 - {‘Tu};ﬁ . {H_-'“'j)(’ (f }E” — Z{T }Ejf_, 1{*1'!- }S” = Z<J >'5fir

5 ==
St TH q q



DGLAP: All orders evolution

12

Application 4: glue and sea from valence

o
- d{’—';_}

@5y | ( 7o Q'Tlf’:f’-f:fg)
) Py /)
(2" ) g lgu fag (

P-L. Yin et al., Chin.Phys.Lett.40 091201 (2022)
M, = ¢, Vq

All quarks active
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DGLAP: All orders evolution

P-L. Yin et al., Chin.Phys.Lett.40 091201 (2022)

Application 4: glue and sea from valence M, = (51, Vg
¢ . All quarks active
. . i, T e
% d { @5, \_ ( fuw 21 Yug ) (") 5,
- 2 G T o~ Th B :
dg (") gn i fgu l9g (&™) g
{fﬂ”};}H v {'_'1_|_h_m +a” Swrn Jj} : ( . 51) {m-r.!ﬁj;{
Vi B (S —S%) anS™ +a} St {an)ee
. I
: AL u Ap = £'I‘~{"P'” — a"irl$9{r'”- — Det ('
gn - 2n fﬁ S"I
~Eg T A\t — AP

5 = [5(Ca, P2/

}‘ﬂ i }(}‘ﬂ . uu}

1 g L

Q'E I T (A" — 1)

fug




DGLAP: All orders evolution e

P-L. Yin et al., Chin.Phys.Lett.40 091201 (2022)

Application 4: glue and sea from valence M, = (51, Vg
¢ . All quarks active
CE d {"}*”}E:H i ( I:’u an f{LJ ) <‘I'M}EH
> dg? <:IIH>EH i ;;:u 7 gﬁr ('TH>EFH
(@&, \ 1 [ onSm+ansy g, (st —sp) [ K
g R mn gn _ Qn noQn n
(i*”}yu d ( &= SI) &_;_—I—EE|5| 0
A Al 1'I‘ (N L a"flrl‘rg(r'”} Det (S8
; uu =T f— i) — Le :
Uﬁﬂ— - i}.n — Xn =S 2 J‘V 4 A )
fiL . 2n i Tr:";
T -

= [S(Cq, O/
(AT =0 A =42,

am T

Fgn — Zﬂ An (AT — A7)

fug
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DGLAP: All orders evolution

P-L. Yin et al., Chin.Phys.Lett.40 091201 (2022)
Application 4: glue and sea from valence M, = (51, Vg

All quarks active

b sy P R
CE d {I }E ot ( Tuu Zﬂf {LJ ) <‘I’ }EH
- 2 NG — T i G
f:'rf;— {L >QH fqu Yoy (T >HH
: n om n on
(;1:”}%” o i Rl o e s by nvCy N terms of the moments for the
e = - s E {13 a sum of all valence-quark
(;L' '}HH ,th (b =513 ) q distributions at hadronic scale
- -
n o _ :1:}[ ke N = £"I‘r (B L ,f"irllrg (T'™) — Det (I'™)
{}'J_ = /‘g.ﬂ. = }Ln 2 ! J\} bl E
FiL _ 2n Fi Tr:";
“Xg T yn _)n

= [8(Cs (Y2
}‘ﬂ g }(}‘ﬂ Il uu}

ar T

a1 ) zﬂ_fq_n {/‘lirt B ‘ln}

fug




DGLAP: All orders evolution e

P-L. Yin et al., Chin.Phys.Lett.40 091201 (2022)

Application 4: glue and sea from valence M, =, Vg
¢ . All quarks active
Lty £ L o AN
CE d ':':"' ”}EH - ( F{:’u zn‘fﬁfu‘; ) <‘I'M}EH
: 2 YA o T :
dg (" )an igu fﬁﬂ} Tn)EFH
, o e
(;1:”}%” A ﬁi_S n\cy N terms of the moments for the
. — Z{iﬂ )q sum of all valence-quark
G 3, (8™ — §n C )
(Ji. >1?H Fgs ( ) q distributions at hadronic scale
AL N = = Tr (%) Tr2 (I) — Det (I'
n _ L!u — = = — Det (I
alf = :1:}.1? = £=5! “v { (rm)
Cy A Compute all the moments -
ano 2nf7 ug and reconstruct: 5
MYg T X % 25
g i B /i _
R 4+ Tuu o a0k
1l - AR [ Yo T h:.,_!t L
ST = |- = - = [': Ei] X 15
(@) 3 10
TH }‘ﬂ - ’:?u}(}‘ﬂ . uu i o
E L
g n f}ﬁq{}{” Al oL i e .y
The only required input is the the momentum fraction at the 0.001 0.01 0.1 1.0

probed empirical scale!! "



