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ON A QUANTUM COMPUTING MACHINE, WE CAN IN PRINCIPLE:

Prepare the 
initial state

Nontrivial specially in 
strongly-interacting 
theories like quantum 
chromodynamics (QCD). 
 Thermal states possible.



Depends on the mode of 
the simulator. 
The choice of formulation 
and basis states impacts 
the implementation.

Evolve with 

e�iHt

ON A QUANTUM COMPUTING MACHINE, WE CAN IN PRINCIPLE:



Measure 
observables

May require non-trivial 
circuits given the 
observable 
Exponentially large 
number of amplitudes to 
be measured. Efficient but 
approximate protocols are 
being developed.

ON A QUANTUM COMPUTING MACHINE, WE CAN IN PRINCIPLE:



Prepare the 
initial state

Evolve with 

e�iHt
Measure 

observables

Conventional lattice QCD

?

?

QUANTUM SUBPROCESS

CAN WE COMBINE THIS WITH CLASSICAL COMPUTING?
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THIS LECTURE CONCERNS PRIMARILY TIME EVOLUTION.

Evolve with 

e�iHt



Analog

Evolve with 

e�iHt
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.
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.

DIFFERENT APPROACHES TO QUANTUM SIMULATION



Analog

Evolve with 

..
.

..
.

DIFFERENT APPROACHES TO QUANTUM SIMULATION

e�iHt

Degrees of freedom in the 
simulator: fermions, bosons, 
spins (of various dimensions), etc.



Analog

Evolve with 

..
.

..
.

DIFFERENT APPROACHES TO QUANTUM SIMULATION

The engineered simulator 
Hamiltonian that mimics the 
Hamiltonian of target system.

Some of the leading analog simulators are: cold-atoms in optical lattices, 
Rydberg atoms with optical tweezers, trapped ions, superconducting 
circuits (including when coupled to photonics systems), etc. 

e�iHt

Atoms in optical lattices

Theory:  Jaksch et al. PRL (1998)

Experiment:  Kasevich et al., Science (2001);
Greiner et al., Nature (2001);
Phillips et al., J. Physics B (2002)       
Esslinger et al., PRL (2004);
and many more …

Eugene Demler lectures, 
Harvard University.CREDIT: ANDREW SHAW, UNIVERSITY OF MARYLAND
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:
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DIFFERENT APPROACHES TO QUANTUM SIMULATION



Digital

:

..
.
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.

DIFFERENT APPROACHES TO QUANTUM SIMULATION

Only qubits as DOF. Only 
universal single- and two-
qubit operations allowed.



Digital

DIFFERENT APPROACHES TO QUANTUM SIMULATION

t = NT � t

..
.

e�i(H1+H2+··· )t =
⇥
e�iH1�te�iH2�t · · ·

⇤t/�t
+O((�t)2)

Trotter-Suzuki expansion:

Other digitalization schemes also exist.

:

e�iH1�t

e�iH2�t

..
.

H = H1 +H2 + · · ·

Andrew Childs lectures on Quantum 
Simulation, University of Maryland.

Each of these can now potentially 
be decomposed to a universal 
set of single and two-qubit gates.

Example of a digital scheme:

…other methods exist too.



Some classical algorithms approximate exponential of a matrix using a Taylor  
expansion. Would a Taylor expansion of unitary time-evolution operator be 
straightforward to perform on a digital quantum computer?



Digital

:

..
.

Analog

t = NT � t

Evolve with 

e�iHt

t
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DIFFERENT APPROACHES TO QUANTUM SIMULATION

⇡ e�iHt

Analog-Digital
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A textbook of extreme popularity: 
Nielson and Chuang, Quantum Computation 
and Quantum Information.
But some of the newer notions not there.
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(Examples of ) quantum logic gates 

State of two qubits: |ψ⟩ = a |00⟩ + b |01⟩ + c |10⟩ + d |11⟩

≡ a

1
0
0
0

+ b

0
1
0
0

+ c

0
0
1
0

+ d

0
0
0
1

State of a single qubit: |ψ⟩ = a |0⟩ + b |1⟩ ≡ a (1
0) + b (0

1)
 ≡ cos(θ/2) |0⟩ + ieiϕ sin(θ/2) |1⟩

Any unitary on a finite number of qubits can be 
approximated efficiently by a finite sequence of a 
universal gate set. 

