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Need all possible constraints in our disposal to reduce the complexity
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Standard Model

SMEFT:

Real world EFTs can be highly non-trivial



Positivity bounds: surprising constraints on IR EFT from  
fundamental principles

How does it work for the SMEFT?
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• Simplest example: 2-to-2 scattering of a identical scalar

— surprising constraints on EFT from UV principles
Review of Positivity Bounds
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Analyticity
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EFT cutoff
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IR: EFT

analytic at tree-level;  
branch cuts at loop order
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Crossing, Unitarity, Boundedness

Crossing
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Positivity from Forward Scattering
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A(s) = A(s, t)|t!0
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Positivity from Forward Scattering
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UV contour
s- and u-channel  

add up

no contribution from infinity
unitarity in the forward limit

s-channelu-channel
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Positivity from Forward Scattering
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IR contour = UV contour
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[Adams, Arkani-Hamed, Dubovsky, Nicholas, Rattazzi ’06]

[Pham, Truong, ’85]



Modern Extensions
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Modern Extensions
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• Cauchy-Schwartz inequality: EFT-Hedron


• Crossing: Null constraints
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measure the same coefficient in two channels
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[Arkani-Hamed, Huang, Huang ’20]
[Bellazzini et al. ’20]

[Caron-Huot, Duong ‘20]
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Modern Extensions
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Figure 8: The (g̃3, g̃4) allowed region. Numerics were performed at n = 10 Mandelstam

order and J = 0, 2, . . . , 40. One can see that g3 may take-on negative values, while g4 is

positive. Boundaries appear smooth except for two kinks at (�10.19, 0.5) and (3, 0.5).

region is then simply the convex hull of the allowed regions for these two problems:

Entire region = Convex Hull [Spin-0 + Spin-J � 2] . (4.5)

As may be seen from the form of the g3 sum rule (2.22), the two solutions are di↵erentiated

by the sign of g3: positive for Spin-0 and negative for Spin-J � 2.

In our implementation of the dual problem, theories with only J � 2 particles can be

studied by simply dropping the positivity constraint for the functional action on J = 0. The

allowed regions for the Spin-0 and Spin-J � 2 sub-problems are the narrow almond-shaped

regions shown in fig. 9.

The shape of these regions is largely explained by a simple scaling argument: given any

solution to crossing, scaling-up its overall mass scale will give a new solution. Starting from

any allowed point (g̃3, g̃4), this generates an allowed path (↵g̃3,↵2
g̃4) where 0  ↵  1. This

explains the parabolic shape of the “underbellies” in fig. 9. In fact the Spin-0 almond is simply

the convex hull of the parabola connecting (0, 0) to (3, 12). (This is qualitatively similar to

what is found in the forward limit [11, 13].)

The Spin-J � 2 region is more complicated – while it also displays a parabolic under-

belly near the origin, it fails to extend all the way to g̃4 = 1
2 . The boundary must thus

exhibit non-analytic behaviour at the end of the parabola, however we were unable to local-

– 23 –
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Quantitative Proof of Naive Dimension Analysis
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[Caron-Huot, Duong ‘20]



Do they apply to the SMEFT?



• No analogous bounds for dim-6 operators


• contribution from infinity


• s- and u-channel cancellation


• Tree-level bounds for dim-8 SMEFT by the same arguments


• [Caveat] IR side is not analytic: loops in the SMEFT at dim-8 level


• Violation of positivity known in gravity (divergent forward limit) and  
inflation (analyticity broken by the breaking of Lorentz boost) 
 

From Toy model to SMEFT
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Need to scrutinize the arguments before applying on the SMEFT 

[Remmen, Rodd;….]