DGLAP: All orders evolution e

P-L. Yin et al., Chin.Phys.Lett.40 091201 (2022)

Application 4: glue and sea from valence M, =, Vg
¢ . All quarks active
1y € o AN
CE d {"}*”}E:H - ( f’::’u zn‘fﬁfu‘; ) <‘I'M}EH
5 2 : _ o o~ Th :
dg <*’LH>EH igu fﬁﬂ} Tn)EFH
(;1:”}%” ﬂ"'iSE GZEST_' nvCy N terms of the moments for the
e = s e - Z{iﬂ q sum of all valence-quark
(;L' '}HH -th (5_ — -‘5"_|_) q distributions at hadronic scale
_ }Lﬂ — T £ T iy ™ .
al = i}_n _}? £=73 [r () J‘V Tr* () — Det (§88)
Dy g n=1 case e ¢ _] 4 74
J'{]:n: — }ﬁf_—;‘i Ty = 1 <i')EH - ¥< }rllﬂ T I:_[:'} Sp — ? E [ {Q_H 1 le
. g T4
s7 — (SEO L (@5, = = (1 - [8a ™)
an_ }‘ﬂ - ’:?u}(}‘ﬂ . uu
Yo onpqn (A — A7)

The only required input is the the momentum fraction at the
probed empirical scale!!
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DGLAP: All orders evolution

P-L. Yin et al., Chin.Phys.Lett.40 091201 (2022)

Application 4: glue and sea from valence M, =, Vg
¢ . All quarks active
el o Tl ! k.
CE d {'1”}%5— et ( F’::’u zn‘fﬁfug ) <‘I'M>EH
- 2 : _ o o~ Th :
d¢ (2" ) g igu fﬁfﬂ} TH)E{H
(:1’:”}%” ﬂ"'iSE + a’ Si n\cy N terms of the moments for the
— _ Z{iﬂ ); sum of all valence-quark
G Bn, (Sm — 87 { e )
<Ji-' >HH Mg% ( — _|_) q distributions at hadronic scale
fl
- AL — T 1= I (0% 4+ /212 (%) — Dot (T°
{};1 — j:}n_;;: + 21{ J\" '[ ) '?':: )
T n=1 case : o g 3 4 i
gn = _ 2y g | @ = (z):. =+
FEg AR _ AR iy — & it '| 7
R _ " 7/
.l.q;r: — [S(GH'\I {:j]“}‘;.f'l’:f'-i—.-.?.-. KHL'}{T i (l [5 {‘:ﬂ-‘q}] )
o G| Qo @ (@,
et e Ref [55] | 0.412(36) 0.449(19) 0.138(17)
¢ Zﬂ.ﬂ_ﬁq{}ﬁ? — A" Herein | 0.40(4) 0.45(2) 0.14(2)

The only required input is the the momentum fraction at the Z-F. Cui et al., arXiv:2006.1465
probed empirical scale!! R.S. Sufian et al., arXiv:2001.04960
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DGLAP: All orders evolution

P-L. Yin et al., Chin.Phys.Lett.40 091201 (2022)

Application 4: glue and sea from valence M, =, Vg
¢ . All quarks active
Lt € AT ety G
CE d {"}*”}E:H - ( f’::’u zn‘fﬁfug ) <‘I'M}EH
= '2 i C T .-"-..r”’ T ﬁ
dg (") on fgu Yoy (™) g
A\ G n o n oomn
(:i‘?ﬁ}{i” ﬂ'ix "+ ﬁ1_5+ n\cy N terms of the moments for the
e = s e - Z{iﬂ )q sum of all valence-quark
61 it 'ng (b_ — -‘5"_|_) p distributions at hadronic scale
- AL — Y n = I (%) & 4/ ~Tv2 (%) — Dot (T®
alf = :i:}.n_hn* = “v { (rm)
21 _ I A } ‘ i
Brg = m np =4 T - (7)
S E2gea AT
T - F:""i' L
ST = |l "~ 46(x)
n n n gn (T) r"-*: ?
T ‘}" . ’uu}(}‘ IR -!Hf {*—¥00 Y i
n
i = o, (VT =)
The only required input is the the momentum fraction at the G. Altarelli, Phys. Rep. 81, 1 (1982)

probed empirical scale!!



