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On-shell Operator Basis



Dim 5:

Dim 6:

Dim 7:

SMEFT Operator Basis

[S. Weinberg, 1979]

[W. Buchmuller and D. Wyler, 1986]
[B. Grzadkowski, M. Iskrzynski, M. Misiak, and J. Rosiek,
2010]

[L. Lehman, 2014]
[B. Henning, X. Lu, T. Melia, H. Murayama, 2015]
[Y. Liao, X.-D. Ma, 2016]

Dim 8: [[H.-L. Li, Z. Ren, J. Shu, M.-L. Xiao, J.-H. Yu, Y.-H. Zheng}

2020]

C. W. Murphy, 2020 .
[ P ] Systematic method

Dim 9: [[H.—L. Li, Z. Ren, M.-L. Xiao, J.-H. Yu, Y.-H. Zheng, 2020]]

[Y. Liao, X.-D. Ma, 2020]
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Algebraic Identities Equation of Motion (EOM)

Fierz identity (Schouten identity), A special case of field redefinitions

that leave the S-matrix invariant.

D?*¢, By, D, F" — 0

Bianchi identity,
Jacobi identity,

O e .
Integration by Part (IBP) Covariant Derivative Commutator (CDC)
XDY=DXY)-DXY Dy, D)) =igF,,



Amplitude-Operator Correspondence

Firi & A/N
/ol I\, 3
Vi/; S A/ Dicd = AiaNia
¢ = 1



Amplitude-Operator Correspondence

FrL/ri < AZ/A2
Gie e N/ Piag = XiaAia
o = 1
2 2
linear isomorphism? D7¢; < p; =0
operator space ) amplitude space D, D,] < [pu,p,] =0



Amplitude-Operator Correspondence

FLmi & A/A
; ~
Vilvi i/ A Piag = AiaAid
qbi = 1
2 2
linear isomorphism? D7¢; < p; =0
operator space ) amplitude space D, D] < [pu,p.] =0
linear isomorphism Dios Dy = D, D —D? +=[D,, D, i
the subspace pp las” ﬂ]ﬁ CapCap 2[ o Dl dap

where EOM and —— amplitude space DiaaWp) = D01, Wp) = —€ap(D,0" W),
CDC are removed y
ya’

vp .
DiaiFrpy, = ZDuFva @iOpy = PP FLyv€apO



SU(N) Group

b= Y Ua T zk: A D) ; U U405 = 3 4 H
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SU(N) Group
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SU(N) Group

b= Y Ua T zk: A D) ; U U405 = 3 4 H
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SU(N) Group

b= Y Ua T zk: A D) ; U U405 = 3 4 H
J i i J

.
®2n Q21 o ™
A B , A | 21921 , e ., | )
W W
- 4 ——
n L
. ~ J
SUQ),;xSU(2), SU(N) n
[B. Henning, T. Melia, 2019] ! primary Young diagram
. Henning, T. Melia, —_——N— /
[H.-L. Li, Z. Ren, J. Shu, o
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Y-basis (“Y” for Young Tableau)

WPHH' D NN TN M7 = (12)2(34)[34] |
7 [2]2]2]4 M = B P p(Dgs) (D),
N=4n=1,n=3 —) I SSYT
)
L 1111112 M5 = (12)(13)(24)[34]
#i=1n — 2h; ~N S121313 =) MO = F TR De (D
2 - L1 L2« 3/pa 47y
Fock’s condition 1 momentum conservation (IBP)
11113 1(1/3]2 1121 _ 2 _
AR + APIEER + APIEIY =0 =) (12)7(34)[34] 4+ (12)(31)(24)[34] + (12)(23)(14)[34] =0
Fock’s condition 2 Schouten identity
1(1/1]3 3(111[2 211111 _ ) ) ’ _
AR + 222 + 3024 " 0 - (12)=(34)[34] + (12)°(24)[24] + (12)=(14)[14] = 0




Y-basis (“Y” for Young Tableau)

» _ 2
W2HH' D? 1111113 M7 = (12)7(34)[34] |
7 [2]2]2]4 MY = B P F (DY o(Deby), "
N=4n=1n=3 — I SSYT
»
111/11(2 M5 = (12)(13)(24)[34]
#i=n-2h ™ 234l & <y> o ;
M7 = F " " (D$3) (D),
W = e W ] T 2 i 1L Tl i Tas
12 — Lm0 il Ll B2l ANPALY
(! DigiaWo ' = €j,m,(T2) W, ) ~ eltiagiiiagiis,
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Y-basis (“Y” for Young Tableau)

WPHH' D NN TN M7 = (12)2(34)[34]
7 [2]2]2]4 MY = F "Dy (D),
N=4,i=1,n=3 == I SSyT i
o 1111112 M5 = (12)(13)(24)[34]
=2 ™S BhE < O o oafn .
MG = P T (D93)pa(Dy),

