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Basic Introduction to Resurgence

1. I Stokes Phenomenon and Trans-series

I Borel Summation basics

I Recovering Non-perturbative Connection Formulas

2. I Nonlinear Stokes Phenomenon

I Parametric Resurgence & Phase Transitions

I Gross-Witten-Wadia unitary matrix model

3. I QFT: Euler-Heisenberg and Effective Field Theory

I Resurgence analysis

I Inhomogeneous fields

4. I Resurgent Extrapolation

I The Physics of Padé Approximation

I Probing the Borel Plane Numerically



Euler-Heisenberg Effective Lagrangian: 1935

• the first (non-perturbative) QFT computation

• this is a Borel integral



Euler’s thesis 1936: the first effective field theory

• constant E and B fields:

• nonlinear photon-photon interaction
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 They can also be derived from the variational principle  L dV dt = extremum for the 

Lagrange function: 
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 under the associated condition  = − 
1

c
 ,  = rot .  In the first form (10.4), these 

equations will refer to the coupling of the field with the virtual matter by a coupling of 

the electrical field strength  with the electrical displacement  and the magnetic 

induction  with the quantity , just as in the electrodynamics of polarizable bodies this 

will represent the coupling of the actual matter with the field. 

 In the second notation (10.5), the virtual matter that is created by the field ,  enters 

directly in the form of the apparent density ρ = ρ(, ) and the apparent current i = i(, 

).  Moreover, this nomenclature (10.5) shows that the equations (10.2, …, 10.6) that 

were assumed here are in agreement with the general equations 
1
) for light and matter, 

except with the matter ρ, i being replaced with particular functions of the field strengths 

that produce it. 

 As one easily deduces from (10.2), (10.3), or (10.4), one has the conservation laws: 
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 1 ) W. Heisenberg and W. Pauli, Zeit. f. Phys. 56, pp. 1, 1930; 59, pp. 168, 1930. 

• philosophy of effective field theory:
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 Concerning this interaction 1U for the light quanta as a function of the field strengths, 

one may state the following: 

 Since it shall lead to processes in which two light quanta go in while two come out, it 

must include the field strengths or their derivatives to the fourth power: 
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(Here, and in what follows, indices for vectors and tensors will be omitted or represented 

by special indices that make their connection with a scalar obvious). 

 However, since the interaction 1U has the dimension of energy (as a fourth order term 

in Dirac’s theory), the electron charge must appear to the fourth power (and there as only 

a dimensionless number that can be constructed out of the four universal units e, m, c, h, 

namely, the Sommerfeld fine-structure constant
2
e

c"
~

1

137
); the constant is determined up 

to a numerical factor: 
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 On the same grounds, the terms in the derivatives of the field strengths must include a 

length that is independent of the electron charge, hence, the Compton wavelength h/mc as 

an additional factor. 

 One next wonders whether the electron mass shall figure in vacuum electrodynamics, 

since it is assumed that only light quanta and absolutely no electrons are present.  

However, whether the terms considered here are valid only as long as no actual pairs are 

created, nonetheless, they come into being only through the virtual possibility of pair 

creation, and that expresses itself by the introduction of the electron mass. 

 One thus expects that along with the Maxwellian energy of the individual light quanta 

there is a mutual interaction between the light quanta of the form: 
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It will later be shown that the matrix element 4

in
H that was mentioned above, and which 

follows from Dirac’s theory, can also actually be converted into the matrix element of an 

expression such as (1.3). 



Dyson’s Argument

F (e2) = a0 + a2 e
2 + a4 e

4 + . . . (2)

Alternative B: All the information that can in principle
be obtained from the formalism of quantum electrody-
namics is contained in the coefficients a0, a2, a4, ..., of
series such as (2). In this case the quantity F (e2) is
neither physically well-defined nor mathematically cal-
culable, except in so far as the asymptotic expansion (2)
gives some workable approximation to it.



Analytic Continuation of the Hurwitz Zeta Function

Exercise 3.1: Analytically continue the integral representation
of the Hurwitz zeta function dlmf.25.11.vii (Re(s) > 1)
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0
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https://dlmf.nist.gov/25.11.vii


Euler-Heisenberg via the Zeta Function

Exercise 3.2: In the zeta function method we define

ln det(operator) := −ζ ′(0) where ζ(s) :=
∑

spectrumλ

1

λs

Given that the eigenvalues of the Dirac operator in a constant
magnetic field B are given by the Landau level result

λ±n = m2 + p2⊥ + eB(2n+ 1± 1) , n = 0, 1, 2, ...

with the Landau degeneracy factor eB
2π , derive the

Euler-Heisenberg effective action L by showing that

L =
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Euler-Heisenberg and the Barnes Gamma Function

Exercise 3.3:

1. Show that the Euler-Heisenberg effective action can be
expressed in terms of the log of the Barnes gamma function
(https://dlmf.nist.gov/5.17)
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2π2
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where b ≡ eB

m2 .

