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Roy egs. Zzand 7, &, a5 and 83(0.8GeV)
Roy equations

Unitarity, analyticity and crossing symmetry = Roy equations

S.M. Roy (71)
So
Red(s) = kj(s)+f ds'KS(s,s)Imtd(s)
ame
So
+ ds'KQ! (s, 8') Imt] ()
am2
So
- ds'KO8(s,s') Imt2(s') + 19(s) + d(s)
ame
s — 4M?
K(s) = a5+ To0E (2a) — 5a8)
2 1 g
B(s) = > > [ ds'KG(s.s)Imt(s)
I'=0¢'=0" %0
ad(s) = allthe rest [V/So = 0.8GeV /53 = 2GeV]
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Roy equations

Unitarity, analyticity and crossing symmetry = Roy equations
S.M. Roy (71)

Numerical solutions of the Roy equations
Pennington-Protopopescu, Basdevant-Froggatt-Petersen (70s)
Ananthanarayan, GC, Gasser and Leutwyler (00)
Descotes-Genon, Fuchs, Girlanda and Stern (01)

Kaminski, Pelaez and Yndurain (08)

Garcia-Martin, Kaminski, Peldez, Ruiz de Elvira, Ynduréin (11)

Input: S- and P-wave imaginary parts above 0.8 GeV
imaginary parts of all higher waves
two subtraction constants, e.g. aj and a3

Output: the full 77 scattering amplitude below 0.8 GeV
Note: 38, ag inside the universal band = the solution is unique
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Driving terms
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Numerical solutions
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Numerical solutions
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Numerical solutions
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Numerical solutions

Zzand 7, &, a5 and §3(0.8GeV)
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Roy + ChPT

> at fixed input above 0.8 GeV, the only free parameters in
the Roy equations are the two S-wave scattering lengths;

» chiral perturbation theory predicts these

» actually the most reliable prediction is for the =7 amplitude
below threshold

» we have fixed the two subtraction constants in this way
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R0y+Ch PT final reSUItS GC, Gasser and Leutwyler (01)
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Roy+ChPT: final results
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R0y+Ch PT flnal I’eSU|tS GC, Gasser and Leutwyler (01)

Scattering lengths

a = 0.220+0.001 +0.009A7, — 0.002A/3
10-a5 = —0.44440.003 — 0.01A¢4 — 0.004A03

where 24 =44+ A€4 673 =29+ A€3

Adding errors in quadrature [Aly = 0.2, Al = 2.4]
a = 0.220+0.005
10-a8 = —0.444+0.01

al—a = 0.265+0.004



Roy egs. Z3and Z, &Y, a5 and 63(0.8GeV)

Low-energy theorem for = scattering

M7 7% — 7t7n7) = A(s, t, u) = isospin invariant amplitude
s — M? 4
Low energy theorem: A(s, tu) = = +O(P")  Weinberg 1966
M? = B(my+mg) M2 =M+ 0(m3), F.=F+0O(mg)

All physical amplitudes can be expressed in terms of A(s, t, u)

_ o 25— M?
T=0 = 3A(s, t,u) + A(t,s,u) + A(u, t,s) = T = o
S wave projection  (I=0)
2s — M? 7M?
0 — T 0_ 40 4M2 — T 0.1
()= gprpz B0 = 0(4M) = g5 =016
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Low-energy theorem for = scattering

M7 7% — 7t7n7) = A(s, t, u) = isospin invariant amplitude
s — M? 4
Low energy theorem: A(s, tu) = = +O(P")  Weinberg 1966
M? = B(my+mg) M2 =M+ 0(m3), F.=F+0O(mg)

All physical amplitudes can be expressed in terms of A(s, t, u)

_ > —S+2M?
T2 = A(t,s,u) + A(u, t,s) = T2 = %
S wave projection (1=2)
2M? — s —M2
2 _ ™ 2 _ g2 4M2 o 4
0(S)= gorpz % = L(M) = 15 pp = —0.045
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Chiral predictions for a3 and a3

Quark mass dependence of M, and F;:

