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Introduction to ALP EFTs

• Axions: Proposed to solve the strong CP problem in QCD.
• ALPs: Generalization of axions, potentially explaining dark

matter and other phenomena.
• Shi� symmetry: Goldstone nature under the spontaneously

broken U(1)PQ symmetry in the PQ mechanism.
• Shi� breaking: From a model building point of view, some

breaking of the shi� symmetry is allowed (Graham et al., 2015;
Espinosa et al., 2015; Franceschini et al., 2016).

• Operator basis: Dim-5 (Georgi et al., 1986), Dim-6 (Bauer et al.,
2017, 2019; Brivio et al., 2021; Bonilla et al., 2021),
Dim-7 [incomplete] (Bauer et al., 2016, 2017).

• What about Dim-8: positivity bounds, matching calculations,
mesons/nucleon decays.

• How to build basis: Hilbert series as a guide.
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Hilbert Series Techniques

The Hilbert series is a mathematical tool that allows one to
determine the number of independent invariants in a theory by
considering the power series representation.

H(D, {φi}) =
∑

r1,...,rn

∑
k

cr k φ
r1
1 . . . φrnn Dk,

For instance,
Hdim-6

SMEFT ⊃ 2L†eQ†u+DH2u†d.

Ldim-6
SMEFT ⊃ (L̄je)εjk(Q̄ku) + (L̄jσµνe)εjk(Q̄kσµνu) + (H̃†DµH)(ūγµd).

The calculation of the Hilbert series can be accomplished by using
the orthonormality of group characters, i.e.,∫

dµG(g)χR(g)χ∗R′(g) = δR,R′ ,

where χR(g) is the character of representation R of a group G with
g ∈ G, and dµG is the Haar measure.

3



Hilbert Series Techniques

The Hilbert series is a mathematical tool that allows one to
determine the number of independent invariants in a theory by
considering the power series representation.

H(D, {φi}) =
∑

r1,...,rn

∑
k

cr k φ
r1
1 . . . φrnn Dk,

For instance,
Hdim-6

SMEFT ⊃ 2L†eQ†u+DH2u†d.

Ldim-6
SMEFT ⊃ (L̄je)εjk(Q̄ku) + (L̄jσµνe)εjk(Q̄kσµνu) + (H̃†DµH)(ūγµd).
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Hilbert Series Techniques

By considering all possible tensor products, the orthonormality of
the group characters allows one to project these products onto the
group invariants. The generating function is called the plethystic
exponential (PE) (an U(1) example: Lehman and Martin, 2015).

PE [φR χR(z)] = exp

( ∞∑
r=1

1

r
(±1)r+1φrR χR(zr)

)
,

The Hilbert series can be obtained a�er the group integration

H({φi}) =

∫
dµG

∏
i

PE[φi] .

Procedure

1. introduce fields and their reps.
2. find group characters
3. calculate PE up to some order
4. perform group integration

Problems

• EOM redundancy
• IBP redundancy

Conformal representations:
(Henning et al., 2017)
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Conformal Representation
single particle module

Rφ =



φ

∂µ1φ

∂{µ1
∂µ2}φ

∂{µ1
∂µ2∂µ3}φ

...


{. . . }: symmetric, traceless
conformal representation

• symmetric: avoid field strength
• traceless: remove EOM ∂2φ = m2φ

χ
(d)
(n)

(x) =


χ

(d)

symn(�)
(x) n < 2

χ
(d)

symn(�)
(x) − χ(d)

symn−2(�)
(x) n ≥ 2

χ̃
(d)
[∆;0]

(q; x) =
∞∑
n=0

q
∆+n

χ
(d)
(n)

(x) = q
∆

(1 − q2)P
(d)

(q; x)

(∂2φ, ∂µ∂
2φ, ∂µ1

∂µ2
∂2φ, · · · ) is subtracted fromRφ

multi-particle module

R⊗nφl′
∼
∑
Ol


Ol
∂Ol
∂2Ol

...


tensor product decomposition
scalar conformal primaries

χ
(d)
[∆;l]

(q; x) =

∞∑
n=0

q
∆+n

χ
(d)

symn(�)
(x)χ

(d)
l

(x)

=q
∆
χ

(d)
l

(x)P
(d)

(q; x),

P
(d)

(q; x) ≡
∞∑
n=0

q
n
χ

(d)

symn(�)
(x),

• Characters are proportional to P
• Multiplying by 1/P will remove IBP
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Hilbert Series for Operator Basis
By decomposing the tensor products of the Rφi into conformal reps.
The operator basis is spanned by scalar, conformal primaries.