[Caron-Huot, Mazac, Rastelli, Simmons-Duffin; Caron-Huot, Li, Parra-Martinez, Simmons-Duffin]
[Hui, Nicolis, Podo, Zhou; Creminelli, Delladio, Janssen, Longo, Senatore]



Run the same argument for 
instead of 


1. positivity for 


2. Still, massless photon/fermions 
are still around in the SMEFT


Need to analyze the IR contour in EFT 
to find valid bounds

Mass deformation?
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IR arc



Chala et al. examine the tree-level positivity below the cutoff


For certain operators from weakly-coupled UV models, Chala argues 

which leads to very interesting non-renormalization theorem.

Analyze the EFT coefficients
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[Chala, Santiago ’21]

[See talk by Chala in HEFT last year]

[Chala; Chala Li ’23]
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FIG. 2. Example diagrams for integrating out a scalar singlet

or triplet (left) or scalar quadruplets (right), giving rise to

four-Higgs operators. The thick solid lines represent the heavy

fields.

IV. ONE-LOOP MATCHING OF UV MODELS

In the reminder of this paper, we show that our pre-
vious arguments, albeit somewhat heuristic, are in fact
realised in minimal extensions of the SM. We refer to
Appendix A for technical details.

First, let us extend the SM with a heavy scalar neutral
singlet S of mass M = ⇤, with interaction Lagrangian:

LS = SSH
†
H . (21)

This is obviously not the most generic Lagrangian, but
it su�ces to illustrate our point.

At tree level, we obtain:

c
(1) tree
H4D4 = c

(2) tree
H4D4 = 0 , c

(3) tree
H4D4 = 2


2
S

M2
. (22)

At one loop (see Fig. 2) and at the matching scale µ = M ,
we get instead:

c
(1) loop
H4D4 = �

39

144⇡2


4
S

M4
, (23)

c
(2) loop
H4D4 = �

39

144⇡2


4
S

M4
, (24)

c
(3) loop
H4D4 = �

187

720⇡2


4
S

M4
. (25)

Therefore,

c
(2)
H4D4 = �

39

144⇡2


4
S

M4
< 0 , (26)

c
(1)
H4D4 + c

(2)
H4D4 = �

39

72⇡2


4
S

M4
< 0 , (27)

and then both Eq. (6) and Eq. (7) are violated within
this model.

Let us now consider the SM extended with a scalar real
triplet ⌅ of mass M , too. The relevant Lagrangian is

L⌅ = ⌅H
†⌅I

�
I
H . (28)

When integrating ⌅ out up to one loop, we obtain:

c
(1)
H4D4 = 4


2
⌅

M2
�

107

144⇡2


4
⌅

M4
, (29)

c
(2)
H4D4 = �

61

144⇡2


4
⌅

M4
, (30)

c
(3)
H4D4 = �2


2
⌅

M2
�

271

720⇡2


4
⌅

M4
. (31)

The tree and loop contributions are manifest. Once

again, c(2)
H4D2 < 0. Note also that, because there is no

tree-level contribution to the four-Higgs operators from
mixed diagrams involving heavy triplets and singlets, this
bound is broken in any UV completion involving only this
type of fields.
In all cases, dimension-six four-Higgs operators are also

generated. Their explicit tree-level values can be found
in Refs. [25, 26].
Let us now turn our attention to three scalar exten-

sions of the SM which do not generate any four-Higgs
operators at tree level (including those of dimension six).
These involve adding a heavy doublet with Y = 1/2 (')
and adding heavy quadruplets with Y = 1/2 (⇥1) and
Y = 3/2 (⇥3), respectively. We obtain:
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(1)
H4D4 =

|�'|
2

24⇡2
, (32)

c
(3)
H4D4 =

|�'|
2

24⇡2
, (33)

c
(3)
H4D4 =

|�'|
2

6⇡2
; (34)

as well as

c
(1)
H4D4 =

|�⇥1 |
2

9⇡2
, (35)

c
(2)
H4D4 =

|�⇥1 |
2

36⇡2
, (36)

c
(3)
H4D4 = �

|�⇥1 |
2

18⇡2
; (37)

and

c
(1)
H4D4 = 0 , (38)

c
(2)
H4D4 =

|�⇥3 |
2

4⇡2
, (39)

c
(3)
H4D4 = 0 ; (40)

where �', �⇥1 and �⇥3 are the unique linear couplings
between one heavy field and three H bosons that can
be written at the renormalisable level in each case; see
Ref. [25].
In all these cases, as we already anticipated, the con-

ditions in Eqs. (6)–(8) do hold.

