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Preliminary & Outline of this talk
Strong CP problem & Axion solution
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#Key feature:                                 received contributions from both Strong & 
Electroweak sectors => theta-bar expected to be O(1)

1.) QCD vacuum allows an effective(CP violating) term in the Lagrangian:
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2.) Bound from Neutron EDM:

Strong CP problem: Why is theta-bar so small?

Alternative questions: why no CP-violation in QCD? What make theta-bar so small?


(any mechanism behind?)
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3.) Axion solution: dynamically relaxes theta-bar to zero
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Preliminary & Outline of this talk
Instanton #101: 
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QCD -vacuum = Superposition of n-vacua (energy degenerate but 
topologically distinct)

θ

Instanton describes the tunnelling effect between degenerate n-vacua

Instanton: localized objects in Euclidean spacetime, satisfying the Euclidean 
equation of motion with non-trivial topologies and therefore minimize the 
Euclidean action. 
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QCD -vacuum = Superposition of n-vacua (energy degenerate but 
topologically distinct)

θ

Instanton describes the tunnelling effect between degenerate n-vacua

Instanton: localized objects in Euclidean spacetime, satisfying the Euclidean 
equation of motion with non-trivial topologies and therefore minimize the 
Euclidean action. 

Characterized by a set of collective coordinates (family of solutions):

Explicit SU(2) BPST instanton solution with Q = 1: 
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Axion potential: UV aligned contribution
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Axion potential: UV misaligned contribution
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<latexit sha1_base64="NjXG1qocPMolLEo1TyplEOA+BF0=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQitcuCGwUXFe0DmhAmk2k7dCYJM5NCCf0TNy4UceufuPNvnLZZaPXAwOGcc7l3TphyprTjfFmltfWNza3ydmVnd2//wD486qgkk4S2ScIT2QuxopzFtK2Z5rSXSopFyGk3HF/P/e6ESsWS+FFPU+oLPIzZgBGsjRTYtndnwhEOck8K9HA7C+yqU3MWQH+JW5AqFGgF9qcXJSQTNNaEY6X6rpNqP8dSM8LprOJliqaYjPGQ9g2NsaDKzxeXz9CZUSI0SKR5sUYL9edEjoVSUxGapMB6pFa9ufif18/0oOHnLE4zTWOyXDTIONIJmteAIiYp0XxqCCaSmVsRGWGJiTZlVUwJ7uqX/5LORc2t1+r3l9Vmo6ijDCdwCufgwhU04QZa0AYCE3iCF3i1cuvZerPel9GSVcwcwy9YH9/4kpM3</latexit>

⇤SI

<latexit sha1_base64="IO53eDkzAyo8FEyVrPaq24Jjkmw=">AAAB+nicbVC7TsMwFHXKq5RXCiOLRYXEVCUIlY6VujAwFIk+pCaKHMdprdpOZDugKvRTWBhAiJUvYeNvcNsM0HIkS0fnnKt7fcKUUaUd59sqbWxube+Udyt7+weHR3b1uKeSTGLSxQlL5CBEijAqSFdTzcgglQTxkJF+OGnP/f4DkYom4l5PU+JzNBI0phhpIwV21bs14QgFuSc5bHd6s8CuOXVnAbhO3ILUQIFOYH95UYIzTo TGDCk1dJ1U+zmSmmJGZhUvUyRFeIJGZGioQJwoP1+cPoPnRolgnEjzhIYL9fdEjrhSUx6aJEd6rFa9ufifN8x03PRzKtJME4GXi+KMQZ3AeQ8wopJgzaaGICypuRXiMZIIa9NWxZTgrn55nfQu626j3ri7qrWaRR1lcArOwAVwwTVogRvQAV2AwSN4Bq/gzXqyXqx362MZLVnFzAn4A+vzB5gYk44=</latexit>

⇤CPV

<latexit sha1_base64="abd4qlJj+zep2wXutQ/wqhyS28Y="></latexit>
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Small instantons

New source of CPV -> SMEFT

Can destroy the Axion solution
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Preliminary & Outline of this talk
SMEFT Flavour invariants: Systematically capture the CPV 
phases of SMEFT operators

CP-violation in the SM is parametrised by

Bonnefoy, Gendy, Grojean, Ruderman 
2112.03889, 2302.07288

Construct Jarlskog-like CPV invariants for the SMEFT: Example

Jarlskog 85 

Bernabeu, Branco, Gronau 85

Has 9 complex parameters
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Small instantons generate axion potential of the form:
<latexit sha1_base64="zRM/DBO6/C9vFF5hqqyAwapllbo="></latexit>

h a
fa

i ⌘ ✓ind = ��
O
(0)
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Preliminary & Outline of this talk
Small instanton & Axion potential: UV misaligned contributions

This talkInduced by CP-violating operator
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Small instantons generate axion potential of the form:

Coefficients in the potential can be computed from following correlators:

<latexit sha1_base64="zRM/DBO6/C9vFF5hqqyAwapllbo="></latexit>

h a
fa

i ⌘ ✓ind = ��
O
(0)

�(0)

Preliminary & Outline of this talk
Small instanton & Axion potential: UV misaligned contributions

Evaluating these correlation functions within perturbative regime and one-(anti)instanton 
approximation. Making connection with SMEFT flavour invariants => Simplify the calculations

1-(a.-)inst.

1-(a.-)inst.

Induced by CP-violating operator This talk
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Small instanton & Axion potential: Evaluating the correlator χ𝒪(0)
Core technique 1: Path Integral & Instanton background 
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Small instanton & Axion potential: Evaluating the correlator χ𝒪(0)
Core technique 1: Path Integral & Instanton background 

<latexit sha1_base64="z/AlNXSYjov9BvNxWU7HKkyaNHs=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqT0WvOitgv2QdinZNNuGJtklyRbK0l/hxYMiXv053vw3pts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9P2jpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek9uF35lSpVkkH80spr7AI8lCRrCx0lN/ilU8ZoP7QbniVt0MaJ14OalAjuag/NUfRiQRVBrCsdY9z42Nn2JlGOF0XuonmsaYTPCI9iyVWFDtp9nBc3RhlSEKI2VLGpSpvydSLLSeicB2CmzGetVbiP95vcSEdT9lMk4MlWS5KEw4MhFafI+GTFFi+MwSTBSztyIyxgoTYzMq2RC81ZfXSfuq6tWqtYfrSqOex1GEMziHS/DgBhpwB01oAQEBz/AKb45yXpx352PZWnDymVP4A+fzB8qWkGM=</latexit>'IFields with instanton solutions (e.g. gluon, quark):

=> Expand the fields in their eigenmodes, replace zero mode wave function by 
instanton solutions, and integrate out non-zero modes:

Instanton density

’t Hooft 76 

Shifman, Vainshtein, Zakharov 79

Path integral measure of zero modes

=> Integration over collective coordinates



16

Small instanton & Axion potential: Evaluating the correlator χ𝒪(0)
Core technique 1: Path Integral & Instanton background 

Fields without instanton solutions:
<latexit sha1_base64="zjmiLE3vsbRr/4q6xX5HcaJCJXA=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyK1B4LXjxWsB/QLiWbZtvQbDYk2UJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8UAlurOd9o8LW9s7uXnG/dHB4dHxSPj1rmyTVlLVoIhLdDYlhgkvWstwK1lWakTgUrBNO7hd+Z8q04Yl8sjPFgpiMJI84JdZJnf6UaDXmg3LFq3pL4E3i56QCOZqD8ld/mNA0ZtJSQYzp+Z6yQUa05VSweamfGqYInZAR6zkqScxMkC3PneMrpwxxlGhX0uKl+nsiI7Exszh0nTGxY7PuLcT/vF5qo3qQcalSyyRdLYpSgW2CF7/jIdeMWjFzhFDN3a2Yjokm1LqESi4Ef/3lTdK+qfq1au3xttKo53EU4QIu4Rp8uIMGPEATWkBhAs/wCm9IoRf0jj5WrQWUz5zDH6DPH3vaj6c=</latexit>'

=> Integrate over without performing the eigenmode expansion
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Small instanton & Axion potential: Evaluating the correlator χ𝒪(0)
Core technique 2: Fermion zero mode & Grassmann integral  

=> First hint of determinant-like flavour invariants will appear in the final result

<latexit sha1_base64="XmexvzOhIHCeg2pmRkpKDcWAT8I="></latexit>

detA =
1

n!
✏i1···in✏j1···jnAi1j1 · · ·Ainjn

Fermion zero modes & Grassmann integral give rise to determinant-like structures:

Fermion eigenmode expansion & fermion zero-mode solutions:
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Small instanton & Axion potential: Evaluating the correlator χ𝒪(0)
Core technique 3: Determinant-like flavour invariants 
Considering non-perturbative effects => Use  as a spurion:θQCD

SM has one more CP-odd flavour invariant:

Built invariants featuring  for CP-violating SMEFT operators:θQCD
<latexit sha1_base64="nWI0b6bkUSjThisaHRgtfas6VTs=">AAACFHicbVBLSwMxGMzWV62vVY9egkWoCGVXpPYiFLx4swX7gO66ZLNpG5p9NMkKZdkf4cW/4sWDIl49ePPfmG33oK0DIcPM95HMuBGjQhrGt1ZYWV1b3yhulra2d3b39P2DjghjjkkbhyzkPRcJwmhA2pJKRnoRJ8h3Gem64+vM7z4QLmgY3MlpRGwfDQM6oBhJJTn6meUjOcKIJbepk0ziiZfeJxXzNIVX0HIRT1ppnN+eo5eNqjEDXCZmTsogR9PRvywvxLFPAokZEqJvGpG0E8QlxYykJSsWJEJ4jIakr2iAfCLsZBYqhSdK8eAg5OoEEs7U3xsJ8oWY+q6azCKIRS8T//P6sRzU7YQGUSxJgOcPDWIGZQizhqBHOcGSTRVBmFP1V4hHiCMsVY8lVYK5GHmZdM6rZq1aa12UG/W8jiI4AsegAkxwCRrgBjRBG2DwCJ7BK3jTnrQX7V37mI8WtHznEPyB9vkDCXyeyw==</latexit>

O
(1)
quqd = Q̄uQ̄d

Bonnefoy, Gendy, Grojean, Ruderman 
2112.03889, 2302.07288



19

Topological Susceptibilities & Flavor invariants: Four-quark operator 

Q = 1
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Topological Susceptibilities & Flavor invariants: Four-quark operator 

Q = 1
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Topological Susceptibilities & Flavor invariants: Four-quark operator 

Q = 1
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Topological Susceptibilities & Flavor invariants: Four-quark operator 

Determinant-like flavour invariants naturally arise in 
the instanton calculations

Fermion zero modes
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Topological Susceptibilities & Flavor invariants: Four-quark operator 

Contraction of Yukawa matrices 
encapsulated in the Flavour invariants

Plugging explicit form of fermion zero modes

Integrate over loop momenta, 


collective coordinates
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Topological Susceptibilities & Flavor invariants: Four-quark operator 

Can also use Instanton Naive Dimensional 
Analysis (NDA), result up to (1)𝒪

Csáki, D’Agnolo, Kuflik, Ruhdorfer (2311.09285)

<latexit sha1_base64="DeOq5S/uCLKH8l0xyTfxigr3gHE="></latexit>Z
d⇢

⇢5
dN (⇢)

1

(256⇡6)⇢2

Combining Flavour invariants & Instanton NDA 
=> quickly estimate ’t Hooft flower diagrams

Contraction of Yukawa matrices 
encapsulated in the Flavour invariants
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Topological Susceptibilities & Flavor invariants: Semi-leptonic operator 
Now start from the Flavour invariants: 

Trace-like contractions
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Topological Susceptibilities & Flavor invariants: Semi-leptonic operator 
Now start from the Flavour invariants: 

Anticipating how CPV SMEFT operators participate in the instanton computations

Classifying the leading effects from the Wilson coefficients

Trace-like contractions

1-loop suppression 
induced by leptonic fields
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Topological Susceptibilities & Flavor invariants: Four-quark operator 

-integral is IR divergent 

=> Need a physical IR cut-off

ρ

#Integration over the size of instanton
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Topological Susceptibilities & Flavor invariants: Four-quark operator 

• Possible UV completion of small-instantons:

Product of gauge groups 5D instantons
<latexit sha1_base64="6jYMKnaL5/XiVSBKsNyDd/C4ZBE=">AAACIXicbVBNSwMxEM3Wr1q/qh69BItQL2VXpfZY8OKxolsL3VKyabYNzW6WZFYpS/+KF/+KFw+K9Cb+GdN2BW19EHh5b4aZeX4suAbb/rRyK6tr6xv5zcLW9s7uXnH/oKlloihzqRRStXyimeARc4GDYK1YMRL6gt37w6upf//AlOYyuoNRzDoh6Uc84JSAkbrF2q1bPj/tOtgDHjKNPdqToH9+c3OIPcX7AyBKycdMo91iya7YM+Bl4mSkhDI0usWJ15M0CVkEVBCt244dQyclCjgVbFzwEs1iQoekz9qGRsQs0ElnF47xiVF6OJDKvAjwTP3dkZJQ61Hom8qQwEAvelPxP6+dQFDrpDyKE2ARnQ8KEoFB4mlcuMcVoyBGhhCquNkV0wFRhIIJtWBCcBZPXibNs4pTrVRvLkr1WhZHHh2hY1RGDrpEdXSNGshFFD2hF/SG3q1n69X6sCbz0pyV9RyiP7C+vgGezaFW</latexit>

SU(3)1 ⇥ · · ·⇥ SU(3)k ! SU(3)c

C. Csáki, M. Ruhdorfer, Y. Shirman (1912.02197) T. Gherghetta, V. V. Khoze, A. Pomarol, 
Y. Shirman (2001.05610)

via Bifundamental scalars , vev  σ < σ >
Higgsing Uplift BPST instanton to a 

compact extra dimension 
of size R

-integral is IR divergent 

=> Need a physical IR cut-off

ρ

#Integration over the size of instanton
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Bounds from non-measurement of theta-induced: Four-quark operator
Product of gauge groups 

Test different flavour scenarios Finite ratio in the 
decoupling limit
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Conclusions 

The estimation of these effects can be made easier with the help of 
determinant-like invariants

We can also use the invariants to study the contributions of all remaining 
CP-odd SMEFT operators

Enhancing the axion mass via small-instanton also (accidentally)enhances CPV 
effects that misalign potential  
=> Dangerous effects which spoil Axion solution 
=> The quality of Axion solution depends on UV scenarios
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Backup slides
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BPST instanton
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Instanton density
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Bounds from non-measurement of theta-induced: Semi-leptonic operator