2. Hence study the small b and large b expansions, showing
that the strong field expansion has a finite radius of
convergence.

https://dlmf.nist.gov/5.17


Euler-Heisenberg for Scalar QED

Exercise 3.4: For scalar QED the spectrum of the
Klein-Gordon operator in a constant B field has no spin
projection term, so it is given by

λn = m2 + p2⊥ + eB(2n+ 1) , n = 0, 1, 2, ...

1. Hence use the zeta function method to show that the EH
effective action for scalar QED has the integral
representation

Lscalar =
e2B2

16π2

∫ ∞
0

ds e−m
2s/(eB) 1

s2
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1

sinh(s)
− 1

s
+
s

6

)
2. Generate the asymptotic weak field expansion of the scalar

QED effective action and comparee the large-order behavior
of the expansion coefficients with the spinor QED case.

3. Compute the leading strong-field behavior by inspection of
the Borel integral representation, and relate this to the
scalar QED beta function.



Effective Action in Monochromatic Electric Field: Brézin/Itzykson (1970);

Popov/Marinov (1971)

• monochromatic field: E(t) = E cos(ω t)

• effective action: Γ(E)→ Γ(E , γ)

• Keldysh inhomogeneity parameter γ = mcω
e E ∼

mc
eA

• semiclassical imaginary part: (recall Ecr = m2c3

e ~ )

Im Γ ≈ e−
Ecr
E g(γ) ∼

e
−πEcrE , γ � 1

e
−πEcr

E
4
πγ

ln γ
=
(
eA
mc

) 4mc2

~ω , γ � 1

• Stokes transition: tunneling ↔ multi-photon



Resurgence in the Locally Constant Field Approximation (LCFA)

Exercise 3.5: Consider an electric field, directed in the z
direction, with a one-dimensional cosine inhomogeneity:
E(t) = E cos(ωt).

1. Compute the LCFA effective action by integrating the
Euler-Heisenberg effective action over one period of the
field, with the constant field replaced by its time-dependent
form.

2. Show that the coefficients of the weak field expansion grow
factorially with perturbative order, and with subleading
corrections of both power-law and exponential form.
Compute the first few power-law correction terms.

3. Demonstrate the resurgence relation by showing that the
power-law corrections in the previous part are related to
the fluctuations about the instanton factors for the
imaginary part of the effective action.



Inhomogeneous Fields: further divergence

• EFT expansion grows rapidly: one of many pages at 6th order

Fliegner et al, hep-th/9707189



Resurgent Extrapolation for Inhomogeneous Background Fields

• analytic continuation: B → i E and λ→ i τ

• weak B field to strong E field (+ strong inhomogeneity)

• input: just 15 perturbative input terms
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• accurate agreement over many orders of magnitude

• far superior to WKB or LCFA



Worldline Instantons in the Euler-Heisenberg Effective Action

Exercise 3.6: Consider the classical Euclidean equations of
motion for scalar QED in a (generally inhomogeneous)
background electromagnetic field :

ẍµ = 2ieFµν(x) ẋν

where the dots refers to derivatives wrt the proper-time and xµ
is the 4 dim spacetime coordinate.

1. Show that for any solution ẋ2cl is a constant of motion.

2. Show that the closed trajectory (with period T ) for a
constant E field is a circle, and evaluate the classical action.

3. Show that for a time dependent (but spatially constant)
linearly polarized electric field, with Euclidean vector
potential A3 = −iEω f(ω x4), where ω is a frequency scale
parameter, the classical action can be expressed as

S[xcl](T ) = −
ẋ2cl
4
T +

1

2

∫ T

0
dτ (ẋcl4 )2
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Higher Loop Euler-Heisenberg

LEH =

∞∑
l=0

(α
π

)l
L(l)EH

• 1-particle irreducible strong-field limit (Ritus)

L(1) ∼ B2
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)
+ . . .
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2
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l β2/β
2
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+ . . . , l ≥ 2

• 1-particle reducible strong-field limit (Karbstein)
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2

(
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+ . . . , l ≥ 2

• all orders

L = −B
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2
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• reducible diagrams → correct running coupling



Higher Loop Strong Field QED: SLAC-FACET & DESY-LUXE

• quantum non-linearity parameter= amplitude of E field in
electron rest frame:

χ =
e ~
m3 c4

√
− (Fµν pν)2

• in constant-crossed-field approximation

• Ritus-Narozhny conjectures; review, Fedotov (2019)
• conjecture:QED expansion parameter is αχ2/3 at large χ