M2

2 2
M2 = M<1 57

53 + O(M ))
M?2
Fr = F<1 - 2F2£4+O(M4)>

Phenomenological determinations (indirect):

Z3 == 29 + 24 Gasser & Leutwyler (84)

E4 - 44 :E 02 GC, Gasser & Leutwyler (01)

Lattice calculations determine these constants directly
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Chiral predictions for a3 and a3
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Sensitivity to the quark condensate

The constant /3 determines the NLO quark mass dependence
of the pion mass

A

2Bm - )
M? = 2B 1+16 F2£3+(9(m)
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Sensitivity to the quark condensate

The constant /3 determines the NLO quark mass dependence
of the pion mass

M2 =2Bm |1 + 2B

167 F2£3+O( )

. My + Mg B _l _

Its size tells us what fraction of the pion mass is given by the
Gell-Mann—Oakes—Renner term
M2yi0r = 2B

or how large is the quark condensate, the order parameter of
chiral symmetry breaking.
Jan Stern and collaborators have emphasized this since long!
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Sensitivity to the quark condensate
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The E865 data on Kg4 Imply that GC, Gasser and Leutwyler PRL (01)

Mcmor > 94%/\/’71-
Situation after new data?
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Experimental tests

.0.02| = Universal band
e tree (66), one loop (83), two loops (96)
—— Prediction (ChPT + dispersion theory, 2001)
DIRAC (2005)
— NA48 K -> 3 1(2005)
-0.03] —- EB865
NA48
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Experimental tests
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Experimental tests
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Recent update: E865 corrected their data
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Experimental tests
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Experimental tests

= Universal band SN
e tree (66), one loop (83), two loops (96) S \
-0.02 = — Prediction (ChPT + dispersion theory, 2001) X \

DIRAC (2005) NS

-— NA48 K -> 3 w (2005)
NAA48 isospin corrected
0.03 - E865 isospin corrected
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0
a,

isospin breaking corrections recently calculated for Ko4 are
essential at this level of precision GC, Gasser, Rusetsky (09)
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Experimental tests

= Universal band SRR
e tree (66), one loop (83), two loops (96) 2 3\

-0.02 — — Prediction (ChPT + dispersion theory, 2001) K }

DIRAC (2005)

NA48 K -> 3 7 (2005)

all data isospin corrected

0.16 0.18 0.2 0.22 0.24 0.26

isospin breaking corrections recently calculated for Ko4 are
essential at this level of precision GC, Gasser, Rusetsky (09)
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23 and 2, ag, & and 58(0.SGeV)

Experimental tests

R
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Figure from NA48/2 Eur.Phys.J.C64:589,2009
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S-wave scattering lengths: current status

-0.03

universal band

e tree, one loop, two loops
scalar radius

CGL 2001

E865 Ke4 2010

<> NA48 Ke4 2010

7> NA48 K3n 2010

-7 DIRAC 2011
Garcia-Martin et al. 2011

CERN-TOV 2006
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a» PACS-CS 2009
< MILC 2010
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0 mmmmm Feng et al. 2010
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Figure courtesy of H. Leutwyler
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S-wave scattering lengths: current status
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Figure courtesy of H. Leutwyler



Roy egs. 5 and 7, a2, a2 and 69(0.8GeV
3 o 4 0

69(0.8GeV): current status

63(0.8GeV) | analysis
82.3° + 3.4° | ACGL (2000)
91.9°4+2.6° | PY (2003)

82.3°7)%° | CCL (2006)
85.7° + 1.6° | GMKPY (2011)
82.9° +1.7° | ("Moussallam (2011)
80.9° + 1.4° | ®Moussallam (2011)

(1) shallow dip in n3
(2) deep dip in 73

= our earlier narrower range now confirmed
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Model-independent o-pole determination



o-pole
The sigma resonance

Citation: S. Eidelman et al. (Particle Data Group), Phys. Lett. B 592, 1 (2004) and 2005 partial update for edition 2006 (URL: http://pdg.lbl.gov)
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The sigma resonance
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The sigma resonance
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The sigma resonance
Message n. 1 of this talk:

In 77 scattering two S-wave scattering lengths are the essential
parameters at low energy

Their knowledge fixes the o pole position to a
remarkable level of precision

M, = 441 T MeV, T, =544 T38 MeV

I. Caprini, GC, H. Leutwyler, PRL 06
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The o in the data — BES (04), J/¢ — wntn™
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How is the o pole determined?

