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Basic Introduction to Resurgence
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Stokes Phenomenon and Trans-series

Borel Summation basics

Recovering Non-perturbative Connection Formulas
Nonlinear Stokes Phenomenon

Parametric Resurgence & Phase Transitions

2d U(N) lattice = Gross-Witten-Wadia matrix model
QFT: Euler-Heisenberg and Effective Field Theory
Resurgence analysis

Inhomogeneous fields

Resurgent Extrapolation

The Physics of Padé Approximation

Probing the Borel Plane Numerically



Resurgence

the remarkable message from Ecalle’s theory of resurgence:
expansions at different critical /singular /saddle/... points are
related in subtle and potentially powerful ways




Trans-series

“The only scales of infinity that are of any practical importance
in analysis are those which may be constructed by means of the

logarithmic and exponential functions.”
G. H. Hardy, Orders of Infinity, 1910

e trans-series generated by iterations of “trans-monomials”

—1/h 1 —x 1 —n
h,e V" Inh  or e Y nx or e Inn

e theorem: closure of formal trans-series under all operations of
analysis (Ecalle, ...)

e conjecture: trans-series are practically sufficient “for all
natural problems”



Airy, "Spurious Rainbows", and the Airy Function

(Mika-Pekka Markkanen, via Wikimedia Commons)
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Stokes: Solution of The Original "Sign Problem"

Ai(z) = % /OO dep i(58°+29)
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"Stokes, by mathematical supersubtlety, transformed Airy’s integral into a form by which the
light at any point of any of those thirty bands, and any desired greater number of them, could

be calculated with but little labour" Lord Kelvin in Stokes’s Obituary; 1903
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Resurgence of the Airy function

e formal large = solution = "perturbation theory"
3
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e recursion relation determines c,: factorially divergent
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Resurgence of the Airy function

e formal large = solution = "perturbation theory"
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e recursion relation determines c,: factorially divergent
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y(z) ~ #
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e factorial large order behavior as n — oo
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Resurgence of the Airy function

e formal large = solution = "perturbation theory"
5 3
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e recursion relation determines c,: factorially divergent
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e factorial large order behavior as n — oo
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e generic large order/low order resurgence relation
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Large Order/Low Order Resurgence Relations: Bessel Function

Exercise 1.1: the modified Bessel function I, (x) has the large
x asymptotic expansion (dlmf.10.40.E5):

g €T an (V) T
+ie™™ 0 larg(z) — = | <
\/27Tx Z V2rx nz " 8(@)

L(
() 2

the coefficients depend on the Bessel index parameter v

cos(m) T (n+3 —v)T (n+ 3 +v)

on(v) = (=1)" — 2" T(n + 1)

1. Show that the large-order growth (n — co) is

—1)*(n — 1! aqlV 2a v
an(V)Nl( = 5 (ao(u)_?nl(liJr (n21)?7(L)2) _>

T 2n

2. What is the significance of the cos(mv) prefactor?


https://dlmf.nist.gov/10.40.E5

Airy function: the need for non-perturbative completion

e formal large = solution to ODE: "perturbation theory"

3
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e these formal asymptotic series satisfy the ODE but
do not satisfy the non-perturbative connection formula:

2mi 1

1 s} s
Ai (e:FT ac) = iei? Bi (x) +§e$? Ai (z)

e how do we recover this from the perturbative series?

e "non-perturbative completion"



Stokes Sectors and the Airy Function

e non-perturbative connection formulas connect sectors

s ]_ s’ 1 juss
Ai (quzT x) = éei? Bi (z) —1—5617 Ai (z)



enter Borel summation ...
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Borel Singularities and Non-perturbative Terms

Exercise 1.2: Consider the Borel transform B(t) = ﬁ,
which has a branch point at t = —1, with exponent 0 < § < 1,
and a branch cut along the negative axis: ¢ € (—oo, —1]. See

dlmf.8.6.E5:

B-1 LE 1_ dt —xt
z 8,2) / t+1)

1. Generate an expression for the x — +o0o asymptotic
expansion of the function 1 e*T' (1 — 8, z).

2. Using the discontinuity of the Borel transform function
B(t) = @ +1) — g across the cut, derive the general connection
formula dlmf.8.2.K10 for the incomplete gamma function:

21

I'(p)

e T (1 — B,xem) — e TR (1 — B,:):e_“i) =


https://dlmf.nist.gov/8.6.E5
https://dlmf.nist.gov/8.2.E10

Borel Singularities and "Non-perturbative Completion"

Exercise 1.3: Consider the asymptotic expansion of the
"trigamma" function (B, (¢) is the Bernoulli polynomial)

o (1+$> N i 2"*1B, (3)

5 o) , T — +00

n=0
1. Use Borel summation to show that

14+ > t
(") 9 —rt__ v
¥ ( 2 ) /0 die sinh(t)

Hint: see dlmf.24.4.E27 & dlmf.24.4.E2.
Note that there is an nfinite number of Borel poles.