H(D, {φi}) =

∫
dµLorentz

∫
dµgauge

1

P

∏
i

PE
[
φi

Ddi
χi

]
+ ∆H(D, {φi})

The function P is
P (D, α, β) =

1

(1−Dαβ)(1−D/αβ)(1−Dα/β)(1−Dβ/α)

χi = χ[di,(j1,j2)i]
χgauge
i ∼ conformal ⊗ gauge. The conformal

characters for the SM are (Henning et al., 2017)
χ[1,(0,0)](D, α, β) = D1P (D, α, β)(1−D2)

χ
[ 3
2
,( 1

2
, 0)]

(D, α, β) = D
3
2 P (D, α, β)

(
α+

1

α
−D

(
β +

1

β

))
χ
[ 3
2
,(0, 1

2
)]

(D, α, β) = D
3
2 P (D, α, β)

(
β +

1

β
−D

(
α+

1

α

))
χ[2,(1,0)](D, α, β) = D2P (D, α, β)

(
α2 + 1 +

1

α2
−D

(
α+

1

α

)(
β +

1

β

)
+D2

)
χ[2,(0,1)](D, α, β) = D2P (D, α, β)

(
β2 + 1 +

1

β2
−D

(
β +

1

β

)(
α+

1

α

)
+D2

)

Remove EOM
(Green’s basis relevant)
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Shi�-Symmetric Conformal Character

For the ALP, in order to implement the derivative coupling, we have
to remove the scalar itself as a building block from the Hilbert
series, amounting to removing the first entry from the single
particle module. This yields

Ra =



a

∂µ1a

∂{µ1
∂µ2}a

∂{µ1
∂µ2∂µ3}a

...



−→ R∂a =


∂µ1a

∂{µ1
∂µ2}a

∂{µ1
∂µ2∂µ3}a

...


The conformal character of a shi�-symmetric singlet scalar is

χ∂a (D, x) =

∞∑
n=1

Dn+daχSymn( 1
2
, 1
2 )(x)−

∞∑
n=2

Dn+daχSymn−2( 1
2
, 1
2 )(x)

= Dda
(
−1 +

∞∑
n=0

DnχSymn( 1
2
, 1
2 )(x)−

∞∑
n=2

DnχSymn−2( 1
2
, 1
2 )(x)

)
= D

((
1−D2

)
P (D, x)− 1

)
.
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Scaling dimension
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For the ALP, in order to implement the derivative coupling, we have
to remove the scalar itself as a building block from the Hilbert
series, amounting to removing the first entry from the single
particle module. This yields

Ra =



a

∂µ1a

∂{µ1
∂µ2}a

∂{µ1
∂µ2∂µ3}a

...

 −→ R∂a =
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∂{µ1
∂µ2}a

∂{µ1
∂µ2∂µ3}a

...
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= Dda
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n=0
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2 )(x)−

∞∑
n=2

DnχSymn−2( 1
2
, 1
2 )(x)

)
= D

((
1−D2

)
P (D, x)− 1

)
.

Remove non-shi�-symmetric part
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Ingredients of the Hilbert Series
Depending on whether there is a shi� symmetry for the axion, four
types of EFTs are defined with corresponding spurions as follows

• aSMEFTPQ: SMEFT extended with a shi�-symmetric axion
{D, ∂a,Q,Q†, L, L†, H,H†, u, u†, d, d†, e, e†, BL, BR,WL,WR, GL, GR} ,

• aSMEFT�PQ: SMEFT extended with a non-shi�-symmetric axion
{D, a,Q,Q†, L, L†, H,H†, u, u†, d, d†, e, e†, BL, BR,WL,WR, GL, GR} ,

SU(2)L SU(2)R SU(3)c SU(2)W U(1)Y
a 1 1 1 1 0

H 1 1 1 2 1/2

Q 2 1 3 2 1/6

u 2 1 3̄ 1 −2/3

d 2 1 3̄ 1 1/3

L 2 1 1 2 −1/2

e 2 1 1 1 1

GL 3 1 8 1 0

WL 3 1 1 3 0

BL 3 1 1 1 0

Table 1: The aSMEFT field content and their charges
under Lorentz and gauge groups.