The relevant question is:

Where does the amplitude have a pole on the second Riemann
sheet of the complex s plane?

The answer ought to be model- and
parametrization-independent
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How is the o pole determined?

What is usually done is instead the following:
Fit the data with a parametrization, e.g.

f = G,
= M2 s — iMT(9)
. p7r7r(s) P4w(3)
olS) = 9 Ry T % (W)

where gy » can also be functions of s
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How is the o pole determined?

What is usually done is instead the following:
Fit the data with a parametrization, e.g.

f = G,
= M2 s — iMT(9)
. p7r7r(s) P4w(3)
olS) = 9 Ry T % (W)

where gy » can also be functions of s

The fit to the data determines the o parameters, M and I,
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How is the o pole determined?

What is usually done is instead the following:
Fit the data with a parametrization, e.g.

f = G,
= M2 s — iMT(9)
. p7r7r(s) P4w(3)
olS) = 9 Ry T % (W)

where gy » can also be functions of s
The fit to the data determines the o parameters, M and I,
The outcome is parametrization-dependent

Moreover, a shortcoming of many of the parametrizations used
to fit data is the neglect of the left-hand cut
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Compare tothe pinete™ — nfn™
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Roy representation of ¢

Double-subtracted, crossing symmetric dispersion relation for tg

/\2
2(s) = a+(s—4M§)b+/ ds’{Ko(s,s/)Imtg(s/)
anmz

+Ki(s,8) Imt(8) + Ko(s,8)Im (s) } + o (s)

a=a), b=(2a)-5a3)/(12M2)

1 2In((s+8 —4M2)/s’) 5s'+2s—16M?

Ko(s,s') =
ofs. ) m(s'—5) 3r(s—4M2) 3rs'(s'—4M2)
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Roy representation of ¢

Double-subtracted, crossing symmetric dispersion relation for tg

/\2
2(s) = a+(s—4M§)b+/ ds’{Ko(s,s/)Imtg(s/)
anmz

+Ki(s,8) Imt(8) + Ko(s,8)Im (s) } + o (s)

a=a), b=(2a)-5a3)/(12M2)

This representation allows one to evaluate £ in the complex
plane — in its domain of validity on the first sheet.
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Roy representation of ¢

40
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Caprini, GC, Leutwyler (05)
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Roy representation of ¢

Double-subtracted, crossing symmetric dispersion relation for tg

/\2
2(s) = a+(s— 4M7§)b+/ ds’ {Ko(s, s ) Im19(s')
4M2
4 Ki(s,8) Imtl () + Kao(s,s)Im tg(s’)} +d2(s)

a=a), b=(2a)-5a3)/(12M2)

This representation allows one to evaluate £ in the complex
plane — in its domain of validity on the first sheet.

Poles, however, are to be found on the second sheet
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Roy representation of S)

2
Sg(s)_1—2\/4lg“—1t8(s), 0<s<4aM?




o-pole

Roy representation of S)

2
Sg(s)_1—2\/4lg“—1t8(s), 0<s<4aM?

Unitarity implies that: SO l(s+ie) = [SY/(s — ie)] -
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Roy representation of S)

[aM?
Sos)=1-2 - —18(s), 0<s<4M?

Unitarity implies that: S /(s +ie) = [SY /(s — ie)] -

The second sheet is reached by analytic continuation crossing
the real axis from above: (for e infinitesimally small)

-1
(s —ie) = 83 (s + ie) = [ (s — i)
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Roy representation of S)

[aM?
Sos)=1-2 - —18(s), 0<s<4M?