Two common choices for these gate sets are:

•  

•

Rx(θ) = e−iθσ x/2, Ry(θ) = e−iθσy/2, Rz(θ) = e−iθσ z/2, Pϕ = (1 0
0 eiϕ), CNOT

H, S, T, CNOT

Example of) 
a quantum 
circuit:

Solovay (1995) and Kitaev (1997).
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Fermions are finite-dimensional locally but obey Fermi statistics. Mapping 
a fermionic Hamiltonian into a qubit Hamiltonian can be done: 

using one qubit per fermion but at the cost of non-local qubit 
interactions using Jordan-Wigner transformation: 

using more than one qubit per fermion to assist retaining any existing 
locality in the original fermionic Hamiltonian (e.g. Verstrate-Cirac, 
compact, superfast encodings).

ψi = (∏
j<i

σz
j )σ+

i , ψ†
i = (∏

j<i

σz
j )σ−

i

Bosons are infinite-dimensional locally but obey Bose statistics. Mapping 
a bosonic Hamiltonian into a qubit Hamiltonian can be done, e.g., 

using binary encoding, requiring  qubits per boson, 
where  is the cutoff on boson occupation per site: 

using unary encoding, requiring  qubits per boson.

η = log(Λ + 1)
Λ

Λ

N̂p |p⟩ = p |p⟩ where |p⟩ = ⊗η−1
j=0 |pj⟩ with p =

η−1

∑
j=0

2jpj
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EXAMPLES OF (GROUND-)STATE PREPARATION METHODS

Adiabatic state preparation: Prepare the ground state of a simple 
Hamiltonian, then adiabatically turn the Hamiltonian to that of the 
target Hamiltonian. Requires a non-closing energy gap. 

Imaginary time evolution: Start with an easily prepared state and 
evolve with imaginary time operator to settle in the ground state. 
Require implementing non-unitary operator which can be costly. 

Variational quantum eigensolver (VQE): Use the variational 
principle of quantum mechanic and classical pre-processing to 
minimize the energy of a non-trivial ansatz wavefunction generated 
by a quantum circuit. The optimized circuit corresponding to the 
minimum energy generates an approximation to ground-state 
wavefunction. Can fail if stuck in local minima manifolds or 
manifolds with exponentially small gradients in qubit number. 

Classically computed states: Use classical computing such as 
Monte Carlo or Tensor Networks to learn the state or features of 
the state when possible, for a direct implementation of the state as 
a quantum circuit, or as close enough state to the ground state as 
a starting point of the above algorithms so to achieve more 
efficient implementations.
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Start with a motivated 
parametrization of the state

Image credit: 
 Navya Gupta (UMD)
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(IMPROVED) THEORY OF PRODUCT FORMULAS

First-order product formula

Second-order formula

A general bound also exist, see:
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is bounded by:
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Childs, Su, Tran, Wiebe, Zhu, Phys. Rev. X 11, 011020 (2021).
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Energy and momentum, particle and charge (both locally 
and globally) 

Various correlation functions (both static and dynamical) 

Asymptotic S-matrix elements (assuming asymptotic final 
states are reached and overlap with a specified final state 
is desired)   

Entanglement measures such as entanglement spectrum 
(which can signal thermalization or lack of) using efficient 
ansatze. 

Fidelities and full state tomography are hard as they demand 
exponentially large number of measurements.