B 1), 1] ) (T ) T
@i, W, =¢€m(T l)l.1 W ~liglj] m i] ;1 il ;1 3‘ il §1 i3
. . 2172 21J2 21J2]i4
(le)izjzl/VZz = €j2m2(712),-22vV22 ~ i |ja|» —) ~ eli2gihgl3ia
; TJa ; ; ;
Hy, ~lial ey, Hy™ ~ iy L-R rule 2 o] iy [y s [ iy [y o) i i Ji]i

2] Joli3 Joliz|ig

» ~ 12113 glals
Tsys, =
() I, ¢y lapy, 12 TNjy &
. (0 =26"1"26"Wj W DH,). " . (DH,)* %,
Téyl)m = ¢liheli2elsiag, j (=), j (z12), i = 2§l 5% W HH' D21 Ja Tk L2 ap(DH3) a(DH,)
: 4J4 11 2J2 Ja’ ; .
. . () L sy, hapy, 12 F\ja @
. = 2611283 Wy ' PW 2 Y (DH), o (DH. )4 %,
Téyl)IZ,Z = €llJ2€Jll3€lz,4€i4j4(T11)iljl(le)izjz = 511125}3 B ldl[ﬂ(f”}i' ) WPHHTD22 Jam Ly (DH)ispa(DH,)
) _(sIihsis _ . I LJ, _J\i3 I I Y
W2HHTD23 (5 126, —ie (e )14) W', ap(DH3);, " o(DH ™, %,
» _ j ) _(sIihsi3 o I I [ JA\E I I Y
M7 = P F (D3 (D), OWLZHHTDZA = (5 s} —ieh 2 (7 );4)WLII"ﬂWLzza”(DH3)i3ﬂd(DH4)f4y“.

MY = F P FLy (Dds)pa(Dby),



Workflow

WLzHHTDZ,l =25 25]41/1/L1 aﬂWLZZO!ﬁ(DHS)i3yd(DH4)J4 a’
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Workflow

OWSHH'I‘DZJ =207126; W1, WL ap(DH3)  f(DH ™Y,
) Aol I ci3 Loy, b2y N
. “u\/n (DWLZHHTDZQ =261 26j41/VL1 WLz a (DH3)i3ﬂa(DH4) G
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Workflow

OWLzHHTDZ,l = 2671268, Wi WLy oy (DHR), T ((DH Y%,
) _ I 1, oi3 I, B I Foild
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1 WZHHTDZQ ja L1 L2 «a 3Jizpa 4 )
Y-basis (“Y” for Young tableau) o B N .
OWLZHHTDZ,3 = (5 1 25}2 — e 112](7J)ji> WL11aﬁWL22aﬂ(DH3)i3yd(DH4)J4 @
) I B O R C RN O A R N & 1 1 foin g
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Y-basis (“Y” for Young tableau) o T .
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Off-shell Green’s Basis



Background

Motivation

(1) RGE calculation.

We usually consider 1Pl diagrams and
match off-shell to calculate RGE. Thus an
off-shell operator basis is needed, known
as the Green’s basis.

(2) Operator reduction.

It is much easier to reduce operators to
the Green’s basis than to the physical basis
once the conversion between the Green’s
basis and physical basis is known.



Motivation

(1) RGE calculation.

We usually consider 1Pl diagrams and
match off-shell to calculate RGE. Thus an
off-shell operator basis is needed, known
as the Green’s basis.

(2) Operator reduction.

It is much easier to reduce operators to
the Green’s basis than to the physical basis
once the conversion between the Green’s
basis and physical basis is known.

Background

Dim 6
Dim 7

Dim 8 bosonic

SMEFT Green’s basis

[V. Gherardi, D. Marzocca, E. Venturini, 2020]
[X.-X. Li, Z. Ren, J.-H. Yu, 2023], [D.-Zhang, 2023]

[M. Chala, A. Diaz-Carmona, G. Guedes, 2021]

Dim 8 [Z. Ren, J.-H. Yu, 2022]
X3 X2H2 H2D4
Osq | [AP°GGEPGSF | One | GAG*™(H'H) | Opm | (D,D*H)(D,D"H)
O | fABOGIGEGSH | Ops | GAGAY(H'H) H*D?

|
IJKVVIV Jp1asKp
Osw € U W,, Wp
IJK‘VVIVUIJ;JMIK;L _
Ogiv | ¢ p v Wy Oy

Onw | Wo,WH"(HH) | Opg (HTH)O(H'H)
WLWw(H'H) | Ogp | (H'D*H)'(H'D,H)

X“*D* Ous B ,B"(HTH) | Oy | (HTH)(D,H)!(D"H)
Orc | 3D, (DPGL) | Oy | BuB™(HH) | Ol | ()DL D)
Oow | —5(D W) (DPW),) | Onws WJL,B‘“’(HTUIH) H°®
Osp —1(0,B")(0°B,y) | Oyiwg | WLB"(H'c"H) On (HTH)3
H*X D*

OWDH WI“V(HTZDIH)
OBDH 8 B“U<HT’LD H)

off-shell

= D?¢, By, D, F" are kept.