2. Show that the real part of this function, along the
imaginary axis, has an infinite series of exponential terms

Re {1/1(1) <1 —i—zrcﬂ ~0 —27° Z(—l)k’ke*k”"r’ , T — 400
k=1

2

and show that these terms are required for consistency with
dlmf.5.15.E6, the non-perturbative reflection formula


http://dlmf.nist.gov/24.4.E27
http://dlmf.nist.gov/24.7.E2
https://dlmf.nist.gov/5.15.E6

Borel Summation and the Airy function

e formal large = solution to ODE: "perturbation theory"
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e Borel transform for the Ai(z) series factor:
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Borel Summation and the Airy function

e formal large = solution to ODE: "perturbation theory"

F(nJr%)F(nnL%)

2Ai(:v)} eFie

y'=zy = { Bi(x) Z(:Fl)n (2m) n! (%1’3/2)”

e Borel transform for the Ai(z) series factor:

YA Gl L G K o (5 31i-1)

(2m) n! n! 66"

e Laplace transform recovers the Ai(x) formal series:
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Borel Summation and the Airy function
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e cut for t € (—oo, —1]: rotate t contour as x rotates
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e discontinuity across cut = non-pert. connection
formula:

s 1 jus s 1 uss
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Borel Summation and the Airy function

_2.3
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Virzs \3 0 66’

e cut for t € (—oo, —1]: rotate t contour as x rotates

15 15 15
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e discontinuity across cut = non-pert. connection
formula:

s 1 s} 1 s}
Ai ( 75 :v) = ieif Bi (m)+§e¥? Ai ()

e lesson: Borel transform singularity encodes the connection formula



Non-perturbative Bessel Connection Formula

Exercise 1.4: The modified Bessel function K, (z) has a Borel
representation (Airy is associated with v = 3) for 2 > 0

& 1 1
K,(x) = \/27751:6_”3/ dte 2%t 4 F <2 —Vy +u,1; —t>
0

1. Derive the asymptotic expansion:

KV(:E)N<27;)2QIZC”€;:) , T — 00, \arg(m)|§3§—5
k=0
_ cos(mv) 1 kF(k:—i—l—V)F(n—Fl—Fy)
ar(v) = — <_2> 2F(k+1) )

2. Use the discontinuity of the hypergeometric function
(dlmf.15.2.E3) to derive the non-perturbative connection
formula of K, (z) (dlmf.10.34.E2):

K, (zemm) = e ™MK, (2) — misin (myr) csc (vn) I, (2)


https://dlmf.nist.gov/15.2.E3
https://dlmf.nist.gov/10.34.E2

...now use a "semiclassical" saddle approach, and compare
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Resurgence in Infinite Dimensions: the QM Path Integral

e "parametric resurgence"
e for a large class of QM spectral problems
1
ho1 Ntz
E(FI‘)N):EPEI‘t(haN)i\/T?ﬁ <$§> € S/hpjnst(h,N) —+ ...

e one-instanton fluctuation factor:

O Epert "dh [ OEper(h, N) (N +3) h?
- hoN) = per e per 9 —h 2
Pinst (B, N) = =57 eXp[S/O h%( ON T

e the entire trans-series can be decoded in terms of the
perturbative series



Resurgence in Infinite Dimensions: the QM Path Integral

the remarkable message from Ecalle’s theory of resurgence:
expansions at different critical/singular/saddle/... points are
related in subtle and potentially powerful ways

.. even with an infinite number of saddles !



Decoding the Mathieu Spectrum
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e the trans-series transmutes across phase transitions



Mathieu P /NP Relation

Exercise 1.5

1. Translate the standard notation for the Mathieu equation
w” 4+ (a — 2qcos (2z))w = 0, from
https //d1lmf .nist.gov/28.2.E1, into Schrodinger form
— (@) + cos(@)i(x) = E(x),

2. Hence convert the large ¢ expansion from
https://dlmf.nist.gov/28.8.E1 into an expression for
the first 8 terms of the perturbative small A expansion of
the energy, Epert(h, N), where N is the band label.

3. With this information, compute the small A expansion of

OFpext "1 [ 0Fpert h? 1
N exp[S/O 7=\ an —h—|—§ N+§

and compare with the leading non-perturbative Mathieu
band splitting in https://dlmf.nist.gov/28.8.E2



https://dlmf.nist.gov/28.2.E1
https://dlmf.nist.gov/28.8.E1
https://dlmf.nist.gov/28.8.E2