All-orders DGLAP: reverse engineering

Application 5: pion and kaon PDFs fully reconstructed from data

—{ 1" (i1 [rlrf-];n;.] = H,f:r.'”il{] - :J.'}"EI_’I + Hg.ﬁz]
1 A
ity e,
g + f
S "
a 0.2 i*‘
"y
t.‘u
0.0l i 1 1 i ~.'!.hlnl.
0.0 0.2 0.4 0.6 0.8 1.0

Z-F. Cui et al., Eur.Phys.J.A58 10 (2022)

Data from [Aicher et al. Phys. Rev. Lett. 105, 252003 (2010)]



All-orders DGLAP: reverse engineering

Application 5: pion and kaon PDFs fully reconstructed from data
2;Cx) = mpln(l + 221 —x)*/p”)

—{ 1" (i1 [f'w]uJ = rL:.J."l{1 .J.}"dl_’l + ng..fr ] . v
e
0.4 H. : - 7 !
H# + ﬂ * ++ | 'fﬂ. '''''''' '-..\‘"'-,__
_ i, L y
X H; ¥ 1.0} ;/ff
3 0e b A | /' / ‘1{\
L %,
‘*i | 0.5} ;;.r" E:-* -.‘1.. 1‘;\
t'q. g ';" ‘_‘.-"‘{ AN
0,04 1 1 1 i ~-'!.hlnl. 0.0 _..d:{'.’f N . 2 . H“"i'...
0.0 0.2 0.4 0.6 0.8 1.0 0.0 02 0.4 0.6 0.8 1.0

X X
v All-orders back evolution from
empirical to hadronic scale

Z-F. Cui et al., Eur.Phys.J.A58 10 (2022)

Data from [Aicher et al. Phys. Rev. Lett. 105, 252003 (2010)]



All-orders DGLAP: reverse engineering

Application 5: pion and kaon PDFs fully reconstructed from data

0.4}

X (0

r—p—

TR [f'w]ml = rL:.J."l{1

.J.}"dl_’l + ng..fr ]

xp" (%;{5)

0.2 0.4

0.6

b B
e e e,
-

0.001

" 0.01

1.0

2;Cx) = mpln(l + 221 —x)*/p”)
,:"..F.-ﬁ‘*q"
L -
2 i
1.5} ;"' _______ ‘“-_
yro -\
T 3
3 1.0} / \
E:'_'l / / ‘1; \
hI.
g ra ."; ."" &
e i __;' \
w ¥ N W
L 1““1‘-_
U-D—"d:'; M L & . e,
0.0 0.2 0.4 0.6 0.8 1.0

All-orders evolution from hadronic
up to empirical scale, delivering
glue and sea together with valence-
guark PDFs

Z-F. Cui et al., Eur.Phys.J.A58 10 (2022)

Data from [Aicher et al. Phys. Rev. Lett. 105, 252003 (2010)]



i - - “ 3 - I.: I £ .
: ILK'L:I'-: i O = mpa il — )21 “’ETE]

Z-F. Cui et al., Eur.Phys.J.A58 10 (2022)
Z-N. Xu et al., Phys.Lett.B685 139451(2025)

Kaon data from [Badier et al. Phys. Lett. B 94, 354 (1980)]



0.4} s o] ) = w1 - w)™2 {1+ oada?)

00 02 04 06 08 1.0

Z-F. Cui et al., Eur.Phys.J.A58 10 (2022)
Z-N. Xu et al., Phys.Lett.B685 139451(2025)

X Kaon data from [Badier et al. Phys. Lett. B 94, 354 (1980)]




Application 5: pion and kaon PDFs fully reconstructed from data
g5 80 = moln [ 1+ (1 - 0% /o5, | (1 £ yu(1 - 22)]

0.4} s o] ) = w1 - w)™2 {1+ oada?)