Off-shell Amplitude Formalism
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linear isomorphism

the subspace on-shell
where EOM and ) amplitude
CDC are removed space



Off-shell Amplitude Formalism

i/l e N/
qbi <~ 1

linear isomorphism

the subspace on-shell
where EOM and ) amplitude
CDC are removed space

Furi & Mo/
%‘/wg & Nio/Nio
[Z. Ren, J.-H. Yu, 2022]
»; & 1

linear isomorphism

off-shell
operator space ) amplitude

space



Off-shell Amplitude Formalism

FiLri < A2 /N2 Fr,ri < )\22,0/)\?,0
o] s /N Ul e Ao/
bifi S A/ Vil v, 5,0/ A0 [Z. Ren, J.-H. Yu, 2022]
D; = —’L)\ZS\z Dia, < _i)‘i,di )"i,di
linear isomorphism linear isomorphism
the subspace on-shell off-shell
where EOM and ) amplitude operator space ) amplitude
CDC are removed space space
on-shell
1

W (6" )qe DD, D" =§W1DﬁﬂDﬁﬁDaaq/2 @—%<1021><2322>[2120][2322] —_— —%(12>(22>[22][22]=



IBP
N

ligligl== ) lid+12Ud +1
j=Lj#i

CDC

Use Y [[i]i] «-- fia]
to symmetrize

covariant derivatives

Redundancies

Schouten identity
<ix,-lx,><jxjkxk> by, < Jx, < ky <y

= _<ixijxj><kxklx1> + <ixikxk><jlex1>

Bianchi identity

" D,F,, =0

vt po

4

Hv uv . Py
D,F" - D,F" = ~iD,F" =0

Choose to be on shell




Off-shell Construction

F1woy3¢4 D?

J P

[/12,1 Arndy /12,2} A3 1430431430,  Ag1d40441 440>
% — . .
Ap1AsAo1ds 1, ApidaiAoidar,  AzidaiA31440

(102001021 )(22300[2125],  (1920){1022)(213¢)[2;2,],
(1020)(1030)¢2122)[212,],  (1921){1022){2030)[2; 251,
(1021){1030)(2022)[212,],  {1022){1030)€2021)[212,].

3 Schouten identity

~N

| (1020)(1021)(2230)[2122],
(192, ><1022X<2030>[2122]-

exchange 2,2,

(1020){1021)(2,30)[212,] &=—= —{1y20)(192,)(2130)[2,2,],

J

[(1020>(1022><2130>[2122] J

exchange 2, 2,

(1021)(1022)(23¢)[212;] &———= —(1921)(1p22)(2030)[212,].

1 e

(1020)(1621)(2,30)[2,2,]

y [M] <1020><1022><2130>[2122]
(1021){1922)(2030)[212,]

O\ (1020){1021)(2230)[2,2,]

(off-shell) (y)
MFLW2¢D2,1
(off-shell) (y)
MFLW2¢D272
(off-shell) (y)
MFLW2¢D2,3
(off-shell) (y)
Fy?¢D?4
(off-shell) (y)
MFLII/2¢D2,5
(off-shell) (y)
Fy?¢D26
(off-shell) (y)
Fy?¢D?7
(off-shell) (y)
Fy?¢D?8
(off-shell) (y)
MFLy/2¢D2,9
(off-shell) (y)
FLw2$pD2,10
(off-shell) (y)
MFLI//2¢D2,11
(off-shell) (y)
Fy2¢D2,12

M

(1920)(1922)(213¢[2,2,]
(1021){1922)(203¢)[212,]

= Y 22N (1920)(1021)(2230)[21 221,
= VBB (1020)(1030)(3132)[3132],
= VI[EE] (1020)(1030)(4142)[4142].
= (1920){1021)(3¢31)[2,34],
= (1920){1030)(2131)[2,34],
= (1921){10302(2031)[2134],
= (1920){1021)(3041)[214],
= (1920){1930)(2141)[2,4,],
= (1921 ){1030)(2041)[2144].
= (1920)(1030)(3141)[3141].
= (1920){1o31) B4 (31411,
= (1930)(1031)(2041)[3,44]-