EXAMPLES OF ACCESSIBLE OBSERVABLES

2
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FIG. 1. Schematic overview of the PTPQ-state preparation.
The colored squares in the R circuit denote randomly-chosen
single-qubit rotations around X and Y axes of the Bloch
sphere by angle ⇡

2
and the T gates. The entangling gates

are controlled-Z rotations. The two consecutive single-qubit
gates on each qubit are constrained to be di↵erent in this con-
struction. Entangling gates in each layer only act on adjacent
qubits and this pattern continues, see Ref. [119] for details.
H is a Hadamard gate.

be introduced by penalizing non-physical components of
the random pure state as they evolve in imaginary time.

By accurately obtaining, via a numerical simulation,
the phase diagram of a simple gauge theory (Z2 LGT in
1 + 1 D with matter) at finite temperature and chemical
potential, we demonstrate the utility of TPQ-state ap-
proach in studying thermodynamics of gauge theories for
the first time. Aiming at quantum-computing applica-
tions, associated quantum algorithms, quantum-resource
requirements, and robustness to algorithmic and hard-
ware errors are further studied. The results indicate that
the TPQ-state approach may be a suitable candidate for
e�cient phase-diagram studies of QCD in the future.

Thermal Pure Quantum States for Gauge Theories.
Canonical TPQ states are defined as [120]

��,N� ≡ e−
�
2 H
� R� , (1)

with � being the inverse temperature, N the number of
degrees of freedom of the (discrete) system, and � R� a
Haar-random state. TPQ states approximate thermal
expectation values of ‘mechanical’ operators, i.e., those
that are low-degree polynomials of local operators, via

�O�� ≈
� ��,N �O��,N� �r

� ��,N ��,N� �r

, (2)

with exponential convergence in the system size (as
well as in inverse temperature), see Supplemental Ma-
terial [125] for details. While a single TPQ state su�ces
as N →∞, for faster convergence at finite N , a stochastic
average over r TPQ states can be preformed, denoted by
�⋅�r in the formula.

In gauge theories, ��R� may be unphysical, in which
case Eq. (1) will not reproduce physical thermal observ-
ables. While this issue can be avoided by eliminating
the gauge-field degrees of freedom with certain boundary
conditions in 1+1 D, such a strategy is not generally ap-
plicable. Therefore, we propose ‘physical’ thermal pure
quantum (PTPQ) states

��,N�phys
≡ e−

�
2 H̃
� R� , (3)

by adding a term to the Hamiltonian, H̃ ≡H +∑n f(Gn)

where Gn are Gauss’s law operators at site n, that is
[H,Gn] = 0. The function f is chosen such that un-
physical components of the state as it evolves in imag-
inary time are penalized in energy. Such an approach
is customary in the context of enforcing Gauss’s law in
analog and digital quantum simulation of gauge theo-
ries, and can be applied to both Abelian and non-Abelian
cases [46, 84, 126–131].

A circuit to prepare PTPQ states on quantum com-
puters is illustrated in Fig. 1. First, a random circuit R,
consisting of layers of single-qubit gates and entangling
two-qubit gates, is used to prepare an approximate Haar-
random state. Various designs are suggested for such
task with studied performance [132], and we adopt the
e�cient implementation of Ref. [119]. This random cir-
cuit is followed by a non-unitary operator e−�H�2 acting
upon the resulting random state to produce a standard
canonical TPQ state. Gauss’s law is enforced through

action with QG ≡ e−
�
2 ∑n f(Gn), the circuit implementa-

tion of which depends on the f chosen, see below for the
example of Z2 LGT in 1+1 D. These elements will be
further studied in the following.