χ
gauge
R

= χ
U(1)
R

χ
SU(2)
R

χ
SU(3)
R

χ
U(1)
Q

(x) =x
Q

χ
SU(2)
2 (y) =χ

SU(2)

2̄
(y) = y +

1

y

χ
SU(2)
ad

(y) =y
2

+ 1 +
1

y2

χ
SU(3)
3 (z1, z2) =z1 +

z2

z1

+
1

z2

,

χ
SU(3)

3̄
(z1, z2) =z2 +

z1

z2

+
1

z1

χ
SU(3)
ad

(z1, z2) =z1z2 +
z22

z1

+
z21

z2

+ 2

+
z1

z22

+
z2

z21

+
1

z1z2
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Hilbert Series and Isolation Condition

Hilbert series of aSMEFTPQ
HPQ

5 = ∂aQQ† + ∂a uu† + ∂a dd† + ∂aLL† + ∂a ee† + 3aX2 ,

HPQ
6 = (∂a)2HH† ,

HPQ
7 = ∂aQQ†BL + ∂aQQ†BR + ∂aQQ†GL + ∂aQQ†GR + ∂aQQ†WL + ∂aQQ†WR

+ ∂a uu†BL + ∂a uu†BR + ∂a uu†GL + ∂a uu†GR + ∂a dd†BL + ∂a dd†BR

+ ∂a dd†GL + ∂a dd†GR + ∂aLL†BL + ∂aLL†BR + ∂aLL†WL + ∂aLL†WR

+ ∂a ee†BL + ∂a ee†BR + 2∂aQQ†HH† + ∂a uu†HH† + ∂a dd†HH†

+ 2∂aLL†HH† + ∂a ee†HH† + ∂aBLHH
†D + ∂aBRHH

†D + ∂aWLHH
†D

+ ∂aWRHH
†D + ∂aH2H†2D + 2∂aQuHD + 2∂aQ†u†H†D + 2∂aQdH†D

+ 2∂aQ†d†HD + 2∂aLeH†D + 2∂aL†e†HD ,
...

HPQ
15 = . . .

Peccei–Quinn breaking isolation condition

H��PQ
n = aH��PQ

n−1 + aHSMEFT
n−1 +HPQ

n (∂a→ aD) , n > 5
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Operator Counting and Nf Dependence
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Nf = 3 (aSMEFT��PQ)

Figure 1: The number of operators in the aSMEFT with and without a shi�
symmetry for the ALP plotted against the mass dimension for Nf = 1 and
Nf = 3 number of flavors. 10



Constructing Operator Bases

• Simple example

HPQ
5 ⊃ ∂aQQ† + ∂a uu† + ∂a dd†

OPQ
5 ⊃ ∂µa Q̄γ

µQ , ∂µa ūγ
µu , ∂µa d̄γ

µd

• Hard example

HPQ
8 ⊃ (∂a)2B2

L + (∂a)2BLBR + (∂a)2B2
R

However, one can naively build 4 operators:

∂µa∂
µaBνρB

νρ, ∂µa∂
µaBνρB̃

νρ, ∂µa∂
νaBµρBνρ, ∂µa∂

νaBµρB̃νρ

We can use the Schouten identity to derive

TµνX
µρX̃ν

ρ =
1

4
TµµXνρX̃

νρ

where Tµν is generic tensor (which we identify with ∂µa∂νa)
and Xµν is an anti-symmetric tensor.

11



Constructing Operator Bases

• Simple example

HPQ
5 ⊃ ∂aQQ† + ∂a uu† + ∂a dd†

OPQ
5 ⊃ ∂µa Q̄γ

µQ , ∂µa ūγ
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µu , ∂µa d̄γ

µd

• Hard example

HPQ
8 ⊃ (∂a)2B2

L + (∂a)2BLBR + (∂a)2B2
R

However, one can naively build 4 operators:

∂µa∂
µaBνρB

νρ, ∂µa∂
µaBνρB̃

νρ, ∂µa∂
νaBµρBνρ, ∂µa∂

νaBµρB̃νρ

We can use the Schouten identity to derive

TµνX
µρX̃ν

ρ =
1

4
TµµXνρX̃
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One is redundant!
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aSMEFT and aLEFT Operator Bases
(∂a)2X2 (∂a)2ψ2D

O(1)
∂a2B ∂µa∂

µaBνρB
νρ O∂a2LD ∂µa∂νa (L̄γµ

←→
D νL)