00 02 04 06 08 1.0

All-orders back evolution from
empirical to hadronic scale

Z-F. Cui et al., Eur.Phys.J.A58 10 (2022)
Z-N. Xu et al., Phys.Lett.B685 139451(2025)

X Kaon data from [Badier et al. Phys. Lett. B 94, 354 (1980)]




Application 5: pion and kaon PDFs fully reconstructed from data

K

0 4_ w0yl

Fr % 0 s
ne a1 — w)¥2 (1 + abe?)

02

04

0.6

0.8

1.0

MG = moIn |1+ 221 - 0% /ph, | [1 £ a1 - 22)]

*u
5

All-orders evolution from hadronic up
to empirical scale, delivering
valence-quark and -antiquark PDFs

Z-F. Cui et al., Eur.Phys.J.A58 10 (2022)
Z-N. Xu et al., Phys.Lett.B685 139451(2025)

Kaon data from [Badier et al. Phys. Lett. B 94, 354 (1980)]



All-orders DGLAP: reverse engineering

Application 5: pion and kaon PDFs fully reconstructed from data

K

[ M - N ¢ ks '.:.' g
s gl O = et (1 - )21 4 ada®)

-
*
L

MG = moIn |1+ 221 - 0% /ph, | [1 £ a1 - 22)]

*u
5

All-orders evolution from hadronic up

to empirical scale, delivering
valence-quark and -antiquark PDFs

Z-F. Cui et al., Eur.Phys.J.A58 10 (2022)
Z-N. Xu et al., Phys.Lett.B685 139451(2025)

. Phys. Lett. B 94, 354 (1980)]

Kaon data from [Badier et al



All-orders DGLAP: reverse engineering

Application 5: pion and kaon PDFs fully reconstructed from data

K

[ M - N ¢ ks '.:.' g
s gl O = et (1 - )21 4 ada®)

MG = moIn |1+ 221 - 0% /ph, | [1 £ a1 - 22)]

-
*
L

*u
5

All-orders evolution from hadronic up
to empirical scale, delivering
valence-quark and -antiquark PDFs,
and, again, glue and sea PDFs.
Z-F. Cui et al., Eur.Phys.J.A58 10 (2022)
Z-N. Xu et al., Phys.Lett.B685 139451(2025)
Kaon data from [Badier et al. Phys. Lett. B 94, 354 (1980)]



All-orders DGLAP: reverse engineering

Application 5: pion and kaon PDFs fully reconstructed from data

K

[ M - N ¢ ks '.:.' g
s gl O = et (1 - )21 4 ada®)

MG = moIn |1+ 221 - 0% /ph, | [1 £ a1 - 22)]

-
*
L

*u
5

All-orders evolution from hadronic up
to empirical scale, delivering
valence-quark and -antiquark PDFs,
and, again, glue and sea PDFs.
Z-F. Cui et al., Eur.Phys.J.A58 10 (2022)
Z-N. Xu et al., Phys.Lett.B685 139451(2025)
Kaon data from [Badier et al. Phys. Lett. B 94, 354 (1980)]
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Application 5: pion and kaon PDFs fully reconstructed from data

(x I @
]
w | 0.23006)(10) 0.028(2) 0.241(5)(10)
d 0 0.028(2) 0.241(5)(10)
s | 0.252(6)(11) 0.026(1)
c 0 0.008(1)
b 0 0
g 0.428(18)
65
w | 0.197(549) 0.036(2) 0.207(4)(9)
d 0 0.036(2) 0.207(4)(9)
s | 0.216(5)(9) 0.034(2)
¢ 0 0.019(1)
b 0 0.003(1)
£ 0.461(20)

empirical [32, 1QCD]
M m K T K
[ | 0.538(15) 0.286(12) | 0.499(55) 0.317(19)
s | 0.026(01) 0.278(13) | 0.036(15) 0.339(11)
¢ | 0.008(01) 0.008(01) | 0.013(16) 0.028(21)
g | 0.572(15) 0572(18) | 0.575(79)  0.683(50)
g | 0.428(18) 0428(18) | 0.402(53) 0422(67)
[32] Alexandrou, et al., arXiv:2405.08529 [hep-lat]

E B Empirical .
12} g | ¢lr
. @ CSM | i
1.0+ * Lattice 1
0.8} 5
; I, * :
0.4f .# . 'ﬁt i -# :
0.2k * ) - 14
E L] = - :

u : 3 1 1 1 1 :