V. RENORMALISATION GROUP EVOLUTION

Let us now focus on the running of the Wilson coef-

ficients c
(j)
H4D4 . The contribution triggered by pairs of

dimension-six operators, computed in Ref. [24], reads:



• S-matrix bootstrap: rule in parameter space by writing all ansatze 
consistent with unitarity, crossing, analyticity


• Ansatze:

Rule In Parameters

ruled out ruled in

ruled out ruled in
Optimal:

Non-optimal:
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[Guerrieri, Paulos, Penedones, Toledo, van Rees, Vieira,…]

The full ansatze for amplitudes contain dim-4, 6, etc.



• Proof of concept for Higgs: constraints on dim-6 coefficient cH

Rule In Parameters—Higgs Application
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FIG. 1. All O(4) theories must lie inside the coloured region.

For any value of the multipliers the inequality holds
d+(⌫,�,!) � cH , and we obtain a bound on cH . Thus,
to obtain the best bound we should minimize d+ over the
Lagrange multipliers. In practice it is hard to perform
such minimization analytically. Nevertheless, an e�cient
numerical algorithm to search for the minimal value of
d+ in the ⌫,�,! space was developed in [6]. The gener-
alisation to our problem is explained in appendix C.

III. THE SPACE OF O(4) THEORIES

A. The O(4) non-perturbative island

Our first goal is to determine universal bounds on c�
and cH defined in (2). By universal we mean that we are
not making any assumption beyond the rigorous analytic-
ity, crossing, and unitarity properties [17]. For concrete-
ness we set c� = R cos ✓, cH = R sin ✓, and for each fixed
✓ we bound the maximum value of R. Our numerical
results are shown in fig. 1 – see appendix C for detailed
explanations on the numerics. Everything except for the
blue region is rigorously excluded: all O(4) theories must
take values inside the blue ‘O(4) island’ in fig. 1.

The boundary of the island is determined by the ex-
tremal values that c� and cH can take. As we are not
making any assumption, it is natural to expect that our
bounds will be saturated by strongly coupled amplitudes
all the way to the IR. A signature of strongly coupled IR
dynamics is the presence of bound states or resonances.
We experimentally observe the presence of scalar thresh-
old bound states in the spin zero singlet and/or in the
symmetric channel. Using this knowledge, we can define
four distinct regions on the boundary of the island, whose
properties are summarized in Table I.

For instance, in the regionDA we have both the singlet
and the symmetric threshold bound states. On the other
hand, in region BC there are none. However, even with-
out threshold bound states there are other strong cou-
pling phenomena happening. Between the point B and
the point with minimum value of c� denoted by a black

A-B B-C C-D D-A

singlet X 7 7 X
symmetric 7 7 X X

TABLE I. Threshold singularities along the boundary.

dot, although the value of cH is positive, we measure a
negative spin one scattering length in the antisymmetric
channel. This change of sign cannot be realised with a
weakly coupled field theory description. On the other
hand, between the black dot and point C, we find a spin
one resonance at low energies. In appendix F we have
included a number of plots showing the phase-shifts of
the amplitude around the boundary of fig 1.