Unitarity implies that: S /(s +ie) = [SY /(s — ie)] -

The second sheet is reached by analytic continuation crossing
the real axis from above: (for e infinitesimally small)

—1
SAl(s —je) = S8 /(s + ie) = {sg (s — ie)]
By analytic continuation, it is then true everywhere that
—1
$3"(s) = [$3/(s)]

Poles on the /I sheet correspond to zeros on the / sheet!



o-pole

Summary: method to determine the pole position

» Roy equations provide an explicit representation of tg on
the first sheet, in terms of the imaginary parts of the partial
waves on the real axis and two subtraction constants:

/\2

R(s)=a+(s—aM2)b+ | ds'Ky(s,8)ImiS(s) +...
4m2
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Summary: method to determine the pole position

» Roy equations provide an explicit representation of tg on
the first sheet, in terms of the imaginary parts of the partial
waves on the real axis and two subtraction constants:

/\2

R(s)=a+(s—aM2)b+ | ds'Ky(s,8)ImiS(s) +...
4m2

» Unitarity implies that the S-matrix on the second sheet is
equal to the inverse of the S-matrix on the first sheet

s8"(s)= [83'(s)]
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Summary: method to determine the pole position

» Roy equations provide an explicit representation of tg on
the first sheet, in terms of the imaginary parts of the partial
waves on the real axis and two subtraction constants:

/\2

R(s)=a+(s—aM2)b+ | ds'Ky(s,8)ImiS(s) +...
4m2

» Unitarity implies that the S-matrix on the second sheet is
equal to the inverse of the S-matrix on the first sheet

s8"(s)= [83'(s)]

» Using as input the imaginary parts of the partial waves and
the two S-wave scattering lengths one can determine the
position of the poles of the S-matrix on the second sheet
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Importance of the scattering lengths

I
04 —_ Ret%
— Imt%
— Subtraction term
02— Weinberg 1966
° !
Adler zero o
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Zeros of SQ (and S])

Input: the imaginary parts from Roy solutions below 1.15 GeV
and the central values of the two scattering lengths (CHPT) we
find two pairs of zeros

me = (6.2+i123)M2  m = (51.4=i1.4) M2
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o-pole

Zeros of SQ (and S])

Input: the imaginary parts from Roy solutions below 1.15 GeV
and the central values of the two scattering lengths (CHPT) we
find two pairs of zeros

m;=(62+i123)M7  m; = (51.4+i1.4)M?
Error analysis: [at fixed &Y, a5 and 64 = 63(0.8GeV)]

m, = 44144 —i(272+6)MeV
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Zeros of SQ (and S])

Input: the imaginary parts from Roy solutions below 1.15 GeV
and the central values of the two scattering lengths (CHPT) we
find two pairs of zeros

me = (6.2+i123)M2  m = (51.4=i1.4) M2
Error analysis:

m, = 441+4—i(272+6)MeV + (—2.4 4 i3.8)Aa]

a3 —0.220

0 _
A% =~ 5005
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Zeros of SQ (and S])

Input: the imaginary parts from Roy solutions below 1.15 GeV
and the central values of the two scattering lengths (CHPT) we
find two pairs of zeros

me = (6.2+i123)M2  m = (51.4=i1.4) M2
Error analysis:

m, = 441+4—i(272+6)MeV + (—2.4 4 i3.8)Aa]
+(0.8 — i4.0)A&3
a3 —0.220

AL — A& =
4 = "0.005 %

4 +0.0444
0.001
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Zeros of SQ (and S])

Input: the imaginary parts from Roy solutions below 1.15 GeV
and the central values of the two scattering lengths (CHPT) we
find two pairs of zeros

me = (6.2+i123)M2  m = (51.4=i1.4) M2
Error analysis:

m, = 441+4—(272+6)MeV + (—2.4 +i3.8)Aa]
+(0.8 — i4.0)A&3 + (5.3 + i3.3) Ada
aj —0.220

AL — AR —
% = 70,005 %

ad + 0.0444
0.001

o4 —82.3
Y B



o-pole

Zeros of SQ (and S])

Input: the imaginary parts from Roy solutions below 1.15 GeV
and the central values of the two scattering lengths (CHPT) we
find two pairs of zeros