K3, KEp miKe, ke, i
mip = (I’:}ugf<xj)ug
Kij = g /&g
TR = (Faz /()

1 |.. L L ] | (|
To1 T T Kpy K3y Ky K

Z-F. Cui et al., Eur.Phys.J.A58 10 (2022)
Z-N. Xu et al., Phys.Lett.B685 139451(2025)

CSM = Z-F Cui, et al., Eur. Phys. J. C80 (2020) 1064.
Lattice = C. Alexandrou, et al., Phys. Rev. D 103 (1) (2021)
014508; Phys. Rev. D 104 (5) (2021) 054504.



All-orders DGLAP: fragmentation functions -

Application 6: pion and kaon FFs

c.f. Hui-Yu Xin’s Talk on Thursday!!

Table 2 5CI I'F momentum fractions abtained from solu-
tions of the cascade equations at the hedron scale and af-

hj""' SUI\I’E EEEEadE Equatiﬂnﬁ at {H = com F]]EtE FFs ok t"..":'h“ii"" 1.” s "‘1 Ao S Hollping l.]w [.11w¢_'1'iplim|
described in Hectod. (Mo entry means the fraction is zero.
c — g — h contributions are negligible in sll cases. )

» Use all-orders (AO) scheme to evolve solutions to scales

fi | gt 4547 75— | LT
relevant for measurements, e.g., { = {5 = 2 GeV T o o G
vz) IJI'L, ) N v LIS R (.182 114
— AO scheme is nonperturbative extension of DGLAP (=) 0.115 0,003
. {.0=5 L0024
See José Rodriguez-Quintero’s talk tomorrow (b, 0.031 (.00
{2hh . 0115 0.007
. F et h £ T EEE T r
» Approach guarantees that particle and momentum sum b, s L s
'I":'I“, 1.00=5 (05
rules are preserved g e
1 (2, 0.031 0.002
hio . . {z)h,, 0.017 0.069
E :f azzDp (z¢) =1 (=% 0.017 .06
fi o (g 0.08%8  0.059 0.306  0.239
{z)h.. 0.005 0.01%
{.‘::If_,. (103 LINNER (028 102
{:;.‘f_,." 0,083 0,083 0,005 {1.005
'I'.'::IL.- (.12 .01 (1050 {050

—. g Fexing@njuedu.cn, Fion and Koon Frogmentotion Functions. Total poges (19)
Rk W e s

F/-ﬁ'{ e

il =
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All-orders DGLAP: proton case

Application 6: proton PDFs
A

2.0

xuy;, xdy, Xul{n)

A symmetry-preserving DSE computation of the
valence-quark PDFs within a proton, based on

diquark-quark approach
[L. Chang et al., Phys.Lett.B, arXiv:2201.07870]
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All-orders DGLAP: proton case

Y. Lu et al., Phys.Lett.B 830 137130 (2022)

Application 6: proton PDFs B 4o
= S
KA "
= 1.5} ]
S a3
%1.0- =
X i R
t:::.mD.fl =

o

0.0

' ' ' ' ' X
X
A symmetry-preserving DSE computation of the All-orders evolution from hadronic up

valence-quark PDFs within a proton, based on to empirical scale.

diquark-quark approach
[L. Chang et al., Phys.Lett.B, arXiv:2201.07870]
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All-orders DGLAP: proton case

Y. Lu et al., Phys.Lett.B 830 137130 (2022)

Application 6: proton PDFs B 4o
HZ.D- G
T - L
KA "
= 1.5} 5
S a3
oS 1.0t =
X i R
53 0.5 =
o

0.0f;

0.0

A symmetry-preserving DSE computation of the
valence-quark PDFs within a proton, based on

diquark-quark approach
[L. Chang et al., Phys.Lett.B, arXiv:2201.07870]

Producing an isovector distribution in fair
agreement with lattice results
[H-W. Lin et al., arXiv:2011.14791]
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All-orders DGLAP: proton case