O(2)
∂a2B ∂µa∂

νaBµρBνρ O∂a2eD ∂µa∂νa (ēγµ
←→
D νe)

O∂a2B̃ ∂µa∂
µaBνρB̃

νρ O∂a2QD ∂µa∂νa (Q̄γµ
←→
D νQ)

O(1)
∂a2W ∂µa∂

µaW I
νρW

I,νρ O∂a2uD ∂µa∂νa (ūγµ
←→
D νu)

O(2)
∂a2W ∂µa∂

νaW I,µρW I
νρ O∂a2dD ∂µa∂νa (d̄γµ

←→
D νd)

O(2)

∂a2W̃
∂µa∂

µaW I
νρW̃

I,νρ (∂a)2ψ2H + h.c.
O(1)
∂a2G ∂µa∂

µaGaνρG
a,νρ O∂a2eH ∂µa∂

µa L̄He

O(2)
∂a2G ∂µa∂

νaGa,µρGaνρ O∂a2uH ∂µa∂
µa Q̄Hu

O∂a2G̃ ∂µa∂
µaGaνρG̃

a,νρ O∂a2dH ∂µa∂
µa Q̄Hd

(∂a)4 (∂a)2H2D2

O∂a4 ∂µa∂
µa∂νa∂

νa O(1)
∂a2DH2 ∂µa∂

µaDνH
†DνH

(∂a)2H4 O(2)
∂a2DH2 ∂µa∂νaD

µH†DνH

O∂a2H4 ∂µa∂
µa|H|4

/B and /L terms
∂aψ4 + h.c. ∂aψ2H2D + h.c.

O∂aLdu ∂µa (L̄cL)(d̄γµu) O(1)
∂aLHD ∂µa (L̄cH)(H̃†DµL)

O∂aLQd εαβγ∂µa (L̄dα)(Q̄cβγ
µdγ) O(2)

∂aLHD ∂µa (L̄cDµH)(H̃†L)

O∂aed (?) εαβγ∂µa (d̄cαdβ)(ēγµdγ)

Table 2: Operators in the aSMEFTPQ at mass dimension 8

In addition, we construct operator basis of aSMEFTPQ, aSMEFT��PQ,
aLEFTPQ, aLEFT��PQ up to dimension 8.
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←→
D νe)

O∂a2B̃ ∂µa∂
µaBνρB̃

νρ O∂a2QD ∂µa∂νa (Q̄γµ
←→
D νQ)

O(1)
∂a2W ∂µa∂

µaW I
νρW

I,νρ O∂a2uD ∂µa∂νa (ūγµ
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Table 2: Operators in the aSMEFTPQ at mass dimension 8

aSMEFTPQ, aSMEFT�PQ are
also constructed by the
Young tensor method:
(Song et al., 2024)
[See Zhe’s talk]

In addition, we construct operator basis of aSMEFTPQ, aSMEFT��PQ,
aLEFTPQ, aLEFT��PQ up to dimension 8. 12



Mathematica Package for Hilbert Series

(Grojean, Kley, and Yao, arxiv:2024.xxxx)
CHINCHILLA: A Mathematica package for the
construction of invariants using the Hilbert series

Code Helping with the INvariant Construction
using the HILbert series LAnguage

Existing packages
• ABC4EFT (Li et al., 2022)
• AutoEFT (Harlander et al., 2023)
• BasisGen (Criado, 2019)
• DECO (Calò et al., 2023)
• DEFT (Gripaios and Sutherland, 2019)
• ECO (Marinissen et al., 2020)
• GrIP (Banerjee et al., 2020)
• Sym2Int (Fonseca, 2020)

...

CHINCHILLA

• For generic problems

• Operator basis

• Green’s basis

• Charge and Parity symmetry

• Flavor invariants

• Discrete symmetry

• Covariants
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• GrIP (Banerjee et al., 2020)
• Sym2Int (Fonseca, 2020)

...