=(62+£i123)M2  m = (51.4+i1.4)M?
Error analysis:

m, = 441+4—(272+6)MeV + (—2.4 +i3.8)Aa]
+(0.8 — i4.0)A&3 + (5.3 + i3.3)Ada
—0.220 , a)+0.0444

ngd =205 A2
0.005 0.001

54— 82.3

ASa —
o 3.4

M, = 441 7% MeV, T, =544 28 Mev

Caprini, GC and Leutwyler, PRL (06)



o-pole

Other recent o-pole determinations

Other recent o-pole determinations based on the same
approach agree very well

VS5 (MeV)
Caprini, GC, Leutwyler (06) 441 t;6 — 12721_?25
Garcia-Martin, Pelaez, Yndurain (08) 474 :l: 6 - 1254 :i: 4

Garcia-Martin, Kaminsky, Pelaez, Ruiz de Elvira (10) 457113 - 1279t;1

Moussallam (11 44275 — 27478




o-pole

The PDG does listen...

f(500) 16(PE) =0t (0t )
also known as o; was fp(600), f(400-1200)

See the review on "Scalar Mesons below 1 GeV."
Mass (T-Matrix Pole /s) = (400-550)—i(200-350) MeV
Mass (Breit-Wigner) = 400 to 800 MeV
Full width (Breit-Wigner) = 100 to 800 MeV

f(500) DECAY MODES Fraction (I;/T) p (MeVc)
T seen -
seen -

oy

i




Royegs. o-pole vy — 0 — 7w

Outline

The o inyy — o



Yy —+ 0o =T

The o in other processes

» 7 scattering is the simplest scattering process involving
two pions: the simplest where the ¢ can show up

» two pions in the final state with /=J =10
= the o is an intermediate state

» the broad bump due to the o may look different
[energy-dependence of the o-coupling to the initial state?]

> BUT: (Message n.2 of this talk)
the o-pole does not move!

» main interest: determine the o-coupling to the initial state

> rest of the talk: illustrate this in vy — 7w



vy — wm: definitions

(see, e.g. Hoferichter, Phillips, Schat (11))
(1(P1)7(02) S, (G1)720(G2)) = 1€25*(Q—P)Ha, (8, 1) P17 22)?

Partial'wave eXpanSion d#]m, are the Wigner’s functions

Hip(s,t) = Y (2J+1)hy_(s), dsy(0)

J
Hio(s,1) = S (2 +1)hy4 (), do(6)
J
Polarizabilities
20 P (SMZ) = ar— Byt (a2 ) + O(s?)
MTrS +4\2y Wig = 1 12 a 2

2
— o H (S MB) = aq B+ S 02+ ) + O(s?)

12



Yy —+ 0o =T

vy — wm: definitions

(see, e.g. Hoferichter, Phillips, Schat (11))

(m(P1)7(P2) S (G1) 1 (o)) = €254 (Q—P)Hy, (s, )P~ 22)%

Partial'wave eXpanSion d#]m, are the Wigner’s functions

Hei(s.t) = Y (2 +1)hy_(s), ds(6)
J

Hi (s,t) = Y (2J+1)hy(8), ds(0)
J

The o shows up in the partial wave

ho,+(8)



YY > 0 = 7w

The o-pole in vy — 7

Elastic unitarity:
Imhy +(8) = p(s)hy,+(8)ts(s)"

where p(s) = /1 — 4M2/s

and t,(s) is the partial wave of =7 scattering

Analyticity:
hy +(s) are analytic on the cut s-plane (—oo, 0] [4M2, c0)
poles are on the second Riemann sheet



YY o0 =TT

The o-pole in vy — 7
Elastic unitarity:

Imhy +(8) = p(s)hy,+(8)ts(s)"

where p(s) = /1 — 4M2/s

and t,(s) is the partial wave of =7 scattering

h//(S — ie) = h/(S + i€) = h/(S — ie)*
= hi(s—ie)—2ip(s)h)(s —ie)ti(s — ie)*

Oller, Roca, Schat PLB (08)



Yy —+ 0o =T

The o-pole in vy — 7
Elastic unitarity:

Imhy +(8) = p(s)hy,+(8)ts(s)"

where p(s) = /1 — 4M2/s

and t,(s) is the partial wave of =7 scattering

h//(S — ie) = h/(S + fE) = h/(S — ie)*
= h/(S — /6) — 2i,0(S)h/(S — ie)t//(S — ie)

Oller, Roca, Schat PLB (08)



YY > 0 = 7w

The o-pole in vy — 7

Elastic unitarity:
Imhy +(8) = p(s)hy,+(8)ts(s)"

where p(s) = /1 — 4M2/s
and t,(s) is the partial wave of =7 scattering
h//(S - ie) = h/(S + ié) = h/(S - ie)*
= hi(s—ie)(1 = 2ip(s)ty(s — ie))

Oller, Roca, Schat PLB (08)
A pole in t;(s) shows up also in hy(s):

2
(s) = Jmmm L py(s) 2 I

Sy — S Sy — S



YY > 0 = 7w

The o-pole in vy — 7

Elastic unitarity:
Imhy +(8) = p(s)hy,+(8)ts(s)"

where p(s) = /1 — 4M2/s
and t,(s) is the partial wave of =7 scattering
h//(S - /6) = h/(S + ié) = h/(S - ie)*
= hi(s—ie)(1 = 2ip(s)ty(s — ie))

Oller, Roca, Schat PLB (08)
A pole in t;(s) shows up also in hy(s):

2
(s) = Jmmm L py(s) 2 I

Sy — S Sy — S

g-+~ Can be calculated from h(s,)



Royegs. o-pole vy — 0 — 7w

Dispersion relations for vy — nw

» the calculation of h(s) for complex s is unambiguous from
a dispersive representation

» recent dispersive analyses of vy — 7

VYVVVYVYYVYY

Pennington (06)

Filkov Kashevarov (06)

Pennington, Mori, Uehara, Watanabe (08)
Bernabéu, Prades (08)

Oller, Roca, Schat (08)

Mennessier, Narison et al. (08,10)
Garcia-Martin, Moussallam (10)
Hoferichter, Phillips, Schat (11)
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Dispersion relations for vy — nw

» the calculation of h(s) for complex s is unambiguous from
a dispersive representation

» following Hoferichter, Phillips, Schat (11):

» given the high-energy part, the low-energy behaviour is
dictated by the subtr. constants=polarizabilities

» correlation between polarizabilities and g5+,
» xPT prediction for the polarizabilities = prediction for g,

> a measurement of vy — n at low energy provides a
thorough test of these predictions



Royegs. o-pole vy — 0 — 7w

Results of dispersive analyses of vy — o

150 B
1251 Crystal Ball i
+ Belle
— GMM, 1 subtraction
100 | ChPT, 1 subtraction T
o — GMM, 2 subtractions
= ChPT, 2 subtractions
 75¢
()
50
251
B L L L L L L
%.2 0.4 0.6 0.8 1 1.2 1.4 1.6

Vit | GeV

(from Hoferichter, Phillips, Schat (11))



Royegs. o-pole vy — 0 — 7w

Results of dispersive analyses of vy — o

30 T
I
+ Crystal Ball
251 + Belle |
— GMM, I subtraction ]
—— ChPT, 1 subtraction =
— GMM, 2 subtractions i
20+ ChPT, 2 subtractions i
Q
=}
~_ 15} i
S}
101 -
5F i

(from Hoferichter, Phillips, Schat (11))



Royegs. o-pole vy — 0 — 7w

Results of dispersive analyses of vy — o

241 355
— 375
22} — 395

0 2 7 5 8 10
(Ctl — ﬂl)I:O / 10*4fm3

(from Hoferichter, Phillips, Schat (11))



Royegs. o-pole vy — 0 — 7w

Results of dispersive analyses of vy — o

Penn. 06 - - 1
MNO 08 e B
MNW 11 e — B
FK 06 [- + B
Penn. etal. 08 |- e e 1
ORS 08 —t— B
OR 08 = B
BP 08 e B
Mao et al. 09 |- + 1
This work |- L q
0 i 2 3 n 5

Loy / keV

(from Hoferichter, Phillips, Schat (11))
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