Y. Lu et al., Phys.Lett.B 830 137130 (2022)

Application 6: proton PDFs

A Brouss A i

o I NE 1-2- 1% 0.8-

% 0.8 DX 1= |

G | | 20 12|

B o 1 % 0.4

T % 0. 18 |

T ] 5 | 5 |
Or Ly v S~ oof | @ ol |
R0 - - 0.001 0.01 0.1 1% p001 001 01 1

X
= X

pion W d* 4" Sy . Ss Sy
(0% 24.0(1.1) 24.0(1.1) 41.0(1.2) 3.3(3) 3.3(3) 2.63(22) 1.33(5)
(x2)é2 9.5(7) 9.5(7) 3.7(1) 0.27(1) 0.27(1) 0.21(1) 0.092(2)
(xyée 4,7(4) 4.7(4) 0.92(6) 0.057(1) 0.057(1) 0.044(0) 0.018(1)
()% 22.1(1.0) 22.1(1.0) 42.9(1.0) 3.7(3) 3.7(3) 3.002) 1.83(6)
(x2yes 8.4(6) 8.4(6) 3.5(1) 0.27(1) 0.27(1) 0.22(1) 0.120(3)
()6 4.0(3) 4.0(3) 0.82(5) 0.056(0) 0.056(0) 0.044(0) 0.022(1)
proton ut dr g Sy S S, S¢
(x)& 32.9(1.4) 15.0(0.7) 40.9(1.1) 2.9(2) 3.7(3) 2.64(22) 1.32(5)
{xt ) 8.7(6) 3.6(2) 2.4(1) 0.14(1) 0.21(1) 0.13(0) 0,059(2)
(x3y 2.9(3) 1.1(1) 0.39(2) 0.019(0) 0.030(1) 0.019(0) 0.008(0)
(X} 30.4(1.3) 13.8(0.6) 42.8(1.0) 3.3(3) 4.1(3) 3.0(2) 1.82(6)
{x )y 1905 3.2(2) 2.2(1) 0.15(1) 0.21(1) 0. 14(0) 0.075(2)
(xy 2.5(2) 0.9(1) 0.35(2) 0.019(0) 0.028(0) 0.019(0) 0.010(1)
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All-orders DGLAP: proton case

Y. Lu et al., Phys.Lett.B 830 137130 (2022)

Application 7: polarized PDFs

Polarized PDFs DGLAP evolutions equations, expressed by the corresponding
massless splitting functions, after converting to Mellin space and specializing for
O-th order 5 d

o - MK (:2 \C a ‘:2] 00
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Application 7: polarized PDFs Y. Lu et al., Phys.Lett.B 830 137130 (2022)

Polarized PDFs DGLAP evolutions equations, expressed by the corresponding

massless splitting functions, after converting to Mellin space and specializing for
O-th order 5 d

0ne
dql( %, =0
,ﬁn . TP s a(C?),
(C i + Ygg(15) T ){* ) 4 pm S
In general, at any momentum scale ¢ = M, :

Qg = ‘{TD)EH = (z")§" ,

Yn

';l-'-!-!-""h

= H

- 12 &7 : R0 o —75/32
AGY = (2°)z0 = (z)§ { ([5G, M) ™7/% = 1) [S(M.., M) V2 [S(M., )]

L-Irl—t

([5 (M., M.)] *‘1”"*'—1) S(M., )™ +;([Sf_ﬂn.a}]‘”*’“—l)}

J g Won dz 5.
S(C,C) = H; = exp (— }’ / Tf}:(z |
r:' 1 CH

Lo
l. .
VRS

- J
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All-orders DGLAP: proton case

Y. Lu et al., Phys.Lett.B 830 137130 (2022)

Application 7: polarized PDFs

Polarized PDFs DGLAP evolutions equations, expressed by the corresponding
massless splitting functions, after converting to Mellin space and specializing for
O-th order 2 d d

+M¢  —
a(C*) ), o « (o [y
- -+-'* gl x")z = 4 {x" )2
In general, at any momentum scale (g < (, and neglecting the mass thresholds:
¢ 0
agy = (@ )‘H = (= }j{ ,

AGS, — <-*'H}EH B ﬂg g [[{$>C ]—75f32 B 1}
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Application 7: polarized PDFs Y. Lu et al., Phys.Lett.B 830 137130 (2022)

Polarized PDFs DGLAP evolutions equations, expressed by the corresponding

massless splitting functions, after converting to Mellin space and specializing for
O-th order 5 d

a2 g0
A ' 2
(¢ + A 5L ) @), = 452

T )a
In general, at any momentum scale (g < (, and neglecting the mass thresholds: A [CT18]+ no thresholds

