Introductory Lectures on Resurgence

Gerald Dunne

University of Connecticut

CERN Summer School: July 2024

Continuum Foundations of Lattice Gauge Theories



Basic Introduction to Resurgence
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Stokes Phenomenon and Trans-series

Borel Summation basics

Recovering Non-perturbative Connection Formulas
Nonlinear Stokes Phenomenon

Parametric Resurgence & Phase Transitions
Gross-Witten-Wadia unitary matrix model

QFT: Euler-Heisenberg and Effective Field Theory
Resurgence analysis

Inhomogeneous fields

Resurgent Extrapolation

The Physics of Padé Approximation

Probing the Borel Plane Numerically



Euler-Heisenberg Effective Lagrangian: 1935

e the first (non-perturbative) QFT computation

Folgerungen aus der Diracschen Theorie des Positrons.
Von W. Heisenberg und H. Eunler in Leipzig.
Mit 2 Abbildungen. (Eingegangen am 22, Dezember 1935.)

Aus der Diracschen Theorie des Positrons folgt, da jedes elektromagnetische
Feld zur Paarerzeugung neigt, eine Abéinderung der Maxwellschen Gleichungen
des Vakuums. Diese Abinderungen werden fiir den speziellen Fall berechnet,
in dem keine wirklichen Elektronen und Positronen vorhanden sind, und in
dem sich das Feld auf Strecken der Compton-Wellenlinge nur wenig dndert.
Fs crgibt sich fir das Feld eine Lagrange-Funktion:
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e this is a Borel integral



Euler’s thesis 1936: the first effective field theory

e constant F and B fields:
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e nonlinear photon-photon interaction
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e philosophy of effective field theory:

One thus expects that along with the Maxwellian energy of the individual light quanta
there is a mutual interaction between the light quanta of the form:
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Dyson’s Argument

F(e*) =ag+aze® +aget + ... (2)

Alternative B: All the information that can in principle
be obtained from the formalism of quantum electrody-
namics is contained in the coefficients ag, as, a4, ..., of
series such as (2). In this case the quantity F(e?) is
neither physically well-defined nor mathematically cal-
culable, except in so far as the asymptotic expansion (2)
gives some workable approrimation to it.



Analytic Continuation of the Hurwitz Zeta Function

Exercise 3.1: Analytically continue the integral representation
of the Hurwitz zeta function dlmf.25.11.vii (Re(s) > 1)
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https://dlmf.nist.gov/25.11.vii

Euler-Heisenberg via the Zeta Function

Exercise 3.2: In the zeta function method we define

In det (operator) := —(’(0) where C(s) := Z 1

s
spectrum A

Given that the eigenvalues of the Dirac operator in a constant
magnetic field B are given by the Landau level result

ME=m?+pt +eB@n+1+1) , n=0,1,2,..

with the Landau degeneracy factor %, derive the

Euler-Heisenberg effective action £ by showing that
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Euler-Heisenberg and the Barnes Gamma Function

Exercise 3.3:

1. Show that the FEuler-Heisenberg effective action can be
expressed in terms of the log of the Barnes gamma function
(https://dlmf .nist.gov/5.17)

b2 1 1 1 1 1
L) = 2.2 [— log(A) + 1652 + (_8b2 tn 12> log <2l)>

(o (3))-0-3)ve(r (3))

where b= €2

2. Hence study the small b and large b expansions, showing
that the strong field expansion has a finite radius of
convergence.


https://dlmf.nist.gov/5.17

Euler-Heisenberg for Scalar QED

Exercise 3.4: For scalar QED the spectrum of the
Klein-Gordon operator in a constant B field has no spin
projection term, so it is given by

Ao =m? +p% +eB(2n+1) , n=0,1,2,...

1. Hence use the zeta function method to show that the EH
effective action for scalar QED has the integral

representation
22 00
e“B 2 1 1 1 s
L -2 dse ™ s/eB) - ( __+ =+ 2
sealar = 62 /0 °¢ s? \sinh(s) s + 6

2. Generate the asymptotic weak field expansion of the scalar
QED effective action and comparee the large-order behavior
of the expansion coefficients with the spinor QED case.

3. Compute the leading strong-field behavior by inspection of
the Borel integral representation, and relate this to the
scalar QED beta function.