CHINCHILLA

• For generic problems

• Operator basis

• Green’s basis

• Charge and Parity symmetry

• Flavor invariants

• Discrete symmetry

• Covariants
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Usage of the Mathematica Package

SMEFT Hilbert series by CHINCHILLA

In[1]:= SetSymmetries[{"Conformal"->Conformal,"SU2"->SU[2],"SU3"->SU[3],"U1"->U[1]}];

In[2]:= AddSpurion[H,"Conformal"->{0,0},"SU2"->2,"SU3"->1,"U1"->1/2];
AddSpurion[Hd,"Conformal"->{0,0},"SU2"->2,"SU3"->1,"U1"->-1/2];
AddSpurion[Q,"Conformal"->{1/2,0},"SU2"->2,"SU3"->3,"U1"->1/6,"Flavor"->Nf];
AddSpurion[Qd,"Conformal"->{0,1/2},"SU2"->2,"SU3"->-3,"U1"->-1/6,"Flavor"->Nf];
AddSpurion[u,"Conformal"->{1/2,0},"SU2"->1,"SU3"->-3,"U1"->-2/3,"Flavor"->Nf];
AddSpurion[ud,"Conformal"->{0,1/2},"SU2"->1,"SU3"->3,"U1"->2/3,"Flavor"->Nf];
AddSpurion[d,"Conformal"->{1/2,0},"SU2"->1,"SU3"->-3,"U1"->1/3,"Flavor"->Nf];
AddSpurion[dd,"Conformal"->{0,1/2},"SU2"->1,"SU3"->3,"U1"->-1/3,"Flavor"->Nf];
AddSpurion[L,"Conformal"->{1/2,0},"SU2"->2,"SU3"->1,"U1"->-1/2,"Flavor"->Nf];
AddSpurion[Ld,"Conformal"->{0,1/2},"SU2"->2,"SU3"->1,"U1"->1/2,"Flavor"->Nf];
AddSpurion[e,"Conformal"->{1/2,0},"SU2"->1,"SU3"->1,"U1"->1,"Flavor"->Nf];
AddSpurion[ed,"Conformal"->{0,1/2},"SU2"->1,"SU3"->1,"U1"->-1,"Flavor"->Nf];
AddSpurion[Bl,"Conformal"->{1,0},"SU2"->1,"SU3"->1,"U1"->0];
AddSpurion[Br,"Conformal"->{0,1},"SU2"->1,"SU3"->1,"U1"->0];
AddSpurion[Wl,"Conformal"->{1,0},"SU2"->3,"SU3"->1,"U1"->0];
AddSpurion[Wr,"Conformal"->{0,1},"SU2"->3,"SU3"->1,"U1"->0];
AddSpurion[Gl,"Conformal"->{1,0},"SU2"->1,"SU3"->8,"U1"->0];
AddSpurion[Gr,"Conformal"->{0,1},"SU2"->1,"SU3"->8,"U1"->0];

In[3]:= HilbertSeries[8] (*"EOM" -> True, "IBP" -> True, "Kernel" -> 4, "CP" -> "Odd"*)
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Conclusion

• ALP operator basis is in need for EFT studies.
• Hilbert series is a useful tool for operator counting and

construction.
• EOM and IBP redundancies are e�ectively removed by using

conformal characters.
• Shi�-symmetric interaction can be easily implemented in the

conformal character.
• We have constructed shi�-symmetric and non-shi�-symmetric

operator basis for aSMEFT and aLEFT up to dimension 8.
• CHINCHILLA is developed to compute the Hilbert series, and will

be available to use soon.
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Questions?
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Backup: Dim-5 Hilbert series
The Hilbert series with flavor dependence is given by
HPQ

5 =N2
f ∂aQQ

† +N2
f ∂a uu

† +N2
f ∂a dd

† +N2
f ∂aLL

† +N2
f ∂a ee

†+∂aHH†D

− ∂aBLD − ∂aBRD − ∂aD3 .

The minus terms can be canceled by the ∆H.
∆H = ∂aBLD + ∂aBRD + ∂aD3 .

The Higgs current term can be removed by a global hypercharge transformation on
the Higgs field which is not captured in our Hilbert series approach.

O∂aH = ∂µa
(
H†i
←→
DµH

)
.

This applies to the operators of type ∂µa ψ̄γµψ where flavor diagonal parts of the
Wilson coe�cients can be removed by moving the derivative to the fermions by IBP
and using the conservation of baryon and lepton family number ∂µjµB = ∂µj

µ
Li

= 0.
In addition, there are operators of the form aF F̃ at mass dimension 5 which do not
appear in the Hilbert series. This is due to the fact that we use ∂a and F as a building
block. Therefore, we should add them by hands, and the final flavor dependent
Hilbert series has the following form
HPQ

5 = (N2
f−1)∂aQQ†+N2

f ∂a uu
†+N2

f ∂a dd
†+(N2

f−Nf )∂aLL†+N2
f ∂a ee

†+3aX2 .
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