B. Perturbative boundary regions

There are two linear combinations of dimension-eight
operators of the O(n) theory (2) that are positive [18]:

c2 =
1

⇡

Z 1

4

dv

v̄3
Im ~M(v) ·

✓
0,

1

2
,
1

2

◆
� 0, (16)

2c2 + c0
2
=

1

⇡

Z 1

4

dv

v̄3
Im ~M(v) ·

✓
1

n
,
n�1

n
, 0

◆
� 0. (17)

Both inequalities are saturated when the theory is free.
Therefore, scanning the values of c� and cH in the region
where these two linear combinations are small, we single
out weakly coupled extremal amplitudes at the bound-
ary of the allowed region. An example of this, is shown
in fig. 2. The red line is analytically computed by per-
forming a one-loop computation in �|~�|4, choosing the
scheme in which � = c�, and plotting the parametric
curve {cH(c�), c2(c�)} – in appendix D1 these functions
are given. The red line agrees with the boundary of the
allowed region for small c�. Interestingly, we do not have
a perturbative description of the whole region around the
origin. The boundary is expected to be saturated by am-
plitudes obtained from integrating out strongly coupled
UV dynamics. 2

C. EFT bounds

A key property of EFTs is the scale separation be-
tween the mass of the scattered particle and the scale of
‘new physics’ ⇤2

� m2. To incorporate the separation
of scales non-perturbatively it is useful to introduce the
concept of UV/IR domination of the sum rules. Consider

2
It is possible to ask several other variations of the questions that

we have asked so far. E.g. one could min./max. cH a a function

of {↵,�}, with ↵ ⌘ max(c2) and � ⌘ max(2c2 + c
0
2). Small

values of {↵,�} isolate perturbative amplitudes.
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m2cH

Generic theories

2

point (s̄, t̄, ū) = 0 is analytic and the amplitude M(s̄|t̄, ū)
can be characterised by its series around the origin,

M / (4⇡)2 = c�+cH s̄+c2(t̄
2+ū2)+c0

2
s̄2+O(s̄, t̄, ū)3 (2)

where the coe�cients c�, cH , c2, c02 are real valued, and
(4⇡)2 is a convenient normalization. The Wilson coe�-
cient gH describes the single dim.-six operator contribu-
tion to (2) at tree-level: c�=O(m

2

f2 ), cH= gH

(4⇡2)f2+O(m
2

f4 ).
The main result of this work is a bound on the param-

eter cH in (2). We will discuss two extreme single energy
scale scenarios, and argue that interesting physics lies in
the interpolation of the two.

In the first scenario, sec. III A, we look for the extremal
values of cH by making no assumption of weak coupling.
We are lead to the rigorous bound

�0.46 < cH ⇥m2 < 1.07 (3)

The single scale in the problem is the mass m2, thus we
can set units m2 = 1. This bound is saturated by am-
plitudes that are maximally strongly coupled all the way
down to the IR s & 4m2. These amplitudes do not fea-
ture an energy scale separation between m2 and a puta-
tive scale of new physics. Therefore a simple EFT inter-
pretation of (3) in terms of operators is hardly possible.
Although this is not a useful bound for Higgs physics,
it is nevertheless an interesting proof of principle for the
existence of a universal bound: any theory with the same
symmetries must take values within (3). In sec. III B we
discuss how to isolate weakly coupled amplitudes within
the space of non-perturbative O(4) theories.

The second scenario, sec. III C, is complementary and
assumes that physics below a new energy scale ⇤2 is much
weaker than new physics above ⇤2, and a large scale sep-
aration ⇤2

� m2. In this limit we are left with a single
scale ⇤2 and we find

�0.31 < cH ⇥ ⇤2 < 0.35 (4)

The bound (4) is saturated by amplitudes that on one
hand are maximally strongly coupled above the cuto↵
scale ⇤, but on the other hand are very weakly coupled
below. This limiting case has been dubbed UV dominated
EFTs. In this single scale problem we can set units ⇤2=1
and interpret (4) as a universal bound on the space of UV
dominated EFTs. We will argue that, under certain spe-
cific conditions, this bound can be interpreted in terms
of LH and identify ⇤2 = f2 and cH ⇥ f2 = gH/(4⇡)2.
In section III C we also explain how to smoothly interpo-
late the bounds of the two limiting scenarios (3) and (4),
see fig. 3. In section IIID we show how to incorporate IR
EFT corrections in order to obtain a more refined bound.