Effective Action in Monochromatic Electric Field: Bresin/itaykson (1970);

Popov/Marinov (1971)

e monochromatic field: £(t) = £ cos(wt)
e effective action: T'(E) — I'(&,7)

e Keldysh inhomogeneity parameter v = 2% ~ 7%

e semiclassical imaginary part: (recall &, = m;g?’)
_ m€er
Ecr € 2 ) ’7 << 1
ImI' = 6_79(7) ~ mEr 4 4mc?
SEE (B s

e Stokes transition: tunneling <+ multi-photon



Resurgence in the Locally Constant Field Approximation (LCFA)

Exercise 3.5: Consider an electric field, directed in the z
direction, with a one-dimensional cosine inhomogeneity:
E(t) = E cos(wt).

1. Compute the LCFA effective action by integrating the
Euler-Heisenberg effective action over one period of the
field, with the constant field replaced by its time-dependent
form.

2. Show that the coefficients of the weak field expansion grow
factorially with perturbative order, and with subleading
corrections of both power-law and exponential form.
Compute the first few power-law correction terms.

3. Demonstrate the resurgence relation by showing that the
power-law corrections in the previous part are related to
the fluctuations about the instanton factors for the
imaginary part of the effective action.



Inhomogeneous Fields: further divergence

e EFT expansion grows rapidly: one of many pages at 6th order
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Resurgent Extrapolation for Inhomogeneous Background Fields

e analytic continuation: B -+ FE and A — i1
e weak B field to strong E field (+ strong inhomogeneity)
e input: just 15 perturbative input terms
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e accurate agreement over many orders of magnitude

e far superior to WKB or LCFA



Worldline Instantons in the Euler-Heisenberg Effective Action

Exercise 3.6: Consider the classical Euclidean equations of
motion for scalar QED in a (generally inhomogeneous)
background electromagnetic field :

&, = 2ieF,, (z) &,

where the dots refers to derivatives wrt the proper-time and
is the 4 dim spacetime coordinate.

1. Show that for any solution 3'331 is a constant of motion.

2. Show that the closed trajectory (with period T') for a
constant F field is a circle, and evaluate the classical action.

3. Show that for a time dependent (but spatially constant)
linearly polarized electric field, with Euclidean vector
potential As = —i% f(wzy), where w is a frequency scale
parameter, the classical action can be expressed as

‘7}(2:1 1 r .cl\2
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Worldline Instantons in the Euler-Heisenberg Effective Action

Exercise 3.6: Consider the classical Euclidean equations of
motion for scalar QED in a (generally inhomogeneous)
background electromagnetic field :

&, = 2ieF,, (z) &,

where the dots refers to derivatives wrt the proper-time and
is the 4 dim spacetime coordinate.

1. Show that for any solution 3'331 is a constant of motion.

2. Show that the closed trajectory (with period T') for a
constant F field is a circle, and evaluate the classical action.

3. Show that for a time dependent (but spatially constant)
linearly polarized electric field, with Euclidean vector
potential As = —i% f(wzy), where w is a frequency scale
parameter, the classical action can be expressed as
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Higher Loop Euler-Heisenberg
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e l-particle irreducible strong-field limit  (ritus)

B2 eB
£0 ~ — afiin <m2> + ...

2 2 -1
L0~ 37 (aﬂl)lﬁlziﬂll (ln (frg)) +...

e l-particle reducible strong-field limit  (xarbstein)
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e reducible diagrams — correct running coupling



Higher Loop Strong Field QED: SLAC-FACET & DESY-LUXE

e quantum non-linearity parameter= amplitude of £ field in

electron rest frame:
= V — p
m3 c4 Fluv

e in constant-crossed-field approximation

= O+ @ :
oo

L2/3 —————
o
(Narozhny, 1968 [4]) ~a?5%/3 log ~a?32/3 log 5 (? ~a35%/3 log
(Morozov&Narozhny, 1977 [20]) (Narozhny, 1979 [8])
~ad32/3 log wyeliic e ~a352/3log? 5 ( ~aB32/3 log? 3 (7)
(Narozhny, 1979 [8]) (Narozhny, 1980 [9])

e Ritus-Narozhny conjectures; review, Fedotov (2019)
e conjecture:QED expansion parameter is ax2/3 at large x