Basis Conversion



Bases in the Literature

1
Oy = EDM(HTH)D”(HTH),

1
W _ et ; Oyry=(H'H)O(H'H), )., = D*(H H)D(H'H),
o) Oyp=(H'D,H) (H'D'H). Oy =H'D*HYH'D, H),
O, =(H D"H)D,H"H).
[B. Grzadkowski, M. Iskrzynski, [G. F. Giudice, C. Grojean, A.
[W. Buchmuller and D. Wyler, 1386] M. Misiak, and J. Rosiek, 2010] Pomarol, R. Rattazzi, 2007]
reduce reduce
) {mmm——
1
OaH - = 0
2 (1)
o 1= L o ( Onc ) Ogier Y -1 0 Ono
H ) =
e o 1 |\ Cup O 1 -2 )\ o4,
H



Systematic Reduction

operator ====  on-shell amplitude ===  Y-basis ===  M-basis ====  P-basis

amplitude-operator amplitude reduction (¢ NH? (¢ NH1? l select

correspondence / column
F-basis

N
(iD[17] = = Y (ik)[kj],
k=2

N N

[Lpyliy = = D [pli).  (Upylil ==Y (Llplil.
k=3 k=3
N N
[11ps12) = = Y [11pl2).  (1lpsl2] == Y (1lp;l2].
Pps= ), hi P |
ij#1 momentum conservation
{i,j}#{2,3} and Schouten identity

(i) (k) = (ik){jl) = (ij){kl),
[i1[jk] = [ik]1[j1] = [ij]1[kI].




operator

Systematic Reduction

===  on-shell amplitude ===  Y-basis ===  M-basis ====  P-basis
amplitude-operator amplitude reduction ( ( ))‘1 ( ( ))—1 select
correspondence / column
OE,; (D, H''D,H)(D"H'I D" H,) F-basis
Ti Tj Vv
— N o o (D”H'_DVH,.)(DMH'{D H))
(i1)[1] = _kz_;l Mkjl, OH)“ (D”HT'D#H,-)(DVH”DVHj)
. < . . < . @ Y, om H H,..(D, D, H. Y(D"D"H")
[Lpali) = = Y [pgli),  (Upalil = = Y (1lplil. HAHEDLL | 3 ’ i AR 5
k=3 k=3 @g)zmzm,z 7V [, G H ) Hg (DMDVH,J.)(DﬂDvHIT)
1 i vyt
[1]p312) = im 2), (1psl2] = im 2] i % (G5 Hy (D, Hyy (D, Hy (D" D H,)
P3 = ~ Pil<)s P34l = ~ Pil<l, O{I)ZHTZDZA Zy [J H,H,(D,D, H(D"DY HI;J)
= = 1 5 i v /
Py P = Z —p; P (9111)2HT2D2,5 Zy [’] HpiHST (DﬂDVHV])(DMD HIJ).
2 1 | T momentum conservation (955)2HT2D2,6 iy [] Hpi(D,uHrj)(DvH;Ll)(DMDVHtU)
{i,j)1#{2,3) and Schouten identity
TN N .. I 1 2|1 1 2
(1)) = ()T = (KD, A
k] = [ik][j1] = [ij]1kI] = (™) =110 01 0 0
i =[i —[i .
g g g O1 0010




Off-shell Amplitude Reduction

di-d-1 Y , IBP Schouten identity
11500 | === = lig )lig 1
i=2
—d . i

[1x12d2]<2d21x > ;} [1x11cfl+l]<1c71+1ixi> - Z[lxlkcfk+l]<kcik+lixi>a <lx xl><]x kxk> e <l jx ><kxk xl> + <lx xk><Jx lx1> < J < k < l

=3
dy~d. l (i ke Y L) = i d MWk L)+ (e L Yk K, )

<1x12d2>[2d2’x] =2> <1x11cfl+1>[1cfl+lixi] - Z<1x1ktfk+l>[kcfk+1ixi]- XX AN XX X; XX xitx 2\ x; Koxy

k=3

i FjFRFDAG, <lJx; < ki, <Iy)-

dy—dy—1
[1x13d3]<3d32x2> N [1x11a71+1]<1dAl+12x2> B [1x12dAZ+l]<2dA2+12x2>
N
- Z[lxldek+1]<dek+12x2>’
k=4
d}—)d}—l . .
(14,33,)34,20,] === [-(L g s DU, 11 20 )|~ (16, 20,402,120, Use IBP and Schouten identity to reduce
]ZVZU T off-shell amplitudes, collect EOM and CDC
- x1 M +1 dp+14x,1- . .
=0 in the reduction.
dy—dy—1 1Y .
[34,24,134,24,) ﬁ [1J1+113.+2]<1J,+11cil+2> B Z[i@+1i¢ﬁ+2]<i¢ii+1’zﬂ+2>
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Field Redefinition and EOM
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Field Redefinition and EOM
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Conclusion

01. A systematic method to construct on-shell operator basis in general Lorentz-invariant EFTs

at any mass dimension.
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02. A systematic method to construct off-shell Green’s basis in general Lorentz-invariant EFTs
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03. A systematic method to reduce any operator to a certain on-shell operator basis.