We end this note with a discussion on the interpreta-
tion of the bounds in terms of dim.-six operators, sec. IV,
and with a final discussion about future directions, sec. V.

We have included a number of appendices with de-
tails on the calculations and a Mathematica notebook to
streamline the reproducibility.

II. DUAL BOOTSTRAP FOR O(n) THEORIES

A. Set up and constraints

We begin this section by discussing the constraints on
the amplitude (1) that we are going to use. The ampli-
tude satisfies the double-subtracted dispersion relation

A
I(s, t) ⌘ M I(s, t)� CI(s, t) (5)

�

Z 1

4

dz
⇥
KIJ(z; s, t)MJ

z
(z, t)+LIJ(z; s, t)MJ

z
(z, z0)

⇤
=0

where ~C(s, t) = c�(n + 2, 2, 0) + cH(n � 1,�1, 1) s̄ +
cH(0, 0, 2)t̄ and is decomposed into irrep. channels
M (I)

⌘ (M (sing),M (sym),M (anti)). The Kernels K and
L are simple rational functions of its arguments; the
derivation of (5) is given in appendix A. In (5) and in
the rest of this section we set m2 = 1.
By taking derivatives of (5) one can express any low

energy coe�cient ci of (2) in terms of a sum rule involv-
ing integrals over the amplitude’s discontinuity. If the
definition of ci involves more than two derivatives of the
amplitude with respect to ‘s’ the subtraction terms are
not present on the sum rule because @2

s
~C(s, t) in (5) van-

ishes. In this case the ci’s may enjoy positivity properties
that follow from ImMJ

� 0. Instead, if the definition of
ci involves less than two derivatives of the amplitude, the
subtraction terms are present and thus the positivity of
the sum rule is typically spoiled. This is the case of cH

cH
⇡

3
(s�4) = Ref (3)

1
(s)�

Z 1

4

dv k(3,J)
1,`

(s, v)Imf (J)

`
(v) (6)

where repeated indices ` and J are summed over and the
Kernel k3,J

1,`
is the partial wave projection of K and L,

its exact form is given in appendix A, and f (I)

j
are the

partial wave projections of the amplitude.
Because of the presence of subtraction terms in the

sum rule (6), the value of cH is not sign definite. Previ-
ous works analysed the sign constraints of cH by means
of unsubtracted dispersion relations [2, 3] and positivity

constraints Imf (I)

j
> 0.

Positivity constraints follow from the unitary inequal-
ity

U
(I)

`
⌘ 2Imf (I)

`
(s)� ⇢(s)

��f (I)

`
(s)

��2 � 0 (7)

where ⇢(s) =
p

(s� 4)/4. Unitarity constraints bound

both the real Ref (I)

j
and imaginary Imf (I)

j
parts of the

amplitude. Therefore, by using the unitarity constraints
(7) (instead of positivity constraints only) we may hope
of being able to bound the minimal and maximal value
that cH in (6) can attain. Establishing the existence of
this bound is non-trivial, as it involves an infinite sum
over partial waves on the right-hand side. Nevertheless,
we will demonstrate in the next section that this hope is
indeed realised.

Theories w/ weakly-coupled IR EFT

[Elias-Miro, Guerrieri, Gumus 2311.09283]



• Positivity bounds are surprising constraints for a wide range of UV theories


• However, applying to the SMEFT requires scrutinizing the assumptions


• Branch cut in the IR from EFT loops


• Counter examples have been found against tree-level bounds


• It would be great to have full understanding of the violation


• Calculation of the IR contour in the SMEFT


• What UV models give these violation from IR loops?


• Promising developments from S-matrix bootstrap

Conclusion



“My advice is to go for the messes. That 
is where the action is.”

—Steven Weinberg, Four Golden Lessons

Thank you.