Thermal chiral phase diagram of Z1+1
2 . The model that

will be studied in the following to demonstrate the value
of the TPQ-state approach in gauge theories is Z2 LGT
in 1+1 D coupled to staggered fermions (Z1+1

2 ). This
model is su�ciently simple to allow numerical verifica-
tions on classical computers, while it still exhibits a non-
trivial phase diagram which is aimed to be reproduced
by quantum simulation. The Hamiltonian of the model
is

H =
1

2a

N−2

�
n=0

(c†
n
�̃z

n
cn+1 + h.c.) +m

N−1

�
n=0

(−1)nc†
n
cn − ✏

N−2

�
n=0

�̃x

n
,

(4)
where c†

n
(cn) is fermionic creation (annihilation) op-

erator, and �̄z

n
and �̄x

n
are Pauli spin operators re-

alizing the Z2 link and electric field operators, re-
spectively. Open boundary conditions are considered
throughout, and generalization to other boundary con-
ditions is straightforward. N , a, m, and ✏ are fermionic

Image credit: 
 Connor Powers (UMD)
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One can measure the following quantities to learn properties of the outcome state. Some of these 
can be measured directly in the computational basis, but others need a change of basis or other 
dedicated quantum circuits to access them.



Figure 1. Simulating the dynamics of extreme physical environments (right) emerging from the SM of quarks, leptons, gauge
fields, and the Higgs boson (left) requires large-scale classical or quantum simulations (center). Quantum entanglement and
coherence utilized by quantum computers are expected to enable progress while providing new insights into the SM itself.

While some direct predictions of the SM are accessible by perturbative calculations, non-perturbative simulations are
required for most processes, which involve configuration-space, i.e., Hilbert space, sizes that easily exceed the number of atoms
in the universe. The quantum-mechanical probability of a given process is determined by Feynman’s path integral, summing
the amplitudes of all possible trajectories weighted by the complex exponential of their action, eiS . When iS is a negative
real number, these weights allow for systematic importance sampling central to lattice-field-theory programs on classical
computers—enabling first-principles simulations of e.g., mesons, their decays and scattering, the muon’s anomalous magnetic
moment, properties of nucleons and nuclei, and the phase diagram of dilute matter at high temperature, see Refs. [7–10] for
recent reviews. However, when iS becomes complex, as in finite-density systems and in real-time simulations, the sampling
techniques can fail due to large cancellations. While ideas are being pursued to tame many ‘sign problems’ [11–13], they are
believed to be NP-hard [14].

Unfortunately, sign problems arise frequently in nuclear and high-energy physics, challenging the pursuit of answers to
many forefront questions, as identified and elaborated in recent studies, e.g., Refs. [15–18]. For example, first-principles
predictions for phases and phase transitions of matter, e.g., those probed at the Large Hadron Collider (LHC) at CERN and
the Relativistic Heavy Ion Collider (RHIC) at Brookhaven National Laboratory, and those relevant to the interior cores of
neutron stars and the evolution of supernovae, are currently out of reach. The non-equilibrium and thermalization dynamics of
matter produced during heavy-ion collisions and in the early universe also remain unresolved. In particle colliders, available
calculational strategies at high energies tend to break down at the lower energies relevant to fragmentation and the subsequent
cascades of hadrons. In astrophysical environments, neutrinos play a significant role in transporting energy during core-collapse
supernovae. Background matter and neutrino densities influence the evolution of flavor as the neutrinos radiate from the core.
Given the resulting mixed-state entanglement structure of the neutrino fields, accurate simulations of these coherent processes is
challenging. Experimental programs probing the fundamental nature of neutrinos include searches for CP-violation in the Deep
Underground Neutrino Experiment (DUNE) experiment, and for the violation of lepton number in 0⌫��-decay experiments
in nuclei. Simulations of nuclear-physics ingredients for these experimental programs present a significant challenge for
classical computation. Last, but not least, theories involving inflationary epoch of the universe, dark-matter models involving
composite ‘dark hadrons’, CP-violating scenarios occurring out of equilibrium in the early universe, or strongly-interacting
QFTs living on the boundary of a bulk containing quantum-gravity models, all require simulations of various quantum fields in-
and out-of-equilibrium, which are often intractable.

Amidst such challenges arose a key perspective: Information is physical, computation is the science of information

2/23

TO BE CONTINUED… 
QUESTIONS?