™y

“an _ {rﬂ}'* L { >.:;H 1 B [Ya2022]+no thresholds
: ( [Ya2022]+[Chen2022]

i +no thresholds

vi o6 _ 12 —T75/32

AGH = (&), = a§ £ |[(@)$, 17/ — 1

D [Ya2022]+ [Chen2022]
+ thresholds

T T - - Abelian anomaly corrected:
ugp 0.74(11) 0.74(11) 0.65(02) 0.65(02) (
= o - {"J&{‘w
ﬂ'ﬂﬁ _ ”’ﬂj: ng 9
A B C D T
.ﬁ(?}; 2.27(30) 1.50(25) 1.33(15) 1.41(16)
&EP 0.20(11) 0.38(11) 0.33(04) 0.32(04)
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All-orders DGLAP: proton case

Y. Lu et al., Phys.Lett.B 830 137130 (2022)

Application 7: polarized PDFs

Polarized PDFs DGLAP evolutions equations |
D- S —
d C- =
2 ( lﬁ'« =0
dﬂ:‘g Xy B- ' 2
~0 o)\, one _ 4¢P, 0 cTIBA—e—=
(C ac2 + Ygq(12£) 3 (@3, = o (2 01 02 03 04 05

f;t

In general, at any momentum scale (g < (, and neglecting tne mass wmnresnoias: A [CT18]+ no thresholds

- - [Ya2022]+no thresholds

agy = (23 = (a0 B
Yy YH

C [Ya2022]+[Chen2022]
+no thresholds

D [Ya2022]+ [Chen2022]
+ thresholds

T T - - Abelian anomaly corrected:
0.74(11) 0.74(11) 0.65(02) 0.65(02)

G
UDP : E : : ,C ¢ “: ('[:J &C%

(L = (1 )
A B C D 0p — “0p f— I
AGS 2.27(30) 1.50(25) 1.33(15)  141(16) , .

'. .':I:-}H ) rllrl!. 'II..FH
s 11 ' ! YT I Con | (3 )
g, 0.20(11) 0.38(11) 0.33(04) 0.32(04) ¥ 2T Jeyy %

Jag
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Application 8: proton gravitational form factors

D3

c.f. Zhao-Qian’s talk on Thursday!!!
All-orders evolution implies:

Fp(tig) = <$>g F(t)
F=AJDand p=gq,g,%% Yp.

Lattice data from
D.C. Hacket et al., Phys.Rev.Lett.132 (2025)251904

Q% iGeV?
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Application 8: proton gravitational form factors

c.f. Zhao-Qian’s talk on Thursday!!!

(e

All-orders evolution implies:

Fp(tig) = <$>g F(t)
F=AJDand p=gq,g,23%, 2p.

0.07

-0.5

=1.0r

-1.5

=20

Lattice data from
D.C. Hacket et al., Phys.Rev.Lett.132 (2025)251904
BEG: V. D. Burkardt et al., Nature 557 (7705) 396-399 (2018)

— Herain
= BEG
HFS

0.0 0.5 1.0 1.5 20
Q% iGeV*®



Summary

» Grunberg’s notion of effective charge, reinterpreted as a non-perturbative renormalization scheme
for the running coupling extends naturally its domain to the IR and, extracted from an observable,
eliminates the Landau pole. The one based on the Bjorken sum rule is shown to connect to other IR
coupling definitions, specially to the Pl effective charge. They are shaped by the expression of the
EHM and become approximately conformal below a given momentum scale, where gluons acquiring
a dynamical mass decouple from interaction.

~ Capitalizing on the latter, two main ideas emerge:
() the identification of that decoupling with a hadronic scale at which the structure of hadrons can
be expressed only in terms of valence dressed partons;
and (ii) the reliability of an all-orders evolution scheme, based on an effective charge defined to
make exact one-loop DGLAP equations, describing the splitting of valence into more partons,
generating thus the glue and sea, when the resolution scale increases.

~ The robustness of the approach based on all-orders evolution of CSM results from hadronic to
experimental scale has been proved with its application to the pion, kaon and proton cases, obtaining
results for PDFs, unpolarized and polarized, FFs and GFFs which are show to be consistent with

Lattice QCD and experimental data. | st peed
™ mAn idae

To be continued...
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