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Prelude

Standard Model of particle physics |

| current state-of-the-art understanding of the fundamental particles of Nature and their interactions '

+ result of over 60+ years of research in experimental and theoretical particle physics
+ extremely successtul in description of experimental data
+ with enormous predictive power

+ its success culminated in the discovery of the Higgs boson 12 years ago
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Pinnacle of human thought

(image credif: P, Hernandez)



SM for pedestrians

+ Consistent theoretical description of known fundamental particles and their interactions
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Prelude ctnd.

More precisely:
relativistic Quantum 1elory (famously fitting on a mug)

based on principle of local gaugesymmetry with the symmetry group given by
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More precisely: Electroweak Standard Model =

at1V1st1cQuantum 1e10ry (famously fitting on a mug)
based on principle of local gaugesymmetry with the symmetry group given by
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Electroweak (EW) theory
unified theory of weak and electromagnetic interactions
broken to U(1), of electromagnetism

these lectures



Prelude ctnd.

More precisely: Electroweak Standard Model =

at1V1st1cQuantum 1e10ry (famously fitting on a mug)
based on principle of local gaugesymmetry with the symmetry group given by

L SUB)X ISUQ), x U(l)y

Quantum Chromodynamics (QCD)

theory of strong interactions

exact symmetry Electroweak (EW) theory
unified theory of weak and electromagnetic interactions
broken to U(1), of electromagnetism

=» see lectures by Xu Feng

these lectures



Prelude, or motivation

+ Standard Model (EW+ QCD) is a key to future
discoveries in particle physics — any new
phenomena will be seen as deviation from SM
predictions

+ The Higgs sector of the Standard Model is not yet
established

+ Time and again, new results appear which call for
very deep understanding of the underlying
Standard Model physics
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| .1terature

+ There are plenty of resources on the subject, including:
+ Textbooks, for example:
+ M.D. Schwartz, Quantum Field Theory and the Standard Model
+ M. Maggiore, A Modern Introduction to Quantum Field Theory
+ I. Aitchison, A. Hey, Gauge Theories in Particle Physics
+ M.E. Peskin, D.V. Schroeder, An Introduction to Quantum Field Theory
+ 5. Weinberg, The Quantum Theory of Fields, vol. 1 & 2

+ Write-ups and slides of excellent lectures given at previous editions of AEPSHEP!



Convention, notation

<« Natural units: i =c=1

« Metric tensor in Minkowski space g, = diag(l,—1,—-1,—-1)

<+ 4-vectors contravariant covariant
g — ; : : : = (dy, V) 0" = (0 V)
o\ ox0 oxl a2’ ox3) 7 P

+ Scalar product A-B=A"B = AR - AB — A B =g, A"B" =g"A B, invariantunder Lorentz transformation

Examples: x> = xHx, = E—xt p— pp, = E? — p?, —0d'd, =—-—V

+ For a free particle p2 =m? = E° — Pz



Iields, classically

+ Fields = functions of space-time ¢,(x) with definite transformation properties under
Lorentz transformations

+ In Lagrangian formalism, dynamics of the physical system involving a set of fields

¢(x) determined by L = d’x L(, d,¢), yielding the action

Slol ndtL = nd4x ZL($,0,0)

J J

+ Equation of motions, or Euler-Lagrange equations

0L d/
0, = 0
a¢i a(a,u¢l)

follow from the principle of stationary action 65 = 0
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Field quantisation

+ Canonical quantisation: operator formulation

+ promote the field ¢(x) and its conjugate momenta

0/

Bl — to operators, impose quantisation
0(0pP (%))

conditions in the form of equal-time

(anti)commutation relations (Heisenberg picture)

+ Analogy with quantisation in QM, where coordinates
g; and momenta p; become operators g;, p. that obey
[g;,D;] = i6; — “first” and “second” quantisation

+ creation and annihilation operators (again in analogy
to QM)

+ results in intrinsically perturbative QFT

+ Path integral quantisation

+ Transition amplitude between field configurations
¢;(x) at time f; and ¢«(x) at time ¢, given by sum over

all possible field configurations, i.e. the quantum field
“explores” all possible configurations

¢i(x) ff
J D exp iJ dx 7
¢i(x) l;

l

+ provides non-perturbative definition of the theory

+ Actual computations often simpler that in the
operator formalism

12



The hields we need

spin 1/2 spin 1 spin 0
M%

+ Scalar fields ¢(x): spin 0

mass - =2.3 MeV/c? =1.275 GeV/c? =173.07 GeV/c? 0 =126 GeV/c?
charge > 2/3 2/3 (‘ 2/3 y 0 ‘ 0 H
w1 @ | 1 L + Spinor fields y (x): spin 1/2
up charm top gluon ggggﬁ
~4.8 MeV/c? ~95 MeV/c? =~4.18 GeV/c? 0 . %
M- ] + Vector fields A”(x): spin 1
1/2 Q 1/2 % 1/2 b 1
down strange bottom photon
0.511 MeV/c? 105.7 MeV/c? 1.777 GeV/c? 91.2 GeV/c?
-1 -1 -1 0
R O 2
1/2 112 1/2 1 (V)] E
- i i - — In QFT, particles correspond to
electron muon tau Z boson 8
N o | 1 e F excitation modes of the fields
< 0 0 0 +1 | w
E 112 .I)} 112 1)}’ 112 l)}f’ 1 ' g
A
- r(?leeuqttrrigg feltino nea?rlijno W boson | g




Scalar field

o2

<

%

2
Consider free real scalar field with &£ = Edﬂqb o'¢ — —@* < neutral spinless particle with mass m

2

Euler-Lagrange equation of motion (e.0.m) is the Klein-Gordon equation ([] + m?)¢ = 0

3
The most general solution of e.0.m. is a superposition of plane waves e***: P(x) = [ )2k, [a(k)e_ikx Tk a*(k)eikx]
Quantisation: [¢(z, x), I1(7, y)| = 8P (x —y), [¢p@.x), 9@, y)| =0, [[1(z,x), (7, y)| =0
E au . .
P(x) = [aK)e ™ + a'(k)e™| = |ap),a'@| =26V Pp-q |ap).al@|=0 [a'(p).a’(q)|=0
| G2k

analogy to creation and annihilation operators of the harmonic oscillator in QM with one oscillator per each value of k, here relates to
particle with £, = (k? + m?)!/*

Fock space of states: sum of an infinite set of Hilbert spaces, each representing an n-particle state

+ vacuum state defined by a(p)|0) =0, (0|0) =1

+ generic n-particle state obtained by acting on vacuum with creation operators |k;...k, ) = (2Ek1)(1/ . .(2Ekn)(1/ da’(ky)...a"(k,)|0)
14



Scalar hield

%

KX

XX

2

Consider free real scalar field with & = Eaﬂqb o' ¢h — 7¢2 < neutral spinless particle with mass m

Euler-Lagrange equation of motion (e.0.m) is the Klein-Gordon equation ([] + m?)¢ = 0

Hamiltonian

The most general solution of e.o.m. is a superp o

_ | Bemi o
H—Jd x(Ilp - <L) = H J'(Zn')3

Eya'(K)a(k
Quantisation: [¢(z, x), I1(7, y)| = isP(x —y), g ka'(K)a(k)

D(x) = . dd la(K)e ™™ + a’(k)e™| :
J Qr)2E, ,

H a'(k)|0) = Ea’(k)|0)

analogy to creation and annihilation operators c Since |kk,) = (2E, Y1722 E, )(172) aT(kl) aT(kz) 10) and [ aT(kl), a?(kz)] =0,
particle with E, = (k* + m?*)!/* o : .

| k2k1> = | k1k2>

Fock space of states: sum of an infinite set of Hi

CIAZlatitho R Y icle (S anatSle el a7l ORIOVIERVIR(UIl  i.e. scalar field quanta obey Bose-Einstein statistics — bosons

+ generic n-particle state obtained by acting on vacuum with creation operators |k;...k, ) = (2Ek1)(1/ . .(2Ekn)(1/ da’(ky)...a"(k,)|0)
15



Scalar hield

%

KX

XX

[

1
Consider free real scalar field with &£ = 56

Euler-Lagrange equation of motion (e.0.m)

The most general solution of e.o.m. is a supe

Quantisation: [¢(t, x), Lz, y)] = jo x—¥)

L dk
P(x) =

) Qry2E, [a(k)e_ikx +a'(k)e*

analogy to creation and annihilation operatc
particle with E, = (ke tm)

Fock space of states: sum of an infinite set o
+ vacuum state defined by a(p)|0) =0, ¢

+ generic n-particle state obtained by acti

Complex scalar field: S Gﬂng o' — m2¢7“¢

dk

eI [a(k)e ™™ + b (K)e™|

e J

H —J 5 EJa’(K)a(k) + b (K)b(Kk)]
— o) kla'(K)a

O J i [a"(K)a(k) — b (k)b(k)]
= | 2y a'(K)a
Qa'(k)|0) = (+1) a'(k)|0) Qb'(k)|0) = (=1) b'(k)|0)
a' creates particles , b creates antiparticles

A e N VA SN R S e S 2 o W RPN Y Q 0 S Y e B N R e e O N e e N W B SR f N sy S S A S BN R e R e N 2 SR R 5

|K) is a one-particle state with definite momentum. In order to have
localised particles one needs to build wave packets

lx) = Jd—%f(k)ﬂ(k)l())
S Ny

with f (K) square-integrable (peaked around some K such that (0| ¢(x) | x)

is localised)

S to

)1 0)
16



Spinor fields: Dirac

SM fermions described by 4-component spinor fields W (x)

. Yo (x)
Their e.o.m. is given by the Dirac equation (iyFo, —m) w(x) = 0 o) Y (x)
which can be derived from the Dirac Lagrangian  — (i}//"dﬂ —m)y W (x)

with 7 = y'y" and 4x4 Dirac matrices y* (1 = 0,1,2,3), obeying the algebra {y”, e } = yry* + yiy* = 2%

, i
Explicit form of the Dirac matrices not unique, an example is the Dirac representation y" = (é (1)) = ( y ; ; ) (with Pauli
—0

matrices o)
Canonical quantisation relies on imposing anticommutation relations:
{yx 0.0 b =i8,589x -y {w&oymn}=0 {I&)Iy.0}=0

The general solution of the Dirac equation is a superposition of plane waves u(p) e~7* and v(p) e'P* with 4-component spinors
u(p) and v(p) tulfilling (p*y, —m)u(p) =0 (p"y, + m)v(p) =0

3
w(x) = J s Y (a,uK)e~™ + bik)p(k)e)

2B &

17



Spinor fields: Dirac etnd.

5
w(x) = J . D (a,uk)e=™ + b] (k)P (k)e™)

Q2a3\2E, 5,

s Classically, u(p) corresponds to positive energy solutions £, = + \/ p* + m?,

whereas v(p) corresponds to negative energy solutions £, = — \/ p* + m?
+ For each energy solution, two-fold degeneracy, i.e. (p"y, —m)u(p) =0 (p*y, + m)v(p) =0
I 2 1 o2 1
.. They can be identified as helicity eigenstates, : ud = + —3 (12 X pll o o)
2 |p 2 2 |p 2

+ After quantisation, interpretation of operators:
% a; (k) creates fermions, a (k) annihilates fermions

% bf (K) creates antifermions, b (K) annihilates antifermions

have two solutions each

18



Spinor fields: Dirac etnd.

5
w(x) = J . Y (a,u ke~ + b k)PI(k)er)

Q2a3\2E, 5,

+ Classically, u(p) corresponds to positive energy solutions E, = + \/ p* + m?,

whereas v(p) corresponds to negative energy solutions £, = — \/ p* + m?
+ For each energy solution, two-fold degeneracy, i.e. (p"y, —m)u(p) =0 (p"y,+m)v(p) =0  have two solutions each
2 | I3 |
.. They can be identified as helicity eigenstates, : ud = + —3 (12 X pll o o)
2 |p 2 2 |p 2

+ After quantisation, interpretation of operators:

Kk, 53K, s) « a](K)a; (k)| 0) « {a;(k),a;(k)}|0) and {a'(k)),a’(ky} =0,

T o o .
<+ a!(K) creates fermions, a (k) annihil
s (8) (%) => |k, s5;K,5) =0 Pauli exclusion principle — Fermi-Dirac statistics

s b; (K) creates antifermions, b (k) annii

19



Vector fields

+ Charged field, massive case:

1 Z
.. From Lagrangian & = — ZWLW’“’ n; WZ W#  (with WH = o*W* — 0*W¥) follows the field equation (Proca equation)

[( i mz) e 6”6”] W, =0

+ Solutions given by plane waves of the form ¢, (k, 1) e*** ) = 1,2,3 with 3 independent polarisation vectors €, (K, 1)
: kk,
e, ) k=0, e*b)-e(i)==68, Y eitkDelki)=—g,+—=
A=1

2

d°k
27 VE,

3
. Quantised vector field Wﬂ(x) — 2
A=l

leﬂ(k, 1) a,(K)e= ™ + e*(k, 1) bj(k)eikx]

+ Neutral field, massless case (for m=0 Proca eq. turns in Maxwell eq. d, F"* = 0):

P

A, (x) = e, (k, 1) a,(Kye ™ + e*(k, 1) a; (k)e™
H /E) u (271_)3 \/Ek [ H A H A ]

20



Vector hields

+ Charged field, massive case:

1 2
.. From Lagrangian & = — ZWJUWW n; W; WH  (with W# = 0*W?¥ — 0 W¥) follows the field equation (Proca equation)

[( i mz) e 6”6”] W, =0

+ Solutions given by plane waves of the form eﬂ(k, ) et > 1 =123 with 3 independent polarisation vectors eﬂ(k, A)
3 kk,
e(k,1)-k=0, e*K,1)- ek, 1)=-6,, Z e;(k, Ve, (K, 1) =—g, 1 .
A=1

2

d°k
2n*VE,

3
. Quantised vector field Wﬂ(x) — 2
A=l

[eﬂ(k, 1) a,(K)e= ™ + e*(k, 1) bj(k)e"kx]

+ Neutral field, massless case (for m=0 Proca eq. turns in Maxwell eq. 0, F" = 0):

Canonical quantisation non-trivial
— only two physical polarisations

3 3
d°k . .
A, (x) = Z : leﬂ(k, A) aﬂ(k)e_lkx + €5 (K, 1) aj (k)e’kx] in the massless case, yet 4 degrees
1—0? (2m) \/l_fk of freedom




Recap: free fields

+ Scalar fields k) = a’(k)|0)
(0] p(x) | k) = e (k| p(x)|0) = ek

A2



Recap: tree fields

+ Scalar fields k) = a’(k)|0)
(0] p(x) | k) = g i (k| p(x)|0) = o ikx

+ Fermion fields |k, s) = a(k)|0)
0w (x)|k,s) = u®(k) e ** (k, s |5(x) | 0) = a®(k) ™

%  Antifermion fields |k, s) = bl(k)|0)
Ly =7 e ™ (ksly(o]0) =v(k) e

+ Vector fields kh) = aj (k)| 0)
s —ikx o tkx
(O1A,() |k, 2) = €,(k, A) e (kA1 A,(0)]0) = €(k, A) e

25



Recap: tree fields

+ Scalar fields k) = a’(k)|0)
(0] p(x) | k) = g i (k| p(x)|0) = o ikx

<« Fermion fields

|k, 5) = a](k) | 0)
Oy |k s) =uE)e™  (ks|px)|0) = d k) e™

| k,5) = b1 |0)
Oy |k, sy =¥k e™™  (k,s|px)|0) = vO(k) ™

<« Antifermion fields

+ Vector fields kh) = aj (k)| 0)

(0|A,() |k, A) =€,k De™  (k,A|A,(x)]0) = e¥(k, 1) ™™

1 1Incoming
1 oulsoimne

u(k) incoming

u(k) outgoing

v(k) incoming

v(k) outgoing

(—:ﬂ(k, A) incoming
e;(k,1) outgoing

24



Propagators

+ So far: free particles. Eventually: interactions

+ For simplicity, consider scalar fields. Interaction of the field ¢(x) with a source J(x) will modify the Klein-Gordon eq.
plhicity, Y q

(0,0" + m*) p(x) = J(x)
1 2
which can be obtained from the Lagrangian £ = Eaﬂgba”qb — mTqbz + Job

+ An inhomogeneous equation of this sort can be solved provided the Green’s function is known, i.e. the solution to the field
equation with a delta function source, here

(9,0" + m)G(x — y) = — 6D(x — y)

dik. . . .
.. Fourier transformation SH(x —y) = [—e‘”"(x‘y), G(x —y) = J e~ *ONG(k) leadsto (k% — m?) G(k) = 1
2n)* 2m)*
The soluti Gr( ) fLy, 1 e sk the F t
e solution X—7y) = e is known as the Feynman propagator
* SR Impe e T e e o a0




Propagators ctnd.

() = d’k I —ik-(x—y)
el revirane s

+ Using the field expansion expression and the properties of the a', a operators, the amplitude for particle propagation from y to x is

d’k

e "tk (x=y)
(2r)3 2E;

(0] $DP() | 0) = [

+ Integrating over kin the Feynman propagator yields

d’k

. 0. 0 0. .0
(27)3k0 = (0] p®)p(») | 0)O(° = y°) + (0| p(M)p(x) | 0)O(Y° — x0)

lGF(X . y) - J [e—ik-(x—y)@(xo L yO) + eik~(x—y)@(y0 5 XO)]

kO=Ek

The appearance of the theta functions results from the +ie term in the denominator, providing prescription how to treat the poles at k* = m?

+ Time-ordering operator T arranges operators in chronological order, from right to left:  iG(x —y) = (0| T(¢(x)p(y)) | 0)
2 Propagation of a particle from y to x if x" > y°

2 Propagation of a particle from x to y if Y= of propagation of an antiparticle for complex fields; iGp(x —y) = (0| T(d(x)d'(y)) ] 0)
26



Feynman propagators

In position-space In momentum-space
*+ Scalar field .
: - d% : )l e el -
(O] T(p(x)p' () ]0) = looie iee k? —m?2 +ie
+ Fermion field
e Myt emy — i (K +m)
(O] T (p(»)|0) = e
J Qnr)* k%2 —m? + ie k? —m? + ie

<« Massive vector field

g ! <—gm/ i kﬂky/m2>

- : | = k k /m?
(0| T(Wﬂ(x)Wy(y) 10) = o~ (x=y) NS S : < Sy 1= s )

] Qn)* k? —m? + ie 12

+ Massless vector field (Feynman gauge) :
n 4 ey "

d k lg,uv e—ik-(x—y) m k2 + i€
] Cro)* k% + ic

(0] T(A, (DA, (»)]0) =

A7



Gauge fixing

EM wave has two degrees of freedom: two polarisation vectors for transverse polarisation €(k,A)k =0, (A =1,2) but Lorentz
covariant formulation of Maxwell egs. uses on the 4-vector potential A#

The equation for the propagator of the massless vector field (—k*g"* + k*k*)G, , = &, does not have a solution

The Maxwell Lagrangian is invariant under the gauge transformation A, — A, — 0,0 with 6 an arbitrary regular function. The gauge

transformation can be used to remove unphysical polarisations
Canonical quantisation non-trivial (redundant d.o.f or non-covariant formulation)

Remedy: adding a gauge-fixing term . to the Maxwell Lagrangian (and, in canonical quantisation, imposing a Lorenz-condition-
like restriction on the Fock space)

i — 2—5(0'” Aﬁ ) {: arbitrary finite parameter ({ = 1 Feynman gauge, { = 0 Landau gauge)
= ab L U
O\ e el (L OpEn )
Do+ 1€

+ The procedure breaks gauge invariance, but physical results are independent of the gauge. -



Gauge fixing

EM wave has two degrees of freedom: two polarisation vectors for transverse polarisation €(k,A)k =0, (4 =1,2) but Lorentz
covariant formulation of Maxwell eqs. uses on the 4-vector potential A#

The equation for the propagator of the massless vector field (—k*g#* + k*k" )G,, = g, does not have a solution

The Maxwell Lagrangian is invariant under the gauge transformation A, — A, — 0,0 with 6 an arbitrary regular function. The gauge

transformation can be used to remove unphysical polarisations
Canonical quantisation non-trivial (redundant d.o.f or non-covariant formulation)

Remedy: adding a gauge-fixing term Z 5 to the Maxwell Lagrangian (and, in lition-

like restriction on the Fock space)

For gluons additional measures needed: extra

1
Lor=— 2—(:(@” Ay’ C: arbitrar term in the Lagrangian introducing gauge)
unphysical particles (“ghosts”) which cancel

gL Ne el (L Ot
p?+ie

the effects of the unphysical longitudinal and

timelike polarizations states

+ The procedure breaks gauge invariance, but physical results are independent of the gauge. -



Interactions

free part interaction part

+ Use perturbation theory (—interaction as a small perturbation to the free theory) to calculate physical quantities such as cross
sections etc.

+ Interaction localised in a region of spacetime — treat particles as free at far away in the past and in the future (free asymptotic states)
lw(t = —0)) =|py, ... p,510) |w(t = o)) = |pj, ..., pyys OUL)
+ Transition amplitude for a scattering process defines the unitary S-matrix operator
D1 -5 P OUL| Py, i) = (Wt = 0) [yt =—00))  (fIS|D) =S with [yt =—o0)) =]i) and |p(t = o)) = §|i)

e GO e e Z Slj;f S — 5fi = Z | S, |2 =3 | probabilities over all i — k transitions sum up to 1 - .
k k probability conservation

30



S-matrix and Feynman rules

|

d4x1 oo d4an (%int(.xl) s %int(xn))

L Dyson expansion of the S operator § = 2 (

n=0
the interaction part of the Hamiltonian density in the interaction picture

n!

with # .

Int

= calculation of {py, ..., p,, | S|Py ---,p,) involves time-ordered products of field operators

— consider e.g. (0|a(py)...a(py) | T(P(x))...¢(x)) | aT(pl)...aT(pn) 10)
« Wick’s theorem enables decomposing generic (0| T(¢(x,)...¢(x,) | 0) into products of propagators (0| T(¢(x,)¢(x)) | 0) e.g.

(O] T(p(x))Pp(x2)p(x3)p(x4) | 0) = Gp(x) — X%5) Gz — xy) + Gp(x; — x3)Gp(xy — x4) + Gp(x) — x4)Gp(xy — X3)

gl



S-matrix and Feynman rules

e[

die ld] (%i

2 Dyson expansion of the S operator § = Z (

n=0
the interaction part of the Hamiltonian density in the intera

n!

with # .

1nt

= calculation of {(py, ...,p,,|S|pys ---,p,) involves time-ordered

— consider e.g. (0|a(py)...a(py) | T(P(x))...¢(x)) | a’(py)e
« Wick’s theorem enables decomposing generic (0| T(¢(x))...¢(x,) | 0) into products of propagators (0| T(¢(x)¢(x)) | 0) e.g.

(0] T(gb(xl)qb(x2)¢(x3)qb(x4) |10) = Gr(x; — %)Gp(xs — xy) + Gp(x) — X3)GR(xy — x4) + GRlx; — %) Gp(x, — X3)

32



S-matrix and Feynman rules

L )

de Jdix 7] (%i

£ Dyson expansion of the S operator § = Z :

n=0
the interaction part of the Hamiltonian density in the intera

n!

with #Z.

Int

= calculation of (pi, ...,p,. | S|pys --.,p,) involves time-ordered

— consider e.g. (0|a(py)...a(py) | T(P(x))...¢(x)) | aT(pl
« Wick’s theorem enables decomposing generic (0| T(¢(x))...¢(x,) | 0) into products of propagators (0| T(¢(x)¢(x) | 0) e.g.

(0] T(Pp(x) P () (x3)p(xy) | 0) = Gp(x; — X)) Gy — Xy) + Gp(x; — x3)Gp(xy — x4) + Gp(x; — x4)Gp(x, — X3)

+ In reality, need to be more careful as e.g. vacuum of the theory also affected by interactions
+ — Lehmann-Symanzik-Zimmerman formula relates (p1, ..., p,, | S| py, --., p,) with (0| T(¢(x))...¢(x,)p(y . ..(v,) | 0)
+ The resulting expressions for the transition amplitudes can be given a graphical representation as building blocks of

the diagrams depicting the process — Feynman rules
33



Feynman rules, ¢* theory

V ey AW

>

)

D2 . P4
- - -@------ >-------
d*p 1 1

2

|

O (p- m-tiey((ptp P} ni it ic)
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Guiding principles

Symmetry principle

+ gauge invariance but also Lorentz and CPT invariance

Unitarity (conservation of probability)

Renormalisability (finite predictions)

Correspondance to already existing, well-tested theories:

QED, Fermi theory,..

Minimality: no unnecessary fields or interactions other
than those needed to explain observation
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Construction tools: groups

+ Mathematical language of symmetry is group theory

+ A group G is a set of elements ¢; with a multiplication law

e =6
with a unity, an inverse and associativeness.

+ Example: U(N) consisting of of NxN unitary matrices
=1 =1

+ Special group: elements are matrices with determinant = 1

+ Example: unitary special groups SU(N)

+ Abelian groups: elements obey g; - g, = 8 * &;

+* Example: unitary group U(1) consisting of a set of
phase factors e'*

+ Non-abelian groups: g; - g, # & * &;
+ Example: U(N), SUNN), ...

+ Direct product G X H of two groups G and H,
[gia hj] g O

has a multiplication law for elements (g;, h;)
(8o 1) + (Gs 1) = (i * & 1y - P

a7



Construction tools: Lie groups

+ A general gauge symmetry group G is a compact Lie group

WORL e ) = g(a) = exp(ia*T")
a* = a(x) e R T*= Hermitian generators of the group Lie algebra: [T, T7] = if’jka
Tr[T'T] = 0;:/2 structure constants: fY% = 0 for abelian groups, f¥* # 0 for non-abelian groups

+ Example: SU(2) sla a0 = exp[iaka] k=123

. t{0 L (0 —i bl 0 C
f]k=€l]k T1:5<1 O) TZZE(Z O) T3:5(O L (P&UllmatrlceS/Z)

% SU(N) has N* — 1 linearly independent generators which are traceless hermitian matrices
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Construction tools: group representations

« Representation of a group is a special realisation of the multiplication law. Set of matrices {R(g;)} such thatif g;- g; = g; then
R(g)R(g) = R(g,)

: - . A o . o . .
+ Fundamental representation with dimension N Adjoint representation with dimension N2-1

. . * unit 2-1 2-1) matri
+ unitary NxN matrices unitary (N2-1)x (N2-1) matrices

D £l = £
+ N2-1 generators JE: ¢ e (Tadf >ij e
+ fermion transformations in the SM + gauge boson transformations in the SM
Examples ”
» SU(2): 3 generators, f/¢ = € fundamental rep: T* = 6¥/2  (Pauli matrices/2)
adjoint rep: <T§ dj> = — lfy;; = — I€y;
]
%+ SU(3): 8 generators fundamental rep: Tk = A¥/2  (Gell-Mann matrices/2)

adjoint rep:(TC]f d].> = — ify;
ij



The gauge paradigm: QKD

+ The free Dirac field Lagrangian
gDiraC = E_”(l}/ﬂa,u = WL)l//
is invariant under global phase U(1) transformations

—i0.—

Wy — %y W e (a = constant phase = y'yY)
+ Under local phase (“gauge”) U(1) transformations

—10(X),~

7 0 (x) = €V, (x) + e, a(x) y(x)

ety G

— introduce covariant derivative with the transformation rule D,y(x) — ei“(x)Dﬂl//(x)

so that Z = p)(iy*D, — my(x) isinvariant

1
fulfilled by b =0, tioa () with a new vector field A, (x) transforming asA, — A, — —d, a(x)
8
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The gauge paradigm: QED (2)

% Z = pX)(y"D, — m)y(x) isinvariant with D,=0,+igA, (x)
Z = wx)(iy"o, — my(x) — gw(x)y*yp(xA,(x)

interaction piece of the fermion field with a gauge vector (photon) field with
¢ the electric charge of the electron

+ Full QED Lagrangian obtained by adding the Maxwell Lagrangian for a vector field Aﬂ(x)
. Z oep = W) (@y" 1) - m)y(x) — ZF H (X)Fuv(x)

where F* = 0'A” — 0"A¥ is also invariant under the local phase transformation

« Since A, A¥ not gauge invariant, the term is not allowed — massless photon
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The gauge paradigm: QED (2)

% Z = px)@y*D, — my(x) isinvariant with D,=0,+igA, (x)
Z = yx)(iy*o, — my(x) — gp(x)y"w(x)A, (x)

interaction piece of the fermion field with a gauge vector (photon) field with
¢ the electric charge of the electron

« Full QED Lagrangian obtained by adding the Maxwell Lagrangian for a vector field A (x)

| ZLoep = V"D, — my(x) — - F*( Gauge principle: invariance of theory
where F* = 0"A"Y — 0”A* is also invariant under the local p Promgtjng g]oba] symmetry to local

« Since A A¥ not gauge invariant, the term is not allowed — m: leads to an inter acting theor y
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Non-abehan gauge theories

o2

o2

Consider now a general case when the local symmetry transformation of fields form a non-abelian group SU(N)

() = Ul@@))p(x)  with  Ulax) = exp |iga"()T]

T* are the generators of the group SU(N) obeying the group algebra [Ti, TJ] — R

In analogy to QED

0w (x) — exp |iga"()T*| 0,y(x) + ig(9,a"(x) T  exp |iga"(N)T"| w(x)

ey : . . ;
and the Lagrangian y(iy”0, — m)y is not invariant under the transformation

Way out: introduce

vector gauge fields W/ = WHIT! 4 WH2T2 4 || = WHKT*
covariant derivative D"y = (0" + igWH)y

k=1 N |

Requesting gauge invariance of Ww(iy*D,—m)y means D"y — UD"y and D" — UD"U =

It follows

i
Wi BV (g )
g

A



Non-abehan gauge theories

+ Consider now a general case when the local symmetry transformation of fields form a non-abelian group SU(N)
w(x) - Ula(x)w(x) with U(a(x)) = exp [igak(x)Tk] k=1. N -1
+ T are the generators of the group SU(N) obeying the group algebra [Ti, TJ] — R

+ In analogy to QED d,p(x) — exp [igak(x)Tk] d,yp(x) + ig(ﬁﬂak(x))Tk exp [igak(x)Tk] w(x)
and the Lagrangian y(iy”0, — m)y is not invariant under the transformation

+ Way out: introduce vector gauge fields W/ = WHIT! 4 WH2T2 4 || = WHKT*
covariant derivative D"y = (0" + igWH)y

------------ “»
« Requesting gauge invariance of w(iy*D,—m)y means D'y — UD"y and D" — UD"U =

| |
‘I
-““‘
| |
g®

i gnt”®
It follows Wt - UWFU! — —U(0"U™) A
g



Non-abelian gauge theories (2)

. Iransformations: w(x) — exp [igak(x)Tk] w(x) D* —» UDHU™!

WHE = UWFU — ZU@*U™Y
g

l l
.. Generalisation of the QED field strength tensor F¥ = 0¥AY — A¥ = — —[D¥,D*] to WH = Vole 0
e

Since D"y = (0% + igW¥)y it follows WA = 0*W" — o*WH + ig |WH, W]

8

and from W# = WH ATk =, WHVE = gEWRE _ gUYR K _ o fUIL Y T

+ Transformation of the field tensor: W* — UWH* [ ]

.. The kinetic term _ZW/]Z/WMU K= ETr [W,,WH] is then gauge invariant and hence the Lagrangian

1
S A— l/_j(lm— I/H)l// — ETI' [W,MI/W’MU]

is also gauge invariant
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General features of non-abelian gauge theories

% N* — 1 generators of the SU(N) symmetry group — N- — 1 gauge fields

+ Similarly to QED, the interaction of gauge fields with fermion fields is given by the —g l/'/)/”TkW/jl// term in the
Lagrangian

.. New types of interaction in comparison with an abelian theory: from——W/ijW/’”“ K with

WHvk = ghW» Kk — gPWH-K — o fUkWH-'W*J follow terms that are cubic and quartic in gauge boson fields — gauge
bosons interact with each other

% Gauge bosons are massless since the term W/jW”’ kis not invariant under local gauge transformations

+ Gauge invariance fixes the strength of the gauge boson self-interactions and interactions with the fermion fields in
terms of a single parameter ¢
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QCD lLagrangian

=» see lectures by Xu Feng
+ The kinetic part for the gluon field

°CZG = %F/];yFﬂVak F/W,k - aﬂAV,k _ aUA,u,k - gsfijkA,u,iAy,j

carries information about triple and quartic gluon self-interactions.

+ Altogether, summing over flavours Feynman rules

\

J

— (9,4, — 9,A4,)°
=2 e Ly §
1
_Egs (a,uAUa 7 avAﬁ)f;lbcAﬂ,bAy,C @m‘i
]
Senaewaa
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QCD Lagrangian

=» see lectures by Xu Feng
+ The kinetic part for the gluon field

gG = %Fk F,m/,k F,uy,k ¢ d”A” k " auA,u sz]kA,u sz ] "

carries information about triple and quartic gluon self—mteractlons

+ Altogether, summing over flavours Feynman rules

Y

Zocp = Z D ("9, — mp) ) |
| TCOOOO000  § QED-like

—(9,A,— 0,A )2
—gs w(f )V’“‘T“ w(f ) §

‘\~ TR OB TP IRt WO S s e o i
,..wz,g N ‘7 “"’*“‘"’*”‘""‘*"’l“""‘x"("‘ 4,«,*.4—»;»,:. W—Lﬂv‘ A,-%Mo M‘*““r -M-«)-—-L»(-—- A.v‘,fv "‘"“!”"L’Y"‘ S-#WMM A-w-—« S Gniic—it — < e

—EgS (0, A9 — 9 Aa) fabCA” bA” :

1 2 A,u,bAI/,c AdAe — ~',
_ng fabc fade uty | !

non-abelian